MATH 223: Multivariable Calculus

Projectile Motion

Horizontal Vertical

Ax = vget 1,
vyt — E_qz‘

vy =gy — gt
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Notes on Assignment 3
Assignment 4



Review: Curves and Tangent Lines
Example 1: F(x) = (x3 +7x+3,8 +sinx),-2 < x < 2.
F(0) = (3,8)
So F’(x) = (3x2 + 7,cos x)
implying F’(0) = (7,1)

Tangent Line
L(t) = F(0) + t F'(0)
=(38) + (7.1)
=3+ 7t 8+1t)



Review: Curves and Tangent Lines

Example 2:
F(x) = (x*+7x+3,8+sinx,In1+x?), -2 <= x <= 2.
F(0) =(3,8,0)
So F’(x) = (3x% + 7, cos x, li’;Q)

implying F’(0) = (7,1,0)

Tangent Line
L(t) = F(0) + tF'(0)
= (3,8,0) + (7,1,0)
=347t 8+1t0)



Plot Curve and Tangent Line Together
hold-on|J
Xe=+[-2-:-.02-:-2];9
plot(-x.”3-+-7*x-+3, -8-+-sin(x), - 'b', - 'LineWidth',3)"
plot(3-+-7*x, -8-+-X, - 'r',-'LineWidth',3)9
x1line(@)Y




Plotting Vector-Valued Functions in MATLAB
F(t) = (t7,t73,sint?),1/3 <=t <=1

t-=-[1/3::-.01-::1];
plot3(-t.A7, -t.A-3-,-sin(t.”2)-,-'b', - 'LineWidth',3)



Integrating Vector—Valued Functions of a Real Number
Example 3: Find all vector—valued functions of a real number p(t)
such that

1 t
/t: -t
p) <t2+1’t2+1)

Solution:

p(t):/p’(t)dt:/(tzil,tziJ dt

= <arctan t, % In (t* + 1)> + (G, &)

1
= (arctan t+ G, 5 In(t> 4+ 1) + C2>



Example 3 Continued: p(t) = (arctant + Cy, 5 In (£ + 1) + G)

(i) Find the particular solution so that p(0) = (3,4)
3=arctan0+CG =0+ C so GG =3
4=1n(0°+1)+G=0+GCso =4
Hence p(t) = (arctant + 3,3 In(t> + 1) + 4)

(ii) Find the particular solution so that p(1) = (a, b)
a=arctanl+ G =n/4+ C so GG =a—7/4
b=3In(?+1)+ G =3In2+Gso G=a—n/4—3In2
Hence p(t) = (arctant +a— /4,2 In(t2+ 1)+ a—7/4 — 3 In2)



Projectile Motion




Projectile Motion
/ i

The trajectory of a kicked football

Y




w
0
X
Initial Velocities: x(/) = w cos H,y(l) = wsinf
x and y are function of time t.

x"'=0
x = C=wecosf
X = wcos Ot + xg
, y'=-g
y =—gt+C=—gt+wsinf
y=—-5t2+ (wsinf)t + yo

x(t) = weos bt + xg, y(t) = —§t% + (wsin 0)t + yo



x(t) = wcos Ot + xo
y(t) = =42+ (wsin8)t + yo

Suppose xp =0,y =0
Then
x(t) = wcos 0t
y(t) = =42 + (wsin )t

Note:
t= =X

w cos 0
2

__&g in0
y = —§ (g ) + 230x
Graph of y versus x is a Downward Pointing Parabola




x(t) = wcosft
y(£) = ~££2 4 (wsinf)t = £ (~§¢ + wsinf)

Now y =0 at t = 0 and when wsinf = §t

which occurs when t = wsin®

At this time
_ wsinf\ _ 2w?sinfcos _ w?
x-wcos@( z = s = sin 260

So Maximum Horizontal Distance occurs when sin (20) = 1;
that is, 6 = 7



0 a2 a
Maximum Height h
2 =wcosf,h=—5t>+ wsinft
Maximuum h occurs when t = %"9 where H'(t) = 0.

L : 2
At this time, x = w cos 9%”‘9 = %stcosH



h=—§t>+ wsinft

__ wsinf
At t = I

h= —% (WSi”9)2 + wsinf (%)

g
2502 202
__ 8 w<sin“6 w*sin© @
2 2g22 " 2 g2
__ _ w<sin‘f w*sin” 6
o 26 T g
— w2sin’f
= 2%
2 .
where x = W?smﬁcose




To have y = hat x = a/2:

26in2
_ w7sin“0 a
h=*35".3

>
""?smecosﬁ

h  (w?sin?6 ( g )
a2 2g w2 sin 6 cos
2h __ sinf
a = 2cosf
4h — tan g

a

f = arctan (4")

a



_ w?sin?0 __4h
Recall h = T and tanf = =

a

_ 2 2 ; — 4h
w=+V16h% + a sosm9—\/m

_ w? _ w? 16h2 2.
h= 5z = 2g <716h2+32 Solve for w*:

2 _ (2gh)(16h°+2%) _ g(16h>+a?)
- 16h2 - 8h



Real-Valued Functions of Vectors
Example: f: R> —» R!

s (x,y) #(0,0)
fley) = { o (0,0)

What happens as (x, y) approaches (0,0)?
Consider approaching along line y = mx. Then

xy xmx . om
x242y2  x242(m2x2) 1+ 2m?




