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Notes on Assignment 6
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Parametric Surfaces in MATLAB

Announcements
Exam 1: Monday, March 3
7PM-=-7

This Week
Partial Derivatives
Parametric Surfaces

Applications



Partial Derivatives
Setting: f: R?> - R!

Partial with respect to x at (a, b) :

of B . f(a+t,b)—f(a,b)
&(aa b) - ﬁ((aa b) - tll—r:}) t

Partial with respect to y at (a, b) :

of B . f(a,b+1t)—f(ab)
@(a, b) =f,(a,b) = tlm) .

Note: BOTH OF THESE LIMITS WILL BE NUMBERS



Example: f(x,y) = x?y at (2,3)
Value of function at (2,30 is f(2,3) =22 x 3 = 12

First £(2,3):

f(24+1t3)—f(2,3)  (2+1t)?x3-12 (4+4t+1t?)3-12

t t t
12+ 126432 —12 12t +3¢2
B t B t
=12+43tift#0
s0 £(2,3) = lim;—o(12 + 3t) = 12.
Now £, (2, 3):
f(2,3+1)—f(2,3) 22(34+1t)—12 12=14t—12
t B t B t
=4ift#0

so £,(2,3) =lim¢04 = 4.



What's Going on Visually?
Line has slope g{(«. B)

Graph of t{x.b)

Point (a,b,fla,b))




So Far for f(x,y) = x
f(a) =12,f(a

We Can Write the Equation of a Plane:

z=124+12(x —2) + 4(y — 3)
= 1(2,3) + £(2,3)(x = 2) + £,(2,3)(y - 3)

=f(a)+(12,4) - (x —2,y — 3)
= f(a) + (~(a), i(a)) - (x — a)
= f(a) + Vf(a) - (x —a)

where Vf(a) is called the gradient of f at a.
Note: We can also write
z=124+12x —24 +4y — 12 =12x + 4y — 24
Analogy: Tangent Line for f:R! — R!:
y =f(a)+f(a)(x - a)



Calculations
Apply Usual Rules of Differentiation
For f. : Treat y as a constant For f, : Treat x as a constant

Example: w = f(x,y,z) = x’y + y?Inz
wy = fx(x,y,z) = 2xy + 0 = 2xy
wy = f,(x,y,z) = x> +2ylInz
w, = f,(x,y,2) :0+§ = y—zz



Higher Order Partials
foc fry
frx fyy
Example: f(x,y) = x?y +sinx &’
fx(x,y) = 2xy + cos x &
yields
fix(x,y) =2y —sinx &
fy(x,y) = 2x + cosx e’

f,(x,y) = x® +sinx e’
yields
fix(x,y) = 2x 4+ cos x e’
fyy(x,y) =sinxe’.



Tangent Plane To Graph of f : R" — R! at point (a, f(a))

n=2:T(x)=f(a)+((a), f,(a)) - (x —a)
In general,
T(x)=f(a)+ Vf(a) (x—a)

where Vf(a) = (f1)(a), f2(a, ..., fa(a)

Tangent Hyperplane
n=1 Ordinary Tangent Line
=2 Tangent Plane



Example: f(x,y,z) = Xz?y
Note: f: R3 — R! so GRAPH lives in R*.

Find Equation of Tangent Hyperplane at a = (—3,4,2)

f(x,y,z) = 2
2 2xy x2  xY
oyne) = £ V(.2 = (2200

xY

fz(Xay7z) =2
ata=(—3,4,2): f(a) = S04 _ 18

Equation of Tangent Hyperplane is

w =18+ <—12,2,—9> (x+3,y—4,z-2)



Clairaut’s Theorem on Equality of Mixed Partials
If £, and f,, are continuous at a, then f,,(a) = f,(a)

™ ALEXIS CLAUDE !
L CLAIRAUT

A FRENCH MATHEMATICIAN AND
HIGHLY ILLUSTRIOUS GEOPHYSICIST

May 7, 1713 — May 17, 1765




Parametrized Surfaces

Plane

3-Space
—

Function from R2 — R3

Domain:  Patch in Plane
Image:  Surface in Space
Graph: Lives in R®

Need for Parametrizations: Graph of f: R — R is a curve but
not every curve is the graph of such a function

Similarly, graph of f : R? — R! is a surface but not every surface
is the graph of such a function.



Example: o(s,t) = (scost,ssint, t),0<s<40<t<3rm

- gy = (V2 V2
Point: (1,7/4) so o(1,7/4) = (7, V2, §)
os(s,t) = (cost,sint,0) and o(s, t) = (—ssint,scost,1)
At (1, %) representation of the tangent plane is

T T T
o (L) ros(1g)sroe(1g)




Parametrize Unit Sphere

o(s,t) = (costcoss,sintcoss,sins),0 <s<2m,0<t<27m

X =Costcoss,y =sintcoss,z=sins

x2 + y? + 22 = cos® t cos® s + sin® t cos® s + sin’ s
= cos? s(cos® t + sin’ t) +sin® s

:cos2s+sinzs:1



Parametrize Cylinder

x=s,y=4cost,z=4sint,0<s<3,0<t< 27




