MATH 223: Multivariable Calculus

Notes on Class 2

February 12, 2025



Analog of Straight Line In Higher Dimensions

Line: ax+ by =c
aixi + axxp = ¢
Plane: aix1 + axxp + asxz3 = d

ax+by+cz=d
Hyperplane: aijxy + axxo + ... + anxp, = d

Other Important Curves: CIRCLES and ELLIPSES
and the counterparts in higher dimensions.

Recall: Graph of f : R! — R! is a curve in the plane.
BUT: NOT EVERY CURVE IN THE PLANE IS THE
GRAPH OF SUCH A FUNCTION

Vertical Line Test



CIRCLE
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Distance in R"
Magnitude of a vector v = |v| = /v -v
Where does this come from?
Consider v = (v, v2) in R? where mathbfv - v = vZ + v2

Vv v = /vZ + vZ (Pythagorean Theorem)

v2

vl

Distance Between x andy = | x - y |



Examine Circle in the Plane
Center C = (a, b) and radius r
Variable Point P = (x,y)
Defining Relationship: d(P,C) =r
which means

IP—-Cl=r

((x—a,y —b)[=r
\/(X—a)2—|—(y—b)2:r
(o af 4 (B = 7

Multiply Out: x? — 2ax + a® + y? — 2by + b%> = r?
x>+ y? —2ax —2by =r> — 3% — b?
which has the form x? + y?> + Ax + By = C.

Can We Go Backwards?



Example: x? + y? — 6x + 16y = 71
Complete the Squares in x and y
(x2 —6x) + (y> + 16y) =71
(x> —6x +9) + (y? — +16y +64) = 71 + 9 + 64
(x —3)%+ (y + 8)? = 144 = 122

Circle as Image of a ffunction f : R! — R?
Parametrization with parameter t
Example: f(t) = (cost,sint),0 <t < 2rx
Example:

x =12cost + 3
{y:125int—8}
x—3=12cost
{y+8— 12sin t}

(x =3)2+ (y +8)% =122
f(t) = (12cost + 3,12sint — 8)



Plotting Parametric Curves in MATLAB

Unit Circle

X2+y2:1

t = [0: .01: 2*pi];
plot(cos(t),sin(t))



Circle of Radius 12 and Center at (3,-8)

(x =3)>+ (y +8)* = 122

t = [0: .01 : 2*pi];
plot(12 * cos(t) + 3, 12*sin(t)-8, 'r’, 'LineWidth',4)
xlim([-25,25])
ylim([-25,25])



ELLIPSE
Standard Ellipse:
Center at (0,0)
Foci at (+c¢,0)
Vertices (+a,0) and (0,£b)

(a,0) distance from (c,0) + distance from (-c,0)
(a-c)+(a-(c)=a-c+a+c=2a
(0,b) distance from (c,0) + distance from (-c,0)
V2 + b2+ 2+ b2 =22+ b2
Thus 2v/c? + b% = 2a
So ¢ 4 b? = a? implying ¢ = a°> — b?
(x,y) distance from (c,0) + distance from (-c,0) = 2a
Vix—c)2+y2+/(x+c)2+y2=2a
Much algebra yields

x2 y2

2 e

Parametrization: g(t) = (acost, bsint),0 <t <27

=1



The Algebra

\/(X—C)2+y2+\/(x+c)2+y2:2a

Write as \/(x +¢)2+y2 =2a—/(x — )2 + y2

Square Both Sides

(x—l—c)2—|—y2:4‘32—43\/(x—c)2—i-y2—i-(x—c)2+y2

Expand, Simplify, and Divide by 4
X2 42cx+ 24 y? =4a% —day/(x — )2 + y2 +x2 = 2cx + 2 4 y2
bex — 42 = —4ay/(x — c)2 + y2

cx —a® = —ay/(x —c)2 +y2



Begin with cx — a®> = —ay/(x — ¢)2 + y2

Square Again
A —2%cx +a' =27 ((x — ¢)® + y?)

2

c?x? —2a%cx + a* = a2

x? —2a%cx + a*c? + 32y2
A2+ gt = 22+ PR+ AP
Write as (a® — ¢®)x? + a%y? = a* — a%c? = 2%(a® — &2)
But a®> — ¢2 = b? s0

b2 + a?y? = a2 b2

Divide by a®b:



