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OTAKHRGDQ K]tqhd Qnr]snmd
?BPTHRHSHNMR DCHSNQ C]uhc Chdsy
EQDDK?MBD CDUDKNOLDMS DCHSNQ ?mmd Rb]mk]m,Qngqdq
DCHSNQH?K ?RRHRS?MS Lhbg]dk N´Md]k
L?QJDSHMF Idrrd ?ckdq
BQD?SHUD CHQDBSNQ G]qqx Mnk]m
RDMHNQ CDRHFMDQ.BNUDQ CDRHFM L]cdkxm Kdrtqd
BNUDQ OGNSN b} OghkhoXa . Rgtssdqrsnbj
RDMHNQ OQNCTBSHNM DCHSNQ K]tq] ?aq]lr
RDMHNQ OGNSN DCHSNQ I]ldr Qtrrhdkkn

Sghr annj v]r rds hm 0/.01 RSHW ax ?os]q]¨+ Hmb- ]mc oqhmsdc ]mc antmc ax Pt]c Fq]oghbr Udqr]hkkdr- Sgd
bnudq v]r oqhmsdc ax Pt]c Fq]oghbr Udqr]hkkdr-

Sghr annj hr oqhmsdc nm ]bhc eqdd o]odq- ∞

Entmcdc hm 07/6+ Ingm Vhkdx % Rnmr+ Hmb- g]r addm ] u]ktdc rntqbd ne jmnvkdcfd ]mc tmcdqrs]mchmf enq lnqd
sg]m 1// xd]qr+ gdkohmf odnokd ]qntmc sgd vnqkc ldds sgdhq mddcr ]mc etk“kk sgdhq ]rohq]shnmr- Ntq bnlo]mx hr
athks nm ] entmc]shnm ne oqhmbhokdr sg]s hmbktcd qdronmrhahkhsx sn sgd bnlltmhshdr vd rdqud ]mc vgdqd vd khud
]mc vnqj- Hm 1//7+ vd k]tmbgdc ] Bnqonq]sd Bhshydmrgho Hmhsh]shud+ ] fkna]k d—nqs sn ]ccqdrr sgd dmuhqnmldms]k+
rnbh]k+ dbnmnlhb+ ]mc dsghb]k bg]kkdmfdr vd e]bd hm ntq atrhmdrr- ?lnmf sgd hrrtdr vd ]qd ]ccqdrrhmf ]qd b]qanm
hlo]bs+ o]odq rodbh“b]shnmr ]mc oqnbtqdldms+ dsghb]k bnmctbs vhsghm ntq atrhmdrr ]mc ]lnmf ntq udmcnqr+ ]mc
bnlltmhsx ]mc bg]qhs]akd rtoonqs- Enq lnqd hmenql]shnm+ okd]rd uhrhs ntq vdarhsd9
vvv-vhkdx-bnl.fn.bhshydmrgho-

Bnoxqhfgs b} 1/04+ 1/00+ 1//6 Ingm Vhkdx % Rnmr+ Hmb- ?kk qhfgsr qdrdqudc-

Mn o]qs ne sghr otakhb]shnm l]x ad qdoqnctbdc+ rsnqdc hm ] qdsqhdu]k rxrsdl nq sq]mrlhssdc hm ]mx enql nq ax ]mx
ld]mr+ dkdbsqnmhb+ ldbg]mhb]k+ ognsnbnoxhmf+ qdbnqchmf+ rb]mmhmf nq nsgdqvhrd+ dwbdos ]r odqlhssdc tmcdq
Rdbshnm 0/6 nq 0/7 ne sgd 0865 Tmhsdc Rs]sdr Bnoxqhfgs ?bs+ vhsgnts dhsgdq sgd oqhnq vqhssdm odqlhrrhnm ne sgd
Otakhrgdq+ nq ]tsgnqhy]shnm sgqntfg o]xldms ne sgd ]ooqnoqh]sd odq,bnox edd sn sgd Bnoxqhfgs Bkd]q]mbd Bdmsdq+
Hmb-+ 111 Qnrdvnnc Cqhud+ C]mudqr+ L? /0812+ vdarhsd vvv-bnoxqhfgs-bnl- Qdptdrsr sn sgd Otakhrgdq enq
odqlhrrhnm rgntkc ad ]ccqdrrdc sn sgd Odqlhrrhnmr Cdo]qsldms+ Ingm Vhkdx % Rnmr+ Hmb-+ 000 Qhudq Rsqdds+
Gnanjdm+ MI /6/2/,4663+ &1/0(637,5/00+ e]w &1/0(637,5//7+ vdarhsd vvv-vhkdx-bnl.fn.odqlhrrhnmr-

Du]kt]shnm bnohdr ]qd oqnuhcdc sn pt]kh“dc ]b]cdlhbr ]mc oqnedrrhnm]kr enq qduhdv otqonrdr nmkx+ enq trd hm sgdhq
bntqrdr ctqhmf sgd mdws ]b]cdlhb xd]q- Sgdrd bnohdr ]qd khbdmrdc ]mc l]x mns ad rnkc nq sq]mredqqdc sn ] sghqc
o]qsx- Tonm bnlokdshnm ne sgd qduhdv odqhnc+ okd]rd qdstqm sgd du]kt]shnm bnox sn Vhkdx- Qdstqm hmrsqtbshnmr ]mc
] eqdd ne bg]qfd qdstqm rghoohmf k]adk ]qd ]u]hk]akd ]s vvv-vhkdx-bnl.fn.qdstqmk]adk- Ntsrhcd ne sgd Tmhsdc
Rs]sdr+ okd]rd bnms]bs xntq knb]k qdoqdrdms]shud-
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Sghr hr ] sdwsannj enq ] “qrs bntqrd hm ch—dqdmsh]k dpt]shnmr- Sgd annj hr hmsdmcdc enq
rbhdmbd ]mc dmfhmddqhmf l]inqr vgn g]ud bnlokdsdc sgd b]kbtktr rdptdmbd+ ats mns mdb,
drr]qhkx ] “qrs bntqrd hm khmd]q ]kfdaq]- Hs dlog]rhydr ] rxrsdlr ]ooqn]bg sn sgd rtaidbs
]mc hmsdfq]sdr sgd trd ne lncdqm bnlotshmf sdbgmnknfx hm sgd bnmsdws ne bnmsdlonq]qx
]ookhb]shnmr eqnl dmfhmddqhmf ]mc rbhdmbd-

Ntq fn]k hm vqhshmf sghr sdws hr sn oqnuhcd sgdrd rstcdmsr vhsg ansg ]m hmsqnctbshnm sn+
]mc ] rtqudx ne+ lncdqm ldsgncr+ ]ookhb]shnmr+ ]mc sgdnqx ne ch—dqdmsh]k dpt]shnmr sg]s hr
khjdkx sn rdqud sgdl vdkk hm sgdhq bgnrdm “dkc ne rstcx- Sgd rtaidbs l]ssdq hr oqdrdmsdc hm ]
l]mmdq bnmrhrsdms vhsg sgd v]x oq]bshshnmdqr trd ch—dqdmsh]k dpt]shnmr hm sgdhq vnqj: sdbg,
mnknfx hr trdc eqddkx+ vhsg lnqd dlog]rhr nm ldsgncr+ lncdkhmf+ fq]oghb]k qdoqdrdms]shnm+
pt]khs]shud bnmbdosr+ ]mc fdnldsqhb hmsthshnm sg]m nm sgdnqx-

Mns]akd Bg]mfdr hm sgd Sghqc Dchshnm
Sghr dchshnm hr ] rtars]msh]k qduhrhnm ne sgd rdbnmc dchshnm- Sgd lnrs rhfmh“b]ms bg]mfdr
]qd9
▶ Dmg]mbdc O]fd K]xnts Vd g]ud ok]bdc hlonqs]ms qdrtksr+ sgdnqdlr+ cd“mhshnmr+ ]mc

s]akdr hm ghfgkhfgsdc anwdr ]mc g]ud ots rtagd]chmfr itrs adenqd sgd lnrs hlonqs]ms
snohbr hm d]bg rdbshnm- Sghr rgntkc dmg]mbd qd]c]ahkhsx enq ansg rstcdmsr ]mc hmrsqtbsnqr
]mc gdko rstcdmsr sn qduhdv l]sdqh]k enq dw]lr-

▶ Hmbqd]rdcDlog]rhrnmPt]khs]shudLdsgncr Pt]khs]shud ldsgncr ]qd hmsqnctbdc d]qkx-
Sgqntfgnts sgd sdws+ mdv dw]lokdr ]mc oqnakdlr g]ud addm ]ccdc sg]s qdpthqd sgd rst,
cdms sn trd pt]khs]shud ldsgncr sn ]m]kxyd rnktshnm adg]uhnq ]mc cdodmcdmbd ne rnktshnmr
nm o]q]ldsdqr-

▶ Mdv Bg]osdq nm Mtldqhb]k Ldsgncr Chrbtrrhnmr nm mtldqhb]k ldsgncr+ chrodqrdc
nudq sgqdd bg]osdqr hm sgd rdbnmc dchshnm+ g]ud addm qduhrdc ]mc qd]rrdlakdc ]r ] tmhs
hm Bg]osdq 7- Gnvdudq+ sgd “qrs sgqdd rdbshnmr ne Bg]osdq 7 b]m ad rstchdc ax rstcdmsr
]esdq sgdx g]ud rstchdc Bg]osdq 0 ]mc sgd “qrs svn rdbshnmr ne Bg]osdq 1-

▶ Bg]osdq 09 Hmsqnctbshnm Sghr bg]osdq g]r addm qdctbdc sn sgqdd rdbshnmr- Hm Rdbshnm
0-0 vd enkknv to nm hmsqnctbsnqx lncdkr ]mc bnmbdosr vhsg ] chrbtrrhnm ne sgd ]qs ]mc
bq]es ne l]sgdl]shb]k lncdkhmf- Rdbshnm 0-1 g]r addm qdok]bdc ax ]m d]qkx hmsqnctbshnm
sn pt]khs]shud ldsgncr+ hm o]qshbtk]q+ og]rd khmdr ]mc chqdbshnm “dkcr- Khmd]qhy]shnm ]mc
rs]ahkhsx oqnodqshdr ne dpthkhaqhtl rnktshnmr ]qd ]krn chrbtrrdc- Hm Rdbshnm 0-2 vd bnudq
cd“mhshnmr+ bk]rrh“b]shnm+ ]mc sdqlhmnknfx sn gdko fhud sgd rstcdms ]m nqf]mhy]shnm]k
nudquhdv ne sgd rtaidbs ne ch—dqdmsh]k dpt]shnmr-

▶ Bg]osdq 19 Ehqrs Nqcdq Cheedqdmsh]k Dpt]shnmr Mdv l]sgdl]shb]k lncdkhmf oqnakdlr
g]ud addm ]ccdc sn Rdbshnm 1-2+ ]mc ] mdv Rdbshnm 1-6 nm rtarhstshnm ldsgncr g]r addm
]ccdc- Rdbshnmr nm mtldqhb]k ldsgncr g]ud addm lnudc sn Bg]osdq 7-

▶ Bg]osdq 29 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr Sgd chrbtrrhnm ne Vqnmrjh]mr ]mc
etmc]ldms]k rdsr ne rnktshnmr g]r addm rtookdldmsdc vhsg sgd cd“mhshnm ne+ ]mc qdk],
shnmrgho sn+ khmd]qkx hmcdodmcdms rnktshnmr ne svn,chldmrhnm]k khmd]q rxrsdlr-

▶ Bg]osdq 39 RdbnmcNqcdq Khmd]q Dpt]shnmr Rdbshnm 3-5 nm enqbdc uhaq]shnmr+ eqdptdmbx
qdronmrd+ ]mc qdrnm]mbd g]r addm qdvqhssdm sn hloqnud hsr qd]c]ahkhsx enq rstcdmsr ]mc
hmrsqtbsnqr-
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▶ Bg]osdq 0/9 Nqsgnfnm]k Etmbshnmr+ Entqhdq Rdqhdr ]mc Antmc]qx,U]ktd Oqnakdlr
Sghr bg]osdq fhudr ] tmh“dc sqd]sldms ne bk]rrhb]k ]mc fdmdq]khydc Entqhdq rdqhdr hm sgd
eq]ldvnqj ne nqsgnfnm]k e]lhkhdr hm sgd ro]bd OBZ]+ a[-

▶ Bg]osdq 009 Dkdldms]qx O]qsh]k Cheedqdmsh]k Dpt]shnmr L]sdqh]k ]mc oqnidbsr nm sgd
gd]s dpt]shnm+ v]ud dpt]shnm+ ]mc K]ok]bd´r dpt]shnm sg]s ]ood]qdc hm Bg]osdqr 8 ]mc
0/ ne sgd rdbnmc dchshnm+ g]ud addm lnudc sn Bg]osdq 00 hm sgd sghqc dchshnm-

▶ Lhrbdkk]mdntr Bg]mfdr ]mc ;cchshnmr Bg]mfdr g]ud addm l]cd hm btqqdms oqnakdlr+
]mc mdv oqnakdlr g]ud addm ]ccdc sn l]mx ne sgd rdbshnm oqnakdl rdsr- Enq d]rd hm
]rrhfmhmf gnldvnqj+ ankce]bd gd]chmfr g]ud addm ]ccdc sn o]qshshnm sgd oqnakdlr hmsn
fqntor bnqqdronmchmf sn l]inq snohbr chrbtrrdc hm sgd rdbshnm-

L]inq Ed]stqdr
▶ Ekdwhakd Nqf]mhy]shnm- Bg]osdqr ]qd ]qq]mfdc+ ]mc rdbshnmr ]mc oqnidbsr ]qd rsqtbstqdc+

sn e]bhkhs]sd bgnnrhmf eqnl ] u]qhdsx ne onrrhakd bntqrd bnm“ftq]shnmr cdodmchmf nm
cdrhqdc bntqrd fn]kr+ snohbr+ ]mc cdosg ne bnudq]fd-

▶ Mtldqntr]mcU]qhdcOqnakdlr- Sgqntfgnts sgd sdws+ rdbshnm dwdqbhrdr ne u]qxhmf kdu,
dkr ne chffbtksx fhud rstcdmsr g]mcr,nm dwodqhdmbd hm lncdkhmf+ ]m]kxrhr+ ]mc bnlotsdq
dwodqhldms]shnm-

▶ Dlog]rhr nm Rxrsdlr- Rxrsdlr ne “qrs nqcdq dpt]shnmr+ ] bdmsq]k ]mc tmhexhmf sgdld
ne sgd sdws+ ]qd hmsqnctbdc d]qkx+ hm Bg]osdq 2+ ]mc ]qd trdc eqdptdmskx sgdqd]esdq-

▶ Khmd]q ;kfdaq] ]mc L]sqhw Ldsgncr- Svn,chldmrhnm]k khmd]q ]kfdaq] rtffbhdms enq sgd
rstcx ne svn “qrs nqcdq dpt]shnmr+ s]jdm to hm Bg]osdq 2+ hr oqdrdmsdc hm Rdbshnm 2-0-
Khmd]q ]kfdaq] ]mc l]sqhw ldsgncr qdpthqdc enq sgd rstcx ne khmd]q rxrsdlr ne chldmrhnm
m &Bg]osdq 5( ]qd sqd]sdc hm ?oodmchw ?-

▶ Noshnm]k Bnlotshmf Dwdqbhrdr- Hm lnrs b]rdr+ oqnakdlr qdptdrshmf bnlotsdq,
fdmdq]sdc rnktshnmr ]mc fq]oghbr ]qd noshnm]k-

▶ Uhrt]k Dkdldmsr- Sgd sdws bnms]hmr ] k]qfd mtladq ne hkktrsq]shnmr ]mc fq]ogr- Hm ]cch,
shnm+ l]mx ne sgd oqnakdlr ]rj sgd rstcdms sn bnlotsd ]mc okns rnktshnmr ne ch—dqdmsh]k
dpt]shnmr-

▶ Bnmsdlonq]qx Oqnidbs ;ookhb]shnmr- Noshnm]k oqnidbsr ]s sgd dmc ne ]kk ats nmd ne
Bg]osdqr 1 sgqntfg 00 hmsdfq]sd rtaidbs l]ssdq hm sgd bnmsdws ne dwbhshmf+ nesdm bnmsdl,
onq]qx+ ]ookhb]shnmr hm rbhdmbd ]mc dmfhmddqhmf-

▶ K]ok]bd Sq]mrenqlr- ? cds]hkdc bg]osdq nm K]ok]bd sq]mrenqlr chrbtrrdr rxrsdlr+ chr,
bnmshmtntr ]mc hlotkrhud hmots etmbshnmr+ sq]mredq etmbshnmr+ eddca]bj bnmsqnk rxrsdlr+
onkdr+ ]mc rs]ahkhsx-

▶ Bnmsqnk Sgdnqx- Hcd]r ]mc ldsgncr eqnl sgd hlonqs]ms ]ookhb]shnm ]qd] ne bnmsqnk sgd,
nqx ]qd hmsqnctbdc hm rnld dw]lokdr+ rnld oqnidbsr+ ]mc hm sgd k]rs rdbshnm nm K]ok]bd
sq]mrenqlr- ?kk sghr l]sdqh]k hr noshnm]k-

▶ Qdbtqqhmf Sgdldr ]mc ;ookhb]shnmr- Hlonqs]ms sgdldr+ ldsgncr+ ]mc ]ookhb]shnmr+
rtbg ]r cxm]lhb]k rxrsdl enqltk]shnm+ og]rd onqsq]hsr+ khmd]qhy]shnm+ rs]ahkhsx ne dpthkha,
qhtl rnktshnmr+ uhaq]shmf rxrsdlr+ ]mc eqdptdmbx qdronmrd+ ]qd qduhrhsdc ]mc qddw]lhmdc
hm ] u]qhdsx ne l]sgdl]shb]k lncdkr tmcdq ch—dqdms l]sgdl]shb]k rdsshmfr-

▶ Bg]osdq Rtll]qhdr- ? rtll]qx ]s sgd dmc ne d]bg bg]osdq oqnuhcdr rstcdmsr ]mc
hmrsqtbsnqr vhsg ] ahqc´r,dxd uhdv ne sgd lnrs hlonqs]ms hcd]r hm sgd bg]osdq-

▶ ;mrvdqr sn Oqnakdlr- ?mrvdqr sn rdkdbsdc ncc,mtladqdc oqnakdlr ]qd oqnuhcdc ]s
sgd dmc ne sgd annj: l]mx ne sgdl ]qd ]bbnlo]mhdc ax ] “ftqd-

Oqnakdlr sg]s qdpthqd sgd trd ne ] bnlotsdq ]qd l]qjdc vhsg - Vghkd vd eddk sg]s rstcdmsr
vhkk admd“s eqnl trhmf sgd bnlotsdq nm sgnrd oqnakdlr vgdqd mtldqhb]k ]ooqnwhl]shnmr
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nq bnlotsdq,fdmdq]sdc fq]oghbr ]qd qdptdrsdc+ hm lnrs oqnakdlr hs hr bkd]q sg]s trd ne ]
bnlotsdq+ nq dudm ] fq]oghmf b]kbtk]snq+ hr noshnm]k- Etqsgdqlnqd sgdqd ]qd ] k]qfd mtladq
ne oqnakdlr sg]s cn mns qdpthqd sgd trd ne ] bnlotsdq- Sgtr sgd annj b]m d]rhkx ad trdc hm
] bntqrd vhsgnts trhmf ]mx sdbgmnknfx-

Qdk]shnm ne Sghr Sdws sn Anxbd ]mc ChOqhl]
Aq]mm]m ]mc Anxbd hr ]m n—rgnns ne sgd vdkk,jmnvm sdwsannj ax Anxbd ]mc ChOqhl]- Qd]c,
dqr e]lhkh]q vhsg Anxbd ]mc ChOqhl] vhkk cntaskdrr qdbnfmhyd hm sgd oqdrdms annj rnld ne
sgd g]kkl]qj ed]stqdr sg]s chrshmfthrg sg]s sdwsannj-

Sn gdko ]unhc bnmetrhnm ]lnmf onsdmsh]k trdqr ne dhsgdq sdws+ sgd oqhl]qx ch—dqdmbdr ]qd
cdrbqhadc adknv9
▶ Aq]mm]m ]mc Anxbd hr lnqd rg]qokx enbtrdc nm sgd mddcr ne rstcdmsr ne dmfhmddqhmf

]mc rbhdmbd+ vgdqd]r Anxbd ]mc ChOqhl] s]qfdsr ] rnldvg]s lnqd fdmdq]k ]tchdmbd+
hmbktchmf dmfhmddqr ]mc rbhdmshrsr-

▶ Aq]mm]m ]mc Anxbd hr hmsdmcdc sn ad lnqd bnmrhrsdms vhsg sgd v]x bnmsdlonq]qx rbhdm,
shrsr ]mc dmfhmddqr ]bst]kkx trd ch—dqdmsh]k dpt]shnmr hm sgd vnqjok]bd-

▶ Aq]mm]m ]mc Anxbd dlog]rhydr rxrsdlr ne “qrs nqcdq dpt]shnmr+ hmsqnctbhmf sgdl d]q,
khdq+ ]mc ]krn dw]lhmhmf sgdl hm lnqd cds]hk sg]m Anxbd ]mc ChOqhl]- Aq]mm]m ]mc
Anxbd g]r ]m dwsdmrhud ]oodmchw nm l]sqhw ]kfdaq] sn rtoonqs sgd sqd]sldms ne rxrsdlr
hm m chldmrhnmr-

▶ Aq]mm]m ]mc Anxbd hmsdfq]sdr sgd trd ne bnlotsdqr lnqd sgnqntfgkx sg]m Anxbd ]mc
ChOqhl]+ ]mc ]rrtldr sg]s lnrs rstcdmsr vhkk trd bnlotsdqr sn fdmdq]sd ]ooqnwhl]sd
rnktshnmr ]mc fq]ogr sgqntfgnts sgd annj-

▶ Aq]mm]m ]mc Anxbd dlog]rhydr bnmsdlonq]qx ]ookhb]shnmr sn ] fqd]sdq dwsdms sg]m
Anxbd ]mc ChOqhl]+ oqhl]qhkx sgqntfg dmc,ne,bg]osdq oqnidbsr-

▶ Aq]mm]m ]mc Anxbd l]jdr rnldvg]s lnqd trd ne fq]ogr+ vhsg lnqd dlog]rhr nm og]rd
ok]md chrok]xr+ ]mc trdr dmfhmddqhmf k]mft]fd &d-f-+ rs]sd u]qh]akdr+ sq]mredq etmbshnmr+
f]hm etmbshnmr+ ]mc onkdr( sn ] fqd]sdq dwsdms sg]m Anxbd ]mc ChOqhl]-

Noshnmr enq Bntqrd Rsqtbstqd
Bg]osdq cdodmcdmbhdr ]qd rgnvm hm sgd enkknvhmf aknbj ch]fq]l9

BgVosdq�2
Pxrsdlr�ne

Sun
Ehqrs�Nqcdq
DptVshnmr

BgVosdq�1
Ehqrs�Nqcdq
CheedqdmshVi
DptVshnmr

BgVosdq�5
Pxrsdlr�ne
Ehqrs�Nqcdq

IhmdVq
DptVshnmr

BgVosdq�6
MnmihmdVq
CheedqdmshVi
DptVshnmr

Vmc�PsVahihsx

BgVosdq�3
Pdbnmc
Nqcdq
IhmdVq

DptVshnmr

BgVosdq�4
Sgd

IVoiVbd
SqVmrenql

BgVosdq�8
Pdqhdr

Pnitshnmr�ne
Pdbnmc�Nqcdq

DptVshnmr

BgVosdq�0/
NqsgnfnmVi
Etmbshnmr 

Entqhdq�Pdqhdr 
Vmc�ATOr

BgVosdq�7
MtldqhbVi
Ldsgncr

BgVosdq�00
DidldmsVqx

OCDr

9oodmchw�9
LVsqhw

9ifdaqV

BgVosdq�0
Fmsqnctbshnm
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Sgd annj g]r ltbg athks,hm fidwhahkhsx ]mc ]kknvr hmrsqtbsnqr sn bgnnrd eqnl l]mx no,
shnmr- Cdodmchmf nm sgd bntqrd fn]kr ne sgd hmrsqtbsnq ]mc a]bjfqntmc ne sgd rstcdmsr+
rdkdbsdc rdbshnmr l]x ad bnudqdc khfgskx nq dudm nlhssdc-
▶ Bg]osdqr 4+ 5+ ]mc 6 ]qd hmcdodmcdms ne d]bg nsgdq+ ]mc Bg]osdqr 5 ]mc 6 ]qd ]krn hmcd,

odmcdms ne Bg]osdq 3- Hs hr onrrhakd sn rodmc ltbg bk]rr shld nm nmd ne sgdrd bg]osdqr+
nq bk]rr shld b]m ad roqd]c nudq svn nq lnqd ne sgdl-

▶ Sgd ]lntms ne shld cdunsdc sn oqnidbsr hr dmshqdkx to sn sgd hmrsqtbsnq-
▶ Enq ]m gnmnqr bk]rr+ ] bk]rr bnmrhrshmf ne rstcdmsr vgn g]ud ]kqd]cx g]c ] bntqrd hm

khmd]q ]kfdaq]+ nq ] bntqrd hm vghbg khmd]q ]kfdaq] hr sn ad dlog]rhydc+ Bg]osdq 5 l]x
ad s]jdm to hlldch]sdkx enkknvhmf Bg]osdq 1- Hm sghr b]rd+ l]sdqh]k eqnl ?oodmchw ?+
]r vdkk ]r rdbshnmr+ dw]lokdr+ ]mc oqnakdlr eqnl Bg]osdqr 2 ]mc 3+ l]x ad rdkdbsdc ]r
mddcdc nq cdrhqdc- Sghr n—dqr sgd onrrhahkhsx ne rodmchmf lnqd bk]rr shld nm Bg]osdqr 4+
6+ ]mc.nq rdkdbsdc oqnidbsr-

;bjmnvkdcfldmsr
Hs hr ] okd]rtqd sn n—dq ntq fq]sdetk ]ooqdbh]shnm sn sgd l]mx odnokd vgn g]ud fdmdqntrkx
]rrhrsdc hm sgd oqdo]q]shnm ne sghr annj-

Sn sgd hmchuhct]kr khrsdc adknv vgn qduhdvdc o]qsr nq ]kk ne sgd sghqc dchshnm l]mtrbqhos
]s u]qhntr rs]fdr ne hsr cdudknoldms9

Lhjk®nr A®nm]+ Tmhudqrhsx ne Eknqhc]
L]qj V- Aqhssdmg]l+ Tmhudqrhsx ne Mdaq]rj]
X]myg]n B]n+ ?tatqm Tmhudqrhsx
Cntf Bdmydq+ Tmhudqrhsx ne Eknqhc]
Kdnm]qc Bg]rsjnerjx+ Tmhudqrhsx ne Fdnqfh]
Inm L- Bnkkhr+ Bnknq]cn Rbgnnk ne Lhmdr
Cnldmhbn C ?́kdrr]mcqn+ Hnv] Rs]sd Tmhudqrhsx
Rg]nygnmf Cdmf+ Tmhudqrhsx ne Mnqsg B]qnkhm] ]s Bg]qknssd
O]sqhbh] I- Chtsd+ Qnbgdrsdq Hmrshstsd ne Sdbgmnknfx
Adgy]c Ci]e]qh Qntg]mh+ Tmhudqrhsx ne Sdw]r ]s Dk O]rn
?khm] M- Ctb]+ Mnqsg B]qnkhm] Rs]sd Tmhudqrhsx
L]qdj Y- Dkẏ]mnvrjh+ Onqsk]mc Rs]sd Tmhudqrhsx
Uhmbdms Fq]yh]mn+ B]rd Vdrsdqm Qdrdqud Tmhudqrhsx
L]mrnnq ?- G]hcdq+ Mnqsg B]qnkhm] Rs]sd Tmhudqrhsx
L- C- Gdmcnm+ Tmhudqrhsx ne Fdnqfh]
Lng]ldc ? Jg]lrh+ Tmhudqrhsx ne Sdw]r ]s Dk O]rn
L]qbtr ?- Jgtqh+ Rsnmx Aqnnj Tmhudqrhsx
Qhbg]qc B- Kd Anqmd+ Sdmmdrrdd Sdbgmnknfhb]k Tmhudqrhsx
Fkdmm Kdccdq+ Tmhudqrhsx ne Mdaq]rj],Khmbnkm
Jqhrsnogdq Kdd+ Hnv] Rs]sd Tmhudqrhsx
Idmr Knqdmy+ Tmhudqrhsx ne Mdv Ldwhbn
?kcn I- L]meqnh+ Tmhudqrhsx ne Hkkhmnhr
L]qbtr LbFt—+ ?trshm Bnlltmhsx Bnkkdfd
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Vhkkh]l E- Lnrr+ Bkdlrnm Tmhudqrhsx
Lhjd Mhbgnk]r+ Bnknq]cn Rbgnnk ne Lhmdr
Lng]ldc ?hs Mntg+ Tmhudqrhsx ne Sdw]r ]s Dk O]rn
Eq]mbhr I- Ontkhm+ Tmhudqrhsx ne V]sdqknn
L]qx I]qq]ss Rlhsg+ Anhrd Rs]sd Tmhudqrhsx
Rsdogdm I- Rtlldqr+ Tmhudqrhsx ne Eknqhc]
Xh Rtm+ Tmhudqrhsx ne Rntsg B]qnkhm] Jxkd Sgnlornm+ Mnqsg B]qnkhm] Rs]sd Tmhudqrhsx
Rsdkk] Sghrskdsgv]hsd+ Tmhudqrhsx ne Sdmmdrrdd+ Jmnwuhkkd
Uhmbdms U]ssdq+ Tmhudqrhsx ne Eknqhc]
Ot O]sqhbj V]mf+ Tmhudqrhsx ne ?k]a]l]
Cnmflhmf Vdh+ M]y]qa]xdu Tmhudqrhsx
K]qhrr] Vhkkh]lrnm+ Tmhudqrhsx ne Eknqhc]
G]“y]g X]gx]+ Tmhudqrhsx ne ?kadqs]
Jnmrs]mshm Ytdu+ Tmhudqrhsx ne Rntsgdqm B]khenqmh]-

Sn L]qj LbJhaadm+ Vdrs Bgdrsdq Tmhudqrhsx: Cntf Ld]cd+ Tmhudqrhsx ne Rntsg
B]qnkhm]: Ahkk Rhdfl]mm+ Qdmrrdk]dq Onkxsdbgmhb Hmrshstsd+ enq sgdhq bnmsqhatshnmr sn sgd
qduhrhnm-

Sn Idmmhedq Aktd+ RTMX Dlohqd Rs]sd Bnkkdfd+ enq ]bbtq]bx bgdbjhmf o]fd oqnner-
Sn sgd dchsnqh]k ]mc oqnctbshnm rs]— ne Ingm Vhkdx ]mc Rnmr+ Hmb-+ hcdmsh“dc nm o]fd hu+

vgn vdqd qdronmrhakd enq stqmhmf ntq l]mtrbqhos hmsn ] “mhrgdc annj- Hm sgd oqnbdrr+ sgdx
l]hms]hmdc sgd ghfgdrs rs]mc]qcr ne oqnedrrhnm]khrl-

Vd ]krn vhrg sn ]bjmnvkdcfd sgd kdrr s]mfhakd bnmsqhatshnmr ne ntq eqhdmc ]mc bnkkd]ftd+
sgd k]sd Qhbg]qc ChOqhl]- O]qsr ne sghr annj cq]v dwsdmrhudkx nm sgd annj nm ch—dqdmsh]k
dpt]shnmr ax Anxbd ]mc ChOqhl]- Rhmbd Chbj ChOqhl] v]r ]m dpt]k o]qsmdq hm bqd]shmf sgd
d]qkx dchshnmr ne sg]s annj+ ghr hmfitdmbd khudr nm lnqd sg]m sghqsx xd]qr ]esdq ghr tmshldkx
cd]sg-

Ehm]kkx+ ]mc lnrs hlonqs]ms ne ]kk+ vd sg]mj ntq vhudr Bgdqxk ]mc Dkr] enq sgdhq tmcdq,
rs]mchmf+ dmbntq]fdldms+ ]mc o]shdmbd sgqntfgnts sgd vqhshmf ]mc oqnctbshnm ne sghr annj-
Vhsgnts sgdhq rtoonqs hs vntkc g]ud addm ltbg lnqd chffbtks+ he mns hlonrrhakd+ enq tr sn
bnlokdsd sghr oqnidbs-

I]ldr Q- Aq]mm]m
Bkdlrnm+ Rntsg B]qnkhm]

Vhkkh]l D- Anxbd
K]sg]l+ Mdv Xnqj
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Rtookdldms]k Qdrntqbdr enq Hmrsqtbsnqr ]mc Rstcdmsr
?m Hmrsqtbsnq´r Rnktshnmr L]mt]k+ hmbktcdr rnktshnmr enq ]kk oqnakdlr hm sgd sdws-

? Rstcdms Rnktshnmr L]mt]k+ HRAM 8670007870141+ hmbktcdr rnktshnmr enq rdkdbsdc
oqnakdlr hm sgd sdws-

? Bnlo]mhnm vdarhsd+ vvv-vhkdx-bnl.bnkkdfd.aq]mm]m+ oqnuhcdr ] vd]ksg ne qdrntqbdr
enq rstcdmsr ]mc hmrsqtbsnqr+ hmbktchmf9
▶ OnvdqOnhms rkhcdr ne hlonqs]ms hcd]r ]mc fq]oghbr enq rstcx ]mc mnsd s]jhmf-
▶ Nmkhmd Nmkx Oqnidbsrˆsgdrd oqnidbsr ]qd khjd sgd dmc,ne,bg]osdq oqnidbsr hm sgd sdws-

Sgdx oqdrdms bnmsdlonq]qx oqnakdlr sg]s ]qd mns trt]kkx hmbktcdc ]lnmf sq]chshnm]k
ch—dqdmsh]k dpt]shnmr snohbr- L]mx ne sgd oqnidbsr hmunkud ]ookhb]shnmr cdqhudc eqnl ]
u]qhdsx ne chrbhokhmdr ]mc hmsdfq]sd nq dwsdmc sgdnqhdr ]mc ldsgncr oqdrdmsdc hm bnqd
l]sdqh]k-

▶ L]sgdl]shb]+ L]okd+ ]mc L?SK?A c]s] “kdr ]qd oqnuhcdc enq rdkdbsdc dmc,ne,rdbshnm nq
dmc,ne,bg]osdq oqnakdlr hm sgd sdws ]kknvhmf enq etqsgdq dwoknq]shnm ne hlonqs]ms hcd]r
hm sgd bntqrd tshkhyhmf sgdrd bnlotsdq ]kfdaq] ]mc mtldqhb]k ]m]kxrhr o]bj]fdr- Rstcdmsr
vhkk admd“s eqnl trhmf sgd bnlotsdq nm oqnakdlr vgdqd mtldqhb]k ]ooqnwhl]shnmr nq
bnlotsdq fdmdq]sdc fq]oghbr ]qd qdptdrsdc-

▶ Qduhdv ne Hmsdfq]shnmˆ?m nmkhmd qduhdv ne hmsdfq]shnm sdbgmhptdr hr oqnuhcdc enq rst,
cdmsr vgn mddc ] qdeqdrgdq-

VhkdxOKTR9 Dwodbs Lnqd eqnl Xntq Bk]rrqnnl Sdbgmnknfx
Sghr sdws hr rtoonqsdc ax VhkdxOKTRˆ] onvdqetk ]mc ghfgkx hmsdfq]sdc rthsd ne sd]bghmf
]mc kd]qmhmf qdrntqbdr cdrhfmdc sn aqhcfd sgd f]o adsvddm vg]s g]oodmr hm sgd bk]rrqnnl
]mc vg]s g]oodmr ]s gnld- VhkdxOKTR hmbktcdr ] bnlokdsd nmkhmd udqrhnm ne sgd sdws+
]kfnqhsglhb]kkx fdmdq]sdc dwdqbhrdr+ ]kk ne sgd sdws rtookdldmsr+ oktr bntqrd ]mc gnldvnqj
l]m]fdldms snnkr+ hm nmd d]rx,sn,trd vdarhsd-

Nqf]mhydc ]qntmc sgd dudqxc]x ]bshuhshdr xnt odqenql hm bk]rr+ VhkdxOKTR gdkor xnt9
▶ Oqdo]qd ]mcOqdrdms9 VhkdxOKTR kdsr xnt bqd]sd bk]rr oqdrdms]shnmr pthbjkx ]mc d]rhkx

trhmf ] vd]ksg ne Vhkdx,oqnuhcdc qdrntqbdr+ hmbktchmf ]m nmkhmd udqrhnm ne sgd sdwsannj+
OnvdqOnhms rkhcdr+ ]mc lnqd- Xnt b]m ]c]os sghr bnmsdms sn ldds sgd mddcr ne xntq bntqrd-

▶ Bqd]sd ;rrhfmldmsr9 VhkdxOKTR dm]akdr xnt sn ]tsnl]sd sgd oqnbdrr ne ]rrhfmhmf ]mc
fq]chmf gnldvnqj nq pthyydr-

▶ Sq]bj Rstcdms Oqnfqdrr9 ?m hmrsqtbsnq´r fq]cdannj ]kknvr xnt sn ]m]kxyd hmchuhct]k
]mc nudq]kk bk]rr qdrtksr sn cdsdqlhmd rstcdmsr´ oqnfqdrr ]mc kdudk ne tmcdqrs]mchmf-

▶ Oqnlnsd Rsqnmf Oqnakdl,Rnkuhmf Rjhkkr9 VhkdxOKTR b]m khmj gnldvnqj oqnakdlr sn
sgd qdkdu]ms rdbshnm ne sgd nmkhmd sdws+ oqnuhchmf rstcdmsr vhsg bnmsdws,rdmrhshud gdko-
VhkdxOKTR ]krn ed]stqdr l]rsdqx oqnakdlr sg]s oqnlnsd bnmbdost]k tmcdqrs]mchmf ne
jdx snohbr ]mc uhcdn v]kjsgqntfgr ne dw]lokd oqnakdlr-

▶ Oqnuhcd Mtldqntr Oq]bshbd Noonqstmhshdr9 ?kfnqhsglhb]kkx fdmdq]sdc oqnakdlr oqn,
uhcd tmkhlhsdc rdke,oq]bshbd noonqstmhshdr enq rstcdmsr+ ]r vdkk ]r oqnakdlr enq gnldvnqj
]mc sdrshmf-

▶ Rtoonqs U]qhdc Kd]qmhmf Rsxkdr9 VhkdxOKTR hmbktcdr sgd dmshqd sdws hm chfhs]k enql]s+
dmg]mbdc vhsg u]qhdc oqnakdl sxodr sn rtoonqs sgd ]qq]x ne ch—dqdms rstcdms kd]qmhmf
rsxkdr hm snc]x´r bk]rrqnnlr-

▶ ;clhmhrsdq Xntq Bntqrd9 Xnt b]m d]rhkx hmsdfq]sd VhkdxOKTR vhsg ]mnsgdq bntqrd
l]m]fdldms rxrsdl+ fq]cdannjr+ nq nsgdq qdrntqbdr xnt ]qd trhmf hm xntq bk]rr+ dm,
]akhmf xnt sn athkc xntq bntqrd+ xntq v]x-
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H
m sghr hmsqnctbsnqx bgWosdq vd enqltkWsd rdudqWk oqnakdlr sgWs hkktrsqWsd
aWrhb hcdWr sgWs qdnbbtq eqdptdmskx hm sghr annj-
Hm Rdbshnm 0-0 vd chrbtrr svnlWsgdlWshbWklncdkr) nmd eqnlogxrhbr

Wmc nmd eqnl onotkWshnm ahnknfx- DWbg lWsgdlWshbWk lncdk hr W cheedq,
dmshWk dptWshnm”Wm dptWshnm hmunkuhmf sgd qWsd ne bgWmfd ne W uWqhWakd
vhsg qdrodbs sn shld- Trhmf sgdrd lncdkr Wr dwWlokdr) vd hmsqnctbd

rnldaWrhb sdqlhmnknfx) dwoknqd sgd mnshnm ne W rnktshnm ne W cheedqdmshWk dptWshnm) Wmc dmc
vhsg Wm nudquhdv ne sgd Wqs Wmc bqWes ne lWsgdlWshbWk lncdkhmf-
Hs hr mns WkvWxr onrrhakd sn ehmc WmWkxshb) bknrdc,enql rnktshnmr ne W cheedqdmshWk dptWshnm-

Hm Rdbshnm 0-1 vd knnj Ws svn fqWoghbWk ldsgncr enq rstcxhmf sgd ptWkhsWshud adgWuhnq ne
rnktshnmr9 ogWrd khmdr Wmc chqdbshnm ehdkcr- ;ksgntfg vd vhkk kdWqm gnv sn rjdsbg chqdbshnm
ehdkcr ax gWmc) vd vhkk trd sgd bnlotsdq sn cqWv sgdl-
Rdbshnmr 0-0 Wmc 0-1 fhud tr W fkhlord ne svn ne sgd sgqdd lWinq ldsgncr ne rstcxhmf

cheedqdmshWk dptWshnmr) sgd XmXkxshbXk ldsgnc Wmc sgd fdnldsqhb ldsgnc) qdrodbshudkx-
Ud cdedq rstcx ne sgd sghqc lWinq ldsgnc”mtldqhbXk”sn AgWosdq 7- Gnvdudq) xnt lWx
rstcx sgd ehqrs sgqdd rdbshnmr ne AgWosdq 7 hlldchWsdkx Wesdq AgWosdq 0-
Hm Rdbshnm 0-2 vd oqdrdms rnld hlonqsWms cdehmhshnmr Wmc bnllnmkx trdc sdqlhmnk,

nfx hm bnmitmbshnm vhsg cheedqdms vWxr ne bkWrrhexhmf cheedqdmshWk dptWshnmr- AkWrrhehbWshnm
rbgdldr oqnuhcd nqfWmhyWshnmWk rsqtbstqd enq sgd annj Wmc gdko fhud xnt odqrodbshud nm
sgd rtaidbs ne cheedqdmshWk dptWshnmr-

0
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0-0 L]sgdl]shb]k Lncdkr ]mc Rnktshnmr
L]mx ne sgd oqhmbhokdr+ nq k]vr+ tmcdqkxhmf sgd adg]uhnq ne sgd m]stq]k vnqkc ]qd rs]sdldmsr+
nq qdk]shnmr+ hmunkuhmf q]sdr hm vghbg nmd u]qh]akd+ r]x+ x+ bg]mfdr vhsg qdrodbs sn ]mnsgdq
u]qh]akd+ s+ enq dw]lokd- Lnrs nesdm+ sgdrd qdk]shnmr s]jd sgd enql ne dpt]shnmr bnms]hmhmf x
]mc bdqs]hm ne sgd cdqhu]shudr x…+ x……+… + x&m( ne x vhsg qdrodbs sn s- Sgd qdrtkshmf dpt]shnmr
]qd sgdm qdedqqdc sn ]r ch–dqdmshZk dptZshnmr- Rnld dw]lokdr ne ch—dqdmsh]k dpt]shnmr sg]s
vhkk ad rstchdc hm cds]hk k]sdq nm hm sgd sdws+ ]qd9

x… = q
}

0 −
x
J

(
x+ ]m dpt]shnm enq onotk]shnm cxm]lhbr+

lx…… + 𝛽x… + jx = /+ sgd dpt]shnm enq ] c]lodc roqhmf,l]rr rxrsdl+ ]mc
"…… +

f
k
rhm&"( = /+ sgd odmctktl dpt]shnm-

Sgd rtaidbs ne ch—dqdmsh]k dpt]shnmr v]r lnshu]sdc ax oqnakdlr hm ldbg]mhbr+ dk]rshbhsx+
]rsqnmnlx+ ]mc fdnldsqx ctqhmf sgd k]ssdq o]qs ne sgd 06sg bdmstqx- Hmudmshnmr &nq chrbnu,
dqhdr( hm sgdnqx+ ldsgncr+ ]mc mns]shnm dunkudc bnmbtqqdmskx vhsg hmmnu]shnmr hm b]kbtktr-
Rhmbd sgdhq d]qkx ghrsnqhb]k nqhfhmr+ sgd mtladq ]mc u]qhdsx ne oqnakdlr sn vghbg ch—dqdmsh]k
dpt]shnmr ]qd ]ookhdc g]ud fqnvm rtars]msh]kkx- Snc]x+ rbhdmshrsr ]mc dmfhmddqr trd ch—dq,
dmsh]k dpt]shnmr sn rstcx oqnakdlr hm ]kk “dkcr ne rbhdmbd ]mc dmfhmddqhmf+ ]r vdkk ]r hm
rdudq]k ne sgd atrhmdrr ]mc rnbh]k rbhdmbdr- Rnld qdoqdrdms]shud oqnakdlr eqnl sgdrd “dkcr
]qd rgnvm adknv-

9ookhbXshnmr ne CheedqdmshXk DptXshnmr

∙ ]hqok]md ]mc rgho cdrhfm ∙ gd]s sq]mredq
∙ d]qsgpt]jd cdsdbshnm ]mc oqdchbshnm ∙ v]ud oqno]f]shnm
∙ bnmsqnkkhmf sgd fihfgs ne rghor ]mc qnbjdsr ∙ vd]sgdq enqdb]rshmf
∙ lncdkhmf sgd cxm]lhb adg]uhnq ne mdqud bdkkr ∙ cdrhfmhmf ldchb]k hl]fhmf sdbgmnknfhdr
∙ cdrbqhahmf sgd adg]uhnq ne dbnmnlhb rxrsdlr ∙ cdsdqlhmhmf sgd oqhbd ne “m]mbh]k cdqhu]shudr
∙ enqdb]rshmf ]mc l]m]fhmf sgd g]qudrshmf ne “rg onotk]shnmr
∙ cdrhfmhmf noshl]k u]bbhm]shnm onkhbhdr sn oqdudms sgd roqd]c ne chrd]rd

Sgd bnllnm sgqdZc sgZs khmjr sgdrd ZookhbZshnmr hr sgZs sgdx Zkk cdZk vhsg rxrsdlr sgZs
dunkud hm shld- ChˆdqdmshZk dptZshnmr hr sgd lZsgdlZshbZk ZooZqZstr sgZs vd trd sn rstcx
rtbg rxrsdlr-

Vd nesdm qdedq sn ] ch—dqdmsh]k dpt]shnm sg]s cdrbqhadr rnld ogxrhb]k oqnbdrr ]r ] lZsg,
dlZshbZk lncdk ne sgd oqnbdrr: l]mx rtbg lncdkr ]qd chrbtrrdc sgqntfgnts sghr annj- Hm
sghr rdbshnm vd bnmrsqtbs ] lncdk eqnl ogxrhbr ]mc ] lncdk eqnl onotk]shnm ahnknfx- D]bg
lncdk qdrtksr hm ]m dpt]shnm sg]s b]m ad rnkudc ax trhmf ]m hmsdfq]shnm sdbgmhptd eqnl b]k,
btktr- Sgdrd dw]lokdr rtffdrs sg]s dudm rhlokd ch—dqdmsh]k dpt]shnmr b]m oqnuhcd trdetk
lncdkr ne hlonqs]ms ogxrhb]k rxrsdlr-
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Gd]s Sq]mredq9 Mdvsnm&r K]v ne Bnnkhmf

DW;LOKD
0

He ] l]sdqh]k naidbs hr gnssdq nq bnkcdq sg]m sgd rtqqntmchmf dmuhqnmldms+ hsr sdlodq]stqd vhkk
]ooqn]bg sgd sdlodq]stqd ne sgd dmuhqnmldms- He sgd naidbs hr v]qldq sg]m sgd dmuhqnmldms+
hsr sdlodq]stqd vhkk cdbqd]rd- He sgd naidbs hr bnnkdq sg]m sgd dmuhqnmldms+ hsr sdlodq]stqd
vhkk hmbqd]rd- Rhq Hr]]b Mdvsnm onrstk]sdc sg]s sgd q]sd ne bg]mfd ne sgd sdlodq]stqd ne
sgd naidbs hr mdf]shudkx oqnonqshnm]k sn sgd ch—dqdmbd adsvddm hsr sdlodq]stqd ]mc sgd sdl,
odq]stqd ne sgd rtqqntmchmfr &sgd Zlahdms sdlodqZstqd(- Sghr oqhmbhokd hr qdedqqdc sn ]r
Mdvsnm´r kZv ne bnnkhmf-

Rtoonrd vd kds t&s( cdmnsd sgd sdlodq]stqd ne sgd naidbs ]s shld s+ ]mc kds S ad sgd ]lahdms
sdlodq]stqd &rdd Ehftqd 0-0-0(- Sgdm ct{cs hr sgd q]sd ]s vghbg sgd sdlodq]stqd ne sgd naidbs
bg]mfdr- Eqnl Mdvsnm+ vd jmnv sg]s ct{cs hr oqnonqshnm]k sn −&t − S(- Hmsqnctbhmf ]
onrhshud bnmrs]ms ne oqnonqshnm]khsx j b]kkdc sgd sqZmrlhrrhnm bndffbhdms+ vd sgdm fds sgd
ch—dqdmsh]k dpt]shnm

ct
cs

= −j&t − S(+ nq t… = −j&t − S(. &0(

NclocpTrtpc�b

>TrtpTi�np�anmucareuc�wnv
Tr�rclocpTrtpc� 

EHFTQD 0-0-0 Mdvsnm´r K]v ne Bnnkhmf9 Sgd shld q]sd ne bg]mfd ne t+ ct{cs+ hr
mdf]shudkx oqnonqshnm]k sn t − S9 ct{cs ∝ −&t − S(-

Mnsd sg]s sgd lhmtr rhfm nm sgd qhfgs rhcd ne Dp- &0( b]trdr ct{cs sn ad mdf]shud he
t&s( < S + vghkd ct{cs hr onrhshud he t&s( . S - Sgd sq]mrlhrrhnm bndffbhdms ld]rtqdr sgd q]sd
ne gd]s dwbg]mfd adsvddm sgd naidbs ]mc hsr rtqqntmchmfr- He j hr k]qfd+ sgd q]sd ne gd]s
dwbg]mfd hr q]ohc- He j hr rl]kk+ sgd q]sd ne gd]s dwbg]mfd hr rknv- Sghr vntkc ad sgd b]rd+
enq dw]lokd+ he sgd naidbs v]r rtqqntmcdc ax sghbj hmrtk]shmf l]sdqh]k-

Sgd sdlodq]stqdr t ]mc S ]qd ld]rtqdc hm dhsgdq cdfqddr E]gqdmgdhs &◦E( nq cdfqddr
Bdkrhtr &◦B(- Shld hr trt]kkx ld]rtqdc hm tmhsr sg]s ]qd bnmudmhdms enq dwoqdrrhmf shld
hmsdqu]kr nudq vghbg rhfmh“b]ms bg]mfdr hm t nbbtq+ rtbg ]r lhmtsdr+ gntqr+ nq c]xr- Rhmbd
sgd kdes rhcd ne Dp- &0( g]r tmhsr ne sdlodq]stqd odq tmhs shld+ j ltrs g]ud sgd tmhsr ne
&shld(−0-

Mdvsnm´r k]v ne bnnkhmf hr ]ookhb]akd sn rhst]shnmr hm vghbg sgd sdlodq]stqd ne sgd naidbs
hr ]ooqnwhl]sdkx tmhenql ]s ]kk shldr- Sghr hr sgd b]rd enq rl]kk naidbsr sg]s bnmctbs gd]s
d]rhkx+ nq bnms]hmdqr “kkdc vhsg ] fithc sg]s hr vdkk lhwdc- Sgtr+ vd dwodbs sgd lncdk sn ad
qd]rnm]akx ]bbtq]sd hm oqdchbshmf sgd sdlodq]stqd ne ] rl]kk bnoodq rogdqd+ ] vdkk,rshqqdc
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bto ne bn—dd+ nq ] gntrd hm vghbg sgd ]hq hr bnmshmtntrkx bhqbtk]sdc+ ats sgd lncdk vntkc
mns ad udqx ]bbtq]sd enq oqdchbshmf sgd sdlodq]stqd ne ] qn]rs hm ]m nudm-

Sdqlhmnknfx
Kds tr ]rrtld sg]s sgd ]lahdms sdlodq]stqd S hm Dp- &0( hr ] bnmrs]ms+ r]x+ S = S/+ rn sg]s
Dp- &0( adbnldr

t… = −j&t − S/(. &1(

Hm Rdbshnm 0-1 vd bnmrhcdq ]m dw]lokd hm vghbg S cdodmcr nm s- Bnllnm l]sgdl]shb]k
sdqlhmnknfx enq sgd pt]mshshdr sg]s ]ood]q hm sghr dpt]shnm ]qd9

shld s hr ]m hmcdodmcdms uZqhZakd+
sdlodq]stqd t hr ] cdodmcdms uZqhZakd adb]trd hs cdodmcr nm s+

j ]mc S/ ]qd oZqZldsdqr hm sgd lncdk-

Sgd dpt]shnm hr ]m nqchmZqx ch–dqdmshZk dptZshnm adb]trd hs g]r nmd+ ]mc nmkx nmd+ hm,
cdodmcdms u]qh]akd- Bnmrdptdmskx+ sgd cdqhu]shud hm Dp- &1( hr ]m nqchm]qx cdqhu]shud- Hs hr
] ’qrs nqcdq dpt]shnm adb]trd sgd ghfgdrs nqcdq cdqhu]shud sg]s ]ood]qr hm sgd dpt]shnm hr
sgd “qrs cdqhu]shud- Sgd cdodmcdmbx ne t nm s hlokhdr sg]s t hr+ hm e]bs+ ] etmbshnm ne s+ r]x+
t = 𝜏&s(- Sgtr vgdm vd vqhsd Dp- &1(+ sgqdd ptdrshnmr l]x+ ]esdq ] ahs ne qdfidbshnm+ bnld
sn lhmc9

0- ’Hr sgdqd ]bst]kkx ] etmbshnm t = 𝜏&s(+ vhsg cdqhu]shud t… = c𝜏{cs+ sg]s l]jdr Dp- &1( ]
sqtd rs]sdldms enq d]bg shld s=– He rtbg ] etmbshnm dwhrsr+ hs hr b]kkdc ] rnktshnm ne sgd
ch—dqdmsh]k dpt]shnm-

1- ’He sgd ch—dqdmsh]k dpt]shnm cndr g]ud ] rnktshnm+ gnv b]m vd “mc hs=–
2- ’Vg]s b]m vd cn vhsg sghr rnktshnm+ nmbd vd g]ud entmc hs=–

Hm ]cchshnm sn ldsgncr trdc sn cdqhud l]sgdl]shb]k lncdkr+ ]mrvdqr sn sgdrd sxodr ne ptdr,
shnmr ]qd sgd l]hm rtaidbsr ne hmpthqx hm sghr annj-

Rnktshnmr ]mc Hmsdfq]k Btqudr
Ax ] rnktshnm ne Dp- &1(+ vd ld]m ] ch—dqdmsh]akd etmbshnm t = 𝜏&s( sg]s r]shr“dr sgd dpt],
shnm- Nmd rnktshnm ne Dp- &1( hr t = S/+ rhmbd Dp- &1( qdctbdr sn sgd hcdmshsx / = / vgdm S/ hr
rtarshstsdc enq t hm sgd dpt]shnm- Hm nsgdq vnqcr+ ’Hs vnqjr vgdm vd ots hs hmsn sgd dpt]shnm-–
Sgd bnmrs]ms rnktshnm t = S/ hr qdedqqdc sn ]r ]m dpthkhaqhtl rnktshnm ne Dp- &1(- ?ksgntfg
rhlokd+ dpthkhaqhtl rnktshnmr trt]kkx ok]x ]m hlonqs]ms qnkd hm tmcdqrs]mchmf sgd adg]uhnq
ne nsgdq rnktshnmr- Hm Rdbshnm 0-1 vd vhkk bnmrhcdq sgdl hm ] lnqd fdmdq]k rdsshmf-

He vd ]rrtld sg]s t ≠ S/+ vd b]m chrbnudq nsgdq rnktshnmr ne Dp- &1( ax “qrs qdvqhshmf hs
hm sgd enql

ct{cs
t − S/

= −j. &2(

Ax sgd bg]hm qtkd sgd kdes rhcd ne Dp- &2( hr sgd cdqhu]shud ne im |t − S/| vhsg qdrodbs sn s+ rn
vd g]ud

c
cs
im |t − S/| = −j. &3(
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Sgdm+ ax hmsdfq]shmf ansg rhcdr ne Dp- &3(+ vd nas]hm

im |t − S/| = −js + B+ &4(

vgdqd B hr ]m ]qahsq]qx bnmrs]ms ne hmsdfq]shnm- Sgdqdenqd+ ax s]jhmf sgd dwonmdmsh]k ne ansg
rhcdr ne Dp- &4(+ vd “mc sg]s

|t − S/| = d−js+B = dBd−js+ &5(

nq

t − S/ = +dBd−js. &6(

Sgtr

t = S/ + bd−js &7(

hr ] rnktshnm ne Dp- &1(+ vgdqd b = +dB hr ]krn ]m ]qahsq]qx &mnmydqn( bnmrs]ms- Mnsd sg]s he
vd ]kknv b sn s]jd sgd u]ktd ydqn+ sgdm sgd bnmrs]ms rnktshnm t = S/ hr ]krn bnms]hmdc hm sgd
dwoqdrrhnm &7(- Sgd dwoqdrrhnm &7( bnms]hmr ]kk onrrhakd rnktshnmr ne Dp- &1( ]mc hr b]kkdc
sgd fdmdqZk rnktshnm ne sgd dpt]shnm-

Fhudm ] ch—dqdmsh]k dpt]shnm+ sgd trt]k oqnakdl hr sn “mc rnktshnmr ne sgd dpt]shnm-
Gnvdudq+ hs hr ]krn hlonqs]ms sn ad ]akd sn cdsdqlhmd vgdsgdq ] o]qshbtk]q etmbshnm hr ]
rnktshnm ne sgd dpt]shnm- Sgtr+ he vd vdqd rhlokx ]rjdc sn udqhex sg]s t hm Dp- &7( hr ]
rnktshnm ne Dp- &1(+ sgdm vd vntkc mddc sn rtarshstsd S/ + bd−js enq t hm Dp- &1( ]mc rgnv
sg]s sgd dpt]shnm qdctbdr sn ]m hcdmshsx+ ]r vd mnv cdlnmrsq]sd-

DW;LOKD
1

Udqhex ax rtarshstshnm sg]s t = S/ + bd−js+ vgdqd b hr ]m ]qahsq]qx qd]k mtladq+ hr ] rnktshnm
ne Dp- &1(+

t… = −j&t − S/(+ &8(

nm sgd hmsdqu]k −∞ . s . ∞-
Rtarshstshmf 𝜏&s( = S/ + bd−js enq t hm sgd kdes rhcd ne sgd dpt]shnm fhudr 𝜏…&s( = −jbd−js

vghkd rtarshstshmf 𝜏&s( enq t hmsn sgd qhfgs rhcd xhdkcr −j&S/ + bd−js − S/( = −jbd−js- Sgtr+
tonm rtarshstshnm+ Dp- &1( qdctbdr sn sgd hcdmshsx

−jbd−js
⏞⏞⏟

𝜏…&s(

= −jbd−js
⏞⏞⏟
−j&𝜏&s(−S/(

+ −∞ . s . ∞+

enq d]bg qd]k mtladq b ]mc d]bg u]ktd ne sgd o]q]ldsdq j-

▶ Hmsdfq]k Btqudr- Sgd fdnldsqhb]k qdoqdrdms]shnm ne sgd fdmdq]k rnktshnm &7( hr ]m hm“mhsd e]lhkx ne
btqudr hm sgd st,ok]md b]kkdc hmsdfqZk btqudr- D]bg hmsdfq]k btqud hr ]rrnbh]sdc vhsg
] o]qshbtk]q u]ktd ne b: hs hr sgd fq]og ne sgd rnktshnm bnqqdronmchmf sn sg]s u]ktd
ne b-

?ksgntfg vd b]m rjdsbg+ ax g]mc+ pt]khs]shudkx bnqqdbs hmsdfq]k btqudr cdrbqhadc ax Dp-
&7(+ vd vhkk ]rrhfm mtldqhb]k u]ktdr sn j ]mc S/+ ]mc sgdm trd ] bnlotsdq sn okns sgd fq]og
ne Dp- &7( enq rnld ch—dqdms u]ktdr ne b- Rdsshmf j = 0.4 c]x−0 ]mc S/ = 5/◦E hm Dp- &1(
]mc Dp- &7( fhudr tr

ct
cs

= −0.4&t − 5/(+ &0/(
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vhsg sgd bnqqdronmchmf fdmdq]k rnktshnm

t = 5/ + bd−0.4s. &00(

Hm Ehftqd 0-0-1 vd rgnv rdudq]k hmsdfq]k btqudr ne Dp- &0/( nas]hmdc ax oknsshmf sgd fq]og
ne sgd etmbshnm hm Dp- &00( enq ch—dqdms u]ktdr ne b- Mnsd sg]s ]kk rnktshnmr ]ooqn]bg sgd
dpthkhaqhtl rnktshnm t = 5/ ]r s → ∞-

.�4. 0 0�4 1 1�4

4.

24

44

3.

34

6.

t

s

bL9L04

bL9L0.

bL9Ly0.

bL9Ly04

bL9L4

bL9Ly4

bL9L.

EHFTQD 0-0-1 Hmsdfq]k btqudr ne t… = −0.4&t − 5/(- Sgd btqud bnqqdronmchmf sn b = 0/
hm Dp- &00( hr sgd fq]og ne t = 5/ + 0/d−0.4s+ sgd rnktshnm r]shrexhmf sgd
hmhsh]k bnmchshnm t&/( = 6/- Sgd btqud bnqqdronmchmf sn b = / hm Dp- &00(
hr sgd fq]og ne sgd dpthkhaqhtl rnktshnm t = 5/+ vghbg r]shr“dr sgd hmhsh]k
bnmchshnm t&/( = 5/-

Hmhsh]k U]ktd Oqnakdlr
Eqdptdmskx+ vd v]ms sn enbtr ntq ]ssdmshnm nm ] rhmfkd ldladq ne sgd hm“mhsd e]lhkx ne rnkt,
shnmr ax rodbhexhmf sgd u]ktd ne sgd ]qahsq]qx bnmrs]ms- Lnrs nesdm+ vd cn sghr ax rodbhexhmf
] onhms sg]s ltrs khd nm sgd fq]og ne sgd rnktshnm- Enq dw]lokd+ sn cdsdqlhmd sgd bnmrs]ms b
hm Dp- &00(+ vd bntkc qdpthqd sg]s sgd sdlodq]stqd g]ud ] fhudm u]ktd ]s ] bdqs]hm shld+ rtbg
]r sgd u]ktd 6/ ]s shld s = /- Hm nsgdq vnqcr+ sgd fq]og ne sgd rnktshnm ltrs o]rr sgqntfg
sgd onhms &/+ 6/(- Rxlankhb]kkx+ vd b]m dwoqdrr sghr bnmchshnm ]r

t&/( = 6/. &01(

Sgdm+ rtarshstshmf s = / ]mc t = 6/ hmsn Dp- &00(+ vd nas]hm

6/ = 5/ + b.

Gdmbd b = 0/+ ]mc ax hmrdqshmf sghr u]ktd hm Dp- &00(+ vd nas]hm sgd cdrhqdc rnktshnm+ m]ldkx+

t = 5/ + 0/d−0.4s. &02(

Sgd fq]og ne sgd rnktshnm &02( hr sgd sghbj btqud+ k]adkdc ax b = 0/+ hm Ehftqd 0-0-1- Sgd
]cchshnm]k bnmchshnm &01( sg]s vd trdc sn cdsdqlhmd b hr ]m dw]lokd ne ]m hmhshZk bnmchshnm-
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Sgd ch—dqdmsh]k dpt]shnm &0/( snfdsgdq vhsg sgd hmhsh]k bnmchshnm &01( enql ]m hmhshZk uZktd
oqnakdl-

Mnsd sg]s sgd rnktshnm ne Dp- &0/( rtaidbs sn sgd hmhsh]k bnmchshnm t&/( = 5/ hr sgd dpth,
khaqhtl rnktshnm t = 5/+ sgd sghbj btqud k]adkdc ax b = / hm Ehftqd 0-0-1-

Onotk]shnm Ahnknfx
Mdws vd bnmrhcdq ] oqnakdl hm onotk]shnm ahnknfx- Sn gdko bnmsqnk sgd “dkc lntrd onot,
k]shnm hm ghr nqbg]qcr+ hm ]m dbnmnlhb]k ]mc dbneqhdmckx v]x+ ] eqths e]qldq hmrs]kkr mdrshmf
anwdr enq a]qm nvkr+ oqdc]snqr enq vgnl lhbd ]qd ] m]stq]k ennc rtookx- Hm sgd ]ardmbd ne
oqdc]snqr vd ]rrtld sg]s sgd q]sd ne bg]mfd ne sgd lntrd onotk]shnm hr oqnonqshnm]k sn sgd
btqqdms onotk]shnm: enq dw]lokd+ he sgd onotk]shnm cntakdr+ sgdm sgd mtladq ne ahqsgr odq
tmhs shld ]krn cntakdr- Sghr ]rrtloshnm hr mns ] vdkk,drs]akhrgdc ogxrhb]k k]v &rtbg ]r sgd
k]vr ne sgdqlncxm]lhbr+ vghbg tmcdqkhd Mdvsnm´r k]v ne bnnkhmf hm Dw]lokd 0(+ ats hs hr ]
bnllnm hmhsh]k gxonsgdrhr0 hm ] rstcx ne onotk]shnm fqnvsg- He vd cdmnsd shld ax s ]mc sgd
lntrd onotk]shnm ax o&s(+ sgdm sgd ]rrtloshnm ]ants onotk]shnm fqnvsg b]m ad dwoqdrrdc
ax sgd dpt]shnm

co
cs

= qo+ &03(

vgdqd sgd oqnonqshnm]khsx e]bsnq q hr b]kkdc sgd qZsd bnmrsZms nq fqnvsg qZsd-
?r ] rhlokd lncdk enq sgd d—dbs ne sgd nvk onotk]shnm nm sgd lntrd onotk]shnm+ kds

tr ]rrtld sg]s sgd nvkr bnmrtld sgd lhbd ]s ] bnmrs]ms oqdc]shnm q]sd Z- Ax lnchexhmf
Dp- &03( sn s]jd sghr hmsn ]bbntms+ vd nas]hm sgd dpt]shnm

co
cs

= qo − Z+ &04(

vgdqd ansg q ]mc Z ]qd onrhshud- Sgtr sgd q]sd ne bg]mfd ne sgd lntrd onotk]shnm+ co{cs+ hr
sgd mds d—dbs ne sgd fqnvsg sdql qo ]mc sgd oqdc]shnm sdql −Z- Cdodmchmf nm sgd u]ktdr ne
o+ q+ ]mc Z+ sgd u]ktd ne co{cs l]x ad ne dhsgdq rhfm-

DW;LOKD
2

Rtoonrd sg]s sgd fqnvsg q]sd enq sgd “dkc lhbd hr /-4.lnmsg ]mc sg]s sgd nvkr jhkk 04 lhbd odq
c]x- Cdsdqlhmd ]ooqnoqh]sd u]ktdr enq sgd o]q]ldsdqr hm Dp- &04(+ “mc sgd fdmdq]k rnktshnm
ne sgd qdrtkshmf dpt]shnm+ ]mc fq]og rdudq]k rnktshnmr+ hmbktchmf ]mx dpthkhaqhtl rnktshnmr-

Vd m]stq]kkx ]rrtld sg]s o hr sgd mtladq ne hmchuhct]kr hm sgd lntrd onotk]shnm ]s
shld s- Vd b]m bgnnrd ntq tmhsr enq shld sn ad vg]sdudq rddlr lnrs bnmudmhdms: sgd svn
nauhntr onrrhahkhshdr ]qd c]xr nq lnmsgr- He vd bgnnrd sn ld]rtqd shld hm lnmsgr+ sgdm sgd
fqnvsg sdql hr /.4o ]mc sgd oqdc]shnm sdql hr −&04 lhbd.c]x( � &2/ c]xr.lnmsg( ; −34/
lhbd.lnmsg+ ]rrtlhmf ]m ]udq]fd lnmsg ne 2/ c]xr- Sgtr Dp- &04( adbnldr

co
cs

= /.4o − 34/+ &05(

vgdqd d]bg sdql g]r sgd tmhsr ne lhbd.lnmsg-
Ax enkknvhmf sgd r]ld rsdor sg]s kdc sn sgd fdmdq]k rnktshnm ne Dp- &1(+ vd “mc sg]s sgd

fdmdq]k rnktshnm ne Dp- &05( hr

o = 8// + bds{1+ &06(

vgdqd b hr ]f]hm ] bnmrs]ms ne hmsdfq]shnm-

0? rnldvg]s adssdq lncdk ne onotk]shnm fqnvsg hr chrbtrrdc hm Rdbshnm 1-4-
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Hmsdfq]k btqudr enq Dp- &05( ]qd rgnvm hm Ehftqd 0-0-2- Enq rtffbhdmskx k]qfd u]ktdr ne
o hs b]m ad rddm eqnl sgd “ftqd+ nq chqdbskx eqnl Dp- &05( hsrdke+ sg]s co{cs hr onrhshud+ rn
sg]s rnktshnmr hmbqd]rd- Nm sgd nsgdq g]mc+ enq rl]kk u]ktdr ne o sgd noonrhsd hr sgd b]rd-
?f]hm+ sgd bqhshb]k u]ktd ne o sg]s rdo]q]sdr rnktshnmr sg]s hmbqd]rd eqnl sgnrd sg]s cdbqd]rd
hr sgd u]ktd ne o enq vghbg co{cs hr ydqn- Ax rdsshmf co{cs dpt]k sn ydqn hm Dp- &05( ]mc sgdm
rnkuhmf enq o+ vd “mc sgd dpthkhaqhtl rnktshnm o = 8// enq vghbg sgd fqnvsg sdql ]mc sgd
oqdc]shnm sdql hm Dp- &05( ]qd dw]bskx a]k]mbdc- Sghr bnqqdronmcr sn sgd bgnhbd b = / hm sgd
fdmdq]k rnktshnm &06(-

.�4. 0 0�4 1 1�4 / /�4 2 2�4 4

7..

74.

8..

84.

0...

n

s

EHFTQD 0-0-2 Hmsdfq]k btqudr+ hmbktchmf sgd dpthkhaqhtl rnktshnm o = 8//+ enq
o… = /.4o − 34/-

Rnktshnmr ne sgd lnqd fdmdq]k dpt]shnm &04(+ hm vghbg sgd fqnvsg q]sd ]mc sgd oqdc]shnm
q]sd ]qd tmrodbh“dc+ adg]ud udqx ltbg khjd sgnrd ne Dp- &05(- Sgd dpthkhaqhtl rnktshnm ne
Dp- &04( hr o = Z{q- Rnktshnmr ]anud sgd dpthkhaqhtl rnktshnm hmbqd]rd+ vghkd sgnrd adknv
hs cdbqd]rd-

Bnmrsqtbshmf L]sgdl]shb]k Lncdkr
L]sgdl]shb]k lncdkhmf hr sgd bq]es+ ]mc ]qs+ ne trhmf l]sgdl]shbr sn cdrbqhad ]mc tmcdq,
rs]mc qd]k,vnqkc ogdmnldm]- ? uh]akd l]sgdl]shb]k lncdk b]m ad trdc sn sdrs hcd]r+ l]jd
oqdchbshnmr+ ]mc ]hc hm cdrhfm ]mc bnmsqnk oqnakdlr sg]s ]qd ]rrnbh]sdc vhsg sgd ogdmnldm]-
Enq hmrs]mbd+ hm Dw]lokd 0+ vd bnmrsqtbsdc sgd ch—dqdmsh]k dpt]shnm

ct
cs

= −j&t − S( &07(

sn lncdk gd]s dwbg]mfd adsvddm ]m naidbs ]mc hsr rtqqntmchmfr- Qdb]kk sg]s t&s( hr sgd shld,
cdodmcdms u]qh]akd qdoqdrdmshmf sgd sdlodq]stqd ne sgd naidbs ]mc S hr sgd sdlodq]stqd ne
sgd rtqqntmchmfr- He sgd u]ktd ne t hr jmnvm ]s shld s = /+ ]mc sgd u]ktdr ne sgd o]q]ldsdqr
S ]mc j ]qd jmnvm+ rnktshnmr ne sghr ch—dqdmsh]k dpt]shnm sdkk tr vg]s sgd sdlodq]stqd ne sgd
naidbs vhkk ad enq shldr s < /-
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QdTi,vnqic
ogdmnldmnm

HTsgdlTshbTi
qdoqdrdmsTshnm

HTsgdlTshbTi
hmedqdmbdr

=mTixrhr
Bnlotshmf
EqToghbr

Qd–mdLlncdi

MtTihsTshudLoqdchbshnmr
MtTmshsTshudLoqdchbshnmr

CdsdqlhmdLcdodmcdmsLTmcLhmcdodmcdmsLuTqhTaidr
=rrhfmLrxlanirLsnLuTqhTaidr
BgnnrdLrdmrhaidLtmhsrLneLldTrtqdldmsLenqLuTqhTaidr
=ooixLoqhmbhoidr+LiTvr+LTmcLTrrtloshnmr

C=S=
nardquTshnmr+
dwodqhldmsr

TmcLldTrtqdldmsr

BnloTqdLlncdi
oqdchbshnmrLvhsg

cTsT

EHFTQD 0-0-3 ? ch]fq]l ne sgd lncdkhmf oqnbdrr-

Sgd rsdor trdc sn ]qqhud ]s Dp- &07( ]qd sxohb]k ne sgd rsdor trdc sn bnmrsqtbs ]mx l]sgd,
l]shb]k lncdk- Hs hr+ sgdqdenqd+ vnqsgvghkd sn hkktrsq]sd sgd fdmdq]k oqnbdrr ax ] rxrsdl finv
ch]fq]l+ ]r hm Ehftqd 0-0-3-

Hm sgd Oqnakdlr enq sghr rdbshnm+ ]mc enq l]mx nsgdq rdbshnmr ne sghr sdwsannj+ vd ]rj xnt
sn bnmrsqtbs ch—dqdmsh]k dpt]shnm lncdkr ne u]qhntr qd]k,vnqkc ogdmnldm]- Hm bnmrsqtbshmf
l]sgdl]shb]k lncdkr+ xnt vhkk “mc sg]s d]bg oqnakdl hr ch—dqdms- ?ksgntfg sgd lncdkhmf
oqnbdrr+ hm aqn]c ntskhmd+ hr vdkk qdoqdrdmsdc ax sgd ]anud ch]fq]l+ hs hr mns ] rjhkk sg]s
b]m ad qdctbdc sn sgd nardqu]mbd ne ] rds ne oqdrbqhadc qtkdr- Rtbbdrretk lncdkhmf trt,
]kkx qdpthqdr sg]s sgd lncdkdq ad hmshl]sd vhsg sgd “dkc hm vghbg sgd oqnakdl nqhfhm]sdr-
Gnvdudq dwodqhdmbd g]r rgnvm sg]s sgd udqx ]bs ne ]ssdloshmf sn bnmrsqtbs ] l]sgdl]shb]k
lncdk enqbdr sgd lncdkdq sn ]rj sgd lnrs bnfdms ptdrshnmr ]ants sgd ogdmnldmnm adhmf
hmudrshf]sdc9

0- Vg]s hr sgd otqonrd ne sgd lncdk=
1- Vg]s ]rodbsr ne sgd ogdmnldmnm ]qd lnrs hlonqs]ms enq sgd hmsdmcdc trdr ne sgd

lncdk=
2- Vg]s b]m vd ld]rtqd nq nardqud=
3- Vg]s ]qd sgd qdkdu]ms u]qh]akdr: vg]s hr sgdhq qdk]shnmrgho sn sgd ld]rtqdldmsr=
4- ?qd sgdqd vdkk,drs]akhrgdc oqhmbhokdr &rtbg ]r ogxrhb]k k]vr+ nq dbnmnlhb k]vr( sn

fthcd tr hm enqltk]shmf sgd lncdk=
5- Hm sdqlr ne sgd u]qh]akdr+ gnv cn vd l]sgdl]shb]kkx qdoqdrdms sgd hmsdq]bshnm ne

u]qhntr bnlonmdmsr ne sgd ogdmnldmnm=
6- Vg]s rhlokhexhmf ]rrtloshnmr b]m vd l]jd=
7- Cn bnmbktrhnmr ]mc oqdchbshnmr ne sgd lncdk ]fqdd vhsg dwodqhldms ]mc nardqu],

shnmr=
8- Vg]s ]cchshnm]k dwodqhldmsr ]qd rtffdrsdc ax sgd lncdk=

0.- Vg]s ]qd khlhs]shnmr ne sgd lncdk=
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Enq l]mx ]ookhdc l]sgdl]shbh]mr+ dmfhmddqr+ ]mc rbhdmshrsr+ l]sgdl]shb]k lncdkhmf hr
]jhm sn ondsqxˆ]m ]qs enql ]mc bqd]shud ]bs dloknxhmf k]mft]fd sg]s ]cgdqdr sn enql ]mc
bnmudmshnmr- Khjdvhrd+ sgdqd ]qd qtkdr &d-f-+ ogxrhb]k k]vr( sg]s sgd l]sgdl]shb]k lncdkdq
ltrs enkknv+ xds gd nq rgd g]r ]bbdrr sn ] lxqh]c ne l]sgdl]shb]k snnkr &sgd k]mft]fd( enq cd,
rbqhahmf sgd ogdmnldmnm tmcdq hmudrshf]shnm- Ghrsnqx ]antmcr vhsg sgd m]ldr ne rbhdmshrsr+
l]sgdl]shbh]mr+ ]mc dmfhmddqr+ cqhudm ax sgd cdrhqd sn tmcdqrs]mc m]stqd ]mc ]cu]mbd sdbg,
mnknfx+ vgn g]ud dmf]fdc hm sgd oq]bshbd ne l]sgdl]shb]k lncdkhmf9 Mdvsnm+ Dtkdq+ unm
J®]ql®]m+ Udqgtkrs+ L]wvdkk+ Q]xkdhfg+ M]uhdq+ Rsnjdr+ Gd]uhrhcd+ Dhmrsdhm+ Rbgqznchmfdq+
]mc rn nm- Sgdhq bnmsqhatshnmr g]ud khsdq]kkx bg]mfdc sgd vnqkc- Mnv]c]xr+ l]sgdl]shb]k
lncdkhmf hr b]qqhdc nts hm tmhudqrhshdr+ fnudqmldms ]fdmbhdr ]mc k]anq]snqhdr+ atrhmdrr ]mc
hmctrsqh]k bnmbdqmr+ onkhbx sghmj s]mjr+ ]mc hmrshstsdr cdchb]sdc sn qdrd]qbg ]mc dctb]shnm-
Enq l]mx oq]bshshnmdqr ne l]sgdl]shb]k lncdkhmf+ hs hr+ hm ] rdmrd+ sgdhq qZhrnm czfldsqd-

OQNAKDLR

0- Mdvsnm´r KZv ne Bnnkhmf- ? bto ne gns bn—dd g]r ]
sdlodq]stqd ne 1//◦E vgdm eqdrgkx ontqdc+ ]mc hr kdes hm
] qnnl ]s 6/◦E- Nmd lhmtsd k]sdq sgd bn—dd g]r bnnkdc sn
08/◦E-
 Z( ?rrtld sg]s Mdvsnm´r k]v ne bnnkhmf ]ookhdr- Vqhsd
cnvm ]m hmhsh]k u]ktd oqnakdl sg]s lncdkr sgd sdlodq]stqd
ne sgd bn—dd-
 a( Cdsdqlhmd vgdm sgd bn—dd qd]bgdr ] sdlodq]stqd ne
06/◦E-
1- Aknnc ok]rl] hr rsnqdc ]s 3/◦E- Adenqd hs b]m ad trdc+ hs
ltrs ad ]s 8/◦E- Vgdm sgd ok]rl] hr ok]bdc hm ]m nudm ]s
01/◦E+ hs s]jdr 34 lhmtsdr &lhm( enq sgd ok]rl] sn v]ql sn
8/◦E- ?rrtld Mdvsnm´r k]v ne bnnkhmf ]ookhdr- Gnv knmf
vhkk hs s]jd sgd ok]rl] sn v]ql sn 8/◦E he sgd nudm sdlodq],
stqd hr rds ]s 0//◦E=
2- ?s 009/8 o-l- ] enqdmrhbr dwodqs ]qqhudr ]s ] bqhld rbdmd
vgdqd ] cd]c ancx g]r itrs addm entmc- Hlldch]sdkx+ rgd
s]jdr sgd sdlodq]stqd ne sgd ancx ]mc “mcr hs sn ad 7/◦E-
Rgd ]krn mnsdr sg]s sgd oqnfq]ll]akd sgdqlnrs]s rgnvr sg]s
sgd qnnl g]r addm jdos ]s ] bnmrs]ms 57◦E enq sgd o]rs 2 c]xr-
?esdq duhcdmbd eqnl sgd bqhld rbdmd hr bnkkdbsdc+ sgd sdlodq,
]stqd ne sgd ancx hr s]jdm nmbd lnqd ]mc entmc sn ad 67-4◦E-
Sghr k]rs sdlodq]stqd qd]chmf v]r s]jdm dw]bskx nmd gntq ]e,
sdq sgd “qrs nmd- Sgd mdws c]x sgd hmudrshf]shmf cdsdbshud ]rjr
sgd enqdmrhb dwodqs+ ’Vg]s shld chc ntq uhbshl chd=– ?rrtl,
hmf sg]s sgd uhbshl´r ancx sdlodq]stqd v]r mnql]k &87-5◦E(
oqhnq sn cd]sg+ vg]s cndr rgd sdkk sgd cdsdbshud=
3- OnotkZshnm Oqnakdlr- Bnmrhcdq ] onotk]shnm o ne “dkc
lhbd sg]s fqnvr ]s ] q]sd oqnonqshnm]k sn sgd btqqdms onotk],
shnm+ rn sg]s co{cs = qo-
 Z( Ehmc sgd q]sd bnmrs]ms q he sgd onotk]shnm cntakdr hm 2/
c]xr-
 a( Ehmc q he sgd onotk]shnm cntakdr hm M c]xr-
4- Sgd “dkc lntrd onotk]shnm hm Dw]lokd 2 r]shr“dr sgd che,
edqdmsh]k dpt]shnm

co{cs = /.4o − 34/.

 Z( Ehmc sgd shld ]s vghbg sgd onotk]shnm adbnldr dwshmbs he
o&/( = 74/-
 a( Ehmc sgd shld ne dwshmbshnm he o&/( = o/+ vgdqd
/ . o/ . 8//-
 b( Ehmc sgd hmhsh]k onotk]shnm o/ he sgd onotk]shnm hr sn ad,
bnld dwshmbs hm 0 xd]q-
5- QZchnZbshud CdbZx- Dwodqhldmsr rgnv sg]s ] q]chnhrn,
snod cdb]xr ]s ] q]sd mdf]shudkx oqnonqshnm]k sn sgd ]lntms
ne sgd hrnsnod oqdrdms-
 Z( Trd sgd enkknvhmf u]qh]akdr ]mc o]q]ldsdqr sn vqhsd
cnvm ]mc rnkud ]m hmhsh]k u]ktd oqnakdl enq sgd oqnbdrr ne
q]chn]bshud cdb]x9 s = shld: Z&s( = ]lntms ne sgd q]chnhrn,
snod oqdrdms ]s shld s: Z/ ; hmhsh]k ]lntms ne q]chnhrnsnod:
q = cdb]x q]sd+ vgdqd q < /-
 a( Sgd gZke,khed+ S0{1+ ne ] q]chnhrnsnod hr sgd ]lntms ne
shld hs s]jdr enq ] pt]mshsx ne sgd q]chn]bshud l]sdqh]k sn cd,
b]x sn nmd,g]ke ne hsr nqhfhm]k ]lntms- Ehmc ]m dwoqdrrhnm enq
S0{1 hm sdqlr ne sgd cdb]x q]sd q-
6- ? q]chn]bshud l]sdqh]k+ rtbg ]r sgd hrnsnod sgnqhtl,
123+ chrhmsdfq]sdr ]s ] q]sd oqnonqshnm]k sn sgd ]lntms btq,
qdmskx oqdrdms- He P&s( hr sgd ]lntms oqdrdms ]s shld s+ sgdm
cP{cs = −qP+ vgdqd q < / hr sgd cdb]x q]sd-
 Z( He 0// lhkkhfq]lr &lf( ne sgnqhtl,123 cdb]xr sn 71-/3
lf hm 0 vddj+ cdsdqlhmd sgd cdb]x q]sd q-
 a( Ehmc ]m dwoqdrrhnm enq sgd ]lntms ne sgnqhtl,123
oqdrdms ]s ]mx shld s-
 b( Ehmc sgd shld qdpthqdc enq sgd sgnqhtl,123 sn cdb]x sn
nmd,g]ke hsr nqhfhm]k ]lntms-
7- BkZrrhbZk LdbgZmhbr- Sgd ch—dqdmsh]k dpt]shnm enq sgd
udknbhsx ℏ ne ]m naidbs ne l]rr l+ qdrsqhbsdc sn udqshb]k
lnshnm ]mc rtaidbs nmkx sn sgd enqbdr ne fq]uhsx ]mc ]hq
qdrhrs]mbd+ hr

lcℏ
cs

= −lf − 𝛽ℏ. &h(

Hm Dp- &h( vd ]rrtld sg]s sgd cq]f enqbd+ −𝛽ℏ vgdqd
𝛽 < / hr ] cq]f bndffbhdms+ hr oqnonqshnm]k sn sgd udknbhsx-
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?bbdkdq]shnm ctd sn fq]uhsx hr cdmnsdc ax f- ?rrtld sg]s sgd
tov]qc chqdbshnm hr onrhshud-
 Z( Rgnv sg]s sgd rnktshnm ne Dp- &h( rtaidbs sn sgd hmhsh]k bnm,
chshnm ℏ&/( = ℏ/ hr

ℏ =
(
ℏ/ +

lf
𝛽

)
d−𝛽s{l −

lf
𝛽

.

 a( Rjdsbg rnld hmsdfq]k btqudr+ hmbktchmf sgd dpthkhaqhtl
rnktshnm+ enq Dp- &h(- Dwok]hm sgd ogxrhb]k rhfmh“b]mbd ne sgd
dpthkhaqhtl rnktshnm-
 b( He ] a]kk hr hmhsh]kkx sgqnvm hm sgd tov]qc chqdbshnm rn sg]s
ℏ/ < /+ rgnv sg]s hs qd]bgdr hsr l]whltl gdhfgs vgdm

s = sl]w =
l
𝛽
im
(

0 +
𝛽ℏ/

lf

)
.

 c( Sgd sdqlhm]k udknbhsx ne ] a]rda]kk cqnoodc eqnl ] ghfg
snvdq hr ld]rtqdc sn ad 22 l.r- He sgd l]rr ne sgd a]rda]kk hr
034 fq]lr &f( ]mc f = 8.7 l.r1+ vg]s hr sgd u]ktd ne 𝛽=
 d( Trhmf sgd u]ktdr enq l+ f+ ]mc 𝛽 hm o]qs &c(+ vg]s vntkc
ad sgd l]whltl gdhfgs ]ss]hmdc enq ] a]rda]kk sgqnvm to,
v]qc vhsg ]m hmhsh]k udknbhsx ℏ/ = 2/ l.r eqnl ] gdhfgs ne
1 l ]anud sgd fqntmc=
8- Enq rl]kk+ rknvkx e]kkhmf naidbsr+ sgd ]rrtloshnm l]cd hm
Dp- &h( ne Oqnakdl 7 sg]s sgd cq]f enqbd hr oqnonqshnm]k sn
sgd udknbhsx hr ] fnnc nmd- Enq k]qfdq+ lnqd q]ohckx e]kkhmf
naidbsr+ hs hr lnqd ]bbtq]sd sn ]rrtld sg]s sgd cq]f enqbd hr
oqnonqshnm]k sn sgd rpt]qd ne sgd udknbhsx-1

 Z( Vqhsd ] ch—dqdmsh]k dpt]shnm enq sgd udknbhsx ne ] e]kkhmf
naidbs ne l]rr l he sgd cq]f enqbd hr oqnonqshnm]k sn sgd rpt]qd
ne sgd udknbhsx- ?rrtld sg]s sgd tov]qc chqdbshnm hr onrhshud-
 a( Cdsdqlhmd sgd khlhshmf udknbhsx ]esdq ] knmf shld-
 b( He l = /./14 jhknfq]lr &jf(+ “mc sgd cq]f bndffbhdms rn
sg]s sgd khlhshmf udknbhsx hr −24 l.r-
Lhwhmf Oqnakdlr- L]mx ogxrhb]k rxrsdlr b]m ad b]rs hm sgd
enql ne ] lhwhmf s]mj oqnakdl- Bnmrhcdq ] s]mj bnms]hmhmf
] rnktshnmˆ] lhwstqd ne rnktsd ]mc rnkudmsflrtbg ]r r]ks chr,
rnkudc hm v]sdq- ?rrtld sg]s sgd rnktshnm ]s bnmbdmsq]shnm
bh&s( finvr hmsn sgd s]mj ]s ] unktld finv q]sd qh&s( ]mc hr rh,
ltks]mdntrkx otlodc nts ]s sgd unktld finv q]sd qn&s(- He sgd
rnktshnm hm sgd s]mj hr vdkk lhwdc+ sgdm sgd bnmbdmsq]shnm ne
sgd ntsfinv hr P&s({U&s(+ vgdqd P&s( hr sgd ]lntms ne rnktsd
]s shld s ]mc U&s( hr sgd unktld ne rnktshnm hm sgd s]mj- Sgd
ch—dqdmsh]k dpt]shnm sg]s lncdkr sgd bg]mfhmf ]lntms ne rn,
ktsd hm sgd s]mj hr a]rdc nm sgd oqhmbhokd ne bnmrdqu]shnm ne
l]rr+

cP
cs

⏞⏞⏟
q]sd ne bg]mfd ne P&s(

= bh&s(qh&s(
⏞⏞⏟
q]sd hm

− !P&s({U&s(} qn&s(
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

q]sd nts

+ &h(

vgdqd U&s( ]krn r]shr“dr ] l]rr bnmrdqu]shnm dpt]shnm+

cU
cs

= qh&s( − qn&s(. &hh(

He sgd s]mj hmhsh]kkx bnms]hmr ]m ]lntms ne rnktsd P/ hm ] unk,
tld ne rnktshnm+ U/+ sgdm hmhsh]k bnmchshnmr enq Dpr- &h( ]mc
&hh( ]qd P&/( = P/ ]mc U&/( = U/+ qdrodbshudkx-
0.- ? s]mj hmhsh]kkx bnms]hmr 1// khsdqr &K( ne otqd v]sdq-
? rnktshnm bnms]hmhmf 0 f.K dmsdqr sgd s]mj ]s ] q]sd ne 3
K.lhm+ ]mc sgd vdkk,rshqqdc rnktshnm kd]udr sgd s]mj ]s ] q]sd ne
4 K.lhm- Vqhsd hmhsh]k u]ktd oqnakdlr enq sgd ]lntms ne r]ks
hm sgd s]mj ]mc sgd ]lntms ne aqhmd hm sgd s]mj+ ]s ]mx shld s-
00- ? s]mj bnms]hmr 0// f]kknmr &f]k( ne v]sdq ]mc 4/
ntmbdr &ny( ne r]ks- V]sdq bnms]hmhmf ] r]ks bnmbdmsq]shnm ne
0
3
&0 + 0

1
rhm s( ny.f]k finvr hmsn sgd s]mj ]s ] q]sd ne 1 f]k.lhm+

]mc sgd lhwstqd finvr nts ]s sgd r]ld q]sd- Vqhsd ]m hmh,
sh]k u]ktd oqnakdl enq sgd ]lntms ne r]ks hm sgd s]mj ]s ]mx
shld s-
01- ? onmc hmhsh]kkx bnms]hmr 0+///+/// f]k ne v]sdq ]mc ]m
tmjmnvm ]lntms ne ]m tmcdrhq]akd bgdlhb]k- V]sdq bnms]hm,
hmf /-/0 f ne sghr bgdlhb]k odq f]kknm finvr hmsn sgd onmc ]s
] q]sd ne 2// f]k.g- Sgd lhwstqd finvr nts ]s sgd r]ld q]sd+
rn sgd ]lntms ne v]sdq hm sgd onmc qdl]hmr bnmrs]ms- ?r,
rtld sg]s sgd bgdlhb]k hr tmhenqlkx chrsqhatsdc sgqntfgnts
sgd onmc-
 Z( Vqhsd ] ch—dqdmsh]k dpt]shnm enq sgd ]lntms ne bgdlhb]k
hm sgd onmc ]s ]mx shld-
 a( Gnv ltbg ne sgd bgdlhb]k vhkk ad hm sgd onmc ]esdq ]
udqx knmf shld= Cndr sghr khlhshmf ]lntms cdodmc nm sgd
]lntms sg]s v]r oqdrdms hmhsh]kkx=
02- OgZqlZbnjhmdshbr- ? rhlokd lncdk enq sgd bnmbdmsq],
shnm B&s( ne ] cqtf ]clhmhrsdqdc sn ] o]shdms hr a]rdc nm sgd
]rrtloshnm sg]s sgd q]sd ne cdbqd]rd ne B&s( hr mdf]shudkx oqn,
onqshnm]k sn sgd ]lntms oqdrdms hm sgd rxrsdl+

cB
cs

= −jB+

vgdqd j hr ] q]sd bnmrs]ms sg]s cdodmcr nm sgd cqtf ]mc hsr
u]ktd b]m ad entmc dwodqhldms]kkx-
 Z( Rtoonrd sg]s ] cnrd ]clhmhrsdqdc ]s shld s = / hr q]ohckx
chrsqhatsdc sgqntfgnts sgd ancx+ qdrtkshmf hm ]m hmhsh]k bnm,
bdmsq]shnm B/ ne sgd cqtf hm sgd o]shdms- Ehmc B&s(+ ]rrtlhmf
sgd hmhsh]k bnmchshnm B&/( = B/-
 a( Bnmrhcdq sgd b]rd vgdqd cnrdr ne B/ ne sgd cqtf ]qd fhudm
]s dpt]k shld hmsdqu]kr S + sg]s hr+ cnrdr ne B/ ]qd ]clhmhrsdqdc
]s shldr s = /+ S + 1S +… - Cdmnsd ax Bm sgd bnmbdmsq]shnm hl,
ldch]sdkx ]esdq sgd msg cnrd- Ehmc ]m dwoqdrrhnm enq sgd bnm,
bdmsq]shnm B1 hlldch]sdkx ]esdq sgd rdbnmc cnrd-
 b( Ehmc ]m dwoqdrrhnm enq sgd bnmbdmsq]shnm Bm hlldch]sdkx
]esdq sgd msg cnrd- Vg]s hr ihlm→∞ Bm=

1Rdd Kxkd M- Knmf ]mc Gnv]qc Vdhrr+ ’Sgd Udknbhsx Cdodmcdmbd ne ?dqncxm]lhb Cq]f9 ? Oqhldq enq
L]sgdl]shbh]mr+– :ldqhbZm LZsgdlZshbZk Lnmsgkx 0.5+ mn- 1 &0888(+ oo- 016fl024-
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03- ? bdqs]hm cqtf hr adhmf ]clhmhrsdqdc hmsq]udmntrkx sn ]
gnrohs]k o]shdms- Ekthc bnms]hmhmf 4 lf.bl2 ne sgd cqtf dm,
sdqr sgd o]shdms´r aknncrsqd]l ]s ] q]sd ne 0// bl2.g- Sgd cqtf
hr ]arnqadc ax ancx shrrtdr nq nsgdqvhrd kd]udr sgd aknnc,
rsqd]l ]s ] q]sd oqnonqshnm]k sn sgd ]lntms oqdrdms+ vhsg ]
q]sd bnmrs]ms ne /-3 &g(−0-
 Z( ?rrtlhmf sg]s sgd cqtf hr ]kv]xr tmhenqlkx chrsqhatsdc
sgqntfgnts sgd aknncrsqd]l+ vqhsd ] ch—dqdmsh]k dpt]shnm enq
sgd ]lntms ne sgd cqtf sg]s hr oqdrdms hm sgd aknncrsqd]l ]s
]mx shld-
 a( Gnv ltbg ne sgd cqtf hr oqdrdms hm sgd aknncrsqd]l ]esdq
] knmf shld=
Bnmshmtntrkx Bnlontmcdc Hmsdqdrs- Sgd ]lntms ne
lnmdx O&s( hm ]m hmsdqdrs ad]qhmf ]bbntms hm vghbg sgd oqhm,
bho]k hr bnlontmcdc bnmshmtntrkx ]s ] q]sd q odq ]mmtl
]mc hm vghbg lnmdx hr bnmshmtntrkx ]ccdc+ nq rtasq]bsdc+
]s ] q]sd ne j cnkk]qr odq ]mmtl r]shr“dr sgd ch—dqdmsh]k
dpt]shnm

cO
cs

= qO + j. &h(

Sgd b]rd j . / bnqqdronmcr sn o]xhmf n— ] kn]m+ vghkd j < /
bnqqdronmcr sn ]bbtltk]shmf vd]ksg ax sgd oqnbdrr ne qdftk]q
bnmsqhatshnmr sn ]m hmsdqdrs ad]qhmf r]uhmfr ]bbntms-
04- Rgnv sg]s sgd rnktshnm sn Dp- &h(+ rtaidbs sn sgd hmhsh]k
bnmchshnm O&/( = O/+ hr

O =
}
O/ +

j
q

(
dqs − j

q
. &hh(

Trd Dp- &hh( hm Oqnakdl 04 sn rnkud Oqnakdlr 05 ]mc 06-
05- ?bbnqchmf sn sgd Hmsdqm]shnm]k Hmrshstsd ne Rnbh]k Ghrsnqx
&?lrsdqc]l(+ sgd ]lntms ne lnmdx trdc sn otqbg]rd L]m,
g]ss]m Hrk]mc hm 0515 hr u]ktdc ]s #0+/4/ hm sdqlr ne snc]x´r

cnkk]qr- He sg]s ]lntms vdqd hmrsd]c hmudrsdc hm ]m ]bbntms
sg]s o]xr 3$ odq ]mmtl vhsg bnmshmtntr bnlontmchmf+ vg]s
vntkc ad sgd u]ktd ne sgd hmudrsldms hm 1/1/= Bnlo]qd vhsg
sgd b]rd sg]s hmsdqdrs hr o]hc ]s 5$ odq ]mmtl-
06- Gnv knmf vhkk hs s]jd sn o]x n— ] rstcdms kn]m ne #1/+///
he sgd hmsdqdrs o]hc nm sgd oqhmbho]k hr 4$ ]mc sgd rstcdms o]xr
#1// odq lnmsg- Vg]s hr sgd sns]k ]lntms ne lnmdx qdo]hc
ax sgd rstcdms=
07- Cdqhud Dp- &hh( hm Oqnakdl 04 eqnl sgd chrbqdsd ]ooqnw,
hl]shnm sn sgd bg]mfd hm sgd oqhmbho]k sg]s nbbtqr ctqhmf sgd
shld hmsdqu]k Zs+ s + �s[+

O&s + �s( ≅ O&s( + &q�s(O&s( + j�s+
]rrtlhmf sg]s O&s( hr bnmshmtntrkx ch—dqdmsh]akd nm s ≥ /-
ZGhms9 Rtarshstsd O&s + �s( = O&s( + O…&s(�s + &0{1(O……&ŝ(
&�s(1(+ vgdqd s . ŝ . s + �s+ rhlokhex+ chuhcd ax �s+ ]mc kds
�s → /-[
LhrbdkkZmdntr Lncdkhmf Oqnakdlr
08- ? rogdqhb]k q]hmcqno du]onq]sdr ]s ] q]sd oqnonqshnm]k sn
hsr rtqe]bd ]qd]- Vqhsd ] ch—dqdmsh]k dpt]shnm enq sgd unktld
ne sgd q]hmcqno ]r ] etmbshnm ne shld-
1.- ?qbghldcdr´r oqhmbhokd ne atnxZmbx rs]sdr sg]s ]m na,
idbs rtaldqfdc hm ] fithc hr atnxdc to ax ] enqbd dpt]k sn
sgd vdhfgs ne sgd fithc chrok]bdc- ?m dwodqhldms]k+ rogdqh,
b]kkx rg]odc rnmnatnx ne q]chtr 0.1 l vhsg ] l]rr l jf hr
cqnoodc hmsn sgd nbd]m vhsg ] udknbhsx ne 0/ l.r vgdm hs ghsr
sgd v]sdq- Sgd rnmnatnx dwodqhdmbdr ] cq]f enqbd ctd sn sgd
v]sdq dpt]k sn nmd,g]ke hsr udknbhsx- Vqhsd cnvm ] ch—dqdmsh]k
dpt]shnm cdrbqhahmf sgd lnshnm ne sgd rnmnatnx- Ehmc u]k,
tdr ne l enq vghbg sgd rnmnatnx vhkk rhmj ]mc b]kbtk]sd sgd
bnqqdronmchmf sdqlhm]k rhmj udknbhsx ne sgd rnmnatnx- Sgd
cdmrhsx ne rd]v]sdq hr 𝜋/ = 0./14 jf.K-

0-1 Pt]khs]shud Ldsgncr9 Og]rd Khmdr ]mc
Chqdbshnm Ehdkcr
Hm Rdbshnm 0-0 vd vdqd ]akd sn “mc rnktshnmr ne sgd ch—dqdmsh]k dpt]shnmr

ct
cs

= −j&t − S/( ]mc
co
cs

= qo − j &0(

ax trhmf ] rhlokd hmsdfq]shnm sdbgmhptd- Cn mns ]rrtld sg]s sghr hr ]kv]xr onrrhakd- Ehmchmf
bknrdc,enql ]m]kxshb rnktshnmr ne ch—dqdmsh]k dpt]shnmr b]m ad chffbtks nq hlonrrhakd- Enq,
stm]sdkx+ hs hr onrrhakd sn nas]hm hmenql]shnm ]ants sgd pt]khs]shud adg]uhnq ne rnktshnmr ax
trhmf dkdldms]qx hcd]r eqnl b]kbtktr ]mc fq]oghb]k ldsgncr: vd bnmrhcdq svn rtbg ldsg,
ncr hm sghr rdbshnmˆog]rd khmd ch]fq]lr ]mc chqdbshnm “dkcr-

PtZkhsZshud adgZuhnq qdedqr sn fdmdq]k oqnodqshdr ne sgd ch—dqdmsh]k dpt]shnm ]mc hsr
rnktshnmr rtbg ]r dwhrsdmbd ne dpthkhaqhtl onhmsr+ adg]uhnq ne rnktshnmr md]q dpthkhaqhtl
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onhmsr+ ]mc knmf,shld adg]uhnq ne rnktshnmr-0 Pt]khs]shud ]m]kxrhr hr hlonqs]ms sn sgd l]sg,
dl]shb]k lncdkdq adb]trd hs b]m oqnuhcd hmrhfgs hmsn dudm ] udqx bnlokhb]sdc lncdk vhsgnts
g]uhmf sn “mc ]m dw]bs rnktshnm nq ]m ]ooqnwhl]shnm sn ]m dw]bs rnktshnm- Hs b]m rgnv+ ne,
sdm vhsg nmkx ] rl]kk ]lntms ne d—nqs+ vgdsgdq sgd dpt]shnmr ]qd ] ok]trhakd lncdk ne sgd
ogdmnldmnm adhmf rstchdc- He mns+ vg]s bg]mfdr mddc sn ad l]cd hm sgd dpt]shnmr=

;tsnmnlntr Dpt]shnmr9 Dpthkhaqhtl Rnktshnmr
]mc sgd Og]rd Khmd

? “qrs nqcdq Ztsnmnlntr ch—dqdmsh]k dpt]shnm hr ]m dpt]shnm ne sgd enql

cx
cs

= e &x(. &1(

Sgd chrshmfthrghmf ed]stqd ne ]m ]tsnmnlntr dpt]shnm hr sg]s sgd hmcdodmcdms u]qh]akd+ hm
sghr b]rd s+ cndr mns ]ood]q nm sgd qhfgs rhcd ne sgd dpt]shnm- Enq hmrs]mbd+ sgd svn dpt]shnmr
]ood]qhmf hm &0( ]qd ]tsnmnlntr- Nsgdq dw]lokdr ne ]tsnmnlntr dpt]shnmr ]qd

o… = qo&0 − o{J(+ w… = rhm w+ ]mc x… =
⎟

j1{x − 0+

vgdqd q+ J+ ]mc j ]qd bnmrs]msr- Gnvdudq+ sgd dpt]shnmr

t… + jt = jS/ + j: rhm,s+ w… = rhm&sw(+ ]mc x… = −x + s

]qd mns ]tsnmnlntr adb]trd sgd hmcdodmcdms u]qh]akd s cndr ]ood]q nm sgd qhfgs rhcd ne d]bg
dpt]shnm-

Dpthkhaqhtl Rnktshnmr- Sgd “qrs rsdo hm ] pt]khs]shud ]m]kxrhr ne Dp- &1( hr sn “mc bnmrs]ms
rnktshnmr ne sgd dpt]shnm- He x = 𝜏&s( = b hr ] bnmrs]ms rnktshnm ne Dp- &1(+ sgdm cx{cs = /-
Sgdqdenqd ]mx bnmrs]ms rnktshnm ltrs r]shrex sgd ]kfdaq]hb dpt]shnm

e &x( = /. &2(

Sgdrd rnktshnmr ]qd b]kkdc dpthkhaqhtl rnktshnmr ne Dp- &1( adb]trd sgdx bnqqdronmc sn mn
bg]mfd nq u]qh]shnm hm sgd u]ktd ne x ]r s hmbqd]rdr nq cdbqd]rdr- Dpthkhaqhtl rnktshnmr ]qd
]krn qdedqqdc sn ]r bqhshbZk onhmsr+ ’wdc onhmsr+ nq rsZshnmZqx onhmsr ne Dp- &1(-

Dpthkhaqhtl rnktshnmr+ ]ksgntfg rhlokd+ ]qd trt]kkx hlonqs]ms enq tmcdqrs]mchmf sgd ad,
g]uhnq ne nsgdq rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm- Sn nas]hm hmenql]shnm ]ants nsgdq
rnktshnmr+ vd cq]v sgd fq]og ne e &x( udqrtr x- Ehftqd 0-1-0 rgnvr ] fdmdqhb okns ne e &x(+
vgdqd sgd dpthkhaqhtl onhmsr ]qd x = Z+ a+ ]mc b- Hs hr bnmudmhdms sn sghmj ne sgd u]qh]akd x
]r sgd onrhshnm ne ] o]qshbkd vgnrd lnshnm ]knmf sgd gnqhynms]k ]whr hr fnudqmdc ax Dp- &1(-
Sgd bnqqdronmchmf udknbhsx ne sgd o]qshbkd+ cx{cs+ hr oqdrbqhadc ax Dp- &1(-

?s onhmsr vgdqd sgd udknbhsx ne sgd o]qshbkd cx{cs = e &x( < /+ rn sg]s x hr ]m hmbqd]rhmf
etmbshnm ne s+ sgd o]qshbkd lnudr sn sgd qhfgs- Sghr hr hmchb]sdc hm Ehftqd 0-1-0 ax ok]b,
hmf nm sgd x,]whr ]qqnvr sg]s onhms sn sgd qhfgs hm sgd hmsdqu]kr x . Z ]mc a . x . b vgdqd
e &x( < /- ?s onhmsr vgdqd sgd udknbhsx ne sgd o]qshbkd cx{cs = e &x( . /+ rn sg]s x hr ] cdbqd]r,
hmf etmbshnm ne s+ sgd o]qshbkd lnudr sn sgd kdes- Sghr hr hmchb]sdc hm Ehftqd 0-1-0 ax ok]bhmf nm
sgd x,]whr ]qqnvr sg]s onhms sn sgd kdes hm sgd hmsdqu]kr Z . x . a ]mc x < b+ vgdqd e &x( . /-

0Hm ]cchshnm+ sgd pt]khs]shud oqnodqshdr ne ch—dqdmsh]k dpt]shnmr hmbktcd qdrtksr ]ants dwhrsdmbd ]mc tmhptd,
mdrr ne rnktshnmr+ hmsdqu]kr ne dwhrsdmbd+ ]mc cdodmcdmbd ne rnktshnmr nm o]q]ldsdqr ]mc hmhsh]k bnmchshnmr-
Sgdrd hrrtdr vhkk ad ]ccqdrrdc hm Rdbshnmr 1-3 ]mc 1-4-
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Y a b x

e  x(

��x′�=�) ��x′�=�) ��x′�5�)��x′�5�)

EHFTQD 0-1-0 ? fdmdqhb fq]og ne sgd qhfgs rhcd ne Dp- &1(- Sgd ]qqnvr nm sgd x,]whr
hmchb]sd sgd chqdbshnm hm vghbg x hr bg]mfhmf Zfhudm ax sgd rhfm ne
x… = e &x([ enq d]bg onrrhakd u]ktd ne x- ?s sgd dpthkhaqhtl onhmsr x = Z+
a+ ]mc b+ cx{cs = /-

Sgd o]qshbkd hr rs]shnm]qx ]s sgd dpthkhaqhtl onhmsr x = Z+ a+ ]mc b rhmbd cx{cs = / ]s d]bg
ne sgnrd onhmsr-

Sgd gnqhynms]k khmd hm Ehftqd 0-1-0 hr qdedqqdc sn ]r sgd ogZrd khmd+ nq sgd nmd,
chldmrhnmZk ogZrd onqsqZhs ne Dp- &1(- Sgd hmenql]shnm bnms]hmdc hm sgd og]rd khmd b]m
ad trdc sn rjdsbg sgd pt]khs]shudkx bnqqdbs hmsdfq]k btqudr ne Dp- &1( ax cq]vhmf hs udqsh,
b]kkx itrs sn sgd kdes ne sgd sx,ok]md+ ]r rgnvm hm Ehftqd 0-1-1- Vd “qrs cq]v sgd dpthkhaqhtl
rnktshnmr x = Z+ a ]mc b: sgdm vd cq]v ] qdoqdrdms]shud r]lokhmf ne nsgdq btqudr sg]s ]qd hm,
bqd]rhmf vgdm x . Z ]mc a . x . b ]mc cdbqd]rhmf vgdm Z . x . a ]mc x < b+ ]r rgnvm hm
Ehftqd 0-1-1a-

b

a

Y

x

 Y(  a(

x

s

b

a

Y

EHFTQD 0-1-1 &Z( Sgd og]rd khmd- &a( Oknsr ne x udqrtr s-
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RsZahkhsx ne Dpthkhaqhtl Onhmsr- Hm sgd cq]vhmfr ne sgd og]rd khmd mnshbd sg]s ]qqnvr cq]vm
nm dhsgdq rhcd ne sgd dpthkhaqhtl onhms x = Z onhms snv]qc x = Z- Bnmrdptdmskx+ rnktshnm
btqudr hm Ehftqd 0-1-1a sg]s rs]qs rtffbhdmskx bknrd sn x = Z ]ooqn]bg x = Z ]r s → ∞- Rhl,
hk]qkx+ ]qqnvr cq]vm nm dhsgdq rhcd ne x = b hm Ehftqdr 0-1-0 ]mc 0-1-1Z onhms snv]qc x = b-
Hs enkknvr sg]s rnktshnm btqudr sg]s rs]qs rtffbhdmskx bknrd sn x = b ]ooqn]bg x = b ]r s → ∞+
]r rgnvm hm Ehftqd 0-1-1a- Sgd dpthkhaqhtl onhmsr x = Z ]mc x = b ]qd r]hc sn ad Zrxlo,
snshbZkkx rsZakd- Nm sgd nsgdq g]mc+ ]qqnvr hm sgd og]rd khmd sg]s khd nm dhsgdq rhcd ne sgd
dpthkhaqhtl onhms x = a onhms ]v]x eqnl x = a- Bnqqdronmchmfkx+ rnktshnm btqudr sg]s rs]qs
md]q x = a lnud ]v]x eqnl x = a ]r s hmbqd]rdr- Sgd dpthkhaqhtl onhms x = a hr r]hc sn ad
tmrsZakd-

Sn e]bhkhs]sd ntq tmcdqrs]mchmf ne ]rxlosnshb]kkx rs]akd ]mc tmrs]akd dpthkhaqhtl onhmsr+
hs hr ]f]hm trdetk sn sghmj ne x ]r sgd onrhshnm ne ] o]qshbkd vgnrd cxm]lhbr ]qd fnudqmdc ax
Dp- &1(- ? o]qshbkd+ odqstqadc rkhfgskx uh] rnld chrstqa]mbd+ eqnl ]m ]rxlosnshb]kkx rs]akd
dpthkhaqhtl onhms+ vhkk lnud a]bj snv]qc sg]s onhms- Gnvdudq+ ] o]qshbkd rhst]sdc ]s ]m
tmrs]akd dpthkhaqhtl onhms+ rtaidbsdc sn ]mx chrstqa]mbd+ vhkk lnud ]v]x eqnl sg]s onhms-
:kk qdZk,vnqkc rxrsdlr Zqd rtaidbs sn chrstqaZmbdr) lnrs ne vghbg Zqd tmZbbntmsdc enq hm
Z lZsgdlZshbZk lncdk- Sgdqdenqd) rxrsdlr qdrhchmf Zs tmrsZakd dpthkhaqhtl onhmsr Zqd mns
khjdkx sn ad nardqudc hm sgd qdZk vnqkc-

DW;LOKD
0

Cq]v og]rd khmd ch]fq]lr enq Dp- &1( ne Rdbshnm 0-0+

ct
cs

= −j&t − S/(+ vgdqd j < /+ &3(

]mc trd hs sn chrbtrr sgd adg]uhnq ne ]kk rnktshnmr ]r s → ∞- Bnlo]qd adg]uhnqr enq svn
ch—dqdms u]ktdr ne j+ / . j0 . j1-

?r rgnvm hm Ehftqd 0-1-2Z+ sgd fq]og ne e &t( = −j0&t − S/( udqrtr t hr ] rsq]hfgs khmd
vhsg rknod −j0 . / sg]s hmsdqrdbsr sgd og]rd khmd ]s t = S/+ sgd nmkx dpthkhaqhtl rnktshnm ne
Dp- &3(- Rhmbd t… < / he t . S/ ]mc t… . / he t < S/+ ]kk ]qqnvr nm sgd og]rd khmd onhms snv]qc
t = S/+ vghbg hr sgdqdenqd ]rxlosnshb]kkx rs]akd- Bnmrdptdmskx+ ]mx rnktshnm t = 𝜏&s( ne
Dp- &3( r]shr“dr

ihl
s→∞

𝜏&s( = S/.

Dpt]shnm &3( ]mc Ehftqd 0-1-2Z ]krn rgnv sg]s sgd ]arnktsd u]ktd ne sgd hmrs]ms]mdntr q]sd
ne gd]s dwbg]mfd &]r ld]rtqdc ax |t…|( hr ]m hmbqd]rhmf etmbshnm ne sgd ch—dqdmbd adsvddm
sgd sdlodq]stqd ne sgd naidbs ]mc sgd sdlodq]stqd ne sgd rtqqntmchmfr+

|t…| = j0|t − S/|.

Sgtr sgd rknod ne ]mx rnktshnm btqud vhkk ad rsddodq ]s onhmsr e]q ]v]x eqnl S/ bnlo]qdc
sn onhmsr sg]s ]qd bknrd sn S/- Etqsgdqlnqd sgd rknod vhkk ]ooqn]bg ydqn ]r |t − S/| → /-
Rnktshnm btqudr bnmrhrsdms vhsg sgdrd nardqu]shnmr ]qd rgnvm hm Ehftqd 0-1-2a-
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t

s

t

s

 Y(  a(

 b(  c(

e  t(

tS/��t′�=�/ ��t′�:�/

e t(�<�}j0 t�}�S/(

e  t(

t

S/

S/
S/��t′�=�/ ��t′�:�/

e  t(�<�}j1 t�}�S/(

EHFTQD 0-1-2 &Z( ]mc &b( Og]rd khmdr enq ct{cs = −j&t − S/(+ j = j0 ]mc j1+ vgdqd
j0 . j1- Sgd gd]ux aktd ]qqnvr nm sgd t,]whr hmchb]sd sgd chqdbshnm hm
vghbg t hr bg]mfhmf Zfhudm ax sgd rhfm ne t…&s([ enq d]bg onrrhakd u]ktd
ne t- Enq ] fhudm sdlodq]stqd ch—dqdmbd t − S/+ sgd hmrs]ms]mdntr q]sd ne
gd]s dwbg]mfd cdodmcr nm sgd rknod −j ne sgd khmd- Sgd o]q]ldsdq j hr
b]kkdc sgd sq]mrlhrrhnm bndffbhdms- &a( ]mc &c( Bnqqdronmchmf rnktshnmr
ne ct{cs = −j&t − S/(+ vgdqd sgd og]rd khmd hmenql]shnm hm &Z( ]mc &b(
hr nudqk]hc nm sgd udqshb]k ]wdr- Sgd q]sd ne ]ooqn]bg sn dpthkhaqhtl hr
fnudqmdc ax j- He j hr rl]kk+ sgd q]sd ne gd]s dwbg]mfd hr rknv- He j hr
k]qfd+ sgd q]sd ne gd]s dwbg]mfd hr q]ohc-

DW;LOKD
1

Cq]v ] og]rd khmd ch]fq]l enq sgd lntrd onotk]shnm fqnvsg lncdk+ Dp- &04( ne Rdbshnm 0-0+

co
cs

= qo − Z+ vgdqd q+ Z < /+ &4(

]mc trd hs sn cdrbqhad sgd adg]uhnq ne ]kk rnktshnmr ]r s → ∞- Chrbtrr hlokhb]shnmr ne sgd
lncdk enq sgd eqths e]qldq-

Sgd nmkx dpthkhaqhtl rnktshnm ne Dp- &4( hr o = Z{q- ? okns ne e &o( = qo − Z udqrtr o
hm Ehftqd 0-1-3Z hkktrsq]sdr sg]s o… . / vgdm o . Z{q+ ]mc o… < / vgdm o < Z{q- Sgtr sgd
]qqnvr nm sgd o,]whr onhms ]v]x eqnl sgd dpthkhaqhtl rnktshnm+ vghbg hr tmrs]akd- Bnqqd,
ronmchmf rnktshnm btqudr ]qd rgnvm hm Ehftqd 0-1-3a: mnsd sg]s sgd og]rd khmd ch]fq]l hr
nudqk]hc nm sgd o,]whr-
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EHFTQD 0-1-3 &Z( Sgd og]rd khmd enq Dp- &4(+ co{cs = qo − Z+ vgdqd q+ Z < /- Sgd rknod
q ne sgd khmd bnqqdronmcr sn sgd fqnvsg q]sd ne sgd lntrd onotk]shnm-
Sgd chqdbshnm ne sgd ]qqnvr nm sgd o,]whr rgnvr sg]s sgd dpthkhaqhtl
rnktshnm o = Z{q hr tmrs]akd- &a( Hmsdfq]k btqudr enq Dp- &4(-

Rhmbd sgd dpthkhaqhtl rnktshnm hr tmrs]akd+ ]r shld o]rrdr+ ]m nardqudq l]x rdd ] lntrd
onotk]shnm dhsgdq ltbg k]qfdq nq ltbg rl]kkdq sg]m sgd dpthkhaqhtl onotk]shnm+ ats sgd
dpthkhaqhtl rnktshnm hsrdke vhkk mns+ hm oq]bshbd+ ad nardqudc- Vhsgnts sgd onrrhakd admd“sr
ne ] lnqd ]bbtq]sd ]mc bnlokdw onotk]shnm lncdk+1 nmd hmedqdmbd sg]s sgd eqths e]qldq
lhfgs cq]v hr sg]s he gd v]msr sn bnmsqnk sgd lntrd onotk]shnm+ sgdm gd ltrs hmrs]kk dmntfg
mdrshmf anwdr enq sgd nvkr+ sgdqdax hmbqd]rhmf sgd g]qudrs q]sd Z+ sn dmrtqd sg]s sgd lntrd
onotk]shnm o&s( hr ]kv]xr kdrr sg]m Z{q- Sgtr Z{q hr ] sgqdrgnkc u]ktd sg]s rgntkc mdudq ad
dwbddcdc ax o&s( he sgd bnmsqnk rsq]sdfx hr sn rtbbddc-

Sghr lncdk ]krn rtffdrsr ] mtladq ne ptdrshnmr sg]s sgd eqths e]qldq l]x vhrg sn otqrtd+
odqg]or vhsg ]rrhrs]mbd eqnl ] ahnknfhrs vgn hr jmnvkdcfd]akd ]ants khed bxbkdr ]mc g]ahs]sr
ne “dkc lhbd ]mc nvkr9
▶ Vg]s hr sgd fqnvsg q]sd ne ] “dkc lntrd onotk]shnm vgdm sgdqd hr ]m ]atmc]ms ennc

rtookx=
▶ Gnv l]mx lhbd odq c]x cndr ] a]qm nvk bnmrtld=
▶ Gnv cn vd drshl]sd sgd rhyd ne sgd lntrd onotk]shnm=
▶ Rgntkc vd lncdk sgd nvk onotk]shnm=
▶ Vg]s vhkk ad ] rtrs]hm]akd nvk onotk]shnm he sgd lntrd onotk]shnm cqnor sn ]m dbnmnl,

hb]kkx ]bbdos]akd kdudk-

Hm d]bg ne sgd ]anud dw]lokdr+ dpthkhaqhtl rnktshnmr ]qd hlonqs]ms enq tmcdqrs]mchmf
gnv nsgdq rnktshnmr ne sgd fhudm ch—dqdmsh]k dpt]shnm adg]ud- ?m dpthkhaqhtl rnktshnm l]x
ad sgntfgs ne ]r ] rnktshnm sg]s rdqudr ]r ] qdedqdmbd sn nsgdq+ nesdm md]qax+ rnktshnmr- ?m

1Lnqd dk]anq]sd onotk]shnm lncdkr ]ood]q hm Rdbshnmr 1-4 ]mc 6-3-
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]rxlosnshb]kkx rs]akd dpthkhaqhtl rnktshnm hr nesdm qdedqqdc sn ]r ]m ZssqZbsnq nq rhmj+ rhmbd
md]qax rnktshnmr ]ooqn]bg hs ]r s → ∞- Nm sgd nsgdq g]mc+ ]m tmrs]akd dpthkhaqhtl rnktshnm
hr qdedqqdc sn ]r ] qdodkkdq nq rntqbd-

Sgd l]hm rsdor enq bqd]shmf sgd og]rd khmd ]mc ] qntfg rjdsbg ne rnktshnm btqudr enq ]
“qrs,nqcdq ]tsnmnlntr ch—dqdmsh]k dpt]shnm ]qd rtll]qhydc hm S]akd 0-1-0-

S;AKD 0-1-0
Oqnbdctqd enq cq]vhmf og]rd khmdr ]mc rjdsbghmf rnktshnm btqudr enq ]m ]tsnmnlntr
dpt]shnm-

Hkktrsq]shnm

Rsdo Og]rd Khmd Rnktshnm Btqudr

0- Ehmc sgd dpthkhaqhtl
rnktshnmr ne cx{cs = e &x(-

Rnkud e &x( = /.

1- Rjdsbg sgd dpthkhaqhtl
rnktshnmr-

Sgdrd o]qshshnm sgd og]rd khmd
]mc sx,ok]md hmsn chrinhms
qdfhnmr-

Okns dpthkhaqhtl rnktshnmr
]r onhmsr ]knmf ] udqshb]k
khmd hm hmbqd]rhmf nqcdq ]r
xnt lnud tov]qc ]knmf
sgd khmd-
Enq hmrs]mbd+ he x0 . x1 ]qd
dpthkhaqhtl rnktshnmr+ sgd
og]rd khmd knnjr khjd

x1

x0

Okns dpthkhaqhtl rnktshnmr
]r c]rgdc gnqhynms]k khmdr
hm sgd sx,ok]md-
Enq hmrs]mbd+ he / . x0 . x1
]qd dpthkhaqhtl rnktshnmr+
sgd sx,ok]md knnjr khjd

1 s(�<�x1

0 s(�<�x0

x

s

x1

x0

�

�

2- Hm d]bg qdfhnm+ ]rrdrr sgd
rhfm ne e &x(-
&]( He e &x( < /+ sgdm sgd
rnktshnm btqudr o]rrhmf
sgqntfg onhmsr hm sg]s qdfhnm
]qd hmbqd]rhmf enq ]kk s+ ]mc
dhsgdq9

?ffw ]qqnvgd]cr
]ooqnoqh]sdkx hm d]bg
qdfhnm-

Rjdsbg ] qdoqdrdms]shud
rnktshnm btqud hm d]bg
qdfhnm-

&h( ihl
s →∞

x&s( = ∞ he sgdqd hr
mn k]qfdq dpthkhaqhtl
rnktshnm-

x1

x0

x

s

x1

x0

&hh( ihl
s →∞

x&s( = x1 he x1 hr sgd
mdws k]qfdq dpthkhaqhtl
rnktshnm-

x1

x0

x

s

x1

x0

 bnmshmtdc(
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S;AKD 0-1-0
Oqnbdctqd enq cq]vhmf og]rd khmdr ]mc rjdsbghmf rnktshnm btqudr enq ]m ]tsnmnlntr
dpt]shnm-  bnmshmtdc(

Hkktrsq]shnm

Rsdo Og]rd Khmd Rnktshnm Btqudr

&a( He e &x( . /+ sgdm sgd
rnktshnm btqudr o]rrhmf
sgqntfg onhmsr hm sg]s qdfhnm
]qd cdbqd]rhmf enq ]kk s+ ]mc
dhsgdq9

?ffw ]qqnvgd]cr
]ooqnoqh]sdkx hm d]bg
qdfhnm-

Rjdsbg ] qdoqdrdms]shud
rnktshnm btqud hm d]bg
qdfhnm-

&h( ihl
s →∞

x&s( = −∞ he sgdqd hr
mn rl]kkdq dpthkhaqhtl
rnktshnm-

x1

x0

x

s

x1

x0

&hh( ihl
s →∞

x&s( = x0 he x0 hr sgd
mdws rl]kkdq dpthkhaqhtl
rnktshnm-

x1

x0

x

s

x1

x0

Bk]rrhehb]shnm ne Dpthkhaqhtl Rnktshnmr
Sgdqd ]qd entq onrrhakd ]qqnv o]ssdqmr sg]s b]m dmb]rd ] fhudm dpthkhaqhtl onhms ne
Dp- &1(- Sgd adg]uhnq ne sgd rnktshnm btqudr ’md]qax– hr ch—dqdms enq d]bg ]qqnv o]ssdqm+
qdrtkshmf hm ch—dqdms bk]rrh“b]shnmr ne sgd bnqqdronmchmf dpthkhaqhtl onhmsr- Rtoonrd x0 hr
]m dpthkhaqhtl onhms ne Dp- &1(- Vd hkktrsq]sd sgd entq onrrhahkhshdr hm S]akd 0-1-1-

PdlRpi- Vd trd sgd r]ld bk]rrh“b]shnm enq sgd dpthkhaqhtl rnktshnm btqud x = 𝜏&s( = x0 ]r vd
cn enq sgd dpthkhaqhtl onhms x0+ vhsg sgd nmkx bg]mfd adhmf sg]s sgd vnqc ’onhms– hr qdok]bdc ax
’rnktshnm– hm d]bg b]rd hm S]akd 0-1-1-

S;AKD 0-1-1 Bk]rrh“b]shnm ne dpthkhaqhtl onhmsr ne &1(-

Og]rd
Khmd

R]lokd Rnktshnm
Btqudr Udqa]k Hmsdqoqds]shnm

Bk]rrh“b]shnm
x0 hr ]&m( - - -

x0
 s(�<�x0�

Rnktshnm btqudr o]rrhmf
sgqntfg onhmsr vgnrd
x,u]ktdr bknrd sn x0 nm
dhsgdq rhcd sdmc snv]qc
x0 ]rxlosnshb]kkx ]r
s → ∞-

ZrxlosnshbZkkx rsZakd
dpthkhaqhtl onhms

 bnmshmtdc(
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S;AKD 0-1-1 Bk]rrh“b]shnm ne dpthkhaqhtl onhmsr ne &1(-  bnmshmtdc(

Og]rd
Khmd

R]lokd Rnktshnm
Btqudr Udqa]k Hmsdqoqds]shnm

Bk]rrh“b]shnm
x0 hr ]&m( - - -

x0
 s(�<�x0�

Rnktshnm btqudr o]rrhmf
sgqntfg onhmsr vgnrd
x,u]ktdr bknrd sn x0 nm
dhsgdq rhcd sdmc ]v]x
eqnl x0 ]r s → ∞-

tmrsZakd dpthkhaqhtl
onhms

x0
 s(�<�x0�

Rnktshnm btqudr sdmc
]v]x eqnl x0 he sgdx
o]rr sgqntfg onhmsr
vgnrd x,u]ktdr ]qd
bknrd sn x0 nm nmd rhcd+
ats sgdx sdmc snv]qc x0
]rxlosnshb]kkx ]r
s → ∞ he sgdx o]rr
sgqntfg onhmsr vgnrd
x,u]ktdr ]qd bknrd sn x0
nm sgd noonrhsd rhcd-

rdlhrsZakd
dpthkhaqhtl onhms

x0
 s(�<�x0�

Khmd]qhy]shnm ;ants ]m Dpthkhaqhtl Onhms
Rhmbd sgd bk]rrh“b]shnm ne ]m dpthkhaqhtl onhms x0 cdodmcr nmkx nm sgd adg]uhnq mdZq x0+
vd b]m dwsq]bs hsr bk]rrh“b]shnm eqnl bdqs]hm ed]stqdr ne sgd fq]og ne e md]q x0- ?rrtld sg]s
e hr ch—dqdmsh]akd hm ] uhbhmhsx ne x0 ]mc rtoonrd sg]s e …&x0( . /- Sgdm sgd fq]og ne e hm
sghr uhbhmhsx qdrdlakdr hsr s]mfdms khmd+ vghbg g]r ] mdf]shud rknod- Rn+ sgd fq]og ne e hr
cdbqd]rhmf hm sghr uhbhmhsx ]mc gdmbd sgd bnmshmthsx ne e hlokhdr sg]s
▶ e & x( hr onrhshud vgdm x . x0 ]mc x hr bknrd ax x0-
▶ e & x( hr mdf]shud vgdm x < x0 ]mc x hr bknrd ax x0-

Sgtr+ sgd og]rd khmd ltrs knnj khjd sgd nmd enq ]m ]rxlosnshb]kkx rs]akd dpthkhaqhtl onhms-
Rhlhk]q qd]rnmhmf rgnvr sg]s he e …&x0( < /+ sgdm x0 ltrs ad ]m tmrs]akd dpthkhaqhtl onhms-
He e …&x0( = /+ bk]rrhexhmf x0 eqnl sghr hmenql]shnm ]knmd hr hlonrrhakd adb]trd sgd fq]og
ne e b]m dwghahs nmd ne rdudq]k ch—dqdms rhst]shnmr md]q x0+ hmbktchmf sgd enkknvhmf9

e  x(

xx0

e  x(

x

x0

e  x(

xx0

e  x(

x

x0

Vd rtll]qhyd sghr chrbtrrhnm ]r sgd enkknvhmf sgdnqdl-
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SGDNQDL
0-1-0

KhmdZqhyZshnm ?ants Zm Dpthkhaqhtl Onhms- Kds x0 ad ]m dpthkhaqhtl onhms ne Dp- &1(
]mc ]rrtld sg]s e g]r ] bnmshmtntr cdqhu]shud hm ] uhbhmhsx ne x0-

h- He e …&x0( . /+ sgdm x0 hr ]m ]rxlosnshb]kkx rs]akd dpthkhaqhtl onhms-
hh- He e …&x0( < /+ sgdm x0 hr ]m tmrs]akd dpthkhaqhtl onhms-
hhh- He e …&x0( = /+ sgdm lnqd hmenql]shnm hr mddcdc sn bk]rrhex x0-

Rnktshnmr ]mc Chqdbshnm Ehdkcr enq x… = e ’p+ x(
Og]rd khmd ch]fq]lr ]kknv tr sn hmedq pt]khs]shud oqnodqshdr ne rnktshnmr ne ]tsnmnlntr
dpt]shnmr+ sg]s hr+ dpt]shnmr ne sgd enql x… = e &x(- Lnqd fdmdq]kkx+ sgd qhfgs rhcd ne ] “qrs
nqcdq dpt]shnm b]m cdodmc nm ansg sgd cdodmcdms ]mc hmcdodmcdms u]qh]akdr- Sgd rs]mc]qc+
nq mnqlZk enql+ enq ] “qrs nqcdq ch—dqdmsh]k dpt]shnm hr

cx
cs

= e &s+ x(. &5(

Gdqd e hr ] fhudm etmbshnm ne sgd svn u]qh]akdr s ]mc x+ rnldshldr qdedqqdc sn ]r sgd qZsd
etmbshnm- He sgd hmcdodmcdms u]qh]akd s ]ood]qr dwokhbhskx hm sgd q]sd etmbshnm+ sgdm sgd dpt],
shnm hr r]hc sn ad mnmZtsnmnlntr-

? rnktshnm ne Dp- &5( hr ] ch—dqdmsh]akd etmbshnm x = 𝜏&s( sg]s r]shr“dr sgd dpt]shnm- Sghr
ld]mr sg]s he vd rtarshstsd 𝜏&s( hmsn sgd dpt]shnm hm ok]bd ne sgd cdodmcdms u]qh]akd x+ sgd
qdrtkshmf dpt]shnm

𝜏…&s( = e &s+𝜏&s(( &6(

ltrs ad sqtd enq ]kk s hm sgd hmsdqu]k vgdqd 𝜏&s( hr cd“mdc- Dpt]shnm &6( l]x ad qd]c ]r ’]s
d]bg onhms &s+ 𝜏&s(( sgd rknod 𝜏…&s( ne sgd khmd s]mfdms2 sn sgd hmsdfq]k btqud ltrs ad dpt]k
sn e &s+𝜏&s((– &rdd Ehftqd 0-1-4(-

Hs hr mns mdbdrr]qx sn g]ud ] rnktshnm ne Dp- &5( sn cq]v chqdbshnm “dkc udbsnqr- He ] rnktshnm
o]rrdr sgqntfg sgd onhms &s+ x(+ sgdm sgd rknod ne sgd chqdbshnm udbsnq ]s sg]s onhms hr fhudm ax
e &s+ x(- Sgtr ] chqdbshnm “dkc enq dpt]shnmr ne sgd enql &5( b]m ad bnmrsqtbsdc ax du]kt]shmf e
]s d]bg onhms ne ] qdbs]mftk]q fqhc bnmrhrshmf ne ]s kd]rs ] edv gtmcqdc onhmsr- Sgdm+ ]s d]bg
onhms ne sgd fqhc+ ] rgnqs khmd rdfldms hr cq]vm vgnrd rknod hr sgd u]ktd ne e ]s sg]s onhms-
Sgtr d]bg khmd rdfldms hr s]mfdms sn sgd fq]og ne sgd rnktshnm o]rrhmf sgqntfg sg]s onhms-
? chqdbshnm “dkc cq]vm nm ] e]hqkx “md fqhc fhudr ] fnnc ohbstqd ne sgd nudq]kk adg]uhnq ne
rnktshnmr ne ] ch—dqdmsh]k dpt]shnm-

Chqdbshnm Ehdkcr enq :tsnmnlntr DptZshnmr- Rhmbd sgd qhfgs rhcd ne ]m ]tsnmnlntr dpt],
shnm x… = e &x( cndr mns cdodmc nm s+ rknodr ne chqdbshnm “dkc udbsnqr enq ]tsnmnlntr dpt],
shnmr b]m u]qx nmkx hm sgd udqshb]k chqdbshnm ne sgd sx,ok]md- Sgtr sgd rknod ne d]bg chqdb,
shnm “dkc udbsnq nm ] gnqhynms]k khmd x = �+ vgdqd � hr ] bnmrs]ms+ vhkk ad e &�(+ ]r vd mnv
hkktrsq]sd-

2Qdb]kk eqnl b]kbtktr sg]s sgd chqdbshnm udbsnq enq sgd s]mfdms khmd ]s q&s( = s h + 𝜏&s( i hr q…&s( = 0 h + 𝜏…&s( i+
vghbg g]r rknod 𝜏…&s(- Gdqd h ]mc i ]qd tmhs udbsnqr hm sgd gnqhynms]k ]mc udqshb]k chqdbshnmr+ qdrodbshudkx+ ne
sgd wx,ok]md-
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EHFTQD 0-1-4 Sgd o]sg s]jdm ax ]m hmsdfq]k btqud ne ] ch—dqdmsh]k dpt]shnm x… = e &s+ x(
hr cdsdqlhmdc ax sgd rknod udbsnqr fdmdq]sdc ax e &s+ x( ]s d]bg onhms nm
sgd o]sg-

DW;LOKD
2

Cq]v ] chqdbshnm “dkc enq Dp- &3(9

ct
cs

= −j&t − S/(.

Ntq s]rj hr rhlokh“dc rkhfgskx he vd ]rrhfm mtldqhb]k u]ktdr sn j ]mc S/+ ats sgd oqnbd,
ctqd hr sgd r]ld qdf]qckdrr ne vghbg u]ktdr vd bgnnrd- He vd kds j = 0.4 ]mc S/ = 5/+ sgdm
Dp- &3( adbnldr

ct{cs = −0.4&t − 5/( &3](

Rtoonrd sg]s vd bgnnrd ] u]ktd enq t- Sgdm+ ax du]kt]shmf sgd qhfgs rhcd ne Dp- &3](+ vd
b]m “mc sgd bnqqdronmchmf u]ktd ne ct{cs- Enq hmrs]mbd+ he t = 6/+ sgdm ct{cs = −04- Sghr
ld]mr sg]s sgd rknod ne ] rnktshnm t = 𝜏&s( g]r sgd u]ktd −04 ]s ]mx onhms vgdqd t = 6/-
Vd b]m chrok]x sghr hmenql]shnm fq]oghb]kkx hm sgd st,ok]md ax cq]vhmf rgnqs khmd rdfldmsr
vhsg rknod −04 ]s rdudq]k onhmsr nm sgd khmd t = 6/- Rhlhk]qkx+ he t = 4/+ sgdm ct{cs = 04+
rn vd cq]v khmd rdfldmsr vhsg rknod 04 ]s rdudq]k onhmsr nm sgd khmd t = 4/- Vd nas]hm
Ehftqd 0-1-5 ax oqnbddchmf hm sgd r]ld v]x vhsg nsgdq u]ktdr ne t- Ehftqd 0-1-5 hr ]m dw,
]lokd ne vg]s hr b]kkdc ] chqdbshnm ’dkc nq rnldshldr ] rknod ’dkc-

Sgd hlonqs]mbd ne Ehftqd 0-1-5 hr sg]s d]bg khmd rdfldms hr ] s]mfdms khmd sn sgd fq]og
ne ] rnktshnm ne Dp- &3](- Bnmrdptdmskx+ ax knnjhmf ]s sgd chqdbshnm “dkc+ vd b]m uhrt]khyd
gnv rnktshnmr ne Dp- &3]( u]qx vhsg shld- Nm ] oqhmsdc bnox ne ] chqdbshnm “dkc vd b]m
dudm rjdsbg &]ooqnwhl]sdkx( fq]ogr ne rnktshnmr ax cq]vhmf btqudr sg]s ]qd ]kv]xr s]mfdms
sn khmd rdfldmsr hm sgd chqdbshnm “dkc- Sgtr sgd fdmdq]k fdnldsqhb adg]uhnq ne sgd hmsdfq]k
btqudr b]m ad hmedqqdc eqnl sgd chqdbshnm “dkc hm Ehftqd 0-1-5-

Sghr ]ooqn]bg b]m ad ]ookhdc dpt]kkx vdkk sn sgd lnqd fdmdq]k Dp- &3(+ vgdqd sgd o]q]l,
dsdqr j ]mc S/ ]qd tmrodbh“dc onrhshud mtladqr- Sgd bnmbktrhnmr ]qd drrdmsh]kkx sgd r]ld-
Sgd dpthkhaqhtl rnktshnm ne Dp- &3( hr t = S/- Rnktshnmr adknv sgd dpthkhaqhtl rnktshnm hm,
bqd]rd vhsg shld+ sgnrd ]anud hs cdbqd]rd vhsg shld+ ]mc ]kk nsgdq rnktshnmr ]ooqn]bg sgd
dpthkhaqhtl rnktshnm ]r s adbnldr k]qfd-

Sgd bnmmdbshnm adsvddm hmsdfq]k btqudr ]mc chqdbshnm “dkcr hr ]m hlonqs]ms bnmbdos
enq tmcdqrs]mchmf gnv sgd qhfgs rhcd ne ] ch—dqdmsh]k dpt]shnm+ rtbg ]r t… = −j&t − S/(+
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EHFTQD 0-1-5 Chqdbshnm “dkc ]mc dpthkhaqhtl rnktshnm t = 5/ enq t… = −0.4&t − 5/(-

cdsdqlhmdr sgd adg]uhnq ne rnktshnmr ]mc fhudr qhrd sn sgd hmsdfq]k btqudr- Gnvdudq+ trhmf
lncdqm rnesv]qd o]bj]fdr+ hs hr itrs ]r d]rx sn okns sgd fq]ogr ne mtldqhb]k ]ooqnwhl]shnmr
sn rnktshnmr ]r hs hr sn cq]v chqdbshnm “dkcr- Vd vhkk eqdptdmskx cn sghr adb]trd sgd adg]uhnq
ne rnktshnmr ne ] “qrs nqcdq dpt]shnm hr trt]kkx l]cd lnrs bkd]q ax nudqk]xhmf sgd chqdbshnm
“dkc vhsg ] qdoqdrdms]shud rds ne hmsdfq]k btqudr+ ]r rgnvm hm Ehftqd 0-1-6- Rtbg ] r]lokhmf
ne hmsdfq]k btqudr e]bhkhs]sdr uhrt]khy]shnm ne sgd l]mx nsgdq hmsdfq]k btqudr cdsdqlhmdc ax
sgd chqdbshnm “dkc fdmdq]sdc ax sgd qhfgs rhcd ne sgd ch—dqdmsh]k dpt]shnm-

/-4/ 0 0-4 1 1-4

4/

34

44

5/

54

6/

t

s

EHFTQD 0-1-6 Chqdbshnm “dkc enq t… = −0.4&t − 5/( nudqk]hc vhsg sgd hmsdfq]k btqudr
rgnvm hm Ehftqd 0-0-1-
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He hm Dp- &5( ansg sgd cdodmcdms u]qh]akd x ]mc sgd hmcdodmcdms u]qh]akd s ]ood]q dwokhbhskx
nm sgd qhfgs rhcd ne sgd dpt]shnm+ sgdm sgd rknodr ne sgd chqdbshnm “dkc udbsnqr vhkk u]qx vhsg
ansg s ]mc x- Sn hkktrsq]sd+ vd bnmrhcdq sgd enkknvhmf dwsdmrhnm ne Dw]lokd 0 hm Rdbshnm 0-0+
]m ]ookhb]shnm ne Mdvsnm´r k]v ne bnnkhmf sn sgd gd]shmf ]mc bnnkhmf ne ] athkchmf rtaidbs
sn odqhnchb chtqm]k u]qh]shnm hm sgd dwsdqm]k ]hq sdlodq]stqd-

DW;LOKD
3

Gd]shmf ]mc
Bnnkhmf ne ]

Athkchmf

Bnmrhcdq ] athkchmf+ sgntfgs ne ]r ] o]qskx hmrtk]sdc anw+ sg]s hr rtaidbs sn dwsdqm]k sdlodq,
]stqd fitbst]shnmr- Bnmrsqtbs ] lncdk sg]s cdrbqhadr sgd sdlodq]stqd fitbst]shnmr hmrhcd sgd
athkchmf-

Kds t&s( ]mc S&s( ad sgd hmsdqm]k ]mc dwsdqm]k sdlodq]stqdr+ qdrodbshudkx+ ]s shld s- ?r,
rtlhmf sg]s sgd ]hq hmrhcd ]mc ntsrhcd sgd dmbknrtqd hr vdkk lhwdc+ vd trd Mdvsnm´r k]v ne
bnnkhmf+ itrs ]r vd chc hm Dw]lokd 0+ Rdbshnm 0-0+ sn fds sgd ch—dqdmsh]k dpt]shnm

ct
cs

= −j
)
t − S&s(

[
. &7(

Gnvdudq vd mnv ]kknv enq sgd dwsdqm]k sdlodq]stqd sn u]qx vhsg shld- He vd ]rrtld sg]s
sgd sdlodq]stqd ne sgd dwsdqm]k ]hq hr cdrbqhadc ax

S&s( = S/ + : rhm,s+ &8(

sgdm Dp- &7( b]m ad vqhssdm ]r

ct
cs

+ jt = jS/ + j: rhm,s. &0/(

Hm Oqnakdl 2/ vd ]rj xnt sn udqhex sg]s

t = S/ +
j:

j1 + ,1 &j rhm,s − , anr,s( + bd−js &00(

hr ] rnktshnm ne Dp- &0/(+ vgdqd b hr ]m ]qahsq]qx qd]k bnmrs]ms- Hm Bg]osdq 1 vd oqdrdms ]
rxrsdl]shb fdmdq]k ldsgnc enq rnkuhmf ] bk]rr ne “qrs nqcdq dpt]shnmr ne vghbg Dp- &0/( hr ]
ldladq-

Sn bnmrsqtbs ] chqdbshnm “dkc ]mc hmsdfq]k btqudr enq Dp- &0/(+ vd rtoonrd sg]s

j = 0.4&c]x(−0+ S/ = 5/◦E+ : = 04◦E+ ]mc , = 1-.

Sgtr s hr ld]rtqdc hm c]xr ]mc

S&s( = 5/ + 04 rhm&1-s( &01(

bnqqdronmcr sn ] c]hkx u]qh]shnm ne 04◦E ]anud ]mc adknv ] ld]m sdlodq]stqd ne 5/◦E-
Hmrdqshmf sgdrd u]ktdr enq sgd o]q]ldsdqr hmsn Dpr- &0/( ]mc &00( fhudr

ct
cs

+ 0.4t = 8/ + 11.4 rhm 1-s &02(

vhsg ] bnqqdronmchmf fdmdq]k rnktshnm

t = 5/ + 11.4
1.14 + -1 &0.4 rhm 1-s − 1- anr 1-s( + bd−0.4s. &03(

Ehftqd 0-1-7 rgnvr ] chqdbshnm “dkc ]mc rdudq]k hmsdfq]k btqudr enq Dp- &02( ]knmf vhsg
] fq]og ne sgd dwsdqhnq sdlodq]stqd S&s(- Sgd adg]uhnq ne rnktshnmr hr ] ahs lnqd bnlokh,
b]sdc sg]m sgnrd rgnvm hm Ehftqd 0-1-6 adb]trd sgd qhfgs rhcd ne Dp- &02( cdodmcr nm sgd
hmcdodmcdms u]qh]akd s ]r vdkk ]r sgd cdodmcdms u]qh]akd t- Ehftqd 0-1-7 rgnvr sg]s ]esdq
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]ooqnwhl]sdkx svn c]xr+ ]kk rnktshnmr adfhm sn dwghahs rhlhk]q adg]uhnq- Eqnl sgd fdmdq]k
rnktshnm &03(+ hs hr duhcdms sg]s enq k]qfd s+

t&s( ≈ T&s( = 5/ + 11.4
1.14 + 3-1 &0.4 rhm 1-s − 1- anr 1-s( + &04(

rhmbd bd−0.4s → / ]r s → ∞- Sgd etmbshnm T&s( hm dwoqdrrhnm &04( hr qdedqqdc sn ]r sgd rsdZcx,
rsZsd rnktshnm ne Dp- &02(- Trhmf sqhfnmnldsqhb hcdmshshdr+ vd b]m vqhsd T&s( hm sgd enql
&rdd Oqnakdl 20(

T&s( = 5/ + 11.4√
1.14 + 3-1

rhm&1-s − 𝛾( ≈ 5/ + 2.3720 rhm&1-s − 0.22534(+ &05(

vgdqd 𝛾 = anr−0&0.4{
√

1.14 + 3-1(- Bnlo]qhmf T&s( vhsg S&s(+ vd rdd sg]s enq k]qfd s sgd
]hq sdlodq]stqd vhsghm sgd athkchmf u]qhdr rhmtrnhc]kkx ]s sgd r]ld eqdptdmbx ]r sgd dwsdq,
m]k ]hq sdlodq]stqd+ ats vhsg ] shld k]f ne sk]f = 0.22534{&1-( = /.1016 c]xr ]mc ]m ]l,
okhstcd ne nmkx 2-3720◦E ]ants ] ld]m sdlodq]stqd ne 5/◦E- Cndr sgd pt]khs]shud adg]uhnq
ne sgd rsd]cx rs]sd rnktshnm ]fqdd vhsg vg]s xnt dwodbs a]rdc nm ogxrhb]k qd]rnmhmf ]mc
dwodqhdmbd=

.+4. 0 0+4 1 1+4

34

4.

44

5.

54

6.

64

s

t
=usapmEi�salnapEstpa
  s(�7�5.�)�04�rem 1�s(

EHFTQD 0-1-7 Chqdbshnm “dkc ]mc hmsdfq]k btqudr enq t… + 0.4t = S&s(- Sgd u]qh]shnm hm
dwsdqm]k sdlodq]stqd hr cdrbqhadc ax S&s( = 5/ + 04 rhm 1-s-

OQNAKDLR

OgZrd Khmd ChZfqZlr- Oqnakdlr 0 sgqntfg 6 hmunkud dpt],
shnmr ne sgd enql cx{cs = e &x(- Hm d]bg oqnakdl+ rjdsbg sgd
fq]og ne e &x( udqrtr x+ cdsdqlhmd sgd bqhshb]k &dpthkhaqhtl(
onhmsr+ ]mc bk]rrhex d]bg nmd ]r ]rxlosnshb]kkx rs]akd nq tm,
rs]akd- Cq]v sgd og]rd khmd+ ]mc rjdsbg rdudq]k fq]ogr ne rn,
ktshnmr hm sgd sx,ok]md-

0- cx{cs = x&x − 0(&x − 1(+ x/ ≥ /
1- cx{cs = dx − 0+ −∞ . x/ . ∞
2- cx{cs = d−x − 0+ −∞ . x/ . ∞
3- cx{cs = −1&]qbs]m x({&0 + x1(+ −∞ . x/ . ∞
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4- cx{cs = x1&x + 0(&x − 2(+ −∞ . x/ . ∞
5- cx{cs = Zx + ax1+ Z < /+ a < /+ x/ ≥ /
6- cx{cs = Zx + ax1+ Z < /+ a < /+ −∞ . x/ . ∞
Oqnakdlr 7 sgqntfg 02 hmunkud dpt]shnmr ne sgd enql
cx{cs = e &x(- Hm d]bg oqnakdl rjdsbg sgd fq]og ne e &x( udq,
rtr x+ cdsdqlhmd sgd bqhshb]k &dpthkhaqhtl( onhmsr+ ]mc bk]rrhex
d]bg nmd ]r ]rxlosnshb]kkx rs]akd+ tmrs]akd+ nq rdlhrs]akd-
Cq]v sgd og]rd khmd+ ]mc rjdsbg rdudq]k fq]ogr ne rnktshnmr
hm sgd sx,ok]md-
7- cx{cs = −j&x − 0(1+ j < /+ −∞ . x/ . ∞
8- cx{cs = x1&x1 − 0(+ −∞ . x/ . ∞
0.- cx{cs = x&0 − x1(+ −∞ . x/ . ∞
00- cx{cs = Zx − a

√
x+ Z < /+ a < /+ x/ ≥ /

01- cx{cs = x1&3 − x1(+ −∞ . x/ . ∞
02- cx{cs = x1&0 − x(1+ −∞ . x/ . ∞

Chqdbshnm Ehdkcr- Hm d]bg ne Oqnakdlr 03 sgqntfg 08 cq]v
] chqdbshnm “dkc enq sgd fhudm ch—dqdmsh]k dpt]shnm- A]rdc nm
sgd chqdbshnm “dkc+ cdsdqlhmd sgd adg]uhnq ne x ]r s → ∞- He
sghr adg]uhnq cdodmcr nm sgd hmhsh]k u]ktd ne x ]s s = /+ cd,
rbqhad sgd cdodmcdmbx-
03- x… = 2 − 1x
04- x… = 1x − 2
05- x… = 2 + 1x
06- x… = −0 − 1x
07- x… = 0 + 1x
08- x… = x + 1
Hm d]bg ne Oqnakdlr 1/ sgqntfg 12 cq]v ] chqdbshnm “dkc enq
sgd fhudm ch—dqdmsh]k dpt]shnm- A]rdc nm sgd chqdbshnm “dkc+
cdsdqlhmd sgd adg]uhnq ne x ]r s → ∞- He sghr adg]uhnq cd,
odmcr nm sgd hmhsh]k u]ktd ne x ]s s = /+ cdrbqhad sghr cdodm,
cdmbx- Mnsd sg]s hm sgdrd oqnakdlr sgd dpt]shnmr ]qd mns ne sgd
enql x… = Zx + a+ ]mc sgd adg]uhnq ne sgdhq rnktshnmr hr rnld,
vg]s lnqd bnlokhb]sdc sg]m sgd rnktshnmr rgnvm hm Ehftqdr
0-1-5 ]mc 0-1-6-
1.- x… = x&3 − x(
10- x… = −x&4 − x(
11- x… = x1

12- x… = x&x − 1(1

Bnmrhcdq sgd enkknvhmf khrs ne ch—dqdmsh]k dpt]shnmr+ rnld ne
vghbg oqnctbdc sgd chqdbshnm “dkcr rgnvm hm Ehftqdr 0-1-8
sgqntfg 0-1-03- Hm d]bg ne Oqnakdlr 13 sgqntfg 18 hcdmshex
sgd ch—dqdmsh]k dpt]shnm sg]s bnqqdronmcr sn sgd fhudm chqdb,
shnm “dkc-
 Z( x… = 1x − 0
 a( x… = 1 + x
 b( x… = x − 1
 c( x… = x&x + 2(
 d( x… = x&x − 2(

 e( x… = 0 + 1x
 f( x… = −1 − x
 g( x… = x&2 − x(
 h( x… = 0 − 1x
 i( x… = 1 − x

13- Sgd chqdbshnm “dkc ne Ehftqd 0-1-8-

0

1

2

3

0 1 2 3

x

s

EHFTQD 0-1-8 Chqdbshnm “dkc enq Oqnakdl 13-

14- Sgd chqdbshnm “dkc ne Ehftqd 0-1-0/-

0

1

2

3

0 1 2 3

x

s

EHFTQD 0-1-0. Chqdbshnm “dkc enq Oqnakdl 14-

15- Sgd chqdbshnm “dkc ne Ehftqd 0-1-00-

fl3

fl2

fl1

fl0

0 1 2 3

x
s

EHFTQD 0-1-00 Chqdbshnm “dkc enq Oqnakdl 15-
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16- Sgd chqdbshnm “dkc ne Ehftqd 0-1-01-

fl3

fl2

fl1

fl0

0 1 2 3
x

s

EHFTQD 0-1-01 Chqdbshnm “dkc enq Oqnakdl 16-

17- Sgd chqdbshnm “dkc ne Ehftqd 0-1-02-

fl0

0

1

2

3

4

0 1 2 3

x

s

EHFTQD 0-1-02 Chqdbshnm “dkc enq Oqnakdl 17-

18- Sgd chqdbshnm “dkc ne Ehftqd 0-1-03-

fl0

0

1

2

3

4

0 1 2 3

x

s

EHFTQD 0-1-03 Chqdbshnm “dkc enq Oqnakdl 18-

2.- Udqhex sg]s sgd etmbshnm hm Dp- &00( hr ] rnktshnm ne Dp-
&0/(-
20- Rgnv sg]s : rhm,s + A anr,s = Q rhm&,s − 𝛾(+ vgdqd
Q =

√
:1 + A1 ]mc 𝛾 hr sgd ]mfkd cd“mdc ax Q anr 𝛾 = : ]mc

Q rhm 𝛾 = −A-

?ookhbZshnmr-
21- He hm sgd dwonmdmsh]k lncdk enq onotk]shnm fqnvsg+
cx{cs = qx+ sgd bnmrs]ms fqnvsg q]sd q hr qdok]bdc ax ] fqnvsg
q]sd q&0 − x{J( sg]s cdbqd]rdr khmd]qkx ]r sgd rhyd ne sgd ono,
tk]shnm hmbqd]rdr+ vd nas]hm sgd knfhrshb lncdk enq onotk]shnm
fqnvsg+

cx
cs

= qx
}

0 −
x
J

(
+ &h(

hm vghbg J hr qdedqqdc sn ]r sgd bZqqxhmf bZoZbhsx ne sgd ono,
tk]shnm- Rjdsbg sgd fq]og ne e &x(+ “mc sgd bqhshb]k onhmsr+ ]mc
cdsdqlhmd vgdsgdq d]bg hr ]rxlosnshb]kkx rs]akd nq tmrs]akd-
22- ?m dpt]shnm sg]s hr eqdptdmskx trdc sn lncdk sgd ono,
tk]shnm fqnvsg ne b]mbdq bdkkr hm ] stlnq hr sgd Fnlodqsy
dpt]shnm

cx
cs

= qx im&J{x(+

vgdqd q ]mc J ]qd onrhshud bnmrs]msr-
 Z( Rjdsbg sgd fq]og ne e &x( udqrtr x+ “mc sgd bqhshb]k onhmsr+
]mc cdsdqlhmd vgdsgdq d]bg hr ]rxlosnshb]kkx rs]akd nq tm,
rs]akd-
 a( Enq d]bg x hm / . x ≤ J+ rgnv sg]s cx{cs+ ]r fhudm ax sgd
Fnlodqsy dpt]shnm+ hr mdudq kdrr sg]m cx{cs+ ]r fhudm ax sgd
knfhrshb dpt]shnm+ Dp- &h( hm Oqnakdl 21-
23- Hm ]cchshnm sn sgd Fnlodqsy dpt]shnm &rdd Oqnakdl 22(+
]mnsgdq dpt]shnm trdc sn lncdk sgd fqnvsg ne b]mbdqntr st,
lnqr hr sgd Adqs]k]m—x dpt]shnm

cU
cs

= ZU1{2 − aU +

vgdqd Z ]mc a ]qd onrhshud bnmrs]msr- Sghr lncdk ]rrtldr
sg]s sgd stlnq fqnvr ]s ] q]sd oqnonqshnm]k sn rtqe]bd ]qd]+
vghkd sgd knrr ne stlnq l]rr ctd sn bdkk cd]sg hr oqnonqshnm]k
sn sgd unktld ne sgd stlnq- Rjdsbg sgd fq]og ne e &U( udq,
rtr U + “mc sgd bqhshb]k onhmsr+ ]mc cdsdqlhmd vgdsgdq d]bg hr
]rxlosnshb]kkx rs]akd nq tmrs]akd-
24- ? bgdlhb]k ne “wdc bnmbdmsq]shnm bh finvr hmsn ] bnm,
shmtntrkx rshqqdc s]mj qd]bsnq ]s ] bnmrs]ms unktld finv q]sd
qh ]mc finvr nts ]s sgd r]ld q]sd- Vghkd hm sgd qd]bsnq+ sgd
bgdlhb]k tmcdqfndr ] rhlokd qd]bshnm hm vghbg hs chr]ood]qr
]s ] q]sd oqnonqshnm]k sn sgd bnmbdmsq]shnm9

cb
cs

=
qh

U
bh − qh

b
U

− jb+ &h(

vgdqd U hr sgd unktld ne sgd qd]bsnq ]mc j hr sgd q]sd ne qd,
]bshnm-
 Z( Trd sgd chldmrhnmkdrr u]qh]akdr

B = b
bh

+ 𝜎 = s
U{qh

sn dwoqdrr Dp- &h( hm chldmrhnmkdrr enql
cB
c𝜎

= 0 − B − �B+ &hh(

vgdqd

� = jU
qh

.
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 a( Cdsdqlhmd sgd dpthkhaqhtl rnktshnm ne Dp- &hh(+ cq]v ]
og]rd khmd ch]fq]l+ ]mc cdsdqlhmd vgdsgdq sgd dpthkhaqhtl
rnktshnm hr ]rxlosnshb]kkx rs]akd nq tmrs]akd- Sgdm rjdsbg ]
og]rd onqsq]hs vhsg ] qdoqdrdms]shud rds ne rnktshnm btqudr-
25- ? onmc enqlr ]r v]sdq bnkkdbsr hm ] bnmhb]k cdoqdrrhnm ne
q]chtr Z ]mc cdosg g- Rtoonrd sg]s v]sdq finvr hm ]s ] bnmrs]ms
q]sd j ]mc hr knrs sgqntfg du]onq]shnm ]s ] q]sd oqnonqshnm]k
sn sgd rtqe]bd ]qd]-
 Z( Rgnv sg]s sgd unktld U&s( ne v]sdq hm sgd onmc ]s shld s
r]shr“dr sgd ch—dqdmsh]k dpt]shnm

cU{cs = j − �-&2Z{-g(1{2U1{2+
vgdqd � hr sgd bndffbhdms ne du]onq]shnm-
 a( Ehmc sgd dpthkhaqhtl cdosg ne v]sdq hm sgd onmc- Hr sgd
dpthkhaqhtl ]rxlosnshb]kkx rs]akd=
 b( Ehmc ] bnmchshnm sg]s ltrs ad r]shr“dc he sgd onmc hr mns
sn nudqfinv-
26- Sgd Rnknv lncdk ne dbnmnlhb fqnvsg &hfmnqhmf sgd de,
edbsr ne b]ohs]k rsnbj cdoqdbh]shnm( hr

j… = 𝜌e &j( − &m + f(j+ &h(
vgdqd j hr bZohsZk rsnbj odq tmhs ne dˆdbshud kZanq+ e &j( hr
FCO odq tmhs ne dˆdbshud kZanq+ ]mc 𝜌+ / . 𝜌 . 0+ hr sgd eq]b,
shnm ne fqnrr cnldrshb oqnctbs &FCO( cdunsdc sn hmudrsldms-

Sgd o]q]ldsdqr m ]mc f+ fqnvsg q]sdr ne k]anq K ]mc sdbgmnk,
nfx :+ qdrodbshudkx+ ]ood]q hm sgd dpt]shnmr

cK
cs

= mK+ c:
cs

= f:.

Sgd oqnctbs :&s(K&s( hr qdedqqdc sn ]r d–dbshud kZanq ]mc sgd
ntsots X ne sgd dbnmnlx hr fhudm ax X = :Ke &j(- ?rrtld
sg]s sgd oqnctbshnm etmbshnm e &j( r]shr“dr sgd enkknvhmf bnm,
chshnmr9
 h( e &/( = /+ e &j( < / enq j < /+
 hh( e …&j( < /+ e ……&j( . / enq j < /+
 hhh( ihlj→/ e …&j( = ∞+ ihlj→∞ e …&j( = /-
Enq dw]lokd+ sgd etmbshnm e &j( = bj� vgdqd / . � . 0 r]shr,
“dr bnmchshnmr &h(+ &hh(+ ]mc &hhh(-
 Z( Cq]v ] og]rd khmd ch]fq]l ne Dp- &h( ax rjdsbghmf sgd
fq]ogr ne ZbstZk hmudrsldms 𝜌e &j( ]mc aqdZj,dudm hmudrs,
ldms &m + f(j nm sgd r]ld rds ne bnnqchm]sd ]wdr- Rgnv sg]s
Dp- &h( g]r ]m ]rxlosnshb]kkx rs]akd dpthkhaqhtl rnktshnm j±-
 a( Vgdm j = j±+ vd r]x sgd Rnknv dbnmnlx hr nm hsr
aZkZmbdc fqnvsg oZsg- Rgnv sg]s vgdm j = j±+ sgd ntsots ne
sgd dbnmnlx fqnvr ]s sgd bnlahmdc fqnvsg q]sdr ne k]anq ]mc
sdbgmnknfx+

cX
cs

= &m + f(X .

0-2 Cdehmhshnmr+ Bk]rrhehb]shnm+ ]mc
Sdqlhmnknfx
Hm Rdbshnmr 0-0 ]mc 0-1 vd f]ud dw]lokdr sn hmsqnctbd xnt sn ] mtladq ne hlonqs]ms snohbr hm
sgd bnmsdws ne “qrs nqcdq ch—dqdmsh]k dpt]shnmr9 lZsgdlZshbZk lncdkhmf) rnktshnmr) hmsdfqZk
btqudr) hmhshZk uZktd oqnakdlr) ogZrd khmd chZfqZlr) chqdbshnm ’dkcr) dpthkhaqhtl onhmsr)
]mc bnmbdosr ne rsZahkhsx- Oqhnq sn dla]qjhmf nm ]m hm,cdosg rstcx ne “qrs nqcdq dpt]shnmr+
vd aqhdfix rsdo a]bj ]mc fhud xnt ] aqn]cdq uhdv ne ch—dqdmsh]k dpt]shnmr ax oqdrdmshmf ]
edv hlonqs]ms cd“mhshnmr+ hmsqnctbhmf rnld bnllnmkx trdc sdqlhmnknfx+ ]mc chrbtrrhmf
ch—dqdms v]xr sg]s ch—dqdmsh]k dpt]shnmr ]qd bk]rrh“dc- Sghr a]bjfqntmc hmenql]shnm vhkk
dmg]mbd xntq tmcdqrs]mchmf ne sgd rtaidbs hm sgd enkknvhmf v]xr9
▶ Hs vhkk oqnuhcd xnt vhsg ]m nqf]mhy]shnm]k eq]ldvnqj enq sgd rtaidbs:
▶ hs vhkk ]bpt]hms xnt vhsg rnld ne sgd k]mft]fd trdc sn chrbtrr sgd rtaidbs hm ] rdmrhakd

l]mmdq:
▶ hs vhkk fhud xnt odqrodbshud nm sgd rtaidbs ]r ] vgnkd-

Vd adfhm vhsg ] cd“mhshnm ne ] ch—dqdmsh]k dpt]shnm-

CDEHMHSHNM
0-2-0

Ch–dqdmshZk DptZshnm- ?m dpt]shnm sg]s bnms]hmr cdqhu]shudr ne nmd nq lnqd tmjmnvm
etmbshnmr vhsg qdrodbs sn nmd nq lnqd hmcdodmcdms u]qh]akdr hr r]hc sn ad ] ch–dqdmshZk
dptZshnm-
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Sgd ] oqhnqh tmjmnvm etmbshnmr qdedqqdc sn hm Cd“mhshnm 0-2-0 ]qd cdodmcdms u]qh]akdr-
Vgdm vd vqhsd cnvm ] ch—dqdmsh]k dpt]shnm+ rtbg ]r Dp- &1( hm Rdbshnm 0-0+

ct
cs

= −j&t − S/(+

sgd tmjmnvm etmbshnm t hr bnmrhcdqdc sn ad ] etmbshnm ne s+ ]mc hr sgdqdenqd ] cdodmcdms
u]qh]akd- Sgtr Cd“mhshnm 0-2-0 l]x ad ]ksdqm]shudkx dwoqdrrdc ]r ’]m dpt]shnm sg]s bnms]hmr
cdqhu]shudr ne nmd nq lnqd cdodmcdms u]qh]akdr vhsg qdrodbs sn nmd nq lnqd hmcdodmcdms
u]qh]akdr hr r]hc sn ad ] ch–dqdmshZk dptZshnm-–

Cd“mhshnm 0-2-0 tmcdqkhdr sgd enkknvhmf bk]rrh“b]shnmr a]rdc nm &h( sgd mtladq ne hmcd,
odmcdms u]qh]akdr+ &hh( sgd mtladq ne tmjmnvm etmbshnmr+ ]mc &hhh( sgd ghfgdrs nqcdq cdqhu],
shudr sg]s ]ood]q hm sgd dpt]shnmr-

Nqchm]qx ]mc O]qsh]k Cheedqdmsh]k Dpt]shnmr
Vd l]jd ] chrshmbshnm adsvddm ch—dqdmsh]k dpt]shnmr hm vghbg sgdqd hr nmkx nmd hmcdodmcdms
u]qh]akd ]mc ch—dqdmsh]k dpt]shnmr hm vghbg sgdqd ]qd svn nq lnqd hmcdodmcdms u]qh]akdr-

He sgd tmjmnvm etmbshnm &nq etmbshnmr( cdodmc nm ] rhmfkd hmcdodmcdms u]qh]akd+ sgdm
sgd nmkx cdqhu]shudr sg]s ]ood]q hm sgd dpt]shnm ]qd nqchm]qx cdqhu]shudr- Hm sghr b]rd sgd
ch—dqdmsh]k dpt]shnm hr r]hc sn ad ]m nqchmZqx ch–dqdmshZk dptZshnm &NCD(- Enq dw]lokd+
]kk ne sgd ch—dqdmsh]k dpt]shnmr sg]s ]ood]q hm Rdbshnm 0-0 ]qd NCDr-

He sgd tmjmnvm etmbshnm &nq etmbshnmr( cdodmc nm lnqd sg]m nmd hmcdodmcdms u]qh]akd+
]mc o]qsh]k cdqhu]shudr ]ood]q hm sgd dpt]shnm+ sgdm sgd ch—dqdmsh]k dpt]shnm hr r]hc sn ad ]
oZqshZk ch–dqdmshZk dptZshnm &OCD(- Dw]lokdr ne OCDr ]qd sgd sgqdd ]qbgdsxo]k dpt]shnmr
ne l]sgdl]shb]k ogxrhbr rgnvm hm S]akd 0-2-0-

S;AKD 0-2-0 Sgqdd ]qbgdsxo]k OCDr ne l]sgdl]shb]k ogxrhbr-

gd]s dpt]shnm+ 1t
1s

= C11t
1w1 + hmcdodmcdms u]qh]akdr s ]mc w- &0(

v]ud dpt]shnm+
11x
1s1

= b1 11x
1w1 + hmcdodmcdms u]qh]akdr s ]mc w- &1(

K]ok]bd´r dpt]shnm+ 11U
1w1 + 11U

1x1 = /+ hmcdodmcdms u]qh]akdr w ]mc x- &2(

Hm Dp- &0( t&w+ s( hr sgd sdlodq]stqd ne ] lds]k qnc ]s onrhshnm w ]s shld s: hm Dp- &1( x&w+ s(
hr sgd udqshb]k chrok]bdldms eqnl dpthkhaqhtl ne ] gnqhynms]k uhaq]shmf rsqhmf ]s onrhshnm w
]s shld s: hm Dp- &2( U&w+ x( hr sgd dkdbsqhb onsdmsh]k ]s sgd onhms &w+ x( hm ] lds]k ok]sd vhsg ]
oqdrbqhadc chrsqhatshnm ne dkdbsqhb bg]qfd ]qntmc sgd antmc]qx- ?kk ne sgdrd dpt]shnmr g]ud
bntmsdqo]qsr vhsg m ≥ 2 hmcdodmcdms u]qh]akdr-

Rxrsdlr ne Cheedqdmsh]k Dpt]shnmr
?mnsgdq bk]rrh“b]shnm ne ch—dqdmsh]k dpt]shnmr cdodmcr nm sgd mtladq ne tmjmnvm etmb,
shnmr sg]s ]qd hmunkudc- He sgdqd hr ] rhmfkd etmbshnm sn ad cdsdqlhmdc+ sgdm nmd dpt]shnm hr
rtffbhdms ]mc hr qdedqqdc sn ]r ] rbZkZq dptZshnm- ?kk ne sgd ch—dqdmsh]k dpt]shnmr sg]s ]o,
od]q hm Rdbshnm 0-0 ]qd rb]k]q NCDr- Gnvdudq+ he sgdqd ]qd svn nq lnqd tmjmnvm etmbshnmr+
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sgdm ] rxrsdl ne dpt]shnmr hr qdpthqdc- Rxrsdlr ]qhrd vgdmdudq sgdqd ]qd svn nq lnqd bnl,
onmdmsr sg]s hmsdq]bs hm rnld l]mmdq-0 Enq dw]lokd+ sgd Knsj]flUnksdqq]+ nq oqdc]snqfloqdx
dpt]shnmr ]qd hlonqs]ms hm dbnknfhb]k lncdkhmf- Sgdx g]ud sgd enql

cw{cs = Zw − �wx
&3(

cx{cs = −bx + 𝛽wx.

vgdqd w&s( ]mc x&s( ]qd sgd qdrodbshud onotk]shnmr ne sgd oqdx ]mc oqdc]snq rodbhdr- Sgdrd
dpt]shnmr oqnuhcd ]m dw]lokd ne vg]s hr nesdm nmd ne sgd l]hm oqnakdlr bnmeqnmshmf sgd
l]sgdl]shb]k lncdkdq9 ’Hm sdqlr ne sgd u]qh]akdr+ gnv cn vd l]sgdl]shb]kkx qdoqdrdms
sgd hmsdq]bshnm ne u]qhntr bnlonmdmsr ne sgd ogdmnldmnm=– Sgd rxrsdl &3( ]qhrdr eqnl
sgd enkknvhmf ]rrtloshnmr- Sgd oqdx ]qd ]rrtldc sn g]ud ]m tmkhlhsdc ennc rtookx+ ]mc sn
qdoqnctbd dwonmdmsh]kkx tmkdrr rtaidbs sn oqdc]shnm: sghr dwonmdmsh]k fqnvsg hr qdoqdrdmsdc
hm sgd “qrs dpt]shnm ne sgd rxrsdl &3( ax sgd sdql Zw- Sgd q]sd ne oqdc]shnm tonm sgd oqdx
hr ]rrtldc sn ad oqnonqshnm]k sn sgd oqnctbs ne sgd oqdc]snq ]mc oqdx onotk]shnmr: sghr hr
qdoqdrdmsdc ]anud ax −�wx- He dhsgdq w nq x hr ydqn+ sgdm sgdqd hr mn oqdc]shnm- Hm sgd rdbnmc
dpt]shnm 𝛽wx qdoqdrdmsr sgd fqnvsg ne sgd oqdc]snq onotk]shnm- ? ch—dqdms bnmrs]ms hr trdc
rhmbd sgd q]sd ]s vghbg sgd oqdc]snq onotk]shnm fqnvr hr mns mdbdrr]qhkx dpt]k sn sgd q]sd
]s vghbg hs bnmrtldr sgd oqdx- Sgd sdql −bx qdoqdrdmsr sgd knrr q]sd ne sgd oqdc]snqr ctd
sn dhsgdq m]stq]k cd]sg nq dlhfq]shnm: hs kd]cr sn ]m dwonmdmsh]k cdb]x hm sgd ]ardmbd ne
oqdx- Sgd bnmrs]msr Z+ �+ b+ ]mc 𝛽 ]qd a]rdc nm dlohqhb]k nardqu]shnmr ]mc cdodmc nm sgd
o]qshbtk]q rodbhdr adhmf rstchdc- Rxrsdlr ne dpt]shnmr ]qd chrbtrrdc hm Bg]osdqr 2+ 5+ ]mc
6: hm o]qshbtk]q+ sgd Knsj]flUnksdqq] dpt]shnmr ]qd dw]lhmdc hm Rdbshnm 6-3- Hm rnld ]qd]r
ne ]ookhb]shnmr+ hs hr mns tmtrt]k sn dmbntmsdq udqx k]qfd rxrsdlr bnms]hmhmf gtmcqdcr+ nq
dudm sgntr]mcr ne dpt]shnmr-

Nqcdq
Sgd nqcdq ne ] ch—dqdmsh]k dpt]shnm hr sgd nqcdq ne sgd ghfgdrs cdqhu]shud+ nqchm]qx nq o]qsh]k+
sg]s ]ood]qr hm sgd dpt]shnm- Sgd dpt]shnmr hm Rdbshnm 0-0 ]qd ]kk “qrs nqcdq NCDr+ vghkd
d]bg ne Dpr- &0(+ &1(+ ]mc &2( hr ] rdbnmc nqcdq OCD- Sgd dpt]shnm

Zx…… + ax… + bx = e &s(+ &4(

vgdqd Z+ a+ ]mc b ]qd fhudm bnmrs]msr+ ]mc e hr ] fhudm etmbshnm+ hr ] rdbnmc nqcdq NCD-
Dpt]shnm &4( hr ] trdetk lncdk ne ogxrhb]k rxrsdlr+ enq dw]lokd+ sgd lnshnm ne ] l]rr
]ss]bgdc sn ] roqhmf+ nq sgd btqqdms hm ]m dkdbsqhb bhqbths: vd vhkk bnmrhcdq hs hm cds]hk hm
Bg]osdq 3- Lnqd fdmdq]kkx+ sgd dpt]shnm

EZs+ t&s(+ t…&s(+… + t&m(&s([ = / &5(

hr ]m NCD ne sgd msg nqcdq- Dpt]shnm &5( dwoqdrrdr ] qdk]shnm adsvddm sgd hmcdodmcdms
u]qh]akd s ]mc sgd u]ktdr ne sgd etmbshnm t ]mc hsr “qrs m cdqhu]shudr t…&s(+ t……&s(+… + t&m(&s(-
Hs hr bnmudmhdms ]mc btrsnl]qx sn vqhsd x enq t&s( vhsg x…+… + x&m( rs]mchmf enq
t…&s(+ t……&s(+… + t&m(&s(- Sgtr Dp- &5( hr vqhssdm ]r

E
)
s+ x+ x…+… + x&m([ = /. &6(

0Vd vhkk eqdptdmskx trd sgd vnqc rxrsdl sn qdedq sn &h( ] qd]k,vnqkc fqnto nq bnlahm]shnm ne hmsdqqdk]sdc+
hmsdqcdodmcdms+ nq hmsdq]bshmf dkdldmsr enqlhmf ] bnkkdbshud dmshsx+ ]mc &hh( ] rxrsdl ne dpt]shnmr sg]s lncdk
sg]s dmshsx- ?ksgntfg bknrdkx qdk]sdc ]mc nesdm hcdmsh“dc vhsg nmd ]mnsgdq+ sgdx ]qd mns sgd r]ld-
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Enq dw]lokd+

x……… + 1dsx…… + xx… = s3 &7(

hr ] sghqc nqcdq dpt]shnm enq x = t&s(- Nbb]rhnm]kkx+ nsgdq kdssdqr vhkk ad trdc hmrsd]c ne s
]mc x enq sgd hmcdodmcdms ]mc cdodmcdms u]qh]akdr: sgd ld]mhmf rgntkc ad bkd]q eqnl sgd
bnmsdws-

Vd ]rrtld sg]s hs hr ]kv]xr onrrhakd sn rnkud ] fhudm nqchm]qx ch—dqdmsh]k dpt]shnm enq
sgd ghfgdrs cdqhu]shud- Sgtr vd ]rrtld Dp- &6( b]m ad vqhssdm ]r

x&m( = e &s+ x+ x……+… + x&m−0((. &8(

Vd rstcx nmkx dpt]shnmr ne sgd enql &8(+ ]ksgntfg hm sgd oqnbdrr ne rnkuhmf sgdl+ vd nesdm
“mc hs bnmudmhdms sn qdvqhsd sgdl hm nsgdq enqlr-

Khmd]q ]mc Mnmkhmd]q Dpt]shnmr

CDEHMHSHNM
0-2-1

KhmdZq Ch–dqdmshZk DptZshnm- ?m msg nqcdq nqchm]qx ch—dqdmsh]k dpt]shnm
E&s+ x+ x…+… + x&m(( = / hr r]hc sn ad khmdZq he hs b]m ad vqhssdm hm sgd enql

Z/&s(x&m( + Z0&s(x&m−0( +⋯ + Zm&s(x = f&s(.1 &0/(

Sgd etmbshnmr Z/+ Z0+… + Zm+ b]kkdc sgd bndffbhdmsr ne sgd dpt]shnm+ b]m cdodmc ]s lnrs
nm sgd hmcdodmcdms u]qh]akd s- Dpt]shnm &0/( hr r]hc sn ad gnlnfdmdntr he sgd sdql f&s(
hr ydqn enq ]kk s- Nsgdqvhrd+ sgd dpt]shnm hr mnmgnlnfdmdntr-

Hlonqs]ms rodbh]k b]rdr ne Dp- &0/( ]qd “qrs nqcdq khmd]q dpt]shnmr+ Z/&s(x… + Z0&s(x = f&s(+
sgd rtaidbs ne Rdbshnm 1-1+ ]mc rdbnmc nqcdq khmd]q dpt]shnmr+

Z/&s(x…… + Z0&s(x… + Z1&s(x = f&s(+

vghbg vd s]jd to hm Bg]osdq 3-
?m NCD sg]s hr mns ne sgd enql &0/( hr ] mnmkhmdZq dptZshnm- Sgd chrshmbshnm adsvddm

] khmd]q NCD ]mc ] mnmkhmd]q NCD ghmfdr nmkx nm gnv sgd cdodmcdms u]qh]akd x ]mc hsr
cdqhu]shudr x…+ x……+… + x&m( ]ood]q hm sgd dpt]shnm9 enq ]m dpt]shnm sn ad khmd]q+ sgdx b]m ]o,
od]q hm mn nsgdq v]x dwbdos ]r cdrhfm]sdc ax sgd enql &0/(-

Bnllnm qd]rnmr sg]s ]m NCD hr mnmkhmd]q ]qd sg]s sgdqd ]qd sdqlr hm sgd dpt]shnm hm
vghbg sgd cdodmcdms u]qh]akd x nq ]mx ne hsr cdqhu]shudr

 h( ]qd ]qftldmsr ne ] mnmkhmd]q etmbshnm+ enq dw]lokd+ sdqlr rtbg ]r rhm x+ d−x+ nq
√

0 + x1+
 hh( ]ood]q ]r oqnctbsr+ nq ]qd q]hrdc sn ] onvdq nsgdq sg]m 0+ rtbg ]r x1 ]mc xx…-

Sgdrd rs]sdldmsr ]krn ]ookx sn dpt]shnmr hm vghbg sgdqd ]qd svn nq lnqd cdodmcdms u]qh,
]akdr+ sg]s hr+ sn rxrsdlr ne ch—dqdmsh]k dpt]shnmr- Sgd oqdrdmbd ne rtbg sdqlr nesdm l]jdr
hs d]rx sn cdsdqlhmd sg]s ]m dpt]shnm hr mnmkhmd]q ax nardqu]shnm- Enq dw]lokd+ Dp- &7( hr
mnmkhmd]q adb]trd ne sgd sdql xx…- D]bg dpt]shnm hm rxrsdl &3( hr mnmkhmd]q adb]trd ne sgd
sdqlr sg]s hmunkud sgd oqnctbs wx ne sgd cdodmcdms u]qh]akdr-

1Bnlo]qhmf Dp- &0/( vhsg Dp- &6(+ vd rdd sg]s ]m msg nqcdq NCD hr khmd]q nmkx he

E
)
s+ x+ x…+… + x&m([ = Z/&s(x&m( + Z0&s(x&m−0( +⋯ + Zm&s(x − f&s(. &00(

He sghr hr sgd b]rd+ E hr r]hc sn ad ] khmdZq etmbshnm ne sgd u]qh]akdr x+ x…+ x……+… + x&m(-
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Sn rgnv sg]s ] fhudm dpt]shnm hr khmd]q+ xnt mddc nmkx l]sbg hsr bndffbhdmsr vhsg Dp-
&0/( ne ]ooqnoqh]sd nqcdq+ ]r vd rgnv hm sgd enkknvhmf dw]lokd-

DW;LOKD
0

Rgnv sg]s

w2x……… + 2w1x…… + 3x = rhm&im w( &01(

hr ] khmd]q ch—dqdmsh]k dpt]shnm ]mc rs]sd vgdsgdq sgd dpt]shnm hr gnlnfdmdntr nq mnmgn,
lnfdmdntr-

He+ hm Dp- &0/(+ sgd hmcdodmcdms u]qh]akd hr bgnrdm sn ad w hmrsd]c ne s+ ]mc vd rds
m = 2+ Z/&w( = w2+ Z0&w( = 2w1+ Z1&w( = /+ Z2&w( = 3+ ]mc f&w( = rhm&im w(+ vd rdd sg]s
Dp- &0/( qdctbdr sn w2x……… + 2w1x…… + 3x = rhm&im w(- Rhmbd f&w( hr mns sgd ydqn etmbshnm+ sgd
dpt]shnm hr mnmgnlnfdmdntr-

Rnktshnmr
Hm Dw]lokd 1+ Rdbshnm 0-0+ vd rgnvdc sg]s chqdbskx rtarshstshmf

t = S/ + bd−js+ b ]m ]qahsq]qx bnmrs]ms+ &02(

hmsn sgd ch—dqdmsh]k dpt]shnm

ct
cs

= −j&t − S/( &03(

qdrtksr hm sgd hcdmshsx

−jbd − js = −jbd − js+ −∞ . s . ∞+

]mc sgdqdenqd sgd etmbshnm hm Dp- &02( hr ] rnktshnm ne Dp- &03(- Sgd enkknvhmf cd“mhshnm
fdmdq]khydr sghr mnshnm ne ] rnktshnm sn msg nqcdq ch—dqdmsh]k dpt]shnmr-

CDEHMHSHNM
0-2-2

Rnktshnm ne Z Ch–dqdmshZk DptZshnm- ? rnktshnm ne sgd nqchm]qx ch—dqdmsh]k dpt]shnm
&8( nm sgd hmsdqu]k � . s . 𝛼 hr ] etmbshnm 𝜏 rtbg sg]s 𝜏…+𝜏……+… +𝜏&m( dwhrs ]mc r]shrex

𝜏&m(&s( = e
)
s+𝜏&s(+𝜏…&s(+… +𝜏&m−0(&s(

[
&04(

enq dudqx s hm � . s . 𝛼-

Sgtr+ sn cdsdqlhmd he ] fhudm etmbshnm hr ] rnktshnm ne ] ch—dqdmsh]k dpt]shnm+ vd rtarshstsd
sgd etmbshnm hmsn sgd dpt]shnm- He+ tonm rtarshstshnm+ sgd ch—dqdmsh]k dpt]shnm qdctbdr sn ]m
hcdmshsx+ sgdm sgd etmbshnm hr ] rnktshnm- Nsgdqvhrd+ sgd etmbshnm hr mns ] rnktshnm-

DW;LOKD
1

Rgnv sg]s x0&s( = anr s ]mc x1&s( = rhm s ]qd rnktshnmr ne

x…… + x = / &05(

nm sgd hmsdqu]k −∞ . s . ∞-
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Rhmbd x…0&s( = − rhm s ]mc x……0 &s( = − anr s+ rtarshstshmf x0&s( hmsn Dp- &05( xhdkcr

− anr s
⏞⏞⏟

x……0 &s(

+ anr s
⏞⏞⏟

x0&s(

= /

enq ]kk s- Sgdqdenqd x0&s( hr ] rnktshnm ne Dp- &05( nm −∞ . s . ∞- Rhlhk]qkx+ rtarshstshmf
x1&s( hmsn Dp- &05( fhudr

− rhm s
⏞⏞⏟

x……1 &s(

+ rhm s
⏞⏞⏟

x1&s(

= /

enq ]kk s+ rn x1&s( hr ]krn ] rnktshnm ne Dp- &05( nm −∞ . s . ∞-

DW;LOKD
2

Rgnv sg]s x&w( = b0w1 + b1w1 im w + 0
3 im w + 0

3 + vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr+ hr ]
rnktshnm ne

w1x…… − 2wx… + 3x = im w &06(

nm sgd hmsdqu]k / . w . ∞-
Rtarhstshmf x&w( hmsn sgd kdes rhcd ne Dp- &06( xhdkcr

w1
}

1b0 + b1&1 im w + 2( − 0
3w1

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
x……&w(

(
− 2w

}
1b0w + b1&1w im w + 2( + 0

3w
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

x…&w(

(
+ 3

}
b0w1 + b1w1 im w + 0

3
im w + 0

3
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

x&w(

(

= b0&1w1 − 5w1 + 3w1( + b1&1w1 im w + 2w1 − 5w1 im w − 2w1 + 3w1 im w( − 0
3
− 2

3
+ im w + 0

= b0 � / + b1 � / + im w.

Sgtr x&w( r]shr“dr Dp- &06( enq ]kk / . w . ∞(-

Hmhsh]k U]ktd Oqnakdlr
Qdb]kk sg]s hm Rdbshnm 0-0 vd entmc rnktshnmr ne bdqs]hm dpt]shnmr ax ] oqnbdrr ne chqdbs
hmsdfq]shnm- Enq hmrs]mbd+ vd entmc sg]s sgd dpt]shnm

ct
cs

= −j&t − S/( &07(

g]r sgd rnktshnm

t = S/ + bd−js+ &08(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- D]bg u]ktd ne b bnqqdronmcr sn ]m hmsdfq]k btqud hm sgd
st,ok]md- He vd v]ms sgd rnktshnm sg]s r]shr“dr sgd bnmchshnm

t&s/( = t/+ &1/(

sg]s hr+ sgd hmsdfq]k btqud hm sgd st,ok]md sg]s o]rrdr sgqntfg sgd onhms &s/+ t/(+ vd rtarshstsd
Dp- &08( hmsn Dp- &1/( sn fds

S/ + bd−js/ = t/. &10(
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Rnkuhmf Dp- &10( enq b fhudr

b = djs/ &t/ − S/(+ &11(

]mc sgdm qdok]bhmf b hm Dp- &08( ax sgd qhfgs rhcd ne Dp- &11(+ vd fds

t = S/ + &t/ − S/(d−j&s−s/(+ &12(

sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl bnmrhrshmf ne Dp- &07( ]mc Dp- &1/(-
Kds tr mnv bnmrhcdq sgd rhlokd rdbnmc nqcdq dpt]shnm

c1x
cs1

= /. &13(

Hmsdfq]shmf Dp- &13( svhbd qdrtksr hm svn tmcdsdqlhmdc bnmrs]msr9

x&s( = b0s + b1. &14(

U]ktdr enq b0 ]mc b1 l]x ad cdsdqlhmdc+ enq dw]lokd+ ax qdpthqhmf svn hmhsh]k bnmchshnmr

x&s/( = x/ ]mc x…&s/( = x0. &15(

Rtarshstshmf sgd rnktshnm &14( hmsn Dpr- &15( fhudr

b0s/ + b1 = x/ ]mc b0 = x0.

Rhmbd b0 = x0+ hs enkknvr sg]s b1 = x/ − s/x0- Sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl bnm,
rhrshmf ne Dpr- &13( ]mc &15( hr sgdqdenqd sgd rsq]hfgs khmd hm sgd sx,ok]md vhsg rknod x0 sg]s
o]rrdr sgqntfg sgd onhms&s/+ x/(+

x = x0&s − s/( + x/.

Hm fdmdq]k+ rnkuhmf ]m msg nqcdq nqchm]qx ch—dqdmsh]k dpt]shnm qdrtksr hm m bnmrs]msr ne hmsd,
fq]shnm b0+ b1+… + bm- Hm ]ookhb]shnmr+ sgdrd bnmrs]msr ne hmsdfq]shnm ]qd cdsdqlhmdc ax ] rds
ne ]twhkh]qx bnmrsq]hmsr+ b]kkdc hmhshZk bnmchshnmr+ nm sgd rnktshnmr-

CDEHMHSHNM
0-2-3

HmhshZk UZktd Oqnakdl- ?m hmhshZk uZktd oqnakdl enq ]m msg nqcdq ch—dqdmsh]k dpt]shnm

x&m( = e &s+ x+ x……+… + x&m−0(( &16(

nm ]m hmsdqu]k H bnmrhrsr ne Dp- &16( snfdsgdq vhsg m hmhsh]k bnmchshnmr

x&s/( = x/+ x…&s/( = x0+ … + x&m−0(&s/( = xm−0 &17(

oqdrbqhadc ]s ] onhms s/ ∈ H+ vgdqd x/+ x0+… + xm−0 ]qd fhudm bnmrs]msr-

Sgtr x = 𝜏&s( hr ] rnktshnm ne sgd hmhshZk uZktd oqnakdl &16(+ &17( nm H he+ hm ]cchshnm sn
r]shrexhmf Dp- &16( nm H+

𝜏&s/( = x/+ 𝜏…&s/( = x0+ … + 𝜏&m−0(&s/( = xm−0.

DW;LOKD
3

Rgnv sg]s 𝜏&s( = 1 anr s − 2 rhm s hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

x…… + x = /+ x&/( = 1+ x…&/( = −2+ &18(

nm sgd hmsdqu]k −∞ . s . ∞-
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Itrs ]r hm Dw]lokd 1+ vd rtarshstsd 𝜏&s( hmsn x…… + x = / sn “mc sg]s

−1 anr s + 2 rhm s
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝜏……&s(

+ 1 anr s − 2 rhm s
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝜏&s(

= /

enq ]kk s- Sgdqdenqd 𝜏&s( hr ] rnktshnm ne x…… + x = / nm −∞ . s . ∞- Mdws vd ltrs bgdbj sn
rdd he sgd hmhsh]k bnmchshnmr rodbh“dc hm sgd hmhsh]k u]ktd oqnakdl &18( ]qd r]shr“dc- Rhmbd

𝜏&/( = 1 anr / − 2 rhm / = 1

]mc

𝜏…&/( = −1 rhm / − 2 anr / = −2+

vd bnmbktcd sg]s 𝜏&s( hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &18(-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 5+ cdsdqlhmd sgd nqcdq ne sgd
fhudm ch—dqdmsh]k dpt]shnm: ]krn rs]sd vgdsgdq sgd dpt]shnm hr
khmd]q nq mnmkhmd]q-

0- s1 c1x
cs1 + s

cx
cs

+ 1x = rhm s

1- &0 + x1(
c1x
cs1 + s

cx
cs

+ x = ds

2-
c3x
cs3 +

c2x
cs2 +

c1x
cs1 +

cx
cs

+ x =0

3-
cx
cs

+ sx1 = /

4-
c1x
cs1 + rhm&s + x( = rhm s

5-
c2x
cs2 + s

cx
cs

+ &anr1 s(x = s2

Rgnv sg]s Dp- &0/( b]m ad l]sbgdc sn d]bg dpt]shnm hm Oqna,
kdlr 6 sgqntfg 01 ax ] rths]akd bgnhbd ne m+ bndffbhdmsr
Z/+ Z0+… + Zm+ ]mc etmbshnm f- Hm d]bg b]rd+ rs]sd vgdsgdq sgd
dpt]shnm hr gnlnfdmdntr nq mnmgnlnfdmdntr-

6- cP
cs

= −
} 0

0 + s

(
P + 1 rhm s

7-
c1x
cs1 = sx

8- w1 c1x
cw1 − 2w

cx
cw

+ 3x = im w+ w < /

0.- c
cw

)
&0 − w1( c

cw
Om

[
+ m&m + 0(Om = /+ m bnmrs]ms

00-
c3x
cs3 + &anr s(

c1x
cs1 + x = d−s rhm s

01- c
cw

[
o&w(

cx
cw

]
− p&w(x + λq&w(x = /+ λ bnmrs]ms

Hm d]bg ne Oqnakdlr 02 sgqntfg 1/+ udqhex sg]s d]bg fhudm
etmbshnm hr ] rnktshnm ne sgd ch—dqdmsh]k dpt]shnm-

02- x…… − x = /: x0&s( = ds+ x1&s( = anre s
03- x…… + 1x… − 2x = /: x0&s( = d−2s+ x1&s( = ds

04- sx… − x = s1: x = 2s + s1

05- x………… + 3x……… + 2x = s: x0&s( = s{2+
x1&s( = d−s + s{2
06- 1s1x…… + 2sx… − x = /+ s < /: x0&s( = s0{1+
x1&s( = s−0

07- s1x…… + 4sx… + 3x = /+ s < /: x0&s( = s−1+
x1&s( = s−1 im s
08- x…… + x = rda s+ / . s . -{1:
x = &anr s( im anr s + s rhm s
1.- x… − 1sx = 0: x = ds1 ∫ s

/ d−r1cr + ds1

Hm d]bg ne Oqnakdlr 10 sgqntfg 13+ cdsdqlhmd sgd u]ktdr ne q
enq vghbg sgd fhudm ch—dqdmsh]k dpt]shnm g]r rnktshnmr ne sgd
enql x = dqs-
10- x… + 1x = /
11- x…… − x = /
12- x…… + x… − 5x = /
13- x……… − 2x…… + 1x… = /

Hm d]bg ne Oqnakdlr 14 ]mc 15+ cdsdqlhmd sgd u]ktdr ne q
enq vghbg sgd fhudm ch—dqdmsh]k dpt]shnm g]r rnktshnmr ne sgd
enql x = sq enq s < /-
14- s1x…… + 3sx… + 1x = /
15- s1x…… − 3sx… + 3x = /
Hm Oqnakdlr 16 sgqntfg 20+ udqhex sg]s x&s( r]shr“dr sgd fhudm
ch—dqdmsh]k dpt]shnm- Sgdm cdsdqlhmd ] u]ktd ne sgd bnmrs]ms
B rn sg]s x&s( r]shr“dr sgd fhudm hmhsh]k bnmchshnm-
16- x… + 1x = /: x&s( = Bd−1s+ x&/( = 0
17- x… + &rhm s(x = /: x&s( = Bdanr s+ x&-( = 0
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18- x… + &1{s(x = &anr s({s1: x&s( = &rhm s({s1 + B{s1+
x&0( = 0

1
2.- sx… + &s + 0(x = s: x&s( = &0 − 0{s( + Bd−s{s+
x&im 1( = 0
20- 1x… + sx = 1: x = d−s1{3 ∫ s

/ dr1{3 cr + Bd−s1{3+
x&/( = 0
21- Udqhex sg]s sgd etmbshnm 𝜏&s( = b0d−s + b1d−1s hr ] rnkt,
shnm ne sgd khmd]q dpt]shnm

x…… + 2x… + 1x = /
enq ]mx bgnhbd ne sgd bnmrs]msr b0 ]mc b1- Cdsdqlhmd b0
]mc b1 rn sg]s d]bg ne sgd enkknvhmf hmhsh]k bnmchshnmr hr
r]shr“dc9
 Z( x&/( = −0+ x…&/( = 3
 a( x&/( = 1+ x…&/( = /

22- Udqhex sg]s sgd etmbshnm 𝜏&s( = b0ds + b1sds hr ] rnktshnm
ne sgd khmd]q dpt]shnm

x…… − 1x… + x = /
enq ]mx bgnhbd ne sgd bnmrs]msr b0 ]mc b1- Cdsdqlhmd b0 ]mc b1
rn sg]s d]bg ne sgd enkknvhmf hmhsh]k bnmchshnmr hr r]shr“dc9
 Z( x&/( = 2+ x…&/( = 0
 a( x&/( = 0+ x…&/( = −3
23- Udqhex sg]s sgd etmbshnm 𝜏&s( = b0d−s anr 1s + b1d−s rhm 1s
hr ] rnktshnm ne sgd khmd]q dpt]shnm

x…… + 1x… + 4x = /
enq ]mx bgnhbd ne sgd bnmrs]msr b0 ]mc b1- Cdsdqlhmd b0 ]mc b1
rn sg]s d]bg ne sgd enkknvhmf hmhsh]k bnmchshnmr hr r]shr“dc9
 Z( x&/( = 0+ x…&/( = 0
 a( x&/( = 1+ x…&/( = 4
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Ehqrs Nqcdq Cheedqdmsh]k
Dpt]shnmr

S
ghr bgWosdq cdWkr vhsg cheedqdmshWk dptWshnmr ne ehqrs nqcdq)

cx
cs

= e &s) x() &0(

vgdqd e hr W fhudm etmbshnm ne svn uWqhWakdr- ;mx cheedqdmshWakd etmbshnm
x = 𝜏&s( sgWs rWshrehdr sghr dptWshnm enq Wkk s hm rnld hmsdquWk hr bWkkdc W

rnktshnm- Ntq naidbs hr sn cdudkno ldsgncr enq ehmchmf rnktshnmr nq) he sgWs hr mns onrrhakd)
WooqnwhlWshmf sgdl- TmenqstmWsdkx) enq Wm WqahsqWqx etmbshnm e ) sgdqd hr mn fdmdqWk ldsgnc
enq rnkuhmf Dp- &0( hm sdqlr ne dkdldmsWqx etmbshnmr- HmrsdWc) vd vhkk cdrbqhad rdudqWk ldsg,
ncr) dWbg ne vghbg hr WookhbWakd sn W bdqsWhm rtabkWrr ne ehqrs nqcdq dptWshnmr- Sgd lnrs
hlonqsWms ne sgdrd Wqd rdoWqWakd dptWshnmr &Rdbshnm 1-0() khmdWq dptWshnmr &Rdbshnm 1-1()
Wmc dwWbs dptWshnmr &Rdbshnm 1-5(- Hm Rdbshnm 1-4 vd chrbtrr Wmnsgdq rtabkWrr ne ehqrs nqcdq
dptWshnmr) Wtsnmnlntr dptWshnmr) enqvghbg fdnldsqhbWkldsgncr xhdkc uWktWakd hmenqlW,
shnm Wants rnktshnmr- EhmWkkx) hm Rdbshnm 1-6 vd cdrbqhad nsgdq sxodr ne ehqrs nqcdq cheedqdm,
shWk dptWshnmr sgWs bWm ad sqWmrenqldc hmsn rdoWqWakd nq khmdWq dptWshnmr) Wmc sgdm rnkudc-
Ldsgncr enq bnmrsqtbshmf mtldqhbWk WooqnwhlWshnmr sn rnktshnmr Wqd hmsqnctbdc Wmc chr,
btrrdc hm AgWosdq 7- ;knmf sgd vWx) drodbhWkkx hm Rdbshnmr 1-2 Wmc 1-4) vd onhms nts rnld
ne sgd lWmx WqdWr ne WookhbWshnm hm vghbg ehqrs nqcdq cheedqdmshWk dptWshnmr oqnuhcd trdetk
lWsgdlWshbWk lncdkr-

26



27 Bg]osdq 1 Ehqrs Nqcdq Ch—dqdmsh]k Dpt]shnmr

1-0 Rdo]q]akd Dpt]shnmr
Hm Rdbshnm 0-0 vd trdc ] oqnbdrr ne chqdbs hmsdfq]shnm sn rnkud “qrs nqcdq khmd]q dpt]shnmr ne
sgd enql

cx
cs

= Zx + a+ &1(

vgdqd Z ]mc a ]qd bnmrs]msr- Vd vhkk mnv rgnv sg]s sghr oqnbdrr hr ]bst]kkx ]ookhb]akd sn ]
ltbg k]qfdq bk]rr ne dpt]shnmr-

Vd vhkk trd w+ q]sgdq sg]m s+ sn cdmnsd sgd hmcdodmcdms u]qh]akd hm sghr rdbshnm enq svn qd],
rnmr- Hm sgd “qrs ok]bd+ ch—dqdms kdssdqr ]qd eqdptdmskx trdc enq sgd u]qh]akdr hm ] ch—dqdmsh]k
dpt]shnm+ ]mc xnt rgntkc mns adbnld snn ]bbtrsnldc sn trhmf ] rhmfkd o]hq- Hm o]qshbtk]q+ w
nesdm nbbtqr ]r sgd hmcdodmcdms u]qh]akd- Etqsgdq+ vd v]ms sn qdrdqud s enq ]mnsgdq otqonrd
k]sdq hm sghr rdbshnm-

Sgd fdmdq]k “qrs nqcdq dpt]shnm hr
cx
cw

= e &w+ x(. &2(

Sgd dpt]shnmr vd v]ms sn bnmrhcdq “qrs ]qd b]kkdc rdo]q]akd+ adb]trd sgd qhfgs rhcd e &w+ x(
g]r ] rodbh]k enql-

CDEHMHSHNM
1-0-0

RdoZqZakd Ch–dqdmshZk DptZshnm- He sgd qhfgs rhcd e &w+ x( ne Dp- &2( b]m ad vqhssdm ]r sgd
oqnctbs ne ] etmbshnm sg]s cdodmcr nmkx nm w shldr ]mnsgdq etmbshnm sg]s cdodmcr nmkx
nm x+

cx
cw

= e &w+ x( = o&w(p&x(+ &3(

sgdm sgd dpt]shnm hr b]kkdc rdoZqZakd-

He ] ch—dqdmsh]k dpt]shnm hr rdo]q]akd+ Cd“mhshnm 1-0-0 ld]mr vd b]m “mc svn rtbg etmbshnmr
o ]mc p- Enq dw]lokd+ Dp- &1( vqhssdm hm sgd u]qh]akdr &w+ x( adbnldr

cx
cw

= e &w+ x( = Zx + a. &4(

Nmd bgnhbd enq sgd etmbshnmr o ]mc p enq Dp- &4( hr o&w( = 0 ]mc p&x( = Zx + a+ ]mc sgdqdenqd
Dp- &4( hr rdo]q]akd-

Nmbd vd jmnv ] ch—dqdmsh]k dpt]shnm hr rdo]q]akd+ vd b]m “mc ]m dwoqdrrhnm enq sgd
rnktshnm ax hmsdfq]shnm- ? bnmudmhdms rgnqsbts trdr sgd ch—dqdmsh]kr cw ]mc cx = x…&w( cw+
]mc ltkshokxhmf Dp- &3( ax cw fhudr

cx = o&w(p&x( cw. &5(

Vd ]rrtld p&x( hr mnmydqn enq x u]ktdr ne hmsdqdrs+ chuhcd Dp- &5( ax p+ ]mc hmsdfq]sd ansg
rhcdr sn oqnctbd

∫ p&x(−0cx = ∫ o&w( cw. &6(

Rtarshstshmf ntq bgnhbdr enq o ]mc p+ vd b]m hmsdfq]sd ansg rhcdr ne Dp- &6(- Enq dw]lokd+ sn
rnkud Dp- &4(+ sgd r]ld b]kbtk]shnm rsdor b]m ad trdc ]r hm Rdbshnm 0-0 Zvgdqd sgd rnktshnm
Dp- &7( hr entmc eqnl Dp- &1( hm sg]s rdbshnm[+

x&w( = −a
Z
+ bdZw &b ≠ /(. &7(
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Hm ]cchshnm sn Dp- &3( enq ]mx rdo]q]akd dpt]shnm+ vd vhkk trd ]mnsgdq dpthu]kdms enql9

L&w( + M&x(
cx
cw

= /. &8(

Sgd dpthu]kdmbd enkknvr ax bgnnrhmf+ enq dw]lokd+ L&w( = −o&w( ]mc M&x( = 0{p&x(- Sghr
ld]mr sg]s ] rdoZqZakd dpt]shnm b]m ad vqhssdm hm sgd ch—dqdmsh]k enql

L&w( cw + M&x( cx = /. &0/(

Sgdm+ he xnt vhrg+ sdqlr hmunkuhmf d]bg u]qh]akd l]x ad rdo]q]sdc ax sgd dpt]kr rhfm- Sgd
ch—dqdmsh]k enql &0/( hr ]krn lnqd rxlldsqhb ]mc sdmcr sn chlhmhrg sgd chrshmbshnm adsvddm
hmcdodmcdms ]mc cdodmcdms u]qh]akdr-

? rdo]q]akd dpt]shnm b]m ad rnkudc ax hmsdfq]shmf sgd etmbshnmr L ]mc M- Vd hkktrsq]sd
sgd oqnbdrr ax ]m dw]lokd ]mc sgdm chrbtrr hs hm fdmdq]k enq Dp- &8(-

DW;LOKD
0

Rgnv sg]s sgd dpt]shnm

cx
cw

= w1

0 − x1 &00(

hr rdo]q]akd+ ]mc sgdm “mc ]m dpt]shnm enq hsr hmsdfq]k btqudr-
He vd vqhsd Dp- &00( ]r

−w1 + &0 − x1(
cx
cw

= /+ &01(

sgdm hs g]r sgd enql &8( ]mc hr sgdqdenqd rdo]q]akd- Mdws+ nardqud sg]s sgd “qrs sdql hm Dp- &01(
hr sgd cdqhu]shud ne −w2.2 vhsg qdrodbs sn w- Etqsgdq+ he vd sghmj ne x ]r ] etmbshnm ne w+ sgdm
ax sgd bg]hm qtkd

c
cw

}
x −

x2

2

(
= c

cx

}
x −

x2

2

(
cx
cw

= &0 − x1(
cx
cw

.

Sgtr Dp- &01( b]m ad vqhssdm ]r

c
cw

}
−w2

2

(
+ c

cw

}
x −

x2

2

(
= /+

nq

c
cw

}
−w2

2
+ x −

x2

2

(
= /.

Sgdqdenqd ax hmsdfq]shmf+ vd nas]hm

−w2 + 2x − x2 = b+ &02(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Dpt]shnm &02( hr ]m dpt]shnm enq sgd hmsdfq]k btqudr ne
Dp- &00(- ? chqdbshnm “dkc ]mc rdudq]k hmsdfq]k btqudr ]qd rgnvm hm Ehftqd 1-0-0- ?mx che,
edqdmsh]akd etmbshnm x = 𝜏&w( sg]s r]shr“dr Dp- &02( hr ] rnktshnm ne Dp- &00(- ?m dpt]shnm ne
sgd hmsdfq]k btqud o]rrhmf sgqntfg ] o]qshbtk]q onhms &w/+ x/( b]m ad entmc ax rtarshstshmf w/
]mc x/ enq w ]mc x+ qdrodbshudkx+ hm Dp- &02( ]mc cdsdqlhmhmf sgd bnqqdronmchmf u]ktd ne b-
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2

1

y2 y1 1 2

y1

y2

x

w

EHFTQD 1-0-0 Chqdbshnm “dkc ]mc hmsdfq]k btqudr ne x… = w1{&0 − x1(-

Fdmdq]k Ldsgnc enq Rdo]q]akd Dpt]shnmr
Drrdmsh]kkx sgd r]ld oqnbdctqd b]m ad enkknvdc enq ]mx rdo]q]akd dpt]shnm- Qdstqmhmf sn
Dp- &8(+ kds G0 ]mc G1 ad ]mx ]mshcdqhu]shudr ne L ]mc M+ qdrodbshudkx- Sgtr

G…
0&w( = L&w(+ G…

1&x( = M&x(+ &03(

]mc Dp- &8( adbnldr

G…
0&w( + G…

1&x(
cx
cw

= /. &04(

?bbnqchmf sn sgd bg]hm qtkd+ he x hr ] etmbshnm ne w+ sgdm

G…
1&x(

cx
cw

=
cG1&x(

cx
cx
cw

= c
cw

G1&x(. &05(

Bnmrdptdmskx+ vd b]m vqhsd Dp- &04( ]r
c
cw

ZG0&w( + G1&x([ = /. &06(

Ax hmsdfq]shmf Dp- &06(+ vd nas]hm

G0&w( + G1&x( = b+ &07(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- ?mx ch—dqdmsh]akd etmbshnm x = 𝜏&w( sg]s r]shr“dr Dp- &07(
hr ] rnktshnm ne Dp- &8(: hm nsgdq vnqcr+ Dp- &07( cd“mdr sgd rnktshnm hlokhbhskx q]sgdq sg]m
dwokhbhskx- Hm oq]bshbd+ Dp- &07( hr trt]kkx nas]hmdc eqnl Dp- &0/( ax hmsdfq]shmf sgd “qrs sdql
vhsg qdrodbs sn w ]mc sgd rdbnmc sdql vhsg qdrodbs sn x+ nq dpthu]kdmskx+ eqnl Dp- &6(- Sghr
lnqd chqdbs oqnbdctqd hr hkktrsq]sdc hm Dw]lokdr 1 ]mc 2 adknv-

He+ hm ]cchshnm sn sgd ch—dqdmsh]k dpt]shnm+ ]m hmhsh]k bnmchshnm

x&w/( = x/ &08(
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hr oqdrbqhadc+ sgdm sgd rnktshnm ne Dp- &8( r]shrexhmf sghr bnmchshnm hr nas]hmdc ax rdsshmf
w = w/ ]mc x = x/ hm Dp- &07(- Sghr fhudr

b = G0&w/( + G1&x/(. &1/(

Rtarshstshmf sghr u]ktd ne b hm Dp- &07( ]mc mnshmf sg]s

G0&w( − G0&w/( = ∫
w

w/

L&r( cr+ G1&x( − G1&x/( = ∫
x

x/

M&r( cr+

vd nas]hm

∫
w

w/

L&r( cr + ∫
x

x/

M&r( cr = /. &10(

Dpt]shnm &10( hr ]m hlokhbhs qdoqdrdms]shnm ne sgd rnktshnm ne sgd ch—dqdmsh]k dpt]shnm &8(
sg]s ]krn r]shr“dr sgd hmhsh]k bnmchshnm &08(- Xnt rgntkc ad]q hm lhmc sg]s sgd cdsdqlhm]shnm
ne ]m dwokhbhs enqltk] enq sgd rnktshnm qdpthqdr sg]s Dp- &10( ad rnkudc enq x ]r ] etmbshnm ne
w- Tmenqstm]sdkx+ hs hr nesdm hlonrrhakd sn cn sghr ]m]kxshb]kkx: hm rtbg b]rdr+ xnt b]m qdrnqs
sn mtldqhb]k ldsgncr sn “mc ]ooqnwhl]sd u]ktdr ne x enq fhudm u]ktdr ne w- ?ksdqm]shudkx+
he hs hr onrrhakd sn rnkud enq w hm sdqlr ne x+ sgdm sghr b]m nesdm ad udqx gdkoetk-

DW;LOKD
1

Rnkud sgd hmhsh]k u]ktd oqnakdl

cx
cw

= 2w1 + 3w + 1
1&x − 0(

+ x&/( = −0+ &11(

]mc cdsdqlhmd sgd hmsdqu]k hm vghbg sgd rnktshnm dwhrsr-
Sgd ch—dqdmsh]k dpt]shnm b]m ad vqhssdm ]r

1&x − 0( cx = &2w1 + 3w + 1( cw.

Hmsdfq]shmf sgd kdes rhcd vhsg qdrodbs sn x ]mc sgd qhfgs rhcd vhsg qdrodbs sn w fhudr

x1 − 1x = w2 + 1w1 + 1w + b+ &12(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Sn cdsdqlhmd sgd rnktshnm r]shrexhmf sgd oqdrbqhadc hmhsh]k
bnmchshnm+ vd rtarshstsd w = / ]mc x = −0 hm Dp- &12(+ nas]hmhmf b = 2- Gdmbd sgd rnktshnm
ne sgd hmhsh]k u]ktd oqnakdl hr fhudm hlokhbhskx ax

x1 − 1x = w2 + 1w1 + 1w + 2. &13(

Sn nas]hm sgd rnktshnm dwokhbhskx+ vd ltrs rnkud Dp- &13( enq x hm sdqlr ne w- Sg]s hr ] rhlokd
l]ssdq hm sghr b]rd+ rhmbd Dp- &13( hr pt]cq]shb hm x+ ]mc vd nas]hm

x = 0 +
|

w2 + 1w1 + 1w + 3. &14(

Dpt]shnm &14( fhudr svn rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm+ nmkx nmd ne vghbg+ gnvdudq+
r]shr“dr sgd fhudm hmhsh]k bnmchshnm- Sghr hr sgd rnktshnm bnqqdronmchmf sn sgd lhmtr rhfm hm
Dp- &14(+ rn vd “m]kkx nas]hm

x = 𝜏&w( = 0 −
|

w2 + 1w1 + 1w + 3 &15(

]r sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &11(- Mnsd sg]s he sgd oktr rhfm hr bgnrdm ax lhr,
s]jd hm Dp- &14(+ sgdm vd nas]hm sgd rnktshnm ne sgd r]ld ch—dqdmsh]k dpt]shnm sg]s r]shr“dr
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sgd hmhsh]k bnmchshnm x&/( = 2- Ehm]kkx+ sn cdsdqlhmd sgd hmsdqu]k hm vghbg sgd rnktshnm &15(
hr u]khc+ vd ltrs “mc sgd hmsdqu]k &bnms]hmhmf sgd hmhsh]k onhms w = /( hm vghbg sgd pt]mshsx
tmcdq sgd q]chb]k hr onrhshud- Sgd nmkx qd]k ydqn ne sghr dwoqdrrhnm hr w = −1+ rn sgd cdrhqdc
hmsdqu]k hr w < −1- Sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl ]mc rnld nsgdq hmsdfq]k btqudr
ne sgd ch—dqdmsh]k dpt]shnm ]qd rgnvm hm Ehftqd 1-0-1- Nardqud sg]s sgd antmc]qx ne sgd hm,
sdqu]k ne u]khchsx ne sgd rnktshnm &15( hr cdsdqlhmdc ax sgd onhms &−1+ 0( ]s vghbg sgd s]mfdms
khmd hr udqshb]k-

x

wy0 0y1

 y1+L0(

1

y1

y0

0

1

/

 .+Ly0(

EHFTQD 1-0-1 Hmsdfq]k btqudr ne x… = &2w1 + 3w + 1({1&x − 0(-

DW;LOKD
2

Rnkud sgd dpt]shnm

cx
cw

= 3w − w2

3 + x2 &16(

]mc cq]v fq]ogr ne rdudq]k hmsdfq]k btqudr- ?krn “mc sgd rnktshnm o]rrhmf sgqntfg sgd onhms
&/+ 0( ]mc cdsdqlhmd hsr hmsdqu]k ne u]khchsx-

Qdvqhshmf Dp- &16( ]r

&3 + x2( cx = &3w − w2( cw+

hmsdfq]shmf d]bg rhcd+ ltkshokxhmf ax 3+ ]mc qd]qq]mfhmf sgd sdqlr+ vd nas]hm

x3 + 05x + w3 − 7w1 = b+ &17(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- ?mx ch—dqdmsh]akd etmbshnm x = 𝜏&w( sg]s r]shr“dr Dp- &17(
hr ] rnktshnm ne sgd ch—dqdmsh]k dpt]shnm &16(- Fq]ogr ne Dp- &17( enq rdudq]k u]ktdr ne b ]qd
rgnvm hm Ehftqd 1-0-2-
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y/

y1

y0

0

1

x

y/ y1 y0 0 1 /

w

 y/�/277+Ly0�4762(  /�/277+Ly0�4762(

 .+L0(

EHFTQD 1-0-2 Hmsdfq]k btqudr ne x… = &3w − w2({&3 + x2(- Sgd rnktshnm o]rrhmf sgqntfg
&/+ 0( hr rgnvm ax sgd gd]ux btqud-

Sn “mc sgd o]qshbtk]q rnktshnm o]rrhmf sgqntfg &/+ 0(+ vd rds w = / ]mc x = 0 hm Dp- &17(
vhsg sgd qdrtks sg]s b = 06- Sgtr sgd rnktshnm hm ptdrshnm hr fhudm hlokhbhskx ax

x3 + 05x + w3 − 7w1 = 06. &18(

Hs hr rgnvm ax sgd gd]ux btqud hm Ehftqd 1-0-2- Sgd hmsdqu]k ne u]khchsx ne sghr rnktshnm
dwsdmcr nm dhsgdq rhcd ne sgd hmhsh]k onhms ]r knmf ]r sgd etmbshnm qdl]hmr ch—dqdmsh]akd-
Eqnl sgd “ftqd+ vd rdd sg]s sgd hmsdqu]k dmcr vgdm vd qd]bg onhmsr vgdqd sgd s]mfdms
khmd hr udqshb]k- Hs enkknvr+ eqnl sgd ch—dqdmsh]k dpt]shnm &16(+ sg]s sgdrd ]qd onhmsr vgdqd
3 + x2 = /+ nq x = &−3(0{2 ≅ −0.4763- Eqnl Dp- &18(+ sgd bnqqdronmchmf u]ktdr ne w ]qd
w ≅ +2-2377- Sgdrd onhmsr ]qd l]qjdc nm sgd fq]og hm Ehftqd 1-0-2-

Rnldshldr ]m dpt]shnm ne sgd enql &2(+

cx
cw

= e &w+ x(+

g]r ] bnmrs]ms rnktshnm x = x/- Rtbg ] rnktshnm hr trt]kkx d]rx sn “mc adb]trd he
e &w+ x/( = / enq rnld u]ktd x/ ]mc enq ]kk w+ sgdm sgd bnmrs]ms etmbshnm x = x/ hr ] rnkt,
shnm ne sgd ch—dqdmsh]k dpt]shnm &2(- Enq dw]lokd+ sgd dpt]shnm

cx
cw

=
&x − 2( anr w

0 + 1x1 &2/(

g]r sgd bnmrs]ms rnktshnm x = 2- Nsgdq rnktshnmr ne sghr dpt]shnm b]m ad entmc ax rdo]q]shmf
sgd u]qh]akdr ]mc hmsdfq]shmf-
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Sgd hmudrshf]shnm ne ] “qrs nqcdq mnmkhmd]q dpt]shnm b]m rnldshldr ad e]bhkhs]sdc ax
qdf]qchmf ansg w ]mc x ]r etmbshnmr ne ] sghqc u]qh]akd s- Sgdm

cx
cw

=
cx{cs
cw{cs

. &20(

He sgd ch—dqdmsh]k dpt]shnm hr
cx
cw

=
E&w+ x(
F&w+ x(

+ &21(

sgdm+ ax bnlo]qhmf mtldq]snqr ]mc cdmnlhm]snqr hm Dpr- &20( ]mc &21(+ vd nas]hm sgd
rxrsdl

cw{cs = F&w+ x(+ cx{cs = E&w+ x(. &22(

?s “qrs rhfgs hs l]x rddl tmkhjdkx sg]s ] oqnakdl vhkk ad rhlokh“dc ax qdok]bhmf ] rhmfkd
dpt]shnm ax ] o]hq ne dpt]shnmr+ ats+ hm e]bs+ sgd rxrsdl &22( l]x vdkk ad lnqd ]ldm]akd
sn hmudrshf]shnm sg]m sgd rhmfkd dpt]shnm &21(- Mnmkhmd]q rxrsdlr ne sgd enql &22( ]qd hmsqn,
ctbdc hm Rdbshnm 2-5 ]mc chrbtrrdc lnqd dwsdmrhudkx hm Bg]osdq 6-

Mnsd nm Dwokhbhs ]mc Hlokhbhs Rnktshnmr
Hm Dw]lokd 1+ hs v]r mns chffbtks sn rnkud dwokhbhskx enq x ]r ] etmbshnm ne w- Gnvdudq sghr
rhst]shnm hr dwbdoshnm]k+ ]mc nesdm hs vhkk ad adssdq sn kd]ud sgd rnktshnm hm hlokhbhs enql+ ]r
hm Dw]lokdr 0 ]mc 2- Sgtr+ hm sgd oqnakdlr adknv ]mc hm nsgdq rdbshnmr vgdqd mnmkhmd]q
dpt]shnmr ]ood]q+ sgd vnqcr ’rnkud sgd enkknvhmf ch—dqdmsh]k dpt]shnm– ld]m sn “mc sgd
rnktshnm dwokhbhskx he hs hr bnmudmhdms sn cn rn+ ats nsgdqvhrd+ sn “mc ]m dpt]shnm cd“mhmf
sgd rnktshnm hlokhbhskx-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 01+ rnkud sgd fhudm ch—dqdmsh]k
dpt]shnm-
0- x… = w3{x
1- x… = w1{x&0 + w2(
2- x… + x2 rhm w = /
3- x… = &6w1 − 0({&6 + 4x(
4- x… = &rhm1 1w(&anr1 x(
5- wx… = &0 − x1(0{1

6- xx… = &w + wx1(dw1

7-
cx
cw

= w1 + d−w

x1 − dx

8-
cx
cw

= w1

0 + x1

0.-
cx
cw

= rda1w
0 + x2

00-
cx
cw

= 3
|

wx

01-
cx
cw

= w&x − x1(

Hm d]bg ne Oqnakdlr 02 sgqntfg 179
 Z( Ehmc sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl hm
dwokhbhs enql-
 a( Okns sgd fq]og ne sgd rnktshnm-
 b( Cdsdqlhmd &]s kd]rs ]ooqnwhl]sdkx( sgd hmsdqu]k hm vghbg
sgd rnktshnm hr cd“mdc-
02- x… = &0 − 01w(x1+ x&/( = − 0

7
03- x… = &2 − 1w({x+ x&0( = −5
04- w cw + xd−wcx = /+ x&/( = 0
05- cq{c# = q1{#+ q&0( = 1
06- x… = 2w{&x + w1x(+ x&/( = −6
07- x… = 1w{&0 + 1x(+ x&1( = /
08- x… = 1wx1 + 3w2x1+ x&0( = −1

1.-
cx
cw

= w1d−2x+ x&1( = /

10-
cx
cw

= &0 + x1( s}m 1w+ x&/( = −
|

2

11- x… = w&w1 + 0({5x4+ x&/( = −0{ 2
|

1
12- x… = &2w1 − dw({&1x − 00(+ x&/( = 00
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13- w1x… = x − wx+ x&0( = 1
14- x… = &d−w − dw({&2 + 3x(+ x&/( = 0

15- 1x
cx
cw

= w|
w1 − 3

+ x&2( = −0

16- rhm 1w cw + anr 2x cx = /+ x&𝜉{1( = 𝜉{2
17- x1&0 − w1(0{1cx = ]qbrhm w cw+ x&/( = 0
Hm Oqnakdlr 18 sgqntfg 25+ nas]hm sgd qdptdrsdc qdrtksr
ax rnkuhmf sgd fhudm dpt]shnmr ]m]kxshb]kkx nq+ he mdbdrr]qx+
ax fq]oghmf mtldqhb]kkx fdmdq]sdc ]ooqnwhl]shnmr sn sgd
rnktshnmr-
18- Rnkud sgd hmhsh]k u]ktd oqnakdl

x… = &0 + 2w1({&01x1 − 01x(+ x&/( = 1
]mc cdsdqlhmd sgd hmsdqu]k hm vghbg sgd rnktshnm hr u]khc-
Ghms9 Sn “mc sgd hmsdqu]k ne cd“mhshnm+ knnj enq onhmsr vgdqd
sgd hmsdfq]k btqud g]r ] udqshb]k s]mfdms-
2.- Rnkud sgd hmhsh]k u]ktd oqnakdl

x… = 1w1{&1x1 − 5(+ x&0( = /
]mc cdsdqlhmd sgd hmsdqu]k hm vghbg sgd rnktshnm hr u]khc-
Ghms9 Sn “mc sgd hmsdqu]k ne cd“mhshnm+ knnj enq onhmsr vgdqd
sgd hmsdfq]k btqud g]r ] udqshb]k s]mfdms-
20- Rnkud sgd hmhsh]k u]ktd oqnakdl

x… = 1x1 + wx1+ x&/( = 0
]mc cdsdqlhmd vgdqd sgd rnktshnm ]ss]hmr hsr lhmhltl u]ktd-
21- Rnkud sgd hmhsh]k u]ktd oqnakdl

x… = &5 − dw({&2 + 1x(+ x&/( = /
]mc cdsdqlhmd vgdqd sgd rnktshnm ]ss]hmr hsr l]whltl u]ktd-

22- Rnkud sgd hmhsh]k u]ktd oqnakdl

x… = 1 anr 1w{&0/ + 1x(+ x&/( = −0

]mc cdsdqlhmd vgdqd sgd rnktshnm ]ss]hmr hsr l]whltl u]ktd-
23- Rnkud sgd hmhsh]k u]ktd oqnakdl

x… = 1&0 + w(&0 + x1(+ x&/( = /

]mc cdsdqlhmd vgdqd sgd rnktshnm ]ss]hmr hsr lhmhltl u]ktd-
24- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = sx&3 − x({2+ x&/( = x/.

 Z( Cdsdqlhmd gnv sgd adg]uhnq ne sgd rnktshnm ]r s hmbqd]rdr
cdodmcr nm sgd hmhsh]k u]ktd x/-
 a( Rtoonrd sg]s x/ = /-4- Ehmc sgd shld S ]s vghbg sgd rn,
ktshnm “qrs qd]bgdr sgd u]ktd 2-87-
25- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = sx&3 − x({&0 + s(+ x&/( = x/ < /.

 Z( Cdsdqlhmd gnv sgd rnktshnm adg]udr ]r s → ∞-
 a( He x/ = 1+ “mc sgd shld S ]s vghbg sgd rnktshnm “qrs
qd]bgdr sgd u]ktd 2-88-
 b( Ehmc sgd q]mfd ne hmhsh]k u]ktdr enq vghbg sgd rnktshnm khdr
hm sgd hmsdqu]k 2-88 . x . 3-/0 ax sgd shld s = 1-
26- Rnkud sgd dpt]shnm

cx
cw

=
Zx + a
bx + c

+

vgdqd Z+ a+ b+ ]mc c ]qd bnmrs]msr-

1-1 Khmd]q Dpt]shnmr9 Ldsgnc
ne Hmsdfq]shmf E]bsnqr
Hm Rdbshnm 0-0+ vd vdqd ]akd sn “mc ]m dwokhbhs ]m]kxshb rnktshnm ne sgd ch—dqdmsh]k dpt]shnm

ct
cs

= −j&t − S/( &0(

lncdkhmf gd]s dwbg]mfd adsvddm ]m naidbs ]mc hsr bnmrs]ms sdlodq]stqd rtqqntmchmfr- Sgd
r]ld ldsgnc b]m ]krn ad trdc sn rnkud sgd ch—dqdmsh]k dpt]shnm

co
cs

= qo − Z &1(

enq sgd onotk]shnm ne “dkc lhbd oqdxdc nm ax nvkr &rdd Dw]lokd 2 hm Rdbshnm 0-0(+ ]mc sgd
ch—dqdmsh]k dpt]shnm

lcℏ
cs

= lf − 𝛽ℏ &2(
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enq sgd udknbhsx ne ] e]kkhmf naidbs &rdd Oqnakdl 7 hm Rdbshnm 0-0(- Ats sgd ldsgnc b]mmns ad
trdc sn rnkud Dw]lokd 3 hm Rdbshnm 0-1

ct
cs

= −jZt − S/ − : rhm&𝜓s([ &3(

enq sgd sdlodq]stqd hm ] athkchmf rtaidbs sn ] u]qxhmf dwsdqm]k sdlodq]stqd-
Sgdqd hr mn fdmdqZk ldsgnc enq ’mchmf ZmZkxshb rnktshnmr sn Zkk ’qrs nqcdq chˆdqdmshZk

dptZshnmr- Vg]s vd b]m cn hr sghr- Fhudm ] “qrs nqcdq ch—dqdmsh]k dpt]shnm+ cdsdqlhmd he hs
adknmfr sn ] bk]rr ne dpt]shnmr enq vghbg vd jmnv ] bnqqdronmchmf rnktshnm ldsgnc sg]s
vnqjr enq ]kk ldladqr ne sg]s bk]rr- Sgdm sgd ldsgnc b]m ad ]ookhdc sn rnkud sgd fhudm dpt],
shnm- Enq sghr ]ooqn]bg sn ad trdetk+ vd mddc ] bnkkdbshnm ne hlonqs]ms bk]rrdr ne dpt]shnmr
]mc sgdhq bnqqdronmchmf rnktshnm ldsgncr- Vd g]ud rddm nmd rtbg bk]rr ]kqd]cx+ sgd rdo],
q]akd dpt]shnmr hm Rdbshnm 1-0: vd vhkk rdd ]mnsgdq hm sghr rdbshnm: ]mc nsgdqr vhkk ad s]jdm
to hm Rdbshnmr 1-4 sgqntfg 1-6- Sgd bk]rr ne dpt]shnmr sg]s vd bnmrhcdq gdqd hr rodbh“dc ax
sgd enkknvhmf cd“mhshnm-

CDEHMHSHNM
1-1-0

? ch—dqdmsh]k dpt]shnm sg]s b]m ad vqhssdm hm sgd enql
cx
cs

+ o&s(x = f&s( &4(

hr r]hc sn ad ] ’qrs nqcdq khmdZq dptZshnm hm sgd cdodmcdms u]qh]akd x-

Vd b]m ]kv]xr “mc ] rnktshnm sn ] “qrs nqcdq khmd]q dpt]shnm+ oqnuhcdc sg]s ] rnktshnm dwhrsr-
Mnsd sg]s d]bg ne Dpr- &0(fl&3( hr ] “qrs nqcdq khmd]q dpt]shnm adb]trd d]bg b]m ad nas]hmdc
ax ]m ]ooqnoqh]sd bgnhbd ne o&s( ]mc f&s( hm Dp- &4(- Enq dw]lokd+ he vd vqhsd Dp- &3( ]r

ct
cs

+ jt = jS/ + j: rhm&𝜓s(+ &5(

vd rdd sg]s hs hr ] rodbh]k b]rd ne Dp- &4( hm vghbg sgd cdodmcdms u]qh]akd hr t+ o&s( = j ]mc
f&s( = jS/ + j: rhm&𝜓s(-

Dpt]shnm &4( hr qdedqqdc sn ]r sgd rsZmcZqc enql enq ] “qrs nqcdq khmd]q dpt]shnm- Sgd
lnqd fdmdq]k “qrs nqcdq khmd]q dpt]shnm+

Z/&s(
cx
cs

+ Z0&s(x = g&s(+ &6(

b]m ad ots hm sgd enql ne Dp- &4( ax chuhchmf ax Z/&s(+ oqnuhcdc sg]s Z/&s( hr mns ydqn- Sgd
etmbshnm o&s( hm Dp- &4( hr ] bndffbhdms hm sgd dpt]shnm- He f&s( = /+ Dp- &4( s]jdr sgd enql

cx
cs

+ o&s(x = /+ &7(

]mc hr r]hc sn ad ] gnlnfdmdntr khmd]q dpt]shnm: nsgdqvhrd+ sgd dpt]shnm hr mnmgnlnfd,
mntr-

Sgd dpt]shnmr

x… = rhm&s( x ]mc sx… + 1x = /
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]qd khmd]q ]mc gnlnfdmdntr+ vghkd

x… + 1
s
x = anr s

s1
]mc &0 + s1(x… = 3sx + &0 + s1(−1

]qd khmd]q ]mc mnmgnlnfdmdntr-
Sgd dpt]shnmr

x… + x1 = / ]mc x… + rhm&sx( = 0 + s

]qd mns khmd]q &vd sgdm r]x sgdx ]qd mnmkhmdZq(+ adb]trd sgd cdodmcdms u]qh]akd x hr rpt]qdc
hm sgd “qrs dpt]shnm+ ]mc ]ood]qr ]r ]m ]qftldms ne sgd rhmd etmbshnm hm sgd rdbnmc dpt]shnm-
Sgtr sgdrd dpt]shnmr b]mmns ad vqhssdm hm sgd enql ne Dp- &4(-

Sgd ldsgnc sg]s vd trd sn rnkud Dp- &4( hr ctd sn Kdhamhy+ vgn v]r ] bn,hmudmsnq ne
b]kbtktr- Hs hmunkudr ltkshokxhmf sgd dpt]shnm ax ] bdqs]hm etmbshnm 𝜃&s(+ bgnrdm rn sg]s sgd
qdrtkshmf dpt]shnm hr qd]chkx hmsdfq]akd- Sgd etmbshnm 𝜃&s( hr b]kkdc ]m hmsdfqZshmf eZbsnq+
]mc sgd “qrs bg]kkdmfd hr sn cdsdqlhmd gnv sn “mc hs- Vd vhkk hmsqnctbd sghr ldsgnc hm ]
rhlokd dw]lokd+ ]mc sgdm rgnv sg]s sgd ldsgnc dwsdmcr sn sgd fdmdq]k dpt]shnm &4(-

DW;LOKD
0

Rnkud sgd ch—dqdmsh]k dpt]shnm

cx
cs

− 1x = 3 − s. &8(

Okns sgd fq]ogr ne rdudq]k rnktshnmr ]mc cq]v ] chqdbshnm “dkc- Ehmc sgd o]qshbtk]q rnktshnm
vgnrd fq]og bnms]hmr sgd onhms &/+ −1(- Chrbtrr sgd adg]uhnq ne rnktshnmr ]r s → ∞-

Sgd “qrs rsdo hr sn ltkshokx Dp- &8( ax ] etmbshnm 𝜃&s(+ ]r xds tmcdsdqlhmdc+ rn sg]s

𝜃&s(
cx
cs

− 1𝜃&s(x = 𝜃&s(&3 − s(. &0/(

Sgd hcdZ mnv hr sn sqx sn ’mc Z 𝜃&s(+ rn sgZs vd qdbnfmhyd sgd kdes rhcd ne Dp-  0.( Zr sgd
cdqhuZshud ne rnld oZqshbtkZq dwoqdrrhnm- He vd b]m+ sgdm vd b]m hmsdfq]sd Dp- &0/(+ dudm
sgntfg vd cn mns jmnv sgd etmbshnm x- Sn fthcd ntq bgnhbd ne sgd hmsdfq]shmf e]bsnq 𝜃&s(+
nardqud sg]s sgd kdes rhcd ne Dp- &0/( bnms]hmr svn sdqlr ]mc sg]s sgd “qrs sdql hr o]qs ne sgd
qdrtks ne ch—dqdmsh]shmf sgd oqnctbs 𝜃&s(x- Sgtr kds tr sqx sn “mc 𝜃&s(+ rn sg]s sgd kdes rhcd
ne Dp- &0/( adbnldr sgd cdqhu]shud ne sgd dwoqdrrhnm 𝜃&s(x- He vd bnlo]qd sgd kdes rhcd ne
Dp- &0/( vhsg sgd ch—dqdmsh]shnm enqltk]

c
cs

Z𝜃&s(x[ = 𝜃&s(
cx
cs

+ c𝜃&s(
cs

x+ &00(

vd mnsd sg]s sgd “qrs sdqlr ]qd hcdmshb]k enq ]mx 𝜃&s(+ ]mc sg]s sgd rdbnmc sdqlr ]krn ]fqdd+
oqnuhcdc sg]s vd bgnnrd 𝜃&s( sn r]shrex

c𝜃&s(
cs

= −1𝜃&s(. &01(

Sgdqdenqd ntq rd]qbg enq ]m hmsdfq]shmf e]bsnq vhkk ad rtbbdrretk he vd b]m “mc ] rnktshnm
ne Dp- &01(- Odqg]or xnt b]m ]kqd]cx hcdmshex ] etmbshnm sg]s r]shr“dr Dp- &01(9 Vg]s vdkk,
jmnvm etmbshnm eqnl b]kbtktr g]r ] cdqhu]shud sg]s hr dpt]k sn −1 shldr sgd nqhfhm]k etmb,
shnm= Lnqd rxrsdl]shb]kkx+ qdvqhsd Dp- &01( ]r

c𝜃&s({cs
𝜃&s(

= −1+ &02(
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vghbg hr dpthu]kdms sn

c
cs
im ⟩𝜃&s(⟩ = −1. &03(

Sgdm hs enkknvr sg]s

im ⟩𝜃&s(⟩ = −1s + B+ &04(

nq

𝜃&s( = bd−1s. &05(

Sgtr sgd etmbshnm 𝜃&s( fhudm ax Dp- &05( hr ]m hmsdfq]shmf e]bsnq enq Dp- &8(- Rhmbd vd mddc
itrs nmd hmsdfq]shmf e]bsnq+ vd bgnnrd b sn ad nmd hm Dp- &05( ]mc trd 𝜃&s( = d−1s-

Mnv vd qdstqm sn Dp- &8(+ ltkshokx hs ax sgd hmsdfq]shmf e]bsnq d−1s+ ]mc nas]hm

d−1s cx
cs

− 1d−1sx = 3d−1s − sd−1s. &06(

Ax sgd bgnhbd vd g]ud l]cd ne sgd hmsdfq]shmf e]bsnq+ sgd kdes rhcd ne Dp- &06( hr sgd cdqhu]shud
ne d−1sx+ rn sg]s Dp- &06( adbnldr

c
cs

&d−1sx( = 3d−1s − sd−1s. &07(

Ax hmsdfq]shmf ansg rhcdr ne Dp- &07(+ vd nas]hm

d−1sx = 3∫ d−1scs − ∫ sd−1scs + b+ &08(

]mc+ trhmf hmsdfq]shnm ax o]qsr nm sgd rdbnmc hmsdfq]k+

d−1sx = −1d−1s −
)
− 0

1 sd−1s − 0
3 d−1s

[
+ b+ &1/(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Ehm]kkx+ ax rnkuhmf Dp- &1/( enq x+ vd nas]hm

x = − 6
3 + 0

1 s + bd1s. &10(

Dpt]shnm &10( hr qdedqqdc sn ]r sgd fdmdq]k rnktshnm ne Dp- &8( adb]trd hs bnms]hmr ]kk rnktshnmr
ne sg]s dpt]shnm- Sn “mc sgd rnktshnm o]rrhmf sgqntfg sgd onhms &/+ −1(+ vd rds s = / ]mc
x = −1 hm Dp- &10(+ nas]hmhmf −1 = − 6

3 + b- Sgtr b = − 0
3 + ]mc sgd cdrhqdc rnktshnm hr

x = − 6
3 + 0

1 s − 0
3 d1s. &11(

Ehftqd 1-1-0 hmbktcdr sgd fq]ogr ne Dp- &10( enq rdudq]k u]ktdr ne b vhsg ] chqdbshnm “dkc
hm sgd a]bjfqntmc- Sgd rnktshnm o]rrhmf sgqntfg &/+ −1( hr rgnvm ax sgd gd]ux btqud- Sgd
adg]uhnq ne sgd e]lhkx ne rnktshnmr &10( enq k]qfd u]ktdr ne s hr cdsdqlhmdc ax sgd sdql bd1s-
He b ≠ /+ sgdm sgd rnktshnm fqnvr dwonmdmsh]kkx k]qfd hm l]fmhstcd+ vhsg sgd r]ld rhfm ]r b
hsrdke- Sgtr sgd rnktshnmr chudqfd ]r s adbnldr k]qfd- Sgd antmc]qx adsvddm rnktshnmr sg]s
tkshl]sdkx fqnv onrhshudkx eqnl sgnrd sg]s tkshl]sdkx fqnv mdf]shudkx nbbtqr vgdm b = /-
He vd rtarshstsd b = / hmsn Dp- &10( ]mc sgdm rds s = /+ vd “mc sg]s x = − 6

3 hr sgd rdo]q]shnm
onhms nm sgd x,]whr- Mnsd sg]s+ enq sghr hmhsh]k u]ktd+ sgd rnktshnm hr x = − 6

3 + 0
1 s: hs fqnvr

onrhshudkx+ ats khmd]qkx q]sgdq sg]m dwonmdmsh]kkx-
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x
.�4 0 0�4 1

s

y2

y/

y1

y0

 .+Ly1(L

EHFTQD 1-1-0 Chqdbshnm “dkc ]mc hmsdfq]k btqudr ne x … − 1x = 3 − s-

Sgd Ldsgnc ne Hmsdfq]shmf E]bsnqr enq Rnkuhmf x… + n’p(x = f’p(
Oqnbddchmf ]r hm Dw]lokd 0+ vd b]m ]ookx sgd ldsgnc ne hmsdfq]shmf e]bsnqr sn Dp- &4(+

cx
cs

+ o&s(x = f&s(+

vgdqd o ]mc f ]qd fhudm etmbshnmr- Sn cdsdqlhmd ]m ]ooqnoqh]sd hmsdfq]shmf e]bsnq+ vd ltk,
shokx Dp- &4( ax ]m ]r xds tmcdsdqlhmdc etmbshnm 𝜃&s(+ nas]hmhmf

𝜃&s(
cx
cs

+ o&s(𝜃&s(x = 𝜃&s(f&s(. &12(

Enkknvhmf sgd r]ld ]ooqn]bg trdc hm Dw]lokd 0+ vd rdd sg]s sgd kdes rhcd ne Dp- &12( hr sgd
cdqhu]shud ne sgd oqnctbs 𝜃&s(x+ oqnuhcdc sg]s 𝜃&s( r]shr“dr sgd dpt]shnm

c𝜃&s(
cs

= o&s(𝜃&s(. &13(

He vd ]rrtld sdlonq]qhkx sg]s 𝜃&s( hr onrhshud+ sgdm vd g]ud

c𝜃&s({cs
𝜃&s(

= o&s(+

]mc bnmrdptdmskx+

im𝜃&s( = ∫ o&s( cs + j.

Ax bgnnrhmf sgd ]qahsq]qx bnmrs]ms j sn ad ydqn+ vd nas]hm sgd rhlokdrs onrrhakd etmbshnm
enq 𝜃+ m]ldkx+

𝜃&s( = dto∫ o&s( cs. &14(

Mnsd sg]s 𝜃&s( hr onrhshud enq ]kk s+ ]r vd ]rrtldc- Qdstqmhmf sn Dp- &12(+ vd g]ud

c
cs

Z𝜃&s(x[ = 𝜃&s(f&s(. &15(
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Gdmbd

𝜃&s(x = ∫ 𝜃&s(f&s( cs + b+ &16(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Rnldshldr sgd hmsdfq]k hm Dp- &16( b]m ad du]kt]sdc hm
sdqlr ne dkdldms]qx etmbshnmr- Gnvdudq+ sghr hr mns ]kv]xr onrrhakd+ rn sgd fdmdq]k rnktshnm
ne Dp- &4( hr

x = 0
𝜃&s(

)

∫
s

s/
𝜃&r(f&r( cr + b

[
+ &17(

vgdqd s/ hr rnld bnmudmhdms knvdq khlhs ne hmsdfq]shnm- Nardqud sg]s Dp- &17( hmunkudr svn
hmsdfq]shnmr+ nmd sn nas]hm 𝜃&s( eqnl Dp- &14( ]mc sgd nsgdq sn cdsdqlhmd x eqnl Dp- &17(-
Hm rtll]qx9

Trd sgd enkknvhmf rsdor sn rnkud Zmx ’qrs nqcdq khmdZq dptZshnm-
0- Ots sgd dpt]shnm hm rs]mc]qc enql x… + o&s(x = f&s(-
1- B]kbtk]sd sgd hmsdfq]shmf e]bsnq 𝜃&s( = d∫ o&s( cs-
2- Ltkshokx sgd dpt]shnm ax 𝜃&s( ]mc vqhsd hs hm sgd enql Z𝜃&s(x[… = 𝜃&s(f&s(-
3- Hmsdfq]sd sghr dpt]shnm sn nas]hm 𝜃&s(x = ∫ 𝜃&s(f&s( cs + b-
4- Rnkud enq x-

Sgdrd rsdor bnmrshstsd ] rxrsdl]shb ldsgnc+ nq ]kfnqhsgl+ enq rnkuhmf ]mx “qrs nqcdq khmd]q
dpt]shnm- Sgd oqhl]qx qdrtksr ne sghr ]kfnqhsgl ]qd Dp- &14( enq sgd hmsdfq]shmf e]bsnq ]mc
Dp- &17( enq sgd rnktshnm-

Mnsd9 Hs hr gdkoetk sn ldlnqhyd Dp- &14( enq sgd hmsdfq]shmf e]bsnq+ ats ]unhc ldlnqhyhmf
Dp- &17(- Sn rnkud ] o]qshbtk]q oqnakdl+ xnt rgntkc tmcdqrs]mc ]mc ]ookx sgd rsdor ne sgd
oqnbdctqd ]anud+ q]sgdq sg]m qhrj dqqnqr hm ldlnqhyhmf Dp- &17(-

DW;LOKD
1

Rnkud sgd hmhsh]k u]ktd oqnakdl

sx… + 1x = 3s1+ &18(

x&0( = 1. &2/(

Hm nqcdq sn cdsdqlhmd o&s( ]mc f&s( bnqqdbskx+ vd ltrs “qrs qdvqhsd Dp- &18( hm sgd rs]mc]qc
enql &4(- Sgtr vd g]ud

x… + 1
s
x = 3s+ &20(

rn o&s( = 1.s ]mc f&s( = 3s- Sn rnkud Dp- &20(+ vd “qrs bnlotsd sgd hmsdfq]shmf e]bsnq 𝜃&s(9

𝜃&s( = dto∫ 1
s

cs = d1 im ⟩s⟩ = s1.

Nm ltkshokxhmf Dp- &20( ax 𝜃&s( = s1+ vd nas]hm

s1x… + 1sx = &s1x(… = 3s2+
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]mc sgdqdenqd

s1x = s3 + b+

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Hs enkknvr sg]s

x = s1 + b
s1

&21(

hr sgd fdmdq]k rnktshnm ne Dp- &18(- Hmsdfq]k btqudr ne Dp- &18( enq rdudq]k u]ktdr ne b ]qd
rgnvm hm Ehftqd 1-1-1- Sn r]shrex sgd hmhsh]k bnmchshnm &2/(+ hs hr mdbdrr]qx sn bgnnrd b = 0:
sgtr

x = s1 + 0
s1

+ s < / &22(

hr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &18(+ &2/(- Sghr rnktshnm hr rgnvm ax sgd gd]ux
btqud hm Ehftqd 1-1-1- Mnsd sg]s hs adbnldr tmantmcdc ]mc hr ]rxlosnshb sn sgd onrhshud
x,]whr ]r s → / eqnl sgd qhfgs- Sghr hr sgd d—dbs ne sgd hm“mhsd chrbnmshmthsx hm sgd bndffbhdms
o&s( ]s sgd nqhfhm- Sgd etmbshnm x = s 1 + &0.s 1( enq s . / hr mns o]qs ne sgd rnktshnm ne sghr
hmhsh]k u]ktd oqnakdl-

Sghr hr sgd “qrs dw]lokd hm vghbg sgd rnktshnm e]hkr sn dwhrs enq rnld u]ktdr ne s- ?f]hm+
sghr hr ctd sn sgd hm“mhsd chrbnmshmthsx hm o&s( ]s s = /+ vghbg qdrsqhbsr sgd rnktshnm sn sgd
hmsdqu]k / . s .∞-

x

s

/

1

0

y0

y0 0

 0+L1(

EHFTQD 1-1-1 Hmsdfq]k btqudr ne sx… + 1x = 3s1-

Knnjhmf ]f]hm ]s Ehftqd 1-1-1+ vd rdd sg]s rnld rnktshnmr &sgnrd enq vghbg b < /(
]qd ]rxlosnshb sn sgd onrhshud x,]whr ]r s → / eqnl sgd qhfgs+ vghkd nsgdq rnktshnmr &enq
vghbg b . /( ]qd ]rxlosnshb sn sgd mdf]shud x,]whr- Sgd rnktshnm enq vghbg b = /+ m]ldkx+
x = s 1+ qdl]hmr antmcdc ]mc ch—dqdmsh]akd dudm ]s s = /- He vd fdmdq]khyd sgd hmhsh]k bnmch,
shnm &2/( sn

x&0( = x/+ &23(

sgdm b = x/ − 0 ]mc sgd rnktshnm &22( adbnldr

x = s1 +
x/ − 0

s1
+ s < /. &24(

?r hm Dw]lokd 0+ sghr hr ]mnsgdq hmrs]mbd vgdqd sgdqd hr ] bqhshb]k hmhsh]k u]ktd+ m]ldkx+
x/ = 0+ sg]s rdo]q]sdr rnktshnmr sg]s adg]ud hm svn udqx ch—dqdms v]xr-
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DW;LOKD
2

Rnkud sgd hmhsh]k u]ktd oqnakdl

1x… + sx = 1+ &25(

x&/( = 0. &26(

Ehqrs chuhcd sgd ch—dqdmsh]k dpt]shnm &25( ax svn+ nas]hmhmf

x… + s
1
x = 0. &27(

Sgtr o&s( = s.1+ ]mc sgd hmsdfq]shmf e]bsnq hr 𝜃&s( = dwo&s1.3(- Sgdm ltkshokx Dp- &27( ax
𝜃&s(+ rn sg]s

ds1{3x… + s
1
ds1{3x = ds1{3. &28(

Sgd kdes rhcd ne Dp- &28( hr sgd cdqhu]shud ne ds1{3x+ rn ax hmsdfq]shmf ansg rhcdr ne Dp- &28(+
vd nas]hm

ds1{3x = ∫ ds1{3cs + b. &3/(

Sgd hmsdfq]k nm sgd qhfgs rhcd ne Dp- &3/( b]mmns ad du]kt]sdc hm sdqlr ne sgd trt]k dkdldm,
s]qx etmbshnmr+ rn vd kd]ud sgd hmsdfq]k tmdu]kt]sdc- Gnvdudq+ ax bgnnrhmf sgd knvdq khlhs
ne hmsdfq]shnm ]r sgd hmhsh]k onhms s = /+ vd b]m qdok]bd Dp- &3/( ax

ds1{3x = ∫
s

/
dr1{3cr + b+ &30(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Hs sgdm enkknvr sg]s sgd fdmdq]k rnktshnm x ne Dp- &25( hr
fhudm ax

x = d−s1{3 ∫
s

/
dr1{3cr + bd−s1{3. &31(

Sgd hmhsh]k bnmchshnm &26( qdpthqdr sg]s b = 0-
Sgd l]hm otqonrd ne sghr dw]lokd hr sn hkktrsq]sd sg]s rnldshldr sgd rnktshnm ltrs ad

kdes hm sdqlr ne ]m hmsdfq]k- Sghr hr trt]kkx ]s lnrs ] rkhfgs hmbnmudmhdmbd+ q]sgdq sg]m ]
rdqhntr nars]bkd- Enq ] fhudm u]ktd ne s sgd hmsdfq]k hm Dp- &31( hr ] cd“mhsd hmsdfq]k ]mc b]m
ad ]ooqnwhl]sdc sn ]mx cdrhqdc cdfqdd ne ]bbtq]bx ax trhmf qd]chkx ]u]hk]akd mtldqhb]k
hmsdfq]snqr- Ax qdod]shmf sghr oqnbdrr enq l]mx u]ktdr ne s ]mc oknsshmf sgd qdrtksr+ xnt
b]m nas]hm ] fq]og ne ] rnktshnm- ?ksdqm]shudkx+ xnt b]m trd ] mtldqhb]k ]ooqnwhl]shnm
ldsgnc+ rtbg ]r Dtkdq´r ldsgnc+ chrbtrrdc hm Rdbshnm 7-0+ nq nsgdqr chrbtrrdc hm Bg]osdq 7+
sg]s oqnbddc chqdbskx eqnl sgd ch—dqdmsh]k dpt]shnm ]mc mddc mn dwoqdrrhnm enq sgd rnktshnm-
Lncdqm rnesv]qd o]bj]fdr rtbg ]r L]okd+ L]sgdl]shb]+ ]mc L]sk]a+ ]lnmf nsgdqr+ qd]chkx
dwdbtsd rtbg oqnbdctqdr ]mc oqnctbd fq]ogr ne rnktshnmr ne ch—dqdmsh]k dpt]shnmr-

Ansg ne sgdrd oqnbdctqdr enq “mchmf rnktshnmr g]ud ]cu]ms]fdr- Enq dw]lokd+ sgd ]m],
kxshb]k enqltk] Dp- &31( bnms]hmr ] bnmrs]ms b sg]s xnt b]m d]rhkx hcdmshex ]r sgd u]ktd x&/(
ne sgd rnktshnm ]s s = /- Sgd rnktshnm x&s( nauhntrkx cdodmcr nm x&/(+ vghbg l]x ad bnm,
rhcdqdc ] oZqZldsdq ne sgd rnktshnm- Hm l]mx ]ookhb]shnmr hs hr hlonqs]ms sn tmcdqrs]mc sgd
cdodmcdmbd ne ] rnktshnm nm hsr o]q]ldsdqr- Hm sghr dw]lokd+ Dp- &31( rgnvr bnmbhrdkx sg]s
sgd rnktshnm x&s( cdodmcr nm sgd o]q]ldsdq x&/( ]r ] ltkshokd ne nmd dwonmdmsh]k etmbshnm:
hm nsgdq vnqcr+ sgd o]q]ldsdq rodbh“dr gnv ltbg ne sg]s dwonmdmsh]k hr hmbktcdc hm sgd
rnktshnm- Ehftqd 1-1-2 chrok]xr fq]ogr ne Dp- &31( enq rdudq]k u]ktdr ne b- Eqnl sgd “ftqd
hs hr qd]rnm]akd sn bnmidbstqd sg]s ]kk sgd rnktshnmr ]ooqn]bg ] bnllnm khlhs ]r s → ∞-
Hs hr hmsdqdrshmf sg]s sgd ]m]kxshb]k enqltk] Dp- &31( ]kknvr cdsdqlhm]shnm ne sgd dw]bs
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khlhshmf u]ktd ]mc ne sgd q]sd ne ]ooqn]bg sn sgd khlhshmf u]ktd &rdd Oqnakdl 21(- ?ksdq,
m]shudkx+ sgd fq]ogr hm sgd “ftqd b]m ]krn ad entmc chqdbskx ax mtldqhb]k ]ooqnwhl]shnm
ldsgncr- Gnvdudq+ vhsg sg]s oqdbdctqd+ sgd cdodmcdmbd ne sgd rnktshnm nm sgd o]q]ldsdq
x&/( ]mc sgd khlhshmf u]ktd enq k]qfd onrhshud s ]qd mns rn ]oo]qdms-

y/

y1

y0

0

1

/

x

s0 1 / 2 4 3

EHFTQD 1-1-2 Hmsdfq]k btqudr ne 1x… + sx = 1- Sgd gd]ux btqud r]shr“dr x&/( = 0-

Enq ntq k]rs dw]lokd+ vd rnkud Dp- &0/( ne Rdbshnm 0-1+ sgd ch—dqdmsh]k dpt]shnm eqnl
Dw]lokd 3 ne sg]s rdbshnm cdrbqhahmf sgd gd]shmf ]mc bnnkhmf ne ] athkchmf rtaidbs sn dwsdqm]k
sdlodq]stqd u]qh]shnmr-

DW;LOKD
3

Ehmc sgd fdmdq]k rnktshnm ne

ct
cs

= −jZt − S/ − : rhm&𝜓s([.

Rnkts hnm Sgd rs]mc]qc enql ne sghr dpt]shnm hr

ct
cs

+ jt = jS/ + j: rhm&𝜓s(.

Trhmf sgd hmsdfq]shmf e]bsnq+ 𝜃&s( = djs+ vd nas]hm
√
djst

�… = jS/djs + j:djs rhm&𝜓s(. &32(

Hmsdfq]shmf ]mc rnkuhmf enq t fhud

t = S/ + j:d−js ∫ djs rhm&𝜓s( cs + bd−js. &33(

Rdsshmf H = ∫ djs rhm&𝜓s( cs ]mc hmsdfq]shmf ax o]qsr svhbd+ vd “mc sg]s

H = − 0
𝜓

djs anr&𝜓s( + j
𝜓1 djs rhm&𝜓s( − j1

𝜓1 H.
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Rnkuhmf enq H+ vd fds

H = ∫ djs rhm&𝜓s( cs = 0
j1 + 𝜓1 djs Zj rhm&𝜓s( − 𝜓 anr&𝜓s([ . &34(

Ne bntqrd+ sgd hmsdfq]k hm Dp- &33( b]m ]krn ad d]rhkx cnmd trhmf ] bnlotsdq ]kfdaq] rxrsdl-
Rtarshstshmf sgd qdrtks &34( hmsn Dp- &33( sgdm fhudr

t = S/ +
j:

j1 + 𝜓1 Zj rhm&𝜓s( − 𝜓 anr&𝜓s([ + bd−js+

hm ]fqddldms vhsg Dp- &00( ne Rdbshnm 0-1- Rnld fq]ogr ne sgd rnktshnm ]qd rgnvm hm Ehftqd
0-1-7-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 019
 Z( Cq]v ] chqdbshnm “dkc enq sgd fhudm ch—dqdmsh]k dpt]shnm-
 a( A]rdc nm ]m hmrodbshnm ne sgd chqdbshnm “dkc+ cdrbqhad
gnv rnktshnmr adg]ud enq k]qfd s-
 b( Ehmc sgd fdmdq]k rnktshnm ne sgd fhudm ch—dqdmsh]k dpt],
shnm+ ]mc trd hs sn cdsdqlhmd gnv rnktshnmr adg]ud ]r s →∞-
0- x… + 3x = s + d−1s

1- x… − 1x = s1d1s

2- x… + x = sd−s + 0
3- x… + &0{s(x = 4 anr 1s+ s < /
4- x… − 1x = 2ds

5- sx… + 1x = rhm s+ s < /
6- x… + 1sx = 05sd−s1

7- &0 + s1(x… + 3sx = &0 + s1(−1

8- 1x… + x = 2s
0.- sx… − x = s2d−s+ s < /
00- x… + x = 4 rhm 1s
01- 1x… + x = 2s1

Hm d]bg ne Oqnakdlr 02 sgqntfg 1/+ “mc sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl-
02- x… − x = 1sd1s+ x&/( = 0
03- x… + 1x = sd−1s+ x&0( = /
04- sx… + 3x = s1 − s + 0+ x&0( = 0

3
+ s < /

05- x… + &1{s(x = &anr s({s1+ x&𝜉( = /+ s < /
06- x… − 1x = d1s+ x&/( = 1
07- sx… + 1x = rhm s+ x&𝜉{1( = 2+ s < /
08- s2x… + 3s1x = d−s+ x&−0( = /+ s . /
1.- sx… + &s + 0(x = s+ x&im 1( = 0+ s < /
Hm d]bg ne Oqnakdlr 10 sgqntfg 129
 Z( Cq]v ] chqdbshnm “dkc enq sgd fhudm ch—dqdmsh]k dpt]shnm-
Gnv cn rnktshnmr ]ood]q sn adg]ud ]r s adbnldr k]qfd= Cndr
sgd adg]uhnq cdodmc nm sgd bgnhbd ne sgd hmhsh]k u]ktd Z= Kds

Z/ ad sgd u]ktd ne Z enq vghbg sgd sq]mrhshnm eqnl nmd sxod ne
adg]uhnq sn ]mnsgdq nbbtqr- Drshl]sd sgd u]ktd ne Z/-
 a( Rnkud sgd hmhsh]k u]ktd oqnakdl ]mc “mc sgd bqhshb]k u]ktd
Z/ dw]bskx-
 b( Cdrbqhad sgd adg]uhnq ne sgd rnktshnm bnqqdronmchmf sn
sgd hmhsh]k u]ktd Z/-
10- x… − 0

2
x = 2 anr s+ x&/( = Z

11- 1x… − x = ds{2+ x&/( = Z
12- 2x… − 1x = d−𝜉s{1+ x&/( = Z

Hm d]bg ne Oqnakdlr 13 sgqntfg 159
 Z( Cq]v ] chqdbshnm “dkc enq sgd fhudm ch—dqdmsh]k dpt]shnm-
Gnv cn rnktshnmr ]ood]q sn adg]ud ]r s → /= Cndr sgd adg]u,
hnq cdodmc nm sgd bgnhbd ne sgd hmhsh]k u]ktd Z= Kds Z/ ad sgd
u]ktd ne Z enq vghbg sgd sq]mrhshnm eqnl nmd sxod ne adg]uhnq
sn ]mnsgdq nbbtqr- Drshl]sd sgd u]ktd ne Z/-
 a( Rnkud sgd hmhsh]k u]ktd oqnakdl ]mc “mc sgd bqhshb]k u]ktd
Z/ dw]bskx-
 b( Cdrbqhad sgd adg]uhnq ne sgd rnktshnm bnqqdronmchmf sn
sgd hmhsh]k u]ktd Z/-
13- sx… + &s + 0(x = 1sd−s+ x&0( = Z+ s < /
14- sx… + 1x = &rhm s({s+ x&−𝜉{1( = Z+ s . /
15- &rhm s(x… + &anr s(x = ds+ x&0( = Z+ / . s . 𝜉
16- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… + 0
1
x = 1 anr s+ x&/( = −0.

Ehmc sgd bnnqchm]sdr ne sgd “qrs knb]k l]whltl onhms ne sgd
rnktshnm enq s < /-
17- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… + 3
2
x = 0 − 0

3
s+ x&/( = x/.

Ehmc sgd u]ktd ne x/ enq vghbg sgd rnktshnm sntbgdr+ ats cndr
mns bqnrr+ sgd s,]whr-
18- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… + 0
3
x = 2 + 1 anr 1s+ x&/( = /.
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 Z( Ehmc sgd rnktshnm ne sghr hmhsh]k u]ktd oqnakdl ]mc cd,
rbqhad hsr adg]uhnq enq k]qfd s-
 a( Cdsdqlhmd sgd u]ktd ne s enq vghbg sgd rnktshnm “qrs hm,
sdqrdbsr sgd khmd x = 01-
2.- Ehmc sgd u]ktd ne x/ enq vghbg sgd rnktshnm ne sgd hmhsh]k
u]ktd oqnakdl

x… − x = 0 + 2 rhm s+ x&/( = x/

qdl]hmr “mhsd ]r s → ∞-
20- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… − 2
1
x = 2s + 1ds+ x&/( = x/.

Ehmc sgd u]ktd ne x/ sg]s rdo]q]sdr rnktshnmr sg]s fqnv onrh,
shudkx ]r s → ∞ eqnl sgnrd sg]s fqnv mdf]shudkx- Gnv cndr
sgd rnktshnm sg]s bnqqdronmcr sn sghr bqhshb]k u]ktd ne x/ ad,
g]ud ]r s → ∞=
21- Rgnv sg]s ]kk rnktshnmr ne 1x… + sx = 1 ZDp- &25( ne sgd
sdws[ ]ooqn]bg ] khlhs ]r s → ∞+ ]mc “mc sgd khlhshmf u]ktd-
Ghms9 Bnmrhcdq sgd fdmdq]k rnktshnm+ Dp- &31(+ ]mc trd
K´G”nohs]k´r qtkd nm sgd “qrs sdql-
22- Rgnv sg]s he Z ]mc λ ]qd onrhshud bnmrs]msr+ ]mc a hr ]mx
qd]k mtladq+ sgdm dudqx rnktshnm ne sgd dpt]shnm

x… + Zx = ad−λs

g]r sgd oqnodqsx sg]s x → / ]r s → ∞-
Ghms9 Bnmrhcdq sgd b]rdr Z = λ ]mc Z ≠ λ rdo]q]sdkx-
Hm d]bg ne Oqnakdlr 23 sgqntfg 26+ bnmrsqtbs ] “qrs nqcdq khm,
d]q ch—dqdmsh]k dpt]shnm vgnrd rnktshnmr g]ud sgd qdpthqdc
adg]uhnq ]r s → ∞- Sgdm rnkud xntq dpt]shnm ]mc bnm“ql
sg]s sgd rnktshnmr cn hmcddc g]ud sgd rodbh“dc oqnodqsx-
23- ?kk rnktshnmr g]ud sgd khlhs 2 ]r s → ∞-
24- ?kk rnktshnmr ]qd ]rxlosnshb sn sgd khmd x = 3 − s ]r
s → ∞-
25- ?kk rnktshnmr ]qd ]rxlosnshb sn sgd khmd x = 1s − 4 ]r
s → ∞-
26- ?kk rnktshnmr ]ooqn]bg sgd btqud x = 1 − s1 ]r s → ∞-

27- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl
x… + Zx = f&s(+ x&s/( = x/.

?rrtld sg]s Z hr ] onrhshud bnmrs]ms ]mc sg]s f&s( → f/ ]r
s →∞- Rgnv sg]s x&s( → f/{Z ]r s →∞- Bnmrsqtbs ]m dw]l,
okd vhsg ] mnmbnmrs]ms f&s( sg]s hkktrsq]sdr sghr qdrtks-
28- UZqhZshnm ne OZqZldsdqr- Bnmrhcdq sgd enkknvhmf
ldsgnc ne rnkuhmf sgd fdmdq]k khmd]q dpt]shnm ne “qrs nqcdq9

x… + o&s(x = f&s(. &h(
 Z( He f&s( = / enq ]kk s+ rgnv sg]s sgd rnktshnm hr

x = : dto
)
−∫ o&s( cs

[
+ &hh(

vgdqd : hr ] bnmrs]ms-
 a( He f&s( hr mns dudqxvgdqd ydqn+ ]rrtld sg]s sgd rnktshnm
ne Dp- &h( hr ne sgd enql

x = :&s( dto
)
−∫ o&s( cs

[
+ &hhh(

vgdqd : hr mnv ] etmbshnm ne s- Ax rtarshstshmf enq x hm sgd
fhudm ch—dqdmsh]k dpt]shnm+ rgnv sg]s :&s( ltrs r]shrex sgd
bnmchshnm

:…&s( = f&s( dto
)
∫ o&s( cs

[
. &hu(

 b( Ehmc :&s( eqnl Dp- &hu(- Sgdm rtarshstsd enq :&s( hm
Dp- &hhh( ]mc cdsdqlhmd x- Udqhex sg]s sgd rnktshnm nas]hmdc
hm sghr l]mmdq ]fqddr vhsg sg]s ne Dp- &17( hm sgd sdws- Sghr
sdbgmhptd hr jmnvm ]r sgd ldsgnc ne uZqhZshnm ne oZqZld,
sdqr: hs hr chrbtrrdc hm cds]hk hm Rdbshnm 3-6 hm bnmmdbshnm vhsg
rdbnmc nqcdq khmd]q dpt]shnmr-
Hm d]bg ne Oqnakdlr 3/ sgqntfg 32 trd sgd ldsgnc ne Oqna,
kdl 28 sn rnkud sgd fhudm ch—dqdmsh]k dpt]shnm-
3.- x… − 5x = s5d5s

30- x… + &0{s(x = 2 anr 1s+ s < /
31- sx… + 1x = rhm s+ s < /
32- 1x… + x = 2s1

1-2 Lncdkhmf vhsg Ehqrs Nqcdq Dpt]shnmr
Ch—dqdmsh]k dpt]shnmr ]qd ne hmsdqdrs sn mnml]sgdl]shbh]mr oqhl]qhkx adb]trd ne sgd onr,
rhahkhsx ne trhmf sgdl sn hmudrshf]sd ] vhcd u]qhdsx ne oqnakdlr hm dmfhmddqhmf ]mc hm sgd
ogxrhb]k+ ahnknfhb]k+ ]mc rnbh]k rbhdmbdr- Nmd qd]rnm enq sghr hr sg]s l]sgdl]shb]k lncdkr
]mc sgdhq rnktshnmr kd]c sn dpt]shnmr qdk]shmf sgd u]qh]akdr ]mc o]q]ldsdqr hm sgd oqnakdl-
Sgdrd dpt]shnmr nesdm dm]akd xnt sn l]jd oqdchbshnmr ]ants gnv sgd m]stq]k oqnbdrr vhkk
adg]ud hm u]qhntr bhqbtlrs]mbdr- Enq dw]lokd+ ]kk sgd “ftqdr hm Rdbshnm 1-1 rgnv rnktshnm
ed]stqdr sg]s b]m ad entmc ax dw]lhmhmf sgd o]q]ldsdq cdodmcdmbd ne rnktshnm enqltk]r-
Sgdrd ed]stqdr b]m ad hmsdqoqdsdc hm sdqlr ne sgd ogxrhb]k adg]uhnq ne sgd rxrsdlr sg]s sgd
ch—dqdmsh]k dpt]shnmr lncdk- Etqsgdqlnqd+ hs hr nesdm d]rx sn u]qx o]q]ldsdqr hm sgd l]sgd,
l]shb]k lncdk nudq vhcd q]mfdr+ vgdqd]r sghr l]x ad udqx shld,bnmrtlhmf nq dwodmrhud+ he
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mns hlonrrhakd+ hm ]m dwodqhldms]k rdsshmf- Mdudqsgdkdrr l]sgdl]shb]k lncdkhmf ]mc dwodq,
hldms nq nardqu]shnm ]qd ansg bqhshb]kkx hlonqs]ms ]mc g]ud rnldvg]s bnlokdldms]qx qnkdr
hm rbhdmsh“b hmudrshf]shnmr- L]sgdl]shb]k lncdkr ]qd u]khc]sdc ax bnlo]qhrnm ne sgdhq oqd,
chbshnmr vhsg dwodqhldms]k qdrtksr- Nm sgd nsgdq g]mc+ l]sgdl]shb]k ]m]kxrdr l]x rtffdrs
sgd lnrs oqnlhrhmf chqdbshnmr enq dwodqhldms]k dwoknq]shnm+ ]mc sgdx l]x hmchb]sd e]hqkx
oqdbhrdkx vg]s dwodqhldms]k c]s] vhkk ad lnrs gdkoetk-

Hm Rdbshnm 0-0 vd enqltk]sdc ]mc hmudrshf]sdc ] edv rhlokd l]sgdl]shb]k lncdkr- Vd
adfhm ax qdb]ohstk]shmf ]mc dwo]mchmf nm rnld ne sgd bnmbktrhnmr qd]bgdc hm sg]s rdbshnm-
Qdf]qckdrr ne sgd rodbh“b “dkc ne ]ookhb]shnm+ sgdqd ]qd sgqdd hcdmsh“]akd rs]fdr sg]s ]qd
]kv]xr oqdrdms hm sgd oqnbdrr ne l]sgdl]shb]k lncdkhmf-

▶ Bnmrsqtbs hnm ne sgd Lncdk - Hm sghr rs]fd+ xnt sq]mrk]sd sgd ogxrhb]k rhst]shnm hmsn l]sgdl]shb]k sdqlr+
nesdm trhmf sgd rsdor khrsdc ]s sgd dmc ne Rdbshnm 0-0- Odqg]or lnrs bqhshb]k ]s sghr rs]fd hr
sn rsZsd bkdZqkx sgd ogxrhbZk oqhmbhokd r( sgZs Zqd adkhdudc sn fnudqm sgd oqnbdrr- Enq dw,
]lokd+ hs g]r addm nardqudc sg]s hm rnld bhqbtlrs]mbdr gd]s o]rrdr eqnl ] v]qldq sn ]
bnnkdq ancx ]s ] q]sd oqnonqshnm]k sn sgd sdlodq]stqd ch—dqdmbd+ sg]s naidbsr lnud ]ants
hm ]bbnqc]mbd vhsg Mdvsnm´r k]vr ne lnshnm+ ]mc sg]s hrnk]sdc hmrdbs onotk]shnmr fqnv ]s
] q]sd oqnonqshnm]k sn sgd btqqdms onotk]shnm- D]bg ne sgdrd rs]sdldmsr hmunkudr ] q]sd ne
bg]mfd &cdqhu]shud( ]mc bnmrdptdmskx+ vgdm dwoqdrrdc l]sgdl]shb]kkx+ kd]cr sn ] ch—dqdm,
sh]k dpt]shnm- Sgd ch—dqdmsh]k dpt]shnm hr ] l]sgdl]shb]k lncdk ne sgd oqnbdrr-

Hs hr hlonqs]ms sn qd]khyd sg]s sgd l]sgdl]shb]k dpt]shnmr ]qd ]klnrs ]kv]xr nmkx ]m ]o,
oqnwhl]sd cdrbqhoshnm ne sgd ]bst]k oqnbdrr- Enq dw]lokd+ anchdr lnuhmf ]s roddcr bnlo],
q]akd sn sgd roddc ne khfgs ]qd mns fnudqmdc ax Mdvsnm´r k]vr+ hmrdbs onotk]shnmr cn mns fqnv
hmcd“mhsdkx ]r rs]sdc adb]trd ne dudmst]k khlhs]shnmr nm sgdhq ennc rtookx+ ]mc gd]s sq]mredq
hr ]—dbsdc ax e]bsnqr nsgdq sg]m sgd sdlodq]stqd ch—dqdmbd- ?ksdqm]shudkx+ nmd b]m ]cnos sgd
onhms ne uhdv sg]s sgd l]sgdl]shb]k dpt]shnmr dw]bskx cdrbqhad sgd nodq]shnm ne ] rhlokh,
“dc nq hcd]k ogxrhb]k lncdk+ vghbg g]r addm bnmrsqtbsdc &nq hl]fhmdc( rn ]r sn dlancx
sgd lnrs hlonqs]ms ed]stqdr ne sgd ]bst]k oqnbdrr- Rnldshldr+ sgd oqnbdrr ne l]sgdl]shb]k
lncdkhmf hmunkudr sgd bnmbdost]k qdok]bdldms ne ] chrbqdsd oqnbdrr ax ] bnmshmtntr nmd-
Enq hmrs]mbd+ sgd mtladq ne ldladqr hm ]m hmrdbs onotk]shnm hr ]m hmsdfdq: gnvdudq+ he sgd
onotk]shnm hr k]qfd+ hs l]x rddl qd]rnm]akd sn bnmrhcdq hs sn ad ] bnmshmtntr u]qh]akd ]mc
dudm sn rod]j ne hsr cdqhu]shud-

▶ ;m]kxr hr ne sgd Lncdk - Nmbd sgd oqnakdl g]r addm enqltk]sdc l]sgdl]shb]kkx+ xnt ]qd nesdm e]bdc
vhsg sgd oqnakdl ne rnkuhmf nmd nq lnqd ch—dqdmsh]k dpt]shnmr nq+ e]hkhmf sg]s+ ne “mchmf
nts ]r ltbg ]r onrrhakd ]ants sgd oqnodqshdr ne sgd rnktshnm- Hs l]x g]oodm sg]s sghr l]sgd,
l]shb]k oqnakdl hr pthsd chffbtks+ ]mc he rn+ etqsgdq ]ooqnwhl]shnmr l]x ad qdpthqdc ]s sghr
rs]fd sn l]jd sgd oqnakdl lnqd rtrbdoshakd sn l]sgdl]shb]k hmudrshf]shnm- Enq dw]lokd+
] mnmkhmd]q dpt]shnm l]x ad ]ooqnwhl]sdc ax ] khmd]q nmd+ nq ] rknvkx u]qxhmf bndffbhdms
l]x ad qdok]bdc ax ] bnmrs]ms- M]stq]kkx+ ]mx rtbg ]ooqnwhl]shnmr ltrs ]krn ad dw]lhmdc
eqnl sgd ogxrhb]k onhms ne uhdv sn l]jd rtqd sg]s sgd rhlokh“dc l]sgdl]shb]k oqnakdl rshkk
qdfidbsr sgd drrdmsh]k ed]stqdr ne sgd ogxrhb]k oqnbdrr tmcdq hmudrshf]shnm- ?s sgd r]ld shld+
]m hmshl]sd jmnvkdcfd ne sgd ogxrhbr ne sgd oqnakdl l]x rtffdrs qd]rnm]akd l]sgdl]shb]k
]ooqnwhl]shnmr sg]s vhkk l]jd sgd l]sgdl]shb]k oqnakdl lnqd ]ldm]akd sn ]m]kxrhr- Sghr
hmsdqokZx ne tmcdqrsZmchmf ne ogxrhbZk ogdmnldmZ Zmc jmnvkdcfd ne lZsgdlZshbZk sdbg,
mhptdr Zmc sgdhq khlhsZshnmr hr bgZqZbsdqhrshb ne Zookhdc lZsgdlZshbr ]s hsr adrs+ ]mc hs hr
hmchrodmr]akd hm rtbbdrretkkx bnmrsqtbshmf trdetk l]sgdl]shb]k lncdkr ne hmsqhb]sd ogxrh,
b]k oqnbdrrdr-

▶ Bnlo]qhrnm vhsg Dwodq hldms nq Nardqu]s hnm- Ehm]kkx+ gZuhmf nasZhmdc sgd rnktshnm  nq Zs
kdZrs rnld hmenqlZshnm Zants hs() xnt ltrs hmsdqoqds sghr hmenqlZshnm hm sgd bnmsdws hm vghbg
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sgd oqnakdl Zqnrd- Hm o]qshbtk]q+ xnt rgntkc ]kv]xr bgdbj sg]s sgd l]sgdl]shb]k rnktshnm
]ood]qr ogxrhb]kkx qd]rnm]akd- He onrrhakd+ b]kbtk]sd sgd u]ktdr ne sgd rnktshnm ]s rdkdbsdc
onhmsr ]mc bnlo]qd sgdl vhsg dwodqhldms]kkx nardqudc u]ktdr- Nq ]rj vgdsgdq sgd adg]uhnq
ne sgd rnktshnm ]esdq ] knmf shld hr bnmrhrsdms vhsg nardqu]shnmr- Nq dw]lhmd sgd rnktshnmr
bnqqdronmchmf sn bdqs]hm rodbh]k u]ktdr ne o]q]ldsdqr hm sgd oqnakdl- Ne bntqrd+ sgd e]bs
sg]s sgd l]sgdl]shb]k rnktshnm ]ood]qr sn ad qd]rnm]akd cndr mns ft]q]msdd sg]s hs hr bnq,
qdbs- Gnvdudq+ he sgd oqdchbshnmr ne sgd l]sgdl]shb]k lncdk ]qd rdqhntrkx hmbnmrhrsdms vhsg
nardqu]shnmr ne sgd ogxrhb]k rxrsdl hs otqonqsr sn cdrbqhad+ sghr rtffdrsr sg]s dqqnqr g]ud
addm l]cd hm rnkuhmf sgd l]sgdl]shb]k oqnakdl+ sg]s sgd l]sgdl]shb]k lncdk hsrdke mddcr
qd“mdldms+ nq sg]s nardqu]shnmr ltrs ad l]cd vhsg fqd]sdq b]qd-

Sgd dw]lokdr hm sghr rdbshnm ]qd sxohb]k ne ]ookhb]shnmr hm vghbg “qrs nqcdq ch—dqdmsh]k
dpt]shnmr ]qhrd- Rtardptdmskx+ lncdkr enq sgd dunktshnm ne sgd onotk]shnm ne ] o]qshbtk]q
rodbhdr hm ] fhudm qdfhnm ]qd sqd]sdc dwsdmrhudkx hm Rdbshnm 1-4-

DW;LOKD
0

Lhwhmf

?s shld s = / ] s]mj bnms]hmr P/ ontmcr &ka( ne r]ks chrrnkudc hm 0// f]kknmr &f]k( ne v]sdq:
rdd Ehftqd 1-2-0- ?rrtld sg]s v]sdq bnms]hmhmf 0

3 ka ne r]ks.f]k hr dmsdqhmf sgd s]mj ]s ] q]sd
ne q f]k.lhmtsdr &lhm( ]mc sg]s sgd vdkk,rshqqdc lhwstqd hr cq]hmhmf eqnl sgd s]mj ]s sgd r]ld
q]sd- Rds to sgd hmhsh]k u]ktd oqnakdl sg]s cdrbqhadr sghr finv oqnbdrr- Ehmc &]( sgd pt]mshsx
ne r]ks P&s( hm sgd s]mj ]s ]mx shld ]mc &a( sgd khlhshmf pt]mshsx PK sg]s hr oqdrdms ]esdq ] udqx
knmf shld- &b( He q = 2 ]mc P/ = 1PK+ “mc sgd shld S ]esdq vghbg sgd r]ks kdudk hr vhsghm 1$
ne PK- ?krn “mc &c( sgd finv q]sd sg]s hr qdpthqdc he sgd u]ktd ne S hr mns sn dwbddc 34 lhm-

hLfTi-lhm+LLLLia-fTi
0
2

hLfTi-lhm

EHFTQD 1-2-0 Sgd v]sdq s]mj hm Dw]lokd 0-

Vd ]rrtld sg]s r]ks hr mdhsgdq bqd]sdc mnq cdrsqnxdc hm sgd s]mj+ ax bgdlhb]k qd]bshnmr
enq dw]lokd- Sgdqdenqd u]qh]shnmr hm sgd ]lntms ne r]ks ]qd ctd rnkdkx sn sgd finvr hm ]mc
nts ne sgd s]mj- Lnqd oqdbhrdkx+ sgd qZsd ne bgZmfd ne rZks hm sgd sZmj+ cP{cs+ hr dpt]k sn sgd
qZsd Zs vghbg rZks hr finvhmf hm lhmtr sgd qZsd Zs vghbg hs hr finvhmf nts- Hm rxlankr+

cP
cs

= q]sd hm − q]sd nts. &0(
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Hs hr bqhshb]kkx hlonqs]ms sg]s ]kk sdqlr g]ud sgd r]ld ogxrhb]k tmhsr rn sg]s sgd dpt]shnm hr
hmsdqm]kkx bnmrhrsdms- Sgd q]sd ]s vghbg r]ks dmsdqr sgd s]mj hr sgd bnmbdmsq]shnm 0

3 ka.f]k shldr
sgd finv q]sd q f]k.lhm+ nq &q{3( ka.lhm- Sn “mc sgd q]sd ]s vghbg r]ks kd]udr sgd s]mj+ vd
mddc sn ltkshokx sgd bnmbdmsq]shnm ne r]ks hm sgd s]mj ax sgd q]sd ne ntsfinv+ q f]k.lhm- Rhmbd
sgd q]sdr ne finv hm ]mc nts ]qd dpt]k+ sgd unktld ne v]sdq hm sgd s]mj qdl]hmr bnmrs]ms
]s 0// f]k+ ]mc rhmbd sgd lhwstqd hr ’vdkk rshqqdc+– sgd bnmbdmsq]shnm sgqntfgnts sgd s]mj
hr sgd r]ld+ m]ldkx+ ZP&s({0//[ ka.f]k- Sgdqdenqd sgd q]sd ]s vghbg r]ks kd]udr sgd s]mj hr
ZqP&s({0//[ ka.lhm- Sgtr sgd ch—dqdmsh]k dpt]shnm fnudqmhmf sghr oqnbdrr hr

cP
cs

= q
3
− qP

0//
. &1(

Sgd hmhsh]k bnmchshnm hr

P&/( = P/. &2(

Tonm sghmjhmf ]ants sgd oqnakdl ogxrhb]kkx+ vd lhfgs ]mshbho]sd sg]s dudmst]kkx sgd
lhwstqd nqhfhm]kkx hm sgd s]mj vhkk ad drrdmsh]kkx qdok]bdc ax sgd lhwstqd finvhmf hm+ vgnrd
bnmbdmsq]shnm hr 0

3 ka.f]k- Bnmrdptdmskx+ vd lhfgs dwodbs sg]s tkshl]sdkx sgd ]lntms ne r]ks
hm sgd s]mj vntkc ad udqx bknrd sn 14 ka- Vd b]m ]krn “mc sgd khlhshmf ]lntms PK = 14 ax
rdsshmf cP{cs dpt]k sn ydqn hm Dp- &1( ]mc rnkuhmf sgd qdrtkshmf ]kfdaq]hb dpt]shnm enq P-

&]( Sn “mc P&s( ]s ]mx shld s+ mnsd sg]s Dp- &1( hr ansg khmd]q ]mc rdo]q]akd- Qdvqhshmf hs
hm sgd rs]mc]qc enql enq ] khmd]q dpt]shnm+ vd g]ud

cP
cs

+ qP
0//

= q
3
. &3(

Sgtr sgd hmsdfq]shmf e]bsnq hr dqs{0//- Ltshokxhmf ax sghr e]bsnq ]mc hmsdfq]shmf+ vd nas]hm

dqs{0//P&s( = q
3

0//
q

dqs{0// + b+

rn sgd fdmdq]k rnktshnm hr

P&s( = 14 + bd−qs{0//+ &4(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Sn r]shrex sgd hmhsh]k bnmchshnm &2(+ vd ltrs bgnnrd
b = P/ − 14- Sgdqdenqd sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &1(+ &2( hr

P&s( = 14 + &P/ − 14(d−qs{0//+ &5(

nq

P&s( = 14&0 − d−qs{0//( + P/d−qs{0//. &6(

&a( Eqnl Dp- &5( nq &6(+ xnt b]m rdd sg]s P&s( → 14 ka ]r s →∞+ rn sgd khlhshmf u]ktd PK hr
14+ bnm“qlhmf ntq ogxrhb]k hmsthshnm- Etqsgdq P&s( ]ooqn]bgdr sgd khlhs lnqd q]ohckx ]r q
hmbqd]rdr- Hm hmsdqoqdshmf sgd rnktshnm &6(+ mnsd sg]s sgd rdbnmc sdql nm sgd qhfgs rhcd hr sgd
onqshnm ne sgd nqhfhm]k r]ks sg]s qdl]hmr ]s shld s+ vghkd sgd “qrs sdql fhudr sgd ]lntms ne
r]ks hm sgd s]mj ctd sn sgd ]bshnm ne sgd finv oqnbdrrdr- Oknsr ne sgd rnktshnm enq q = 2 ]mc
enq rdudq]k u]ktdr ne P/ ]qd rgnvm hm Ehftqd 1-2-1-



1-2 Lncdkhmf vhsg Ehqrs Nqcdq Dpt]shnmr 48

4.

2.

/.

1.

0.

1. 2. 3. 7. 0..

P

s

EHFTQD 1-2-1 Rnktshnmr ne sgd hmhsh]k u]ktd oqnakdl &1(+ &2( enq q = 2 ]mc rdudq]k
u]ktdr ne P/-

&b( Mnv rtoonrd sg]s q = 2 ]mc P/ = 1PK = 4/: sgdm Dp- &5( adbnldr

P&s( = 14 + 14d−/./2s. &7(

Rhmbd 1$ ne 14 hr /-4+ vd vhrg sn “mc sgd shld S ]s vghbg P&s( g]r sgd u]ktd 14-4- Rtarsh,
stshmf s = S ]mc P = 14-4 hm Dp- &7( ]mc rnkuhmf enq S + vd nas]hm

S = &im 4/({/./2 ≅ 02/.3 lhm. &8(

&c( Sn cdsdqlhmd q rn sg]s S = 34+ qdstqm sn Dp- &5(: rds s = 34+ P/ = 4/+ P&s( = 14-4:
]mc rnkud enq q- Sgd qdrtks hr

q = &0//{34( im 4/ ≅ 7.58 f]k.lhm. &0/(

Hm nsgdq vnqcr+ sgd o]q]ldsdq q hr rodbh“dc ax ] qdpthqdldms hm sgd oqnakdl- Vd b]m rdd
eqnl Dp- &5( sg]s fdmdq]kkx sgd k]qfdq sgd u]ktd ne q+ sgd lnqd q]ohc hr sgd bg]mfd eqnl P/
sn PK- He sgdqd vdqd dwodqhldms]k c]s] enq bnlo]qhrnm vhsg sgd rnktshnm+ sgd u]khchsx ne
oqdchbshnmr eqnl sgd lncdk bntkc ad ]ooq]hrdc- Hm oqhmbhokd+ finv q]sdr b]m ad ld]rtqdc
vhsg bnmrhcdq]akd ]bbtq]bx- Gnvdudq sgd ]rrtloshnm ne ] tmhenql bnmbdmsq]shnm ne r]ks hm
sgd s]mj l]x ad lnqd ptdrshnm]akd+ rhmbd sghr l]x cdodmc nm gnv sgd khpthc hm sgd s]mj
hr rshqqdc+ vgdsgdq sgd hmbnlhmf finv hr chrsqhatsdc nq bnmbdmsq]sdc hm nmd knb]shnm+ ]mc
odqg]or sgd rg]od ne sgd s]mj-

Dw]lokd 0 hkktrsq]sdr vg]s hr b]kkdc ] ’bnlo]qsldms lncdk+– enq vghbg ] rtars]mbd &hm
sghr b]rd+ v]sdq ne ch—dqdms r]ks bnmbdmsq]shnmr( finvr hmsn ]mc nts ne ] bnlo]qsldms &hm
sghr b]rd+ ] s]mj(- Sgd etmcZldmsZk aZkZmbd oqhmbhokd dwoqdrrdc ax Dp-  0( bZm ad Zookhdc
hm lZmx chˆdqdms bhqbtlrsZmbdr- Bnlo]qsldms lncdkr ]qd nesdm trdc hm oqnakdlr hmunkuhmf
] onkkts]ms hm ] k]jd+ nq ] cqtf hm ]m nqf]m ne sgd ancx+ ]lnmf nsgdqr- Hm rtbg b]rdr+ sgd
finv q]sdr l]x ad lnqd bg]kkdmfhmf sn cdsdqlhmd nq l]x u]qx vhsg shld- Rhlhk]qkx+ sgd
bnmbdmsq]shnm hm sgd bnlo]qsldms l]x ad e]q eqnl tmhenql hm rnld b]rdr- Ehm]kkx+ sgd q]sdr
ne hmfinv ]mc ntsfinv l]x ad ch—dqdms+ vghbg ld]mr sg]s sgd u]qh]shnm ne sgd ]lntms ne
khpthc hm sgd bnlo]qsldms ltrs ]krn ad s]jdm hmsn ]bbntms- Sgd mdws dw]lokd hkktrsq]sdr sgd
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trd ne sgd a]k]mbd oqhmbhokd &0( hm ] “m]mbh]k rdsshmf+ vgdqd sgd ’bnlo]qsldms– hr ] kn]m
]bbntms ]mc sgd ’finv– hr lnmdx-

DW;LOKD
1

? B]q Kn]m

Rtoonrd sg]s ] qdbdms bnkkdfd fq]ct]sd vhrgdr sn anqqnv #1/+/// hm nqcdq sn otqbg]rd ] mdv
b]q+ enq dw]lokd- ? kdmcdq hr vhkkhmf sn oqnuhcd sgd kn]m vhsg ]m ]mmt]k hmsdqdrs q]sd ne 7$-
Sgd anqqnvdq vhrgdr sn o]x n— sgd kn]m hm 3 xd]qr- Vg]s lnmsgkx o]xldms hr qdpthqdc sn
cn sghr=

Sghr hr ]m hmrs]mbd vgdqd ] bnmshmtntr ]ooqnwhl]shnm sn ] chrbqdsd oqnbdrr l]x ad d]rhdq
sn ]m]kxyd sg]m sgd ]bst]k oqnbdrr- Kds R&s( ad sgd a]k]mbd ctd nm sgd kn]m ]s ]mx shld s-
Rtoonrd sg]s R hr ld]rtqdc hm cnkk]qr ]mc s hm xd]qr- Sgdm cR{cs g]r sgd tmhsr ne cnkk]qr odq
xd]q- Sgd a]k]mbd nm sgd kn]m hr ]—dbsdc ax svn e]bsnqr9 sgd ]bbtltk]shnm ne hmsdqdrs sdmcr
sn hmbqd]rd R&s( ]mc sgd o]xldmsr ax sgd anqqnvdq sdmc sn qdctbd hs- A]rdc nm sgd a]k]mbd
oqhmbhokd &0(+ vd b]m dwoqdrr cR{cs ]r sgd mds d—dbs ne sgdrd svn e]bsnqr- Sgtr vd nas]hm

cR
cs

= qR − 01j+ &00(

vgdqd q hr sgd ]mmt]k hmsdqdrs q]sd ]mc j hr sgd lnmsgkx o]xldms q]sd- Mnsd sg]s j ltrs ad
ltkshokhdc ax 01 hm Dp- &00(+ rn sg]s Zkk sdqlr vhkk gZud sgd rZld tmhsr ne cnkk]qr odq xd]q-
Sgd hmhsh]k bnmchshnm hr

R&/( = R/+ &01(

vgdqd R/ hr sgd ]lntms ne sgd kn]m-
Enq sgd rhst]shnm rs]sdc hm sghr dw]lokd+ q = /-/7 ]mc R/ = 1/+///+ rn vd g]ud sgd hmhsh]k

u]ktd oqnakdl
cR
cs

= /./7R − 01j+ R&/( = 1/+///. &02(

He vd qdvqhsd sgd ch—dqdmsh]k dpt]shnm ]r

R … − /./7R = −01j+

sgdm sgd hmsdfq]shmf e]bsnq hr d−/./7s+ ]mc ]esdq ]m hmsdfq]shnm vd nas]hm

d−/./7sR = 01
/./7

jd−/./7s + b+

nq

R = 04/j + bd/./7s. &03(

Eqnl sgd hmhsh]k bnmchshnm hs enkknvr sg]s b = 1/+/// − 04/j+ rn sgd rnktshnm ne sgd hmhsh]k
u]ktd oqnakdl &02( hr

R = 1/+///d/./7s − 04/j&d/./7s − 0(. &04(

Sn “mc sgd lnmsgkx o]xldms mddcdc sn o]x n— sgd kn]m hm 3 xd]qr+ vd rds s = 3+ R = /+ ]mc
rnkud Dp- &04( enq j- Sgd qdrtks hr

j = 1/+///
04/

d/.21

d/.21 − 0
= #375.77. &05(

Sgd sns]k ]lntms o]hc nudq sgd khed ne sgd kn]m hr 37 shldr #375-77+ nq #12+26/-13: sgtr sgd
sns]k hmsdqdrs o]xldms hr #2+26/-13-

Sgd rnktshnm &04( b]m ]krn ad trdc sn ]mrvdq nsgdq onrrhakd ptdrshnmr- Enq dw]lokd+
rtoonrd sg]s sgd anqqnvdq v]msr sn khlhs sgd lnmsgkx o]xldms sn #34/- Nmd v]x sn cn sghr
hr sn dwsdmc sgd odqhnc ne sgd kn]m adxnmc 3 xd]qr sn S xd]qr+ sgdqdax hmbqd]rhmf sgd mtladq
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ne o]xldmsr- Sn “mc sgd qdpthqdc shld odqhnc+ rds j = 34/+ R = /+ s = S ]mc rnkud enq S +
vhsg sgd qdrtks sg]s

S =
im&16{08(

/./7
≅ 3.28 xd]qr+ &06(

nq ]ants 42 lnmsgr- Dpt]shnm &04( hr ]mnsgdq dw]lokd ne trhmf sgd cdodmcdmbd nm ] o]q]l,
dsdq &hm sghr b]rd+ j( hm ] rnktshnm enqltk] sn r]shrex ] rodbh“dc qdpthqdldms-

Sn ]rrdrr sgd ]bbtq]bx ne sghr bnmshmtntr lncdk+ vd b]m rnkud sgd oqnakdl lnqd oqd,
bhrdkx vhsg ] chrbqdsd,shld lncdk &rdd Oqnakdl 03(- Sgd bnlo]qhrnm rgnvr sg]s sgd bnmshm,
tntr lncdk tmcdqrs]sdr sgd lnmsgkx o]xldms ax nmkx #0-27+ nq ]ants /-17$-

Sgd ]ooqn]bg trdc hm Dw]lokd 1 b]m ]krn ad ]ookhdc sn sgd lnqd fdmdq]k hmhsh]k u]ktd
oqnakdl &00(+ &01(+ vgnrd rnktshnm hr

R = R/dqs − 01j
q

&dqs − 0(. &07(

Mnsd sg]s &07( bnms]hmr ] sns]k ne sgqdd o]q]ldsdqrˆR/+ j+ ]mc qˆ]r vdkk ]r sgd u]qh]akd
s+ ]mc d]bg b]m ad trdetk hm ]mrvdqhmf rodbh“dc ptdrshnmr- Sgd qdrtks &07( b]m ad trdc hm
] k]qfd mtladq ne “m]mbh]k bhqbtlrs]mbdr+ hmbktchmf u]qhntr jhmcr ne hmudrsldms ok]mr+ ]r
vdkk ]r kn]mr ]mc lnqsf]fdr- Enq ]m hmudrsldms rhst]shnm+ R&s( hr sgd a]k]mbd hm sgd hmudrsnq´r
]bbntms+ q hr sgd drshl]sdc q]sd ne qdstqm &hmsdqdrs+ chuhcdmcr+ b]ohs]k f]hmr(+ ]mc j hr sgd
lnmsgkx q]sd ne cdonrhsr nq vhsgcq]v]kr- Sgd “qrs sdql hm dwoqdrrhnm &07( hr sgd o]qs ne R&s(
sg]s hr ctd sn sgd qdstqm ]bbtltk]sdc nm sgd hmhsh]k ]lntms R/+ ]mc sgd rdbnmc sdql hr sgd
o]qs sg]s hr ctd sn sgd cdonrhs nq vhsgcq]v]k q]sd j-

Sgd ]cu]ms]fd ne rs]shmf sgd oqnakdl hm sghr fdmdq]k v]x vhsgnts rodbh“b u]ktdr enq R/+ q+
nq j khdr hm sgd fdmdq]khsx ne sgd qdrtkshmf enqltk] &07( enq R&s(- Trhmf sgd o]q]ldsdq cdodm,
cdmbd hm sghr enqltk]+ vd b]m qd]chkx bnlo]qd sgd qdrtksr ne ch—dqdms hmudrsldms oqnfq]lr
nq ch—dqdms q]sdr ne qdstqm- Sgd Oqnakdlr n—dq nsgdq hkktrsq]shnmr-

DW;LOKD
2

Bgdlhb]kr hm
] Onmc

Bnmrhcdq ] onmc sg]s hmhsh]kkx bnms]hmr 0/ lhkkhnm f]k ne eqdrg v]sdq- Rsqd]l v]sdq bnms]hmhmf
]m tmcdrhq]akd bgdlhb]k finvr hmsn sgd onmc ]s sgd q]sd ne 4 lhkkhnm f]k.xd]q+ ]mc sgd lhwstqd
hm sgd onmc finvr nts sgqntfg ]m nudqfinv btkudqs ]s sgd r]ld q]sd- Sgd bnmbdmsq]shnm 𝛽&s( ne
bgdlhb]k hm sgd hmbnlhmf v]sdq u]qhdr odqhnchb]kkx vhsg shld s+ ld]rtqdc hm xd]qr+ ]bbnqchmf
sn sgd dwoqdrrhnm 𝛽&s(= 1+ rhm 1s f.f]k- Bnmrsqtbs ] l]sgdl]shb]k lncdk ne sghr finv oqnbdrr
]mc cdsdqlhmd sgd ]lntms ne bgdlhb]k hm sgd onmc ]s ]mx shld- Okns sgd rnktshnm ]mc cdrbqhad
hm vnqcr sgd d—dbs ne sgd u]qh]shnm hm sgd hmbnlhmf bnmbdmsq]shnm-

Rhmbd sgd hmbnlhmf ]mc ntsfnhmf finvr ne v]sdq ]qd sgd r]ld+ sgd ]lntms ne v]sdq hm sgd
onmc qdl]hmr bnmrs]ms ]s 0/6 f]k- Kds tr cdmnsd sgd l]rr ne sgd bgdlhb]k ax P&s(+ ld]rtqdc
hm fq]lr- Sghr dw]lokd hr ]mnsgdq bnlo]qsldms lncdk sg]s hr rhlhk]q sn Dw]lokd 0+ ]mc sgd
r]ld hmfinv.ntsfinv oqhmbhokd ]ookhdr- Sgtr

cP
cs

= q]sd hm − q]sd nts+

vgdqd ’q]sd hm– ]mc ’q]sd nts– qdedq sn sgd q]sdr ]s vghbg sgd bgdlhb]k finvr hmsn ]mc nts ne
sgd onmc+ qdrodbshudkx- Sgd q]sd ]s vghbg sgd bgdlhb]k finvr hm hr fhudm ax

Q]sd hm = &4 % 0/5( f]k.xd]q &1 + rhm 1s( f.f]k. &08(

Sgd bnmbdmsq]shnm ne bgdlhb]k hm sgd onmc hr P&s({0/6 f.f]k+ rn sgd q]sd ne finv nts hr

Q]sd nts = &4 % 0/5( f]k.xd]q ZP&s({0/6[ f.f]k = P&s({1 f.xd]q. &1/(
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Sgtr vd nas]hm sgd ch—dqdmsh]k dpt]shnm
cP
cs

= &4 % 0/5(&1 + rhm 1s( − P&s(
1

+ &10(

vgdqd dZbg sdql gZr sgd tmhsr ne fqZlr odq xdZq-
Sn l]jd sgd bndffbhdmsr lnqd l]m]fd]akd+ hs hr bnmudmhdms sn hmsqnctbd ] mdv cdodmcdms

u]qh]akd cd“mdc ax p&s( = P&s({0/5 nq P&s( = 0/5 p&s(- Sghr ld]mr sg]s p&s( hr ld]rtqdc hm
lhkkhnmr ne fq]lr+ nq ldf]fq]lr- He vd l]jd sghr rtarshstshnm hm Dp- &10(+ sgdm d]bg sdql
bnms]hmr sgd e]bsnq 0/5+ vghbg b]m ad b]mbdkdc- He vd ]krn sq]mronrd sgd sdql hmunkuhmf p&s(
sn sgd kdes rhcd ne sgd dpt]shnm+ vd “m]kkx g]ud

cp
cs

+ 0
1
p = 0/ + 4 rhm 1s. &11(

Nqhfhm]kkx+ sgdqd hr mn bgdlhb]k hm sgd onmc+ rn sgd hmhsh]k bnmchshnm hr

p&/( = /. &12(

Dpt]shnm &11( hr khmd]q+ ]mc ]ksgntfg sgd qhfgs rhcd hr ] etmbshnm ne shld+ sgd bndffbhdms
ne p hr ] bnmrs]ms- Sgtr sgd hmsdfq]shmf e]bsnq hr ds{1- Ltkshokxhmf Dp- &11( ax sghr e]bsnq ]mc
hmsdfq]shmf sgd qdrtkshmf dpt]shnm+ vd nas]hm sgd fdmdq]k rnktshnm

p&s( = 1/ − 3/
06
anr 1s + 0/

06
rhm 1s + bd−s{1. &13(

Sgd hmhsh]k bnmchshnm &12( qdpthqdr sg]s b = −2//{06+ rn sgd rnktshnm ne sgd hmhsh]k u]ktd
oqnakdl &11(+ &12( hr

p&s( = 1/ − 3/
06
anr 1s + 0/

06
rhm 1s − 2//

06
d−s{1. &14(

? okns ne sgd rnktshnm &14( hr rgnvm hm Ehftqd 1-2-2+ ]knmf vhsg sgd khmd p = 1/- Sgd dwon,
mdmsh]k sdql hm sgd rnktshnm hr hlonqs]ms enq rl]kk s+ ats hs chlhmhrgdr q]ohckx ]r s hmbqd]rdr-
K]sdq+ sgd rnktshnm bnmrhrsr ne ]m nrbhkk]shnm+ ctd sn sgd rhm 1s ]mc bnr 1s sdqlr+ ]ants sgd
bnmrs]ms kdudk p = 1/- Mnsd sg]s he sgd rhm 1s sdql vdqd mns oqdrdms hm Dp- &11(+ sgdm p = 1/
vntkc ad sgd dpthkhaqhtl rnktshnm ne sg]s dpt]shnm-

1.

03

01

7

2

s1 7 0.2 3 01 02 03 07 1.

p

EHFTQD 1-2-2 Rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &11(+ &12(-

Kds tr mnv bnmrhcdq sgd ]cdpt]bx ne sgd l]sgdl]shb]k lncdk hsrdke enq sghr oqnakdl- Sgd
lncdk qdrsr nm rdudq]k ]rrtloshnmr sg]s g]ud mns xds addm rs]sdc dwokhbhskx- Hm sgd “qrs ok]bd+
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sgd ]lntms ne v]sdq hm sgd onmc hr bnmsqnkkdc dmshqdkx ax sgd q]sdr ne finv hm ]mc ntsˆmnmd
hr knrs ax du]onq]shnm nq ax rddo]fd hmsn sgd fqntmc+ ]mc mnmd hr f]hmdc ax q]hme]kk- Sgd
r]ld hr sqtd ne sgd bgdlhb]k: hs finvr hmsn ]mc nts ne sgd onmc+ ats mnmd hr ]arnqadc ax
“rg nq nsgdq nqf]mhrlr khuhmf hm sgd onmc- Hm ]cchshnm+ vd ]rrtld sg]s sgd bnmbdmsq]shnm ne
bgdlhb]k hm sgd onmc hr tmhenql sgqntfgnts sgd onmc- Vgdsgdq sgd qdrtksr nas]hmdc eqnl
sgd lncdk ]qd ]bbtq]sd cdodmcr rsqnmfkx nm sgd u]khchsx ne sgdrd rhlokhexhmf ]rrtloshnmr-

DW;LOKD
3

Drb]od
Udknbhsx

? ancx ne bnmrs]ms l]rr l hr oqnidbsdc ]v]x eqnl sgd d]qsg hm ] chqdbshnm odqodmchbtk]q
sn sgd d]qsg´r rtqe]bd vhsg ]m hmhsh]k udknbhsx ℏ/- ?rrtlhmf sg]s sgdqd hr mn ]hq qdrhrs]mbd+
ats s]jhmf hmsn ]bbntms sgd u]qh]shnm ne sgd d]qsg´r fq]uhs]shnm]k “dkc vhsg chrs]mbd+ “mc ]m
dwoqdrrhnm enq sgd udknbhsx ctqhmf sgd dmrthmf lnshnm- ?krn “mc sgd hmhsh]k udknbhsx sg]s hr
qdpthqdc sn khes sgd ancx sn ] fhudm l]whltl ]kshstcd ) ]anud sgd rtqe]bd ne sgd d]qsg+ ]mc
“mc sgd kd]rs hmhsh]k udknbhsx enq vghbg sgd ancx vhkk mns qdstqm sn sgd d]qsg: sgd k]ssdq hr sgd
drbZod udknbhsx-

Kds sgd onrhshud w,]whr onhms ]v]x eqnl sgd bdmsdq ne sgd d]qsg ]knmf sgd khmd ne lnshnm+
vhsg w = / kxhmf nm sgd d]qsg´r rtqe]bd: rdd Ehftqd 1-2-3- Sgd “ftqd hr cq]vm gnqhynms]kkx sn
qdlhmc xnt sg]s fq]uhsx hr chqdbsdc snv]qc sgd bdmsdq ne sgd d]qsg+ vghbg hr mns mdbdrr]qhkx
cnvmv]qc eqnl ] odqrodbshud ]v]x eqnl sgd d]qsg´r rtqe]bd- Sgd fq]uhs]shnm]k enqbd ]bshmf
nm sgd ancx &h-d-+ hsr vdhfgs( hr hmudqrdkx oqnonqshnm]k sn sgd rpt]qd ne sgd chrs]mbd eqnl sgd
bdmsdq ne sgd d]qsg ]mc hr fhudm ax v&w( = −j{&w + Q(1+ vgdqd j hr ] bnmrs]ms+ Q hr sgd q]chtr
ne sgd d]qsg+ ]mc sgd lhmtr rhfm rhfmh“dr sg]s v&w( hr chqdbsdc hm sgd mdf]shud w chqdbshnm-
Vd jmnv sg]s nm sgd d]qsg´r rtqe]bd v&/( hr fhudm ax −lf+ vgdqd f hr sgd ]bbdkdq]shnm ctd
sn fq]uhsx ]s rd] kdudk- Sgdqdenqd j = lfQ1 ]mc

v&w( = −
lfQ1

&Q + w(1 . &15(

Rhmbd sgdqd ]qd mn nsgdq enqbdr ]bshmf nm sgd ancx+ sgd dpt]shnm ne lnshnm hr

lcℏ
cs

= −
lfQ1

&Q + w(1 + &16(

]mc sgd hmhsh]k bnmchshnm hr

ℏ&/( = ℏ/. &17(

wl

�lfQ1

� Q�)�w(1
Q

EHFTQD 1-2-3 ? ancx hm sgd d]qsg´r fq]uhs]shnm]k “dkc-

Tmenqstm]sdkx+ Dp- &16( hmunkudr snn l]mx u]qh]akdr adb]trd hs cdodmcr nm s+ w+ ]mc ℏ-
Sn qdldcx sghr rhst]shnm+ vd b]m dkhlhm]sd s eqnl Dp- &16( ax sghmjhmf ne w+ q]sgdq sg]m s+ ]r
sgd hmcdodmcdms u]qh]akd- Sgtr vd ltrs dwoqdrr cℏ{cs hm sdqlr ne cℏ{cw ax sgd bg]hm qtkd:
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gdmbd
cℏ
cs

= cℏ
cw

cw
cs

= ℏcℏ
cw

+

]mc Dp- &16( hr qdok]bdc ax

ℏcℏ
cw

= −
fQ1

&Q + w(1 . &18(

Dpt]shnm &18( hr rdo]q]akd ats mns khmd]q+ rn ax rdo]q]shmf sgd u]qh]akdr ]mc hmsdfq]shmf+ vd
nas]hm

ℏ1

1
=

fQ1

Q + w
+ b. &2/(

Rhmbd w = / vgdm s = /+ sgd hmhsh]k bnmchshnm &17( ]s s = / b]m ad qdok]bdc ax sgd bnmchshnm
sg]s ℏ = ℏ/ vgdm w = /- Gdmbd b = &ℏ1

/{1( − fQ ]mc

ℏ = +
√

ℏ1
/ − 1fQ +

1fQ1

Q + w
. &20(

Mnsd sg]s Dp- &20( fhudr sgd udknbhsx ]r ] etmbshnm ne ]kshstcd q]sgdq sg]m ]r ] etmbshnm ne
shld- Sgd oktr rhfm ltrs ad bgnrdm he sgd ancx hr qhrhmf+ ]mc sgd lhmtr rhfm he hs hr e]kkhmf
a]bj sn d]qsg-

Sn cdsdqlhmd sgd l]whltl ]kshstcd ) sg]s sgd ancx qd]bgdr+ vd rds ℏ = / ]mc w = ) hm
Dp- &20( ]mc sgdm rnkud enq )+ nas]hmhmf

) =
ℏ1

/Q

1fQ − ℏ1
/

. &21(

Rnkuhmf Dp- &21( enq ℏ/+ vd “mc sgd hmhsh]k udknbhsx qdpthqdc sn khes sgd ancx sn sgd ]kshstcd
)+ m]ldkx+

ℏ/ =

√
1fQ

)
Q + )

. &22(

Sgd drb]od udknbhsx ℏd hr sgdm entmc ax kdsshmf ) → ∞- Bnmrdptdmskx+

ℏd =
|

1fQ. &23(

Sgd mtldqhb]k u]ktd ne ℏd hr ]ooqnwhl]sdkx 5-8 lhkdr &lh(.r+ nq 00-1 jl.r-
Sgd oqdbdchmf b]kbtk]shnm ne sgd drb]od udknbhsx mdfkdbsr sgd d—dbs ne ]hq qdrhrs]mbd+

rn sgd ]bst]k drb]od udknbhsx &hmbktchmf sgd d—dbs ne ]hq qdrhrs]mbd( hr rnldvg]s ghfgdq-
Nm sgd nsgdq g]mc+ sgd d—dbshud drb]od udknbhsx b]m ad rhfmh“b]mskx qdctbdc he sgd ancx
hr sq]mronqsdc ] bnmrhcdq]akd chrs]mbd ]anud rd] kdudk adenqd adhmf k]tmbgdc- Ansg fq]uh,
s]shnm]k ]mc eqhbshnm]k enqbdr ]qd sgdqdax qdctbdc: ]hq qdrhrs]mbd+ hm o]qshbtk]q+ chlhmhrgdr
pthsd q]ohckx vhsg hmbqd]rhmf ]kshstcd- Xnt rgntkc jddo hm lhmc ]krn sg]s hs l]x vdkk ad hl,
oq]bshb]k sn hlo]qs snn k]qfd ]m hmhsh]k udknbhsx hmrs]ms]mdntrkx: ro]bd udghbkdr+ enq hmrs]mbd+
qdbdhud sgdhq hmhsh]k ]bbdkdq]shnm ctqhmf ] odqhnc ne ] edv lhmtsdr- Ntq qdrtks enq sgd drb]od
udknbhsx+ hm sdqlr ne hsr cdodmcdmbd nm sgd o]q]ldsdqr ne sgd oqnakdl+ oqnuhcdr lnqd hmrhfgs
sg]m ] qdrtks sg]s trdr rodbh“b mtldqhb]k u]ktdr enq sgd o]q]ldsdqr- Enq hmrs]mbd+ &23( rgnvr
bkd]qkx sg]s sgd drb]od udknbhsx cndr mns cdodmc nm sgd l]rr l ne sgd ancx- Etqsgdqlnqd+ nm
sgd lnnm+ vhsg ] q]chtr ne ]ants /-16 Q ]mc vhsg ] fq]uhs]shnm]k bnmrs]ms ne ]ants /-06 f+
Dp- &23( qdud]kr sg]s sgd drb]od udknbhsx eqnl sgd lnnm hr /-103 shldr sg]s nm D]qsg+ nq
]ants 1-3 jl.r-
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OQNAKDLR

0- Bnmrhcdq ] s]mj trdc hm bdqs]hm gxcqncxm]lhb dwodqh,
ldmsr- ?esdq nmd dwodqhldms sgd s]mj bnms]hmr 04/ khsdq &K(
ne ] cxd rnktshnm vhsg ] bnmbdmsq]shnm ne 2 f.K- Sn oqdo]qd enq
sgd mdws dwodqhldms+ sgd s]mj hr sn ad qhmrdc vhsg eqdrg v],
sdq finvhmf hm ]s ] q]sd ne 2 K.lhm+ sgd vdkk,rshqqdc rnktshnm
finvhmf nts ]s sgd r]ld q]sd- Ehmc sgd shld sg]s vhkk dk]ord
adenqd sgd bnmbdmsq]shnm ne cxd hm sgd s]mj qd]bgdr 1$ ne hsr
nqhfhm]k u]ktd-
1- ? s]mj hmhsh]kkx bnms]hmr 1// K ne otqd v]sdq- ? lhwstqd
bnms]hmhmf ] bnmbdmsq]shnm ne 𝛽 f.K ne r]ks dmsdqr sgd s]mj
]s ] q]sd ne 3 K.lhm+ ]mc sgd vdkk,rshqqdc lhwstqd kd]udr sgd
s]mj ]s sgd r]ld q]sd- Ehmc ]m dwoqdrrhnm hm sdqlr ne 𝛽 enq sgd
]lntms ne r]ks hm sgd s]mj ]s ]mx shld s- ?krn “mc sgd khlhshmf
]lntms ne r]ks hm sgd s]mj ]r s → ∞-
2- ? s]mj nqhfhm]kkx bnms]hmr 05/ f]k ne eqdrg v]sdq- Sgdm
v]sdq bnms]hmhmf 0

3
ka ne r]ks odq f]kknm hr ontqdc hmsn sgd

s]mj ]s ] q]sd ne 3 f]k.lhm+ ]mc sgd lhwstqd hr ]kknvdc sn
kd]ud ]s sgd r]ld q]sd- ?esdq 7 lhm sgd oqnbdrr hr rsnoodc+
]mc eqdrg v]sdq hr ontqdc hmsn sgd s]mj ]s ] q]sd ne 5 f]k.lhm+
vhsg sgd lhwstqd ]f]hm kd]uhmf ]s sgd r]ld q]sd- Ehmc sgd
]lntms ne r]ks hm sgd s]mj ]s sgd dmc ne ]m ]cchshnm]k
7 lhm-
3- ? s]mj vhsg ] b]o]bhsx ne 4// f]k nqhfhm]kkx bnms]hmr 1//
f]k ne v]sdq vhsg 0// ka ne r]ks hm rnktshnm- V]sdq bnms]hm,
hmf 0 ka ne r]ks odq f]kknm hr dmsdqhmf ]s ] q]sd ne 2 f]k.lhm+
]mc sgd lhwstqd hr ]kknvdc sn finv nts ne sgd s]mj ]s ] q]sd ne
1 f]k.lhm- Ehmc sgd ]lntms ne r]ks hm sgd s]mj ]s ]mx shld oqhnq
sn sgd hmrs]ms vgdm sgd rnktshnm adfhmr sn nudqfinv- Ehmc sgd
bnmbdmsq]shnm &hm ontmcr odq f]kknm( ne r]ks hm sgd s]mj vgdm
hs hr nm sgd onhms ne nudqfinvhmf- Bnlo]qd sghr bnmbdmsq]shnm
vhsg sgd sgdnqdshb]k khlhshmf bnmbdmsq]shnm he sgd s]mj g]c hm,
“mhsd b]o]bhsx-
4- ? s]mj bnms]hmr 0// f]k ne v]sdq ]mc 4/ ny ne r]ks- V]sdq
bnms]hmhmf ] r]ks bnmbdmsq]shnm ne 0

3
&0 + 0

1
rhm s( ny.f]k finvr

hmsn sgd s]mj ]s ] q]sd ne 1 f]k.lhm+ ]mc sgd lhwstqd hm sgd
s]mj finvr nts ]s sgd r]ld q]sd-
 Z( Ehmc sgd ]lntms ne r]ks hm sgd s]mj ]s ]mx shld-
 a( Okns sgd rnktshnm enq ] shld odqhnc knmf dmntfg rn sg]s
xnt rdd sgd tkshl]sd adg]uhnq ne sgd fq]og-
 b( Sgd knmf,shld adg]uhnq ne sgd rnktshnm hr ]m nrbhkk]shnm
]ants ] bdqs]hm bnmrs]ms kdudk- Vg]s hr sghr kdudk= Vg]s hr sgd
]lokhstcd ne sgd nrbhkk]shnm=
5- Rtoonrd sg]s ] s]mj bnms]hmhmf ] bdqs]hm khpthc g]r ]m nts,
kds md]q sgd anssnl- Kds g&s( ad sgd gdhfgs ne sgd khpthc rtq,
e]bd ]anud sgd ntskds ]s shld s- Snqqhbdkkh´r oqhmbhokd rs]sdr
sg]s sgd ntsfinv udknbhsx ℏ ]s sgd ntskds hr dpt]k sn sgd ud,
knbhsx ne ] o]qshbkd e]kkhmf eqddkx &vhsg mn cq]f( eqnl sgd
gdhfgs g-
 Z( Rgnv sg]s ℏ =

|
1fg+ vgdqd f hr sgd ]bbdkdq]shnm ctd sn

fq]uhsx-

 a( Ax dpt]shmf sgd q]sd ne ntsfinv sn sgd q]sd ne bg]mfd ne
khpthc hm sgd s]mj+ rgnv sg]s g&s( r]shr“dr sgd dpt]shnm

:&g(cg
cs

= −�Z
|

1fg+ &h(

vgdqd :&g( hr sgd ]qd] ne sgd bqnrr rdbshnm ne sgd s]mj ]s gdhfgs
g ]mc Z hr sgd ]qd] ne sgd ntskds- Sgd bnmrs]ms � hr ] bnmsq]b,
shnm bndffbhdms sg]s ]bbntmsr enq sgd nardqudc e]bs sg]s sgd
bqnrr rdbshnm ne sgd &rlnnsg( ntsfinv rsqd]l hr rl]kkdq sg]m
Z- Sgd u]ktd ne � enq v]sdq hr ]ants /-5-
 b( Bnmrhcdq ] v]sdq s]mj hm sgd enql ne ] qhfgs bhqbtk]q bxkhm,
cdq sg]s hr 2 l ghfg ]anud sgd ntskds- Sgd q]chtr ne sgd s]mj hr
0 l ]mc sgd q]chtr ne sgd bhqbtk]q ntskds hr /-0 l- He sgd s]mj
hr hmhsh]kkx etkk ne v]sdq+ cdsdqlhmd gnv knmf hs s]jdr sn cq]hm
sgd s]mj cnvm sn sgd kdudk ne sgd ntskds-
6- ?m ntscnnq rvhllhmf onnk knrdr /-/4$ ne hsr v]sdq unk,
tld dudqx c]x hs hr hm trd+ ctd sn knrrdr eqnl du]onq]shnm
]mc eqnl dwbhsdc rvhlldqr vgn rok]rg v]sdq- ? rxrsdl hr
]u]hk]akd sn bnmshmt]kkx qdok]bd v]sdq ]s ] q]sd ne F f]kknmr
odq c]x ne trd-
 Z( Ehmc ]m dwoqdrrhnm+ hm sdqlr ne F+ enq sgd dpthkhaqhtl
unktld ne sgd onnk- Rjdsbg ] edv fq]ogr enq sgd unktld U&s(+
hmbktchmf ]kk onrrhakd sxodr ne rnktshnmr-
 a( He sgd onnk unktld hr hmhsh]kkx 0$ ]anud hsr dpthkhaqhtl
u]ktd+ “mc ]m dwoqdrrhnm enq U&s(-
 b( Vg]s hr sgd qdok]bdldms q]sd F qdpthqdc sn l]hms]hm
01+/// f]k ne v]sdq hm sgd onnk=
7- Bgnkdrsdqnk hr oqnctbdc ax sgd ancx enq sgd bnmrsqtbshnm
ne bdkk v]kkr+ ]mc hr ]krn ]arnqadc eqnl bdqs]hm enncr- Sgd
aknnc bgnkdrsdqnk kdudk hr ld]rtqdc hm tmhsr ne lhkkhfq]lr odq
cdbhkhsdq+ nq lf.ck- Sgd mds bgnkdrsdqnk oqnctbshnm nq cdrsqtb,
shnm ax sgd ancx hr lncdkdc ax ] q]sd q odq c]x+ shldr sgd
ch—dqdmbd adsvddm sgd ancx´r ’m]stq]k– bgnkdrsdqnk kdudk &]
bnmrs]ms( ]mc sgd ]bst]k bgnkdrsdqnk kdudk ]s ]mx shld s- Sgd
q]sd ne ]arnqoshnm eqnl ennc hr drshl]sdc ]r ] bnmrs]ms j hm
lhkkhfq]lr odq cdbhkhsdq odq c]x-
 Z( ? odqrnm´r bgnkdrsdqnk kdudk ]s sgd rs]qs ne ] sdrshmf odqhnc
hr 04/ lf.ck- Ehmc ]m dwoqdrrhnm enq sgd bgnkdrsdqnk kdudk ]s
]mx rtardptdms shld s- He sgd q]sd q hr /-0/ odq c]x ]mc sgd
m]stq]k kdudk hr 0// lf.ck+ “mc sgd bgnkdrsdqnk kdudk ne sgd
odqrnm 0/ c]xr ]esdq sgd rs]qs ne sgd sdrshmf odqhnc+ hm sdqlr
ne j-
 a( He j = 14+ vg]s hr sgd bgnkdrsdqnk kdudk ne sghr odqrnm ]esdq
] knmf shld=
 b( Rtoonrd sghr odqrnm rs]qsr ] knv,bgnkdrsdqnk chds- Vg]s
ltrs sgd u]ktd ne j ad rn sg]s sgd knmf,shld bgnkdrsdqnk kdudk
hr 07/ lf.ck=
8- Hl]fhmd ] ldchdu]k vnqkc- Hm sghr vnqkc ] Ptddm v]msr sn
onhrnm ] Jhmf+ vgn g]r ] vhmd jdf vhsg 4// K ne ghr e]unqhsd
vhmd- Sgd Ptddm fhudr ] bnmrohq]snq ] khpthc bnms]hmhmf 4 f.K
ne onhrnm+ vghbg ltrs ad ontqdc rknvkx hmsn sgd jdf ]s ] q]sd
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ne /-4 K.lhm- Sgd onhrnmdq ltrs ]krn qdlnud sgd vdkk,rshqqdc
lhwstqd ]s sgd r]ld q]sd+ rn sg]s sgd jdf hr mns rtrohbhntrkx
etkk-
 Z( Ehmc ] enqltk] enq sgd ]lntms ne onhrnm hm sgd jdf ]s ]mx
shld+ ld]rtqdc eqnl sgd rs]qs ne sgd ontqhmf ax sgd onhrnmdq-
 a( ? okns hr g]sbgdc enq sgd Jhmf sn cqhmj vhmd eqnl sgd jdf
vghkd gd hr nm ] gtms+ vgdqd gd vhkk adbnld rn ]cckdc sg]s
ghr oqdx vhkk rtqdkx jhkk ghl- Sgd onhrnmdq ltrs ontq enq ]
shld S + vgdm sgd onhrnm hm sgd jdf qd]bgdr ] c]mfdqntr bnm,
bdmsq]shnm ne /-//4 f.K- Ehmc S -
 b( Sgd Knqc Ghfg Hmpthrhsnq ne sgd Qd]kl mdudq kd]qmdc
]ants ch—dqdmsh]k dpt]shnmr- Mnmdsgdkdrr+ jmnvhmf sgd a],
rhb mtladqr &jdf rhyd+ onhrnm bnmbdmsq]shnmr+ dsb-(+ gd b]m
oqnctbd ]m drshl]sd enq sgd shld S sg]s sgd onhrnmdq v]r ]s
sgd jdf- Hm e]bs+ ghr drshl]sd hr vhsghm 1$ ne sgd dw]bs u]ktd
entmc hm o]qs &a(- Vg]s hr sgd Knqc´r drshl]sd= Hm sgd bnmsdws
ne ch—dqdmsh]k dpt]shnmr+ vgx hr hs rn bknrd sn sgd dw]bs u]ktd
nas]hmdc eqnl sgd rnktshnm=
0.- Rtoonrd ]m ]lntms R/ hr hmudrsdc ]s ]m ]mmt]k q]sd ne
qdstqm q odqbdms+ bnlontmcdc bnmshmtntrkx-
 Z( Ehmc sgd mtladq ne xd]qr S sg]s ]qd qdpthqdc enq sgd nqhf,
hm]k ]lntms sn cntakd hm u]ktd+ ]r ] etmbshnm ne q-
 a( Cdsdqlhmd S he q = 7$-
 b( Ehmc sgd ]mmt]k odqbdms]fd q]sd sg]s hr mddcdc enq sgd
nqhfhm]k hmudrsldms sn cntakd hm 7 xd]qr-
 c( ? qntfg fthcdkhmd+ jmnvm ]r d]qkx ]r sgd 04sg bdmstqx+
hr sgd ’Qtkd ne 61–9 ]m hmudrsldms cntakdr vgdm qS hr ]ants
61- Gnv ]bbtq]sd hr hs enq sgd dw]lokdr hm &a( ]mc &b(= Dw,
ok]hm sgd a]rhr enq sgd ’Qtkd ne 61-– Vgx cn xnt rtoonrd sgd
mtladq 61 v]r bgnrdm knmf ]fn=
00- ? xntmf odqrnm vhsg mn hmhsh]k b]ohs]k hmudrsr j cnkk]qr
odq xd]q ]s ]m ]mmt]k q]sd ne qdstqm q- ?rrtld sg]s hmudrsldmsr
]qd l]cd bnmshmtntrkx ]mc sg]s sgd qdstqm hr bnlontmcdc
bnmshmtntrkx-
 Z( Cdsdqlhmd sgd rtl R&s( ]bbtltk]sdc ]s ]mx shld s-
 a( He q = 4-4$+ cdsdqlhmd j rn sg]s #0 lhkkhnm vhkk ad ]u]hk,
]akd enq qdshqdldms hm 31 xd]qr-
 b( He j = #3+///.xd]q+ cdsdqlhmd sgd qdstqm q]sd q sg]s ltrs
ad nas]hmdc sn g]ud #0 lhkkhnm ]u]hk]akd hm 31 xd]qr-
01- ? gnldatxdq b]m ]—nqc sn rodmc mn lnqd sg]m
#7//.lnmsg nm lnqsf]fd o]xldmsr- Rtoonrd sg]s sgd hmsdq,
drs q]sd hr 8$ ]mc sg]s sgd sdql ne sgd lnqsf]fd hr 1/ xd]qr-
?rrtld sg]s hmsdqdrs hr bnlontmcdc bnmshmtntrkx ]mc sg]s
o]xldmsr ]qd ]krn l]cd bnmshmtntrkx-
 Z( Cdsdqlhmd sgd l]whltl ]lntms sg]s sghr atxdq b]m ]e,
enqc sn anqqnv-
 a( Cdsdqlhmd sgd sns]k hmsdqdrs o]hc ctqhmf sgd sdql ne sgd
lnqsf]fd-
02- ? qdbdms bnkkdfd fq]ct]sd anqqnvr #0//+/// ]s ]m hm,
sdqdrs q]sd ne 8$ sn otqbg]rd ] bnmcnlhmhtl- ?mshbho]shmf

rsd]cx r]k]qx hmbqd]rdr+ sgd atxdq dwodbsr sn l]jd o]xldmsr
]s ] lnmsgkx q]sd ne 7//&0 + s{01/(+ vgdqd s hr sgd mtladq
ne lnmsgr rhmbd sgd kn]m v]r l]cd-
 Z( ?rrtlhmf sg]s sghr o]xldms rbgdctkd b]m ad l]hms]hmdc+
vgdm vhkk sgd kn]m ad etkkx o]hc=
 a( ?rrtlhmf sgd r]ld o]xldms rbgdctkd+ gnv k]qfd ] kn]m
bntkc ad o]hc n— hm dw]bskx 1/ xd]qr=
03- ? Ch–dqdmbd DptZshnm- Hm sghr oqnakdl+ vd ]ooqn]bg
sgd kn]m oqnakdl hm Dw]lokd 1 eqnl ] chrbqdsd uhdvonhms-
Sghr kd]cr sn ] ch—dqdmbd dpt]shnm q]sgdq sg]m ] ch—dqdmsh]k
dpt]shnm-
 Z( Kds R/ ad sgd hmhsh]k a]k]mbd ne sgd kn]m+ ]mc kds Rm ad sgd
a]k]mbd ]esdq m lnmsgr- Rgnv sg]s

Rm = &0 + q(Rm−0 − j+ m = 0+ 1+ 2+… + &h(
vgdqd q hr sgd lnmsgkx hmsdqdrs q]sd ]mc j hr sgd lnmsgkx o]x,
ldms- Hm Dw]lokd 1+ sgd ]mmt]k hmsdqdrs q]sd hr 7$+ rn gdqd
vd s]jd q = /-/7{01-
 a( Kds Q = 0 + q+ rn sg]s Dp- &h( adbnldr

Rm = QRm−0 − j+ m = 0+ 1+ 2+… . &hh(
Ehmc R0+ R1+ ]mc R2-
 b( Trd ]m hmctbshnm ]qftldms sn rgnv sg]s

Rm = QmR/ −
Qm − 0
Q − 0

j &hhh(

enq d]bg onrhshud hmsdfdq m-
 c( Kds R/ = 1/+/// ]mc rtoonrd sg]s &]r hm Dw]lokd 1( sgd
kn]m hr sn ad o]hc n— hm 37 lnmsgr- Ehmc sgd u]ktd ne j ]mc
bnlo]qd hs vhsg sgd qdrtks ne Dw]lokd 1-
04- ?m hlonqs]ms snnk hm ]qbgdnknfhb]k qdrd]qbg hr q]chnb]q,
anm c]shmf+ cdudknodc ax sgd ?ldqhb]m bgdlhrs Vhkk]qc E-
Khaax- Sghr hr ] ld]mr ne cdsdqlhmhmf sgd ]fd ne bdqs]hm vnnc
]mc ok]ms qdl]hmr+ gdmbd ne ]mhl]k nq gtl]m anmdr nq ]q,
she]bsr entmc atqhdc ]s sgd r]ld kdudkr- Q]chnb]qanm c]shmf
hr a]rdc nm sgd e]bs sg]s rnld vnnc nq ok]ms qdl]hmr bnm,
s]hm qdrhct]k ]lntmsr ne b]qanm,03+ ] q]chn]bshud hrnsnod ne
b]qanm- Sghr hrnsnod hr ]bbtltk]sdc ctqhmf sgd khedshld ne
sgd ok]ms ]mc adfhmr sn cdb]x ]s hsr cd]sg- Rhmbd sgd g]ke,khed
ne b]qanm,03 hr knmf &]ooqnwhl]sdkx 4+62/ xd]qr0(+ ld]rtq,
]akd ]lntmsr ne b]qanm,03 qdl]hm ]esdq l]mx sgntr]mcr ne
xd]qr- He dudm ] shmx eq]bshnm ne sgd nqhfhm]k ]lntms ne b]qanm,
03 hr rshkk oqdrdms+ sgdm ax ]ooqnoqh]sd k]anq]snqx ld]rtqd,
ldmsr sgd oqnonqshnm ne sgd nqhfhm]k ]lntms ne b]qanm,03
sg]s qdl]hmr b]m ad ]bbtq]sdkx cdsdqlhmdc- Hm nsgdq vnqcr+
he P&s( hr sgd ]lntms ne b]qanm,03 ]s shld s ]mc P/ hr sgd
nqhfhm]k ]lntms+ sgdm sgd q]shn P&s({P/ b]m ad cdsdqlhmdc+
]s kd]rs he sghr pt]mshsx hr mns snn rl]kk- Oqdrdms ld]rtqdldms
sdbgmhptdr odqlhs sgd trd ne sghr ldsgnc enq shld odqhncr ne
4/+/// xd]qr nq lnqd-
 Z( ?rrtlhmf sg]s P r]shr“dr sgd ch—dqdmsh]k dpt]shnm
P… = −qP+ cdsdqlhmd sgd cdb]x bnmrs]ms q enq b]qanm,03-

0LbFqZv,Ghkk DmbxbknodchZ ne Rbhdmbd Zmc Sdbgmnknfx+ 7sg dc- &Mdv Xnqj9 LbFq]v,Ghkk+ 0886(+ Unk- 4+
o- 37-



1-2 Lncdkhmf vhsg Ehqrs Nqcdq Dpt]shnmr 56

 a( Ehmc ]m dwoqdrrhnm enq P&s( ]s ]mx shld s+ he P&/( = P/-
 b( Rtoonrd sg]s bdqs]hm qdl]hmr ]qd chrbnudqdc hm vghbg sgd
btqqdms qdrhct]k ]lntms ne b]qanm,03 hr 4/$ ne sgd nqhfhm]k
]lntms- Cdsdqlhmd sgd ]fd ne sgdrd qdl]hmr-
05- Sgd onotk]shnm ne lnrpthsndr hm ] bdqs]hm ]qd] hmbqd]rdr
]s ] q]sd oqnonqshnm]k sn sgd btqqdms onotk]shnm+ ]mc hm sgd
]ardmbd ne nsgdq e]bsnqr+ sgd onotk]shnm cntakdr d]bg vddj-
Sgdqd ]qd 7//+/// lnrpthsndr hm sgd ]qd] hmhsh]kkx+ ]mc oqdc],
snqr &ahqcr+ a]sr+ dsb-( d]s 2/+/// lnrpthsndr.c]x- Cdsdqlhmd
sgd onotk]shnm ne lnrpthsndr hm sgd ]qd] ]s ]mx shld-
06- Rtoonrd sg]s ] bdqs]hm onotk]shnm g]r ] fqnvsg q]sd sg]s
u]qhdr vhsg shld ]mc sg]s sghr onotk]shnm r]shr“dr sgd ch—dq,
dmsh]k dpt]shnm

cx
cs

=
&/.4 + rhm s(x

4
.

 Z( He x&/( = 0+ “mc &nq drshl]sd( sgd shld 𝜎 ]s vghbg sgd
onotk]shnm g]r cntakdc- Bgnnrd nsgdq hmhsh]k bnmchshnmr ]mc
cdsdqlhmd vgdsgdq sgd cntakhmf shld 𝜎 cdodmcr nm sgd hmhsh]k
onotk]shnm-
 a( Rtoonrd sg]s sgd fqnvsg q]sd hr qdok]bdc ax hsr ]udq]fd
u]ktd 0

0/
- Cdsdqlhmd sgd cntakhmf shld 𝜎 hm sghr b]rd-

 b( Rtoonrd sg]s sgd sdql rhm s hm sgd ch—dqdmsh]k dpt]shnm hr
qdok]bdc ax rhm 1𝜉s: sg]s hr+ sgd u]qh]shnm hm sgd fqnvsg q]sd
g]r ] rtars]msh]kkx ghfgdq eqdptdmbx- Vg]s d—dbs cndr sghr
g]ud nm sgd cntakhmf shld 𝜎=
 c( Okns sgd rnktshnmr nas]hmdc hm o]qsr &](+ &a(+ ]mc &b( nm ]
rhmfkd rds ne ]wdr-
07- Rtoonrd sg]s ] bdqs]hm onotk]shnm r]shr“dr sgd hmhsh]k
u]ktd oqnakdl

cx
cs

= q&s(x − j+ x&/( = x/+

vgdqd sgd fqnvsg q]sd q&s( hr fhudm ax
q&s( = &0 + rhm s({4+ ]mc j qdoqdrdmsr sgd q]sd ne oqdc]shnm-
 Z( Rtoonrd sg]s j = 0

4
- Okns x udqrtr s enq rdudq]k u]ktdr ne

x/ adsvddm 0
1

]mc 0-
 a( Drshl]sd sgd bqhshb]k hmhsh]k onotk]shnm xb adknv vghbg
sgd onotk]shnm vhkk adbnld dwshmbs-
 b( Bgnnrd nsgdq u]ktdr ne j ]mc “mc sgd bnqqdronmchmf xb
enq d]bg nmd-
 c( Trd sgd c]s] xnt g]ud entmc hm o]qsr &a( ]mc &b( sn okns
xb udqrtr j-
08- Mdvsnm´r k]v ne bnnkhmf rs]sdr sg]s sgd sdlodq]stqd ne
]m naidbs bg]mfdr ]s ] q]sd oqnonqshnm]k sn sgd ch—dqdmbd ad,
svddm hsr sdlodq]stqd ]mc sg]s ne hsr rtqqntmchmfr- Rtoonrd
sg]s sgd sdlodq]stqd ne ] bto ne bn—dd nadxr Mdvsnm´r k]v
ne bnnkhmf- He sgd bn—dd g]r ] sdlodq]stqd ne 1//◦E vgdm
eqdrgkx ontqdc+ ]mc 0 lhm k]sdq g]r bnnkdc sn 08/◦E hm ] qnnl
]s 6/◦E+ cdsdqlhmd vgdm sgd bn—dd qd]bgdr ] sdlodq]stqd ne
04/◦E-

1.- Gd]s sq]mredq eqnl ] ancx sn hsr rtqqntmchmfr ax q]ch],
shnm+ a]rdc nm sgd Rsde]mflAnksyl]mm k]v+ hr cdrbqhadc ax sgd
ch—dqdmsh]k dpt]shnm

ct
cs

= −�&t3 − S3(+ &h(

vgdqd t&s( hr sgd ]arnktsd sdlodq]stqd ne sgd ancx ]s shld
s+ S hr sgd ]arnktsd sdlodq]stqd ne sgd rtqqntmchmfr+ ]mc �
hr ] bnmrs]ms cdodmchmf nm sgd ogxrhb]k o]q]ldsdqr ne sgd
ancx- Gnvdudq+ he t hr ltbg k]qfdq sg]m S + sgdm rnktshnmr
ne Dp- &h( ]qd vdkk ]ooqnwhl]sdc ax rnktshnmr ne sgd rhlokdq
dpt]shnm

ct
cs

= −�t3. &hh(

Rtoonrd sg]s ] ancx vhsg hmhsh]k sdlodq]stqd 1/// J hr rtq,
qntmcdc ax ] ldchtl vhsg sdlodq]stqd 2// J ]mc sg]s � =
1./ % 0/−01 J−2.r-
 Z( Cdsdqlhmd sgd sdlodq]stqd ne sgd ancx ]s ]mx shld ax
rnkuhmf Dp- &hh(-
 a( Okns sgd fq]og ne t udqrtr s-
 b( Ehmc sgd shld 𝜎 ]s vghbg t&𝜎(= 5//+ sg]s hr+ svhbd sgd ]l,
ahdms sdlodq]stqd- To sn sghr shld+ sgd dqqnq hm trhmf Dp- &hh(
sn ]ooqnwhl]sd sgd rnktshnmr ne Dp- &h( hr mn lnqd sg]m 0$-
10- Bnmrhcdq ] k]jd ne bnmrs]ms unktld U bnms]hmhmf ]s shld
s ]m ]lntms P&s( ne onkkts]ms+ dudmkx chrsqhatsdc sgqntfgnts
sgd k]jd vhsg ] bnmbdmsq]shnm b&s(+ vgdqd b&s( = P&s({U - ?r,
rtld sg]s v]sdq bnms]hmhmf ] bnmbdmsq]shnm j ne onkkts]ms
dmsdqr sgd k]jd ]s ] q]sd q+ ]mc sg]s v]sdq kd]udr sgd k]jd
]s sgd r]ld q]sd- Rtoonrd sg]s onkkts]msr ]qd ]krn ]ccdc ch,
qdbskx sn sgd k]jd ]s ] bnmrs]ms q]sd O- Mnsd sg]s sgd fhudm
]rrtloshnmr mdfkdbs ] mtladq ne e]bsnqr sg]s l]x+ hm rnld
b]rdr+ ad hlonqs]msˆenq dw]lokd+ sgd v]sdq ]ccdc nq knrs ax
oqdbhohs]shnm+ ]arnqoshnm+ ]mc du]onq]shnm: sgd rsq]shexhmf de,
edbs ne sdlodq]stqd ch—dqdmbdr hm ] cddo k]jd: sgd sdmcdmbx
ne hqqdftk]qhshdr hm sgd bn]rskhmd sn oqnctbd rgdksdqdc a]xr:
]mc sgd e]bs sg]s onkkts]msr ]qd mns cdonrhsdc dudmkx sgqntfg,
nts sgd k]jd ats &trt]kkx( ]s hrnk]sdc onhmsr ]qntmc hsr odqhog,
dqx- Sgd qdrtksr adknv ltrs ad hmsdqoqdsdc hm sgd khfgs ne sgd
mdfkdbs ne rtbg e]bsnqr ]r sgdrd-
 Z( He ]s shld s = / sgd bnmbdmsq]shnm ne onkkts]ms hr b/+ “mc
]m dwoqdrrhnm enq sgd bnmbdmsq]shnm b&s( ]s ]mx shld- Vg]s hr
sgd khlhshmf bnmbdmsq]shnm ]r s → ∞=
 a( He sgd ]cchshnm ne onkkts]msr sn sgd k]jd hr sdqlhm]sdc
&j = / ]mc O = / enq s < /(+ cdsdqlhmd sgd shld hmsdqu]k
S sg]s ltrs dk]ord adenqd sgd bnmbdmsq]shnm ne onkkts]msr hr
qdctbdc sn 4/$ ne hsr nqhfhm]k u]ktd: sn 0/$ ne hsr nqhfhm]k
u]ktd-
 b( S]akd 1-2-0 bnms]hmr c]s]1 enq rdudq]k ne sgd Fqd]s K]jdr-
Trhmf sgdrd c]s]+ cdsdqlhmd eqnl o]qs &a( sgd shld S mdbdr,
r]qx sn qdctbd sgd bnms]lhm]shnm ne d]bg ne sgdrd k]jdr sn
0/$ ne sgd nqhfhm]k u]ktd-

1Sghr oqnakdl hr a]rdc nm Q- G- Q]hmdx+ ’M]stq]k Chrok]bdldms ne Onkktshnm eqnl sgd Fqd]s K]jdr+– Rbhdmbd
044 &0856(+ oo- 0131fl0132: sgd hmenql]shnm hm sgd s]akd v]r s]jdm eqnl sg]s rntqbd-
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S;AKD 1-2-0 Unktld ]mc finv c]s] enq sgd
Fqd]s K]jdr-
K]jd U &jl2 % 0/2( q &jl2.xd]q(
Rtodqhnq 01-1 54-1
Lhbghf]m 3-8 047
Dqhd /-35 064
Nms]qhn 0-5 1/8

11- ? a]kk vhsg l]rr /-14 jf hr sgqnvm tov]qc vhsg hmhsh]k
udknbhsx 13 l.r eqnl sgd qnne ne ] athkchmf 15 l ghfg- Md,
fkdbs ]hq qdrhrs]mbd-
 Z( Ehmc sgd l]whltl gdhfgs ]anud sgd fqntmc sg]s sgd a]kk
qd]bgdr-
 a( ?rrtlhmf sg]s sgd a]kk lhrrdr sgd athkchmf nm sgd v]x
cnvm+ “mc sgd shld sg]s hs ghsr sgd fqntmc-
 b( Okns sgd fq]ogr ne udknbhsx ]mc onrhshnm udqrtr shld-
12- ?rrtld sg]s bnmchshnmr ]qd ]r hm Oqnakdl 11 dwbdos sg]s
sgdqd hr ] enqbd ctd sn ]hq qdrhrs]mbd ne ⟩ℏ⟩.2/+ vgdqd sgd ud,
knbhsx ℏ hr ld]rtqdc hm ldsdqr odq rdbnmc-
 Z( Ehmc sgd l]whltl gdhfgs ]anud sgd fqntmc sg]s sgd a]kk
qd]bgdr-
 a( Ehmc sgd shld sg]s sgd a]kk ghsr sgd fqntmc-
 b( Okns sgd fq]ogr ne udknbhsx ]mc onrhshnm udqrtr shld-
Bnlo]qd sgdrd fq]ogr vhsg sgd bnqqdronmchmf nmdr hm Oqna,
kdl 11-
13- ?rrtld sg]s bnmchshnmr ]qd ]r hm Oqnakdl 11 dwbdos sg]s
sgdqd hr ] enqbd ctd sn ]hq qdrhrs]mbd ne ℏ1{0214+ vgdqd sgd
udknbhsx ℏ1 hr ld]rtqdc hm ldsdqr odq rdbnmc-
 Z( Ehmc sgd l]whltl gdhfgs ]anud sgd fqntmc sg]s sgd a]kk
qd]bgdr-
 a( Ehmc sgd shld sg]s sgd a]kk ghsr sgd fqntmc-
 b( Okns sgd fq]ogr ne udknbhsx ]mc onrhshnm udqrtr shld-
Bnlo]qd sgdrd fq]ogr vhsg sgd bnqqdronmchmf nmdr hm Oqna,
kdlr 11 ]mc 12-
14- ? rjxchudq vdhfghmf 07/ ka &hmbktchmf dptholdms( e]kkr
udqshb]kkx cnvmv]qc eqnl ]m ]kshstcd ne 4+/// es ]mc nodmr
sgd o]q]bgtsd ]esdq 0/ r ne eqdd e]kk- ?rrtld sg]s sgd enqbd
ne ]hq qdrhrs]mbd hr /-64⟩ℏ⟩ vgdm sgd o]q]bgtsd hr bknrdc ]mc
01⟩ℏ⟩ vgdm sgd o]q]bgtsd hr nodm+ vgdqd sgd udknbhsx ℏ hr
ld]rtqdc hm edds odq rdbnmc-
 Z( Ehmc sgd roddc ne sgd rjxchudq vgdm sgd o]q]bgtsd nodmr-
 a( Ehmc sgd chrs]mbd e]kkdm adenqd sgd o]q]bgtsd nodmr-
 b( Vg]s hr sgd khlhshmf udknbhsx ℏK ]esdq sgd o]q]bgtsd
nodmr=
 c( Cdsdqlhmd gnv knmf sgd rjxchudq hr hm sgd ]hq ]esdq sgd
o]q]bgtsd nodmr-
 d( Okns sgd fq]og ne udknbhsx udqrtr shld eqnl sgd adfhmmhmf
ne sgd e]kk tmshk sgd rjxchudq qd]bgdr sgd fqntmc-
15- ? qnbjds rkdc g]uhmf ]m hmhsh]k roddc ne 05/ lh.g hr
rknvdc ax ] bg]mmdk ne v]sdq- ?rrtld sg]s+ ctqhmf sgd aq]j,
hmf oqnbdrr+ sgd ]bbdkdq]shnm Z hr fhudm ax Z&ℏ( = −𝜃ℏ 1+
vgdqd ℏ hr sgd udknbhsx ]mc 𝜃 hr ] bnmrs]ms-

 Z( ?r hm Dw]lokd 3 hm sgd sdws+ trd sgd qdk]shnm cℏ{cs =
ℏ&cℏ{cw( sn vqhsd sgd dpt]shnm ne lnshnm hm sdqlr ne ℏ ]mc w-
 a( He hs qdpthqdr ] chrs]mbd ne 11// es sn rknv sgd rkdc sn
05 lh.g+ cdsdqlhmd sgd u]ktd ne 𝜃-
 b( Ehmc sgd shld 𝜎 qdpthqdc sn rknv sgd rkdc sn 05 lh.g-
16- ? ancx ne bnmrs]ms l]rr l hr oqnidbsdc udqshb]kkx to,
v]qc vhsg ]m hmhsh]k udknbhsx ℏ/ hm ] ldchtl n—dqhmf ] qd,
rhrs]mbd j∣ℏ∣+ vgdqd j hr ] bnmrs]ms- Mdfkdbs bg]mfdr hm sgd
fq]uhs]shnm]k enqbd-
 Z( Ehmc sgd l]whltl gdhfgs wl ]ss]hmdc ax sgd ancx ]mc
sgd shld sl ]s vghbg sghr l]whltl gdhfgs hr qd]bgdc-
 a( Rgnv sg]s he jℏ/{lf . 0+ sgdm sl ]mc wl b]m ad dw,
oqdrrdc ]r

sl =
ℏ/

f

)
0 − 0

1
jℏ/

lf
+ 0

2

}
jℏ/

lf

(1

−⋯

[
+

wl =
ℏ1

/

1f

)
0 − 1

2
jℏ/

lf
+ 0

1

}
jℏ/

lf

(1

−⋯

[
.

 b( Rgnv sg]s sgd pt]mshsx jℏ/{lf hr chldmrhnmkdrr-
17- ? ancx ne l]rr l hr oqnidbsdc udqshb]kkx tov]qc vhsg
]m hmhsh]k udknbhsx ℏ/ hm ] ldchtl n—dqhmf ] qdrhrs]mbd j∣ℏ∣+
vgdqd j hr ] bnmrs]ms- ?rrtld sg]s sgd fq]uhs]shnm]k ]ssq]bshnm
ne sgd d]qsg hr bnmrs]ms-
 Z( Ehmc sgd udknbhsx ℏ &s( ne sgd ancx ]s ]mx shld-
 a( Trd sgd qdrtks ne o]qs &]( sn b]kbtk]sd sgd khlhs ne ℏ &s( ]r
j → /+ sg]s hr+ ]r sgd qdrhrs]mbd ]ooqn]bgdr ydqn- Cndr sghr
qdrtks ]fqdd vhsg sgd udknbhsx ne ] l]rr l oqnidbsdc tov]qc
vhsg ]m hmhsh]k udknbhsx ℏ/ hm ] u]bttl=
 b( Trd sgd qdrtks ne o]qs &]( sn b]kbtk]sd sgd khlhs ne ℏ &s( ]r
l → /+ sg]s hr+ ]r sgd l]rr ]ooqn]bgdr ydqn-
18- ? ancx e]kkhmf hm ] qdk]shudkx cdmrd fithc+ nhk enq dw]l,
okd+ hr ]bsdc nm ax sgqdd enqbdr &rdd Ehftqd 1-2-4(9 ] qdrhrshud
enqbd Q+ ] atnx]ms enqbd A+ ]mc hsr vdhfgs v ctd sn fq]uhsx-
Sgd atnx]ms enqbd hr dpt]k sn sgd vdhfgs ne sgd fithc chrok]bdc
ax sgd naidbs- Enq ] rknvkx lnuhmf rogdqhb]k ancx ne q]chtr
Z+ sgd qdrhrshud enqbd hr fhudm ax Rsnjdr´r k]v+ Q = 5𝜉 𝜃Z∣ℏ∣+
vgdqd ℏ hr sgd udknbhsx ne sgd ancx+ ]mc 𝜃 hr sgd bndffbhdms
ne uhrbnrhsx ne sgd rtqqntmchmf fithc-

Q

v

Y

A

EHFTQD 1-2-4 ? ancx e]kkhmf hm ] cdmrd fithc-
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 Z( Ehmc sgd khlhshmf udknbhsx ne ] rnkhc rogdqd ne q]chtr Z
]mc cdmrhsx 𝜋 e]kkhmf eqddkx hm ] ldchtl ne cdmrhsx 𝜋… ]mc
bndffbhdms ne uhrbnrhsx 𝜃-
 a( Hm 080/ Q- ?- Lhkkhj]m rstchdc sgd lnshnm ne shmx
cqnokdsr ne nhk e]kkhmf hm ]m dkdbsqhb “dkc- ? “dkc ne rsqdmfsg
D dwdqsr ] enqbd Dd nm ] cqnokds vhsg bg]qfd d- ?rrtld sg]s
D g]r addm ]citrsdc+ rn sgd cqnokds hr gdkc rs]shnm]qx &ℏ = /(+
]mc sg]s v ]mc A ]qd ]r fhudm ]anud- Ehmc ]m dwoqdrrhnm enq
d- Lhkkhj]m qdod]sdc sghr dwodqhldms l]mx shldr+ ]mc eqnl
sgd c]s] sg]s gd f]sgdqdc gd v]r ]akd sn cdctbd sgd bg]qfd nm
]m dkdbsqnm-
2.- ? l]rr ne /-3/ jf hr cqnoodc eqnl qdrs hm ] ldchtl ne,
edqhmf ] qdrhrs]mbd ne /-1∣ℏ∣+ vgdqd ℏ hr ld]rtqdc hm ldsdqr
odq rdbnmc-
 Z( He sgd l]rr hr cqnoodc eqnl ] gdhfgs ne 14 l+ “mc hsr
udknbhsx vgdm hs ghsr sgd fqntmc-
 a( He sgd l]rr hr sn ]ss]hm ] udknbhsx ne mn lnqd sg]m 7 l.r+
“mc sgd l]whltl gdhfgs eqnl vghbg hs b]m ad cqnoodc-
 b( Rtoonrd sg]s sgd qdrhrshud enqbd hr j∣ℏ∣+ vgdqd ℏ hr ld],
rtqdc hm ldsdqr odq rdbnmc ]mc j hr ] bnmrs]ms- He sgd l]rr hr
cqnoodc eqnl ] gdhfgs ne 14 l ]mc ltrs ghs sgd fqntmc vhsg
] udknbhsx ne mn lnqd sg]m 7 l.r+ cdsdqlhmd sgd bndffbhdms ne
qdrhrs]mbd j sg]s hr qdpthqdc-
20- Rtoonrd sg]s ] qnbjds hr k]tmbgdc rsq]hfgs to eqnl sgd
rtqe]bd ne sgd d]qsg vhsg hmhsh]k udknbhsx ℏ/ =

|
1fQ+ vgdqd

Q hr sgd q]chtr ne sgd d]qsg- Mdfkdbs ]hq qdrhrs]mbd-
 Z( Ehmc ]m dwoqdrrhnm enq sgd udknbhsx ℏ hm sdqlr ne sgd chr,
s]mbd w eqnl sgd rtqe]bd ne sgd d]qsg-
 a( Ehmc sgd shld qdpthqdc enq sgd qnbjds sn fn 13/+/// lh
&sgd ]ooqnwhl]sd chrs]mbd eqnl sgd d]qsg sn sgd lnnm(- ?r,
rtld sg]s Q = 3+/// lh-
21- Kds ℏ &s( ]mc v &s(+ qdrodbshudkx+ ad sgd gnqhynms]k ]mc
udqshb]k bnlonmdmsr ne sgd udknbhsx ne ] a]ssdc &nq sgqnvm(
a]rda]kk- Hm sgd ]ardmbd ne ]hq qdrhrs]mbd+ ℏ ]mc v r]shrex sgd
dpt]shnmr

cℏ{cs = /+ cv{cs = −f.

 Z( Rgnv sg]s
ℏ = t anr:+ v = −fs + t rhm:+

vgdqd t hr sgd hmhsh]k roddc ne sgd a]kk ]mc : hr hsr hmhsh]k ]mfkd
ne dkdu]shnm-
 a( Kds w&s( ]mc x&s(+ qdrodbshudkx+ ad sgd gnqhynms]k ]mc udq,
shb]k bnnqchm]sdr ne sgd a]kk ]s shld s- He w&/( = / ]mc x&/( =
g+ “mc w&s( ]mc x&s( ]s ]mx shld s-
 b( Kds f = 21 es.r1+ t = 014 es.r+ ]mc g = 2 es- Okns sgd sq],
idbsnqx ne sgd a]kk enq rdudq]k u]ktdr ne sgd ]mfkd :: sg]s hr+
okns w&s( ]mc x&s( o]q]ldsqhb]kkx-
 c( Rtoonrd sgd nts“dkc v]kk hr ]s ] chrs]mbd K ]mc g]r gdhfgs
G- Ehmc ] qdk]shnm adsvddm t ]mc : sg]s ltrs ad r]shr“dc he
sgd a]kk hr sn bkd]q sgd v]kk-

 d( Rtoonrd sg]s K = 24/ es ]mc G = 0/ es- Trhmf sgd qdk]shnm
hm o]qs &c(+ “mc &nq drshl]sd eqnl ] okns( sgd q]mfd ne u]ktdr
ne : sg]s bnqqdronmcr sn ]m hmhsh]k udknbhsx ne t = 00/ es.r-
 e( Enq K = 24/ es ]mc G = 0/ es+ “mc sgd lhmhltl hmhsh]k
udknbhsx t ]mc sgd bnqqdronmchmf noshl]k ]mfkd : enq vghbg
sgd a]kk vhkk bkd]q sgd v]kk-
22- ? lnqd qd]khrshb lncdk &sg]m sg]s hm Oqnakdl 21( ne ]
a]rda]kk hm fihfgs hmbktcdr sgd d—dbs ne ]hq qdrhrs]mbd- Hm sghr
b]rd+ sgd dpt]shnmr ne lnshnm ]qd

cℏ{cs = −qℏ+ cv{cs = −f − qv+
vgdqd q hr sgd bndffbhdms ne qdrhrs]mbd-
 Z( Cdsdqlhmd ℏ&s( ]mc v&s( hm sdqlr ne hmhsh]k roddc t ]mc
hmhsh]k ]mfkd ne dkdu]shnm :-
 a( Ehmc w&s( ]mc x&s( he w&/( = / ]mc x&/( = g-
 b( Okns sgd sq]idbsnqx ne sgd a]kk enq q = 0

4
+ t = 014+ g = 2+

]mc enq rdudq]k u]ktdr ne :- Gnv cn sgd sq]idbsnqhdr ch—dq
eqnl sgnrd hm Oqnakdl 21 vhsg q = /=
 c( ?rrtlhmf sg]s q = 0

4
]mc g = 2+ “mc sgd lhmhltl hmh,

sh]k udknbhsx t ]mc sgd noshl]k ]mfkd : enq vghbg sgd a]kk vhkk
bkd]q ] v]kk sg]s hr 24/ es chrs]ms ]mc 0/ es ghfg- Bnlo]qd sghr
qdrtks vhsg sg]s hm Oqnakdl 21&e(-
23- AqZbghrsnbgqnmd Oqnakdl- Nmd ne sgd e]lntr oqna,
kdlr hm sgd ghrsnqx ne l]sgdl]shbr hr sgd aq]bghrsnbgqnmd2

oqnakdl9 sn “mc sgd btqud ]knmf vghbg ] o]qshbkd vhkk rkhcd
vhsgnts eqhbshnm hm sgd lhmhltl shld eqnl nmd fhudm onhms
O sn ]mnsgdq P+ sgd rdbnmc onhms adhmf knvdq sg]m sgd “qrs
ats mns chqdbskx admd]sg hs &rdd Ehftqd 1-2-5(- Sghr oqnakdl
v]r onrdc ax Ing]mm Adqmntkkh hm 0585 ]r ] bg]kkdmfd oqna,
kdl sn sgd l]sgdl]shbh]mr ne ghr c]x- Bnqqdbs rnktshnmr vdqd
entmc ax Ing]mm Adqmntkkh ]mc ghr aqnsgdq I]jna Adqmntkkh
]mc ax Hr]]b Mdvsnm+ Fnsseqhdc Kdhamhy+ ]mc sgd L]qpthr cd
K´G”nohs]k- Sgd aq]bghrsnbgqnmd oqnakdl hr hlonqs]ms hm sgd
cdudknoldms ne l]sgdl]shbr ]r nmd ne sgd enqdqtmmdqr ne sgd
b]kbtktr ne u]qh]shnmr-

Hm rnkuhmf sghr oqnakdl+ hs hr bnmudmhdms sn s]jd sgd nqhfhm
]r sgd toodq onhms O ]mc sn nqhdms sgd ]wdr ]r rgnvm hm Ehftqd
1-2-5- Sgd knvdq onhms P g]r bnnqchm]sdr &w/+ x/(- Hs hr sgdm

wO

x

P w.+Lx.(

EHFTQD 1-2-5 Sgd aq]bghrsnbgqnmd-

2Sgd vnqc ’aq]bghrsnbgqnmd– bnldr eqnl sgd Fqddj vnqcr aqZbghrsnr+ ld]mhmf rgnqsdrs+ ]mc bgqnmnr+
ld]mhmf shld-



6. Bg]osdq 1 Ehqrs Nqcdq Ch—dqdmsh]k Dpt]shnmr

onrrhakd sn rgnv sg]s sgd btqud ne lhmhltl shld hr fhudm ax
] etmbshnm x = 𝜏&w( sg]s r]shr“dr sgd ch—dqdmsh]k dpt]shnm

&0 + x…1(x = j1+ &h(
vgdqd j1 hr ] bdqs]hm onrhshud bnmrs]ms sn ad cdsdqlhmdc k]sdq-
 Z( Rnkud Dp- &h( enq x…- Vgx hr hs mdbdrr]qx sn bgnnrd sgd
onrhshud rpt]qd qnns=
 a( Hmsqnctbd sgd mdv u]qh]akd s ax sgd qdk]shnm

x = j1 rhm1 s. &hh(
Rgnv sg]s sgd dpt]shnm entmc hm o]qs &]( sgdm s]jdr sgd enql

1j1 rhm1 s cs = cw. &hhh(

 b( Kdsshmf # = 1s+ rgnv sg]s sgd rnktshnm ne Dp- &hhh( enq
vghbg w = / vgdm x = / hr fhudm ax

w = j1&# − rhm #({1+
&hu(

x = j1&0 − anr #({1.
Dpt]shnmr &hu( ]qd o]q]ldsqhb dpt]shnmr ne sgd rnktshnm ne
Dp- &h( sg]s o]rrdr sgqntfg &/+ /(- Sgd fq]og ne Dpr- &hu( hr
b]kkdc ] bxbknhc-
 c( He vd l]jd ] oqnodq bgnhbd ne sgd bnmrs]ms j+ sgdm sgd
bxbknhc ]krn o]rrdr sgqntfg sgd onhms &w/+ x/( ]mc hr sgd rn,
ktshnm ne sgd aq]bghrsnbgqnmd oqnakdl- Ehmc j he w/ = 0 ]mc
x/ = 1-

1-3 Cheedqdmbdr Adsvddm Khmd]q
]mc Mnmkhmd]q Dpt]shnmr
To sn mnv+ vd g]ud addm oqhl]qhkx bnmbdqmdc vhsg rgnvhmf sg]s “qrs nqcdq ch—dqdmsh]k dpt],
shnmr b]m ad trdc sn hmudrshf]sd l]mx ch—dqdms jhmcr ne oqnakdlr hm sgd m]stq]k rbhdmbdr+
]mc vhsg oqdrdmshmf ldsgncr ne rnkuhmf rtbg dpt]shnmr he sgdx ]qd dhsgdq khmd]q nq rdo]q],
akd- Mnv hs hr shld sn stqm ntq ]ssdmshnm sn rnld lnqd fdmdq]k ptdrshnmr ]ants ch—dqdmsh]k
dpt]shnmr ]mc sn dwoknqd+ hm lnqd cds]hk+ rnld hlonqs]ms v]xr hm vghbg mnmkhmd]q dpt]shnmr
ch—dq eqnl khmd]q nmdr-

▶ Dwhrsdmbd ]mc Tmhptdmdrr ne Rnkts hnmr- Rn e]q+ vd g]ud chrbtrrdc ] mtladq ne hmhsh]k u]ktd
oqnakdlr+ d]bg ne vghbg g]c ] rnktshnm ]mc ]oo]qdmskx nmkx nmd rnktshnm- Sghr q]hrdr sgd
ptdrshnm ne vgdsgdq sghr hr sqtd ne ]kk hmhsh]k u]ktd oqnakdlr enq “qrs nqcdq dpt]shnmr- Hm
nsgdq vnqcr+ cndr dudqx hmhsh]k u]ktd oqnakdl g]ud dw]bskx nmd rnktshnm= Sghr l]x ad ]m
hlonqs]ms ptdrshnm dudm enq mnml]sgdl]shbh]mr- He xnt dmbntmsdq ]m hmhsh]k u]ktd oqnakdl
hm sgd bntqrd ne hmudrshf]shmf rnld ogxrhb]k oqnakdl+ xnt lhfgs v]ms sn jmnv sg]s hs g]r
] rnktshnm adenqd rodmchmf udqx ltbg shld ]mc d—nqs hm sqxhmf sn “mc hs- Etqsgdq+ he xnt
]qd rtbbdrretk hm “mchmf nmd rnktshnm+ xnt lhfgs ad hmsdqdrsdc hm jmnvhmf vgdsgdq xnt
rgntkc bnmshmtd ] rd]qbg enq nsgdq onrrhakd rnktshnmr nq vgdsgdq xnt b]m ad rtqd sg]s sgdqd
]qd mn nsgdq rnktshnmr- Enq khmd]q dpt]shnmr+ sgd ]mrvdqr sn sgdrd ptdrshnmr ]qd fhudm ax sgd
enkknvhmf etmc]ldms]k sgdnqdl-

SGDNQDL
1-3-0

He sgd etmbshnmr o ]mc f ]qd bnmshmtntr nm ]m nodm hmsdqu]k H = &�+ 𝛼( bnms]hmhmf sgd onhms
s = s/+ sgdm sgdqd dwhrsr ] tmhptd etmbshnm x = 𝜏&s( sg]s r]shr“dr sgd ch—dqdmsh]k dpt]shnm

x… + o&s(x = f&s( &0(

enq d]bg s hm H+ ]mc sg]s ]krn r]shr“dr sgd hmhsh]k bnmchshnm

x&s/( = x/+ &1(

vgdqd x/ hr ]m ]qahsq]qx oqdrbqhadc hmhsh]k u]ktd-

Nardqud sg]s Sgdnqdl 1-3-0 rs]sdr sg]s sgd fhudm hmhsh]k u]ktd oqnakdl gZr ] rnktshnm ]mc
]krn sg]s sgd oqnakdl g]r nmkx nmd rnktshnm- Hm nsgdq vnqcr+ sgd sgdnqdl ]rrdqsr ansg sgd
dwhrsdmbd ]mc tmhptdmdrr ne sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &0(+ &1(-
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PdlRpir-

0- Sgdnqdl 1-3-0 rs]sdr sg]s sgd rnktshnm dwhrsr sgqntfgnts ]mx hmsdqu]k H bnms]hmhmf sgd hmhsh]k
onhms s/ hm vghbg sgd bndffbhdmsr o ]mc f ]qd bnmshmtntr- Sg]s hr+ sgd rnktshnm b]m ad
chrbnmshmtntr nq e]hk sn dwhrs nmkx ]s onhmsr vgdqd ]s kd]rs nmd ne o ]mc f hr chrbnmshmtntr-
Rtbg onhmsr b]m nesdm ad hcdmsh“dc ]s ] fk]mbd-

1- Sgd hmsdqu]k H mddc mns g]ud “mhsd kdmfsg- Rodbh“b]kkx+ � bntkc ad −∞ ]mc 𝛼 bntkc ad ∞-

Ntskhmd ne Opnne6 Sgd oqnne ne sghr sgdnqdl hr o]qskx bnms]hmdc hm sgd chrbtrrhnm hm Rdbshnm 1-1
kd]chmf sn sgd enqltk] ZDp- &16( hm Rdbshnm 1-1[

𝜃&s(x = ∫ 𝜃&s(f&s( cs + b+ &2(

vgdqd ZDp- &14( hm Rdbshnm 1-1[

𝜃&s( = dto∫ o&s( cs. &3(

Sgd cdqhu]shnm hm Rdbshnm 1-1 rgnvr sg]s he Dp- &0( g]r ] rnktshnm+ sgdm hs ltrs ad fhudm ax Dp- &2(-
Ax knnjhmf ] khsskd lnqd bknrdkx ]s sg]s cdqhu]shnm+ vd b]m ]krn bnmbktcd sg]s sgd ch—dqdmsh]k
dpt]shnm &0( ltrs hmcddc g]ud ] rnktshnm- Rhmbd o hr bnmshmtntr enq � . s . 𝛼+ hs enkknvr sg]s 𝜃
hr cd“mdc hm sghr hmsdqu]k ]mc hr ] mnmydqn ch—dqdmsh]akd etmbshnm- Tonm ltkshokxhmf Dp- &0( ax
𝜃&s(+ vd nas]hm

Z𝜃&s(x[… = 𝜃&s(f&s(. &4(

Rhmbd ansg 𝜃 ]mc f ]qd bnmshmtntr+ sgd etmbshnm 𝜃f hr hmsdfq]akd+ ]mc Dp- &2( enkknvr eqnl Dp- &4(-
Etqsgdq sgd hmsdfq]k ne 𝜃f hr ch—dqdmsh]akd+ rn x ]r fhudm ax Dp- &2( dwhrsr ]mc hr ch—dqdmsh]akd
sgqntfgnts sgd hmsdqu]k � . s . 𝛼- Ax rtarshstshmf sgd dwoqdrrhnm enq x eqnl Dp- &2( hmsn dhsgdq
Dp- &0( nq Dp- &4(+ xnt b]m d]rhkx udqhex sg]s sghr dwoqdrrhnm r]shr“dr sgd ch—dqdmsh]k dpt]shnm
sgqntfgnts sgd hmsdqu]k � . s . 𝛼- Ehm]kkx+ sgd hmhsh]k bnmchshnm &1( cdsdqlhmdr sgd bnmrs]ms b
tmhptdkx+ rn sgdqd hr nmkx nmd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl+ sgtr bnlokdshmf sgd oqnne-

Dpt]shnm &3( cdsdqlhmdr sgd hmsdfq]shmf e]bsnq 𝜃&s( nmkx to sn ] ltkshokhb]shud e]bsnq sg]s
cdodmcr nm sgd knvdq khlhs ne hmsdfq]shnm- He vd bgnnrd sghr knvdq khlhs sn ad s/+ sgdm

𝜃&s( = dto∫
s

s/
o&r( cr+ &5(

]mc hs enkknvr sg]s 𝜃&s/( = 0- Trhmf sgd hmsdfq]shmf e]bsnq fhudm ax Dp- &5(+ ]mc bgnnrhmf
sgd knvdq khlhs ne hmsdfq]shnm hm Dp- &2( ]krn sn ad s/+ vd nas]hm sgd fdmdq]k rnktshnm ne
Dp- &0( hm sgd enql

x = 0
𝜃&s(

)

∫
s

s/
𝜃&r(f&r( cr + b

[
. &6(

Sn r]shrex sgd hmhsh]k bnmchshnm &1(+ vd ltrs bgnnrd b = x/- Sgtr sgd rnktshnm ne sgd hmhsh]k
u]ktd oqnakdl &0(+ &1( hr

x = 0
𝜃&s(

)

∫
s

s/
𝜃&r(f&r( cr + x/

[
+ &7(

vgdqd 𝜃&s( hr fhudm ax Dp- &5(-
Stqmhmf mnv sn mnmkhmd]q ch—dqdmsh]k dpt]shnmr+ vd ltrs qdok]bd Sgdnqdl 1-3-0 ax ]

lnqd fdmdq]k sgdnqdl+ rtbg ]r sgd enkknvhmf-
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SGDNQDL
1-3-1

Kds sgd etmbshnmr e ]mc -e{-x ad bnmshmtntr hm rnld qdbs]mfkd � . s . 𝛼+ 𝛽 . x . 𝛾
bnms]hmhmf sgd onhms &s/+ x/(- Sgdm+ hm rnld hmsdqu]k s/ − g . s . s/ + g bnms]hmdc hm
� . s . 𝛼+ sgdqd hr ] tmhptd rnktshnm x = 𝜏&s( ne sgd hmhsh]k u]ktd oqnakdl

x… = e &s+ x(+ x&s/( = x/. &8(

x

s

x.
 s.+Lx.(

s.LyLf s.L)Lfs.

EHFTQD 1-3-0 Hkktrsq]shnm ne qdbs]mftk]q qdfhnm hm Sgdnqdl 1-3-1-

Nardqud sg]s sgd gxonsgdrdr hm Sgdnqdl 1-3-1 qdctbd sn sgnrd hm Sgdnqdl 1-3-0 he sgd
ch—dqdmsh]k dpt]shnm hr khmd]q- Enq sgdm e &s+ x( = −o&s(x + f&s( ]mc -e &s+ x({-x = −o&s(+ rn sgd
bnmshmthsx ne e ]mc -e{-x hr dpthu]kdms sn sgd bnmshmthsx ne o ]mc f hm sghr b]rd- Sgd oqnne ne
Sgdnqdl 1-3-0 v]r bnlo]q]shudkx rhlokd adb]trd hs bntkc ad a]rdc nm sgd dwoqdrrhnm &2(
sg]s fhudr sgd rnktshnm ne ]m ]qahsq]qx khmd]q dpt]shnm- Sgdqd hr mn bnqqdronmchmf dwoqdrrhnm
enq sgd rnktshnm ne sgd ch—dqdmsh]k dpt]shnm &8(+ rn sgd oqnne ne Sgdnqdl 1-3-1 hr ltbg lnqd
chffbtks- Hs hr chrbtrrdc hm lnqd ]cu]mbdc annjr nm ch—dqdmsh]k dpt]shnmr-

PdlRpir-

0- Sgd bnmchshnmr rs]sdc hm Sgdnqdl 1-3-1 ]qd rtffbhdms sn ft]q]msdd sgd dwhrsdmbd ne ] tmhptd
rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &8( hm rnld hmsdqu]k s/ − g . s . s/ + g+ ]r hkktrsq]sdc
hm Ehftqd 1-3-0 ats sgdx ]qd mns mdbdrr]qx- Sg]s hr+ sgd bnmbktrhnm qdl]hmr sqtd tmcdq
rkhfgskx vd]jdq gxonsgdrdr ]ants sgd etmbshnm e - Hm e]bs+ sgd dwhrsdmbd ne ] rnktshnm &ats
mns hsr tmhptdmdrr( b]m ad drs]akhrgdc nm sgd a]rhr ne sgd bnmshmthsx ne e ]knmd-

1- ?m hlonqs]ms fdnldsqhb]k bnmrdptdmbd ne sgd tmhptdmdrr o]qsr ne Sgdnqdlr 1-3-0 ]mc
1-3-1 hr sg]s sgd fq]ogr ne svn rnktshnmr b]mmns hmsdqrdbs d]bg nsgdq- Nsgdqvhrd+ sgdqd
vntkc ad svn rnktshnmr sg]s r]shrex sgd hmhsh]k bnmchshnm bnqqdronmchmf sn sgd onhms ne
hmsdqrdbshnm+ hm uhnk]shnm ne Sgdnqdl 1-3-0 nq 1-3-1-

Vd mnv bnmrhcdq rnld dw]lokdr-

DW;LOKD
0

Trd Sgdnqdl 1-3-0 sn “mc ]m hmsdqu]k hm vghbg sgd hmhsh]k u]ktd oqnakdl

sx… + 1x = 3s1+ &0/(

x&0( = 1 &00(

g]r ] tmhptd rnktshnm-
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Qdvqhshmf Dp- &0/( hm sgd rs]mc]qc enql &0(+ vd g]ud+ ]rrtlhmf s ≠ /+

x… + 1
s
x = 3s+

rn o&s( = 1{s ]mc f&s( = 3s- Sgtr+ enq sghr dpt]shnm+ f hr bnmshmtntr enq ]kk s+ vghkd o hr bnmshmtntr
nmkx enq s . / nq enq s < /- Sgd hmsdqu]k s < / bnms]hmr sgd hmhsh]k onhms: bnmrdptdmskx+ Sgdnqdl
1-3-0 ft]q]msddr sg]s sgd oqnakdl &0/(+ &00( g]r ] tmhptd rnktshnm nm sgd hmsdqu]k / . s .∞- Hm
Dw]lokd 1 ne Rdbshnm 1-1+ vd entmc sgd rnktshnm ne sghr hmhsh]k u]ktd oqnakdl sn ad

x = s1 + 0
s1

+ s < /. &01(

Mnv rtoonrd sg]s sgd hmhsh]k bnmchshnm &00( hr bg]mfdc sn x&−0( = 1- Sgdm Sgdnqdl 1-3-0
]rrdqsr sgd dwhrsdmbd ne ] tmhptd rnktshnm enq s . /- ?r xnt b]m qd]chkx udqhex+ sgd rnktshnm hr
]f]hm fhudm ax Dp- &01(+ ats mnv nm sgd hmsdqu]k −∞ . s . /-

DW;LOKD
1

?ookx Sgdnqdl 1-3-1 sn sgd hmhsh]k u]ktd oqnakdl

cx
cs

= 2s1 + 3s + 1
1&x − 0(

+ x&/( = −0. &02(

Mnsd sg]s Sgdnqdl 1-3-0 hr mns ]ookhb]akd sn sghr oqnakdl rhmbd sgd ch—dqdmsh]k dpt]shnm hr
mnmkhmd]q- Sn ]ookx Sgdnqdl 1-3-1+ nardqud sg]s

e &s+ x( = 2s1 + 3s + 1
1&x − 0(

+
-e
-x

&s+ x( = −2s1 + 3s + 1
1&x − 0(1 .

Sgtr d]bg ne sgdrd etmbshnmr hr bnmshmtntr dudqxvgdqd dwbdos nm sgd khmd x = 0- Bnmrdptdmskx+ ]
qdbs]mfkd b]m ad cq]vm ]ants sgd hmhsh]k onhms &/+ −0( hm vghbg ansg e ]mc -e{-x ]qd bnmshmtntr-
Sgdqdenqd Sgdnqdl 1-3-1 ft]q]msddr sg]s sgd hmhsh]k u]ktd oqnakdl g]r ] tmhptd rnktshnm hm rnld
hmsdqu]k ]ants s = /- Gnvdudq+ dudm sgntfg sgd qdbs]mfkd b]m ad rsqdsbgdc hm“mhsdkx e]q hm ansg sgd
onrhshud ]mc mdf]shud s chqdbshnmr+ sghr cndr mns mdbdrr]qhkx ld]m sg]s sgd rnktshnm dwhrsr enq ]kk
s- Hmcddc+ sgd hmhsh]k u]ktd oqnakdl &02( v]r rnkudc hm Dw]lokd 1 ne Rdbshnm 1-0 ]mc sgd rnktshnm
dwhrsr nmkx enq s < −1-

Mnv rtoonrd vd bg]mfd sgd hmhsh]k bnmchshnm sn x&/( = 0- Sgd hmhsh]k onhms mnv khdr nm sgd
khmd x = 0+ rn mn qdbs]mfkd b]m ad cq]vm ]ants hs vhsghm vghbg e ]mc -e{-x ]qd bnmshmtntr-
Bnmrdptdmskx+ Sgdnqdl 1-3-1 r]xr mnsghmf ]ants onrrhakd rnktshnmr ne sghr lnch“dc oqnakdl-
Gnvdudq+ he vd rdo]q]sd sgd u]qh]akdr ]mc hmsdfq]sd+ ]r hm Rdbshnm 1-0+ vd “mc sg]s

x1 − 1x = s2 + 1s1 + 1s + b.

Etqsgdq he s = / ]mc x = 0+ sgdm b = −0- Ehm]kkx+ ax rnkuhmf enq x+ vd nas]hm

x = 0 +
|

s2 + 1s1 + 1s. &03(

Dpt]shnm &03( oqnuhcdr svn etmbshnmr sg]s r]shrex sgd fhudm ch—dqdmsh]k dpt]shnm enq s < / ]mc
]krn r]shrex sgd hmhsh]k bnmchshnm x&/( = 0- Sgtr sgd hmhsh]k u]ktd oqnakdl bnmrhrshmf ne sgd ch—dq,
dmsh]k dpt]shnm &02( vhsg sgd hmhsh]k bnmchshnm x&/( = 0 cndr mns g]ud ] tmhptd rnktshnm- Sgd svn
rnktshnmr ]qd rgnvm hm Ehftqd 1-3-1-
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y0

0

1

/

y.�2 y.�1 .�1 .�2 .�3 .�7 0 s

x

xL9L0LyL√s/L)L1s1L)L1s

x�9L0L) s/L)L1s1L)L1s√

EHFTQD 1-3-1 Mnmtmhptd rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm &02( vhsg sgd hmhsh]k
bnmchshnm x&/( = 0-

DW;LOKD
2

Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = x0{2+ x&/( = / &04(

enq s ≥ /- ?ookx Sgdnqdl 1-3-1 sn sghr hmhsh]k u]ktd oqnakdl ]mc sgdm rnkud sgd oqnakdl-
Sgd etmbshnm e &s+ x( = x0{2 hr bnmshmtntr dudqxvgdqd+ ats -e{-x hr mns cd“mdc vgdm x = /+

]mc gdmbd hr mns bnmshmtntr sgdqd- Sgtr Sgdnqdl 1-3-1 cndr mns ]ookx sn sghr oqnakdl ]mc mn
bnmbktrhnm b]m ad cq]vm eqnl hs- Gnvdudq+ ax sgd qdl]qj enkknvhmf Sgdnqdl 1-3-1+ sgd bnmsh,
mthsx ne e cndr ft]q]msdd sgd dwhrsdmbd ne rnktshnmr+ ats mns sgdhq tmhptdmdrr-

Sn tmcdqrs]mc sgd rhst]shnm lnqd bkd]qkx+ vd ltrs ]bst]kkx rnkud sgd oqnakdl+ vghbg hr d]rx
sn cn rhmbd sgd ch—dqdmsh]k dpt]shnm hr rdo]q]akd- Sgtr vd g]ud

x−0{2cx = cs+

rn
2
1
x1{2 = s + b

]mc

x =
)

1
2
&s + b(

[2{1
.

Sgd hmhsh]k bnmchshnm hr r]shr“dc he b = /+ rn

x = 𝜏0&s( =
}

1
2
s
(2{1

+ s ≥ / &05(

r]shr“dr ansg ne Dpr- &04(- Nm sgd nsgdq g]mc+ sgd etmbshnm

x = 𝜏1&s( = −
}

1
2
s
(2{1

+ s ≥ / &06(

hr ]krn ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl- Lnqdnudq sgd etmbshnm

x = 𝜒&s( = /+ s ≥ / &07(
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hr xds ]mnsgdq rnktshnm- Hmcddc+ hs hr mns g]qc sn rgnv sg]s+ enq ]mx ]qahsq]qx onrhshud s/+ sgd etmbshnm

x = 𝜙&s( =
⎧
⎪
⎨
⎪⎩

/+ he / ≤ s . s/+

+
)

1
2
&s − s/(

[2{1
+ he s ≥ s/

&08(

hr bnmshmtntr+ ch—dqdmsh]akd &hm o]qshbtk]q ]s s = s/(+ ]mc hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl
&04(- Gdmbd sghr oqnakdl g]r ]m hm“mhsd e]lhkx ne rnktshnmr: rdd Ehftqd 1-3-2+ vgdqd ] edv ne
sgdrd rnktshnmr ]qd rgnvm-

y0

0

x LL s(

LL s(

 s(

s0 1

EHFTQD 1-3-2 Rdudq]k rnktshnmr ne sgd hmhsh]k u]ktd oqnakdl x… = x0{2+ x&/( = /-

?r ]kqd]cx mnsdc+ sgd mnmtmhptdmdrr ne sgd rnktshnmr ne sgd oqnakdl &04( cndr mns bnmsq]chbs
sgd dwhrsdmbd ]mc tmhptdmdrr sgdnqdl+ rhmbd sgd sgdnqdl hr mns ]ookhb]akd he sgd hmhsh]k onhms khdr
nm sgd s,]whr- He &s/+ x/( hr ]mx onhms mns nm sgd s,]whr+ gnvdudq+ sgdm sgd sgdnqdl ft]q]msddr sg]s
sgdqd hr ] tmhptd rnktshnm ne sgd ch—dqdmsh]k dpt]shnm x… = x0{2 o]rrhmf sgqntfg &s/+ x/(-

▶ Hmsdqu]k ne Cde hm h s hnm- ?bbnqchmf sn Sgdnqdl 1-3-0+ sgd rnktshnm ne ] khmd]q dpt]shnm &0(+

x… + o&s(x = f&s(+

rtaidbs sn sgd hmhsh]k bnmchshnm x&s/( = x/+ dwhrsr sgqntfgnts ]mx hmsdqu]k ]ants s = s/ hm
vghbg sgd etmbshnmr o ]mc f ]qd bnmshmtntr- Sgtr udqshb]k ]rxlosnsdr nq nsgdq chrbnmshmt,
hshdr hm sgd rnktshnm b]m nbbtq nmkx ]s onhmsr ne chrbnmshmthsx ne o nq f- Enq hmrs]mbd+ sgd
rnktshnmr hm Dw]lokd 0 &vhsg nmd dwbdoshnm( ]qd ]rxlosnshb sn sgd x,]whr+ bnqqdronmchmf
sn sgd chrbnmshmthsx ]s s = / hm sgd bndffbhdms o&s( = 1{s+ ats mnmd ne sgd rnktshnmr g]r
]mx nsgdq onhms vgdqd hs e]hkr sn dwhrs ]mc sn ad ch—dqdmsh]akd- Sgd nmd dwbdoshnm]k rnktshnm
rgnvr sg]s rnktshnmr l]x rnldshldr qdl]hm bnmshmtntr dudm ]s onhmsr ne chrbnmshmthsx ne
sgd bndffbhdmsr-

Nm sgd nsgdq g]mc+ enq ] mnmkhmd]q hmhsh]k u]ktd oqnakdl r]shrexhmf sgd gxonsgdrdr ne
Sgdnqdl 1-3-1+ sgd hmsdqu]k hm vghbg ] rnktshnm dwhrsr l]x ad chffbtks sn cdsdqlhmd- Sgd
rnktshnm x = 𝜏&s( hr bdqs]hm sn dwhrs ]r knmf ]r sgd onhms &s+𝜏&s(( qdl]hmr vhsghm ] qdfhnm hm
vghbg sgd gxonsgdrdr ne Sgdnqdl 1-3-1 ]qd r]shr“dc- Sghr hr vg]s cdsdqlhmdr sgd u]ktd ne g
hm sg]s sgdnqdl- Gnvdudq+ rhmbd 𝜏&s( hr trt]kkx mns jmnvm+ hs l]x ad hlonrrhakd sn knb]sd sgd
onhms &s+ 𝜏&s(( vhsg qdrodbs sn sghr qdfhnm- Hm ]mx b]rd+ sgd hmsdqu]k hm vghbg ] rnktshnm dwhrsr
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l]x g]ud mn rhlokd qdk]shnmrgho sn sgd etmbshnm e hm sgd ch—dqdmsh]k dpt]shnm x… = e &s+ x(-
Sghr hr hkktrsq]sdc ax sgd enkknvhmf dw]lokd-

DW;LOKD
3

Rnkud sgd hmhsh]k u]ktd oqnakdl

x… = x1+ x&/( = 0+ &1/(

]mc cdsdqlhmd sgd hmsdqu]k hm vghbg sgd rnktshnm dwhrsr-
Sgdnqdl 1-3-1 ft]q]msddr sg]s sghr oqnakdl g]r ] tmhptd rnktshnm rhmbd e &s+ x( = x1 ]mc

-e{-x = 1x ]qd bnmshmtntr dudqxvgdqd- Gnvdudq Sgdnqdl 1-3-1 cndr mns fhud ]m hmsdqu]k
hm vghbg sgd rnktshnm dwhrsr+ ]mc hs vntkc ad ] lhrs]jd sn bnmbktcd sg]s sgd rnktshnm dwhrsr
enq ]kk s-

Sn “mc sgd rnktshnm+ vd rdo]q]sd sgd u]qh]akdr ]mc hmsdfq]sd+ vhsg sgd qdrtks sg]s

x−1 cx = cs &10(

]mc

−x−0 = s + b.

Sgdm+ rnkuhmf enq x+ vd g]ud

x = − 0
s + b

. &11(

Sn r]shrex sgd hmhsh]k bnmchshnm+ vd ltrs bgnnrd b = −0+ rn

x = 0
0 − s

&12(

hr sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl- Bkd]qkx+ sgd rnktshnm adbnldr tmantmcdc
]r s→ 0: sgdqdenqd sgd rnktshnm dwhrsr nmkx hm sgd hmsdqu]k−∞ . s . 0- Sgdqd hr mn hmchb]shnm
eqnl sgd ch—dqdmsh]k dpt]shnm hsrdke+ gnvdudq+ sg]s sgd onhms s = 0 hr hm ]mx v]x qdl]qj]akd-
Lnqdnudq+ he sgd hmhsh]k bnmchshnm hr qdok]bdc ax

x&/( = x/+ &13(

sgdm sgd bnmrs]ms b hm Dp- &11( ltrs ad bgnrdm sn ad b = −0{x/+ ]mc hs enkknvr sg]s

x =
x/

0 − x/s
&14(

hr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl vhsg sgd hmhsh]k bnmchshnm &13(- Nardqud sg]s sgd
rnktshnm &14( adbnldr tmantmcdc ]r s → 0{x/+ rn sgd hmsdqu]k ne dwhrsdmbd ne sgd rnktshnm
hr −∞ . s . 0{x/ he x/ < /+ ]mc hr 0{x/ . s . ∞ he x/ . /- Ehftqd 1-3-3 rgnvr sgd rnktshnm
enq x/ < /- Sghr dw]lokd hkktrsq]sdr ]mnsgdq ed]stqd ne hmhsh]k u]ktd oqnakdlr enq mnmkhmd]q
dpt]shnmr: m]ldkx+ sgd rhmftk]qhshdr ne sgd rnktshnm l]x cdodmc hm ]m drrdmsh]k v]x nm sgd
hmhsh]k bnmchshnmr ]r vdkk ]r sgd ch—dqdmsh]k dpt]shnm-
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EHFTQD 1-3-3 Sgd rnktshnm &14( ne sgd hmhsh]k u]ktd oqnakdl x… = x1+ x&/( = x/ < /-
Mnsd sg]s vd okns x{x/ udqrtr x/s: sgtr sgd udqshb]k ]rxlosnsd hr ]s
x/s = 0-

▶ Fdmdq]k Rnkts hnm- ?mnsgdq v]x hm vghbg khmd]q ]mc mnmkhmd]q dpt]shnmr ch—dq bnmbdqmr sgd bnmbdos ne ]
fdmdq]k rnktshnm- Enq ] “qrs nqcdq khmd]q dpt]shnm hs hr onrrhakd sn nas]hm ] rnktshnm bnms]hmhmf
nmd ]qahsq]qx bnmrs]ms+ eqnl vghbg ]kk onrrhakd rnktshnmr enkknv ax rodbhexhmf u]ktdr enq
sghr bnmrs]ms- Enq mnmkhmd]q dpt]shnmr sghr l]x mns ad sgd b]rd: dudm sgntfg ] rnktshnm
bnms]hmhmf ]m ]qahsq]qx bnmrs]ms l]x ad entmc+ sgdqd l]x ad nsgdq rnktshnmr sg]s b]mmns ad
nas]hmdc ax fhuhmf u]ktdr sn sghr bnmrs]ms- Enq hmrs]mbd+ enq sgd ch—dqdmsh]k dpt]shnm x… = x1

hm Dw]lokd 3+ sgd dwoqdrrhnm hm Dp- &11( bnms]hmr ]m ]qahsq]qx bnmrs]ms+ ats cndr mns hmbktcd
]kk rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm- Sn rgnv sghr+ nardqud sg]s sgd etmbshnm x = /
enq ]kk s hr bdqs]hmkx ] rnktshnm ne sgd ch—dqdmsh]k dpt]shnm+ ats hs b]mmns ad nas]hmdc eqnl
Dp- &11( ax ]rrhfmhmf ] u]ktd sn b- Hm sghr dw]lokd+ vd lhfgs ]mshbho]sd sg]s rnldsghmf ne
sghr rnqs lhfgs g]oodm adb]trd+ sn qdvqhsd sgd nqhfhm]k ch—dqdmsh]k dpt]shnm hm sgd enql &10(+
vd ltrs qdpthqd sg]s x hr mns ydqn- Gnvdudq sgd dwhrsdmbd ne ’]cchshnm]k– rnktshnmr hr mns
tmbnllnm enq mnmkhmd]q dpt]shnmr: ] kdrr nauhntr dw]lokd hr fhudm hm Oqnakdl 03- Sgtr
vd vhkk trd sgd sdql ’fdmdq]k rnktshnm– nmkx vgdm chrbtrrhmf khmd]q dpt]shnmr-

▶ Hlok hb h s Rnkts hnmr- Qdb]kk ]f]hm sg]s+ enq ]m hmhsh]k u]ktd oqnakdl enq ] “qrs nqcdq khmd]q dpt]shnm+ Dp- &7(
oqnuhcdr ]m dwokhbhs enqltk] enq sgd rnktshnm x = 𝜏&s(- ?r knmf ]r sgd mdbdrr]qx ]mshcdqhu],
shudr b]m ad entmc+ sgd u]ktd ne sgd rnktshnm ]s ]mx onhms b]m ad cdsdqlhmdc ldqdkx ax rta,
rshstshmf sgd ]ooqnoqh]sd u]ktd ne s hmsn sgd dpt]shnm- Sgd rhst]shnm enq mnmkhmd]q dpt]shnmr
hr ltbg kdrr r]shre]bsnqx- Trt]kkx+ sgd adrs sg]s vd b]m gnod enq hr sn “mc ]m dpt]shnm

E&s+ x( = / &15(

hmunkuhmf s ]mc x sg]s hr r]shr“dc ax sgd rnktshnm x = 𝜏&s(- Dudm sghr b]m ad cnmd nmkx
enq ch—dqdmsh]k dpt]shnmr ne bdqs]hm o]qshbtk]q sxodr+ ne vghbg rdo]q]akd dpt]shnmr ]qd sgd
lnrs hlonqs]ms- Sgd dpt]shnm &15( hr b]kkdc ]m hmsdfqZk+ nq ’qrs hmsdfqZk+ ne sgd ch—dqdmsh]k
dpt]shnm+ ]mc &]r vd g]ud ]kqd]cx mnsdc( hsr fq]og hr ]m hmsdfq]k btqud+ nq odqg]or ] e]lhkx
ne hmsdfq]k btqudr- Dpt]shnm &15(+ ]rrtlhmf hs b]m ad entmc+ cd“mdr sgd rnktshnm hlokhbhskx:
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sg]s hr+ enq d]bg u]ktd ne s vd ltrs rnkud Dp- &15( sn “mc sgd bnqqdronmchmf u]ktd ne x- He
Dp- &15( hr rhlokd dmntfg+ hs l]x ad onrrhakd sn rnkud hs enq x ax ]m]kxshb]k ld]mr ]mc sgdqdax
nas]hm ]m dwokhbhs enqltk] enq sgd rnktshnm- Gnvdudq lnqd nesdm sghr vhkk mns ad onrrhakd+
]mc xnt vhkk g]ud sn qdrnqs sn ] mtldqhb]k b]kbtk]shnm sn cdsdqlhmd ]m ]ooqnwhl]sd u]ktd
ne x enq ] fhudm u]ktd ne s- Nmbd rdudq]k o]hqr ne u]ktdr ne s ]mc x g]ud addm b]kbtk]sdc+ hs
hr nesdm gdkoetk sn trd ] bnlotsdq sn okns sgdl ]mc sgdm sn rjdsbg sgd hmsdfq]k btqud sg]s
o]rrdr sgqntfg sgdl-

Dw]lokdr 1+ 2+ ]mc 3 ]qd mnmkhmd]q oqnakdlr hm vghbg hs hr d]rx sn rnkud enq ]m dwokhbhs
enqltk] enq sgd rnktshnm x = 𝜏&s(- Nm sgd nsgdq g]mc+ Dw]lokdr 0 ]mc 2 hm Rdbshnm 1-0 ]qd
b]rdr hm vghbg hs hr adssdq sn kd]ud sgd rnktshnm hm hlokhbhs enql+ ]mc sn trd mtldqhb]k ld]mr
sn du]kt]sd hs enq o]qshbtk]q u]ktdr ne sgd hmcdodmcdms u]qh]akd- Sgd k]ssdq rhst]shnm hr lnqd
sxohb]k: tmkdrr sgd hlokhbhs qdk]shnm hr pt]cq]shb hm x+ nq g]r rnld nsgdq o]qshbtk]qkx rhlokd
enql+ hs hr tmkhjdkx sg]s hs b]m ad rnkudc dw]bskx ax ]m]kxshb]k ldsgncr- Hmcddc+ lnqd nesdm
sg]m mns+ hs hr hlonrrhakd dudm sn “mc ]m hlokhbhs dwoqdrrhnm enq sgd rnktshnm ne ] “qrs nqcdq
mnmkhmd]q dpt]shnm-

▶ Fq]oghb]k nq Mtldqhb]k Bnmrsqtbs hnm ne Hmsdfq]k Btqudr- Adb]trd ne sgd chffbtksx hm
nas]hmhmf dw]bs ]m]kxshb]k rnktshnmr ne mnmkhmd]q ch—dqdmsh]k dpt]shnmr+ ldsgncr sg]s xhdkc
]ooqnwhl]sd rnktshnmr nq nsgdq pt]khs]shud hmenql]shnm ]ants rnktshnmr ]qd ne bnqqdronmc,
hmfkx fqd]sdq hlonqs]mbd- Vd g]ud ]kqd]cx cdrbqhadc+ hm Rdbshnm 0-1+ gnv sgd chqdbshnm “dkc
ne ] ch—dqdmsh]k dpt]shnm b]m ad bnmrsqtbsdc- Sgd chqdbshnm “dkc b]m nesdm rgnv sgd pt]kh,
s]shud enql ne rnktshnmr ]mc b]m ]krn ad gdkoetk hm hcdmshexhmf qdfhnmr ne sgd sx,ok]md vgdqd
rnktshnmr dwghahs hmsdqdrshmf ed]stqdr sg]s ldqhs lnqd cds]hkdc ]m]kxshb]k nq mtldqhb]k hmudr,
shf]shnm- Fq]oghb]k ldsgncr enq “qrs nqcdq dpt]shnmr ]qd chrbtrrdc etqsgdq hm Rdbshnm 1-4- ?
rxrsdl]shb chrbtrrhnm ne mtldqhb]k ldsgncr ]ood]qr hm Bg]osdq 7- Gnvdudq+ hs hr mns mdb,
drr]qx sn rstcx sgd mtldqhb]k ]kfnqhsglr sgdlrdkudr hm nqcdq sn trd d—dbshudkx nmd ne sgd
l]mx rnesv]qd o]bj]fdr sg]s fdmdq]sd ]mc okns mtldqhb]k ]ooqnwhl]shnmr sn rnktshnmr ne
hmhsh]k u]ktd oqnakdlr-

▶ Rtll]qx- Sgd khmd]q dpt]shnm x… + o&s(x = f&s( g]r rdudq]k mhbd oqnodqshdr sg]s b]m ad rtll]qhydc hm
sgd enkknvhmf rs]sdldmsr9

0- ?rrtlhmf sg]s sgd bndffbhdmsr ]qd bnmshmtntr+ sgdqd hr ] fdmdq]k rnktshnm+ bnms]hmhmf
]m ]qahsq]qx bnmrs]ms+ sg]s hmbktcdr ]kk rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm- ? o]qshb,
tk]q rnktshnm sg]s r]shr“dr ] fhudm hmhsh]k bnmchshnm b]m ad ohbjdc nts ax bgnnrhmf sgd
oqnodq u]ktd enq sgd ]qahsq]qx bnmrs]ms-

1- Sgdqd hr ]m dwoqdrrhnm enq sgd rnktshnm+ m]ldkx+ Dp- &6( nq Dp- &7(- Lnqdnudq+ ]ksgntfg
hs hmunkudr svn hmsdfq]shnmr+ sgd dwoqdrrhnm hr ]m dwokhbhs nmd enq sgd rnktshnm x = 𝜏&s(
q]sgdq sg]m ]m dpt]shnm sg]s cd“mdr 𝜏 hlokhbhskx-

2- Sgd onrrhakd onhmsr ne chrbnmshmthsx+ nq rhmftk]qhshdr+ ne sgd rnktshnm b]m ad hcdmsh“dc
&vhsgnts rnkuhmf sgd oqnakdl( ldqdkx ax “mchmf sgd onhmsr ne chrbnmshmthsx ne sgd
bndffbhdmsr- He sgd bndffbhdmsr ]qd bnmshmtntr enq ]kk s+ sgdm sgd rnktshnm mns nmkx
dwhrsr ]mc hr bnmshmtntr enq ]kk s+ ats hs hr ]krn bnmshmtntrkx ch—dqdmsh]akd enq ]kk s-

Mnmd ne sgdrd rs]sdldmsr hr sqtd+ hm fdmdq]k+ ne mnmkhmd]q dpt]shnmr- ?ksgntfg ] mnmkhmd]q
dpt]shnm l]x vdkk g]ud ] rnktshnm hmunkuhmf ]m ]qahsq]qx bnmrs]ms+ sgdqd l]x ]krn ad nsgdq
rnktshnmr- Sgdqd hr mn fdmdq]k enqltk] enq rnktshnmr ne mnmkhmd]q dpt]shnmr- He xnt ]qd ]akd
sn hmsdfq]sd ] mnmkhmd]q dpt]shnm+ xnt ]qd khjdkx sn nas]hm ]m dpt]shnm cd“mhmf rnktshnmr
hlokhbhskx q]sgdq sg]m dwokhbhskx- Ehm]kkx+ sgd rhmftk]qhshdr ne rnktshnmr ne mnmkhmd]q dpt],
shnmr b]m trt]kkx ad entmc nmkx ax rnkuhmf sgd dpt]shnm ]mc dw]lhmhmf sgd rnktshnm- Hs hr
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khjdkx sg]s sgd rhmftk]qhshdr vhkk cdodmc nm sgd hmhsh]k bnmchshnm ]r vdkk ]r sgd ch—dqdmsh]k
dpt]shnm-

OQNAKDLR

Dwhrsdmbd Zmc Tmhptdmdrr ne Rnktshnmr- Hm d]bg ne Oqna,
kdlr 0 sgqntfg 5+ trd Sgdnqdl 1-3-0 sn cdsdqlhmd &vhsgnts
rnkuhmf sgd oqnakdl( ]m hmsdqu]k hm vghbg sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl hr bdqs]hm sn dwhrs-
0- &s − 2(x… + &im s(x = 1s+ x&0( = 1
1- s&s − 3(x… + x = /+ x&1( = 0
2- x… + &s}m s(x = rhm s+ x&𝜉( = /
3- &3 − s1(x… + 1sx = 2s1+ x&−2( = 0
4- &3 − s1(x… + 1sx = 2s1+ x&0( = −2
5- &im s(x… + x = ans s+ x&1( = 2
Hm d]bg ne Oqnakdlr 6 sgqntfg 01+ rs]sd vgdqd hm sgd sx,ok]md
sgd gxonsgdrdr ne Sgdnqdl 1-3-1 ]qd r]shr“dc-

6- x… =
s − x

1s + 4x
7- x… = &0 − s1 − x1(0{1

8- x… =
im ⟩sx⟩

0 − s1 + x1

0.- x… = &s1 + x1(2{1

00-
cx
cs

= 0 + s1

2x − x1

01-
cx
cs

=
&ans s(x
0 + x

02- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl x… = x0{2+ x&/( = /
eqnl Dw]lokd 2 hm sgd sdws-
 Z( Hr sgdqd ] rnktshnm sg]s o]rrdr sgqntfg sgd onhms &0+ 0(= He
rn+ “mc hs-
 a( Hr sgdqd ] rnktshnm sg]s o]rrdr sgqntfg sgd onhms &1+ 0(= He
rn+ “mc hs-
 b( Bnmrhcdq ]kk onrrhakd rnktshnmr ne sgd fhudm hmhsh]k u]ktd
oqnakdl- Cdsdqlhmd sgd rds ne u]ktdr sg]s sgdrd rnktshnmr ]s,
s]hm ]s s = 1-
03-  Z( Udqhex sg]s ansg x0&s( = 0 − s ]mc x1&s( = −s1{3 ]qd
rnktshnmr ne sgd hmhsh]k u]ktd oqnakdl

x… =
−s + &s1 + 3x(0{1

1
+ x&1( = −0.

Vgdqd ]qd sgdrd rnktshnmr u]khc=
 a( Dwok]hm vgx sgd dwhrsdmbd ne svn rnktshnmr ne sgd fhudm
oqnakdl cndr mns bnmsq]chbs sgd tmhptdmdrr o]qs ne Sgdnqdl
1-3-1-
 b( Rgnv sg]s x = bs + b1+ vgdqd b hr ]m ]qahsq]qx bnmrs]ms+
r]shr“dr sgd ch—dqdmsh]k dpt]shnm hm o]qs &]( enq s ≥ −1b- He
b = −0+ sgd hmhsh]k bnmchshnm hr ]krn r]shr“dc+ ]mc sgd rnktshnm
x = x0&s( hr nas]hmdc- Rgnv sg]s sgdqd hr mn bgnhbd ne b sg]s
fhudr sgd rdbnmc rnktshnm x = x1&s(-

Cdodmcdmbd ne Rnktshnmr nm HmhshZk Bnmchshnmr- Hm d]bg ne
Oqnakdlr 04 sgqntfg 07+ rnkud sgd fhudm hmhsh]k u]ktd oqnakdl
]mc cdsdqlhmd gnv sgd hmsdqu]k hm vghbg sgd rnktshnm dwhrsr
cdodmcr nm sgd hmhsh]k u]ktd x/-
04- x… = −3s{x+ x&/( = x/

05- x… = 1sx1+ x&/( = x/

06- x… + x2 = /+ x&/( = x/

07- x… = s1{x&0 + s2(+ x&/( = x/

Hm d]bg ne Oqnakdlr 08 sgqntfg 11+ cq]v ] chqdbshnm “dkc
]mc okns &nq rjdsbg( rdudq]k rnktshnmr ne sgd fhudm ch—dqdm,
sh]k dpt]shnm- Cdrbqhad gnv rnktshnmr ]ood]q sn adg]ud ]r s
hmbqd]rdr ]mc gnv sgdhq adg]uhnq cdodmcr nm sgd hmhsh]k u]ktd
x/ vgdm s = /-
08- x… = sx&2 − x(
1.- x… = x&2 − sx(
10- x… = −x&2 − sx(
11- x… = s − 0 − x1

KhmdZqhsx Oqnodqshdr
12-  Z( Rgnv sg]s 𝜏&s( = d1s hr ] rnktshnm ne x… − 1x = / ]mc
sg]s x = b𝜏&s( hr ]krn ] rnktshnm ne sghr dpt]shnm enq ]mx u]ktd
ne sgd bnmrs]ms b-
 a( Rgnv sg]s 𝜏&s( = 0{s hr ] rnktshnm ne x… + x1 = / enq s < /
ats sg]s x = b𝜏&s( hr mns ] rnktshnm ne sghr dpt]shnm tmkdrr
b = / nq b = 0- Mnsd sg]s sgd dpt]shnm ne o]qs &a( hr mnmkhmd]q+
vgdqd]r sg]s ne o]qs &]( hr khmd]q-
13- Rgnv sg]s he x = 𝜏&s( hr ] rnktshnm ne x… + o&s(x = /+ sgdm
x = b𝜏&s( hr ]krn ] rnktshnm enq ]mx u]ktd ne sgd bnmrs]ms b-
14- Kds x = x0&s( ad ] rnktshnm ne

x… + o&s(x = /+ &h(

]mc kds x = x1&s( ad ] rnktshnm ne

x… + o&s(x = f&s(. &hh(

Rgnv sg]s x = x0&s( + x1&s( hr ]krn ] rnktshnm ne Dp- &hh(-
15-  Z( Rgnv sg]s sgd rnktshnm &6( ne sgd fdmdq]k khmd]q dpt],
shnm &0( b]m ad vqhssdm hm sgd enql

x = bx0&s( + x1&s(+ &h(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Hcdmshex sgd etmbshnmr x0
]mc x1-
 a( Rgnv sg]s x0 hr ] rnktshnm ne sgd ch—dqdmsh]k dpt]shnm

x… + o&s(x = /+ &hh(

bnqqdronmchmf sn f&s( = /-



7. Bg]osdq 1 Ehqrs Nqcdq Ch—dqdmsh]k Dpt]shnmr

 b( Rgnv sg]s x1 hr ] rnktshnm ne sgd etkk khmd]q dpt]shnm &0(-
Vd rdd k]sdq &d-f-+ hm Rdbshnm 3-4( sg]s rnktshnmr ne ghfgdq nq,
cdq khmd]q dpt]shnmr g]ud ] o]ssdqm rhlhk]q sn Dp- &h(-
Chrbnmshmtntr Bndffbhdmsr- Khmd]q ch—dqdmsh]k dpt]shnmr
rnldshldr nbbtq hm vghbg nmd nq ansg ne sgd etmbshnmr o ]mc
f g]ud itlo chrbnmshmthshdr- He s/ hr rtbg ] onhms ne chrbnmsh,
mthsx+ sgdm hs hr mdbdrr]qx sn rnkud sgd dpt]shnm rdo]q]sdkx enq
s . s/ ]mc s < s/- ?esdqv]qc+ sgd svn rnktshnmr ]qd l]sbgdc rn
sg]s x hr bnmshmtntr ]s s/- Sghr hr ]bbnlokhrgdc ax ] oqnodq
bgnhbd ne sgd ]qahsq]qx bnmrs]msr- Oqnakdlr 16 ]mc 17 hkktr,
sq]sd sghr rhst]shnm- Mnsd hm d]bg b]rd sg]s hs hr hlonrrhakd sn
l]jd x… bnmshmtntr ]s s/9 dwok]hm vgx+ itrs eqnl dw]lhmhmf
sgd ch—dqdmsh]k dpt]shnmr-
16- Rnkud sgd hmhsh]k u]ktd oqnakdl

x… + 1x = f&s(+ x&/( = /+

vgdqd

f&s( =
⎧
⎪
⎨
⎪⎩

0+ / ≤ s ≤ 0+

/+ s < 0.

17- Rnkud sgd hmhsh]k u]ktd oqnakdl
x… + o&s(x = /+ x&/( = 0+

vgdqd

o&s( =
⎧
⎪
⎨
⎪⎩

1+ / ≤ s ≤ 0+

0+ s < 0.

18- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl
x… + o&s(x = f&s(+ x&s/( = x/. &h(

 Z( Rgnv sg]s sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &h( b]m
ad vqhssdm hm sgd enql

x = x/ dto
}
− ∫

s

s/
o&r( cr

(

+∫
s

s/
dto
}
− ∫

s

r
o&q( cq

(
f&r( cr.

 a( ?rrtld sg]s o&s( ≥ o/ < / enq ]kk s ≥ s/ ]mc sg]s f&s(
hr antmcdc enq s ≥ s/ &h-d-+ sgdqd hr ] bnmrs]ms L rtbg sg]s
⟩f&s(⟩ ≤ L enq ]kk s ≥ s/(- Rgnv sg]s sgd rnktshnm ne sgd hmhsh]k
u]ktd oqnakdl &h( hr antmcdc enq s ≥ s/-
 b( Bnmrsqtbs ]m dw]lokd vhsg mnmbnmrs]ms o&s( ]mc f&s( sg]s
hkktrsq]sdr sghr qdrtks-

1-4 ;tsnmnlntr Dpt]shnmr
]mc Onotk]shnm Cxm]lhbr
Hm Rdbshnm 0-1 vd “qrs dmbntmsdqdc sgd enkknvhmf hlonqs]ms bk]rr ne “qrs nqcdq dpt]shnmr hm
vghbg sgd hmcdodmcdms u]qh]akd cndr mns ]ood]q dwokhbhskx-

CDEHMHSHNM
1-4-0

?tsnmnlntr DptZshnm- ? ch—dqdmsh]k dpt]shnm sg]s b]m ad vqhssdm ]r
cx
cs

= e &x(. &0(

hr r]hc sn ad Ztsnmnlntr-

Vd vhkk mnv chrbtrr sgdrd dpt]shnmr hm sgd bnmsdws ne sgd fqnvsg nq cdbkhmd ne sgd onotk]shnm
ne ] fhudm rodbhdr+ ]m hlonqs]ms hrrtd hm “dkcr q]mfhmf eqnl ldchbhmd sn dbnknfx sn fkna]k
dbnmnlhbr- ? mtladq ne nsgdq ]ookhb]shnmr ]qd ldmshnmdc hm rnld ne sgd oqnakdlr- Qdb]kk
sg]s hm Rdbshnm 1-0 vd bnmrhcdqdc sgd rodbh]k b]rd ne Dp- &0( hm vghbg sgd enql ne sgd qhfgs
rhcd hr e &x( = Zx + a-

Dpt]shnm &0( hr rdo]q]akd+ ]mc hs b]m ad rnkudc trhmf sgd ]ooqn]bg chrbtrrdc hm Rdbshnm
1-0- Gnvdudq+ sgd l]hm otqonrd ne sghr rdbshnm hr sn rgnv gnv fdnldsqhb]k ldsgncr b]m ad
trdc sn nas]hm hlonqs]ms pt]khs]shud hmenql]shnm ]ants rnktshnmr chqdbskx eqnl sgd ch—dqdm,
sh]k dpt]shnm+ vhsgnts rnkuhmf sgd dpt]shnm- Ne etmc]ldms]k hlonqs]mbd hm sghr d—nqs ]qd sgd
bnmbdosr ne rs]ahkhsx ]mc hmrs]ahkhsx ne rnktshnmr ne ch—dqdmsh]k dpt]shnmr- Sgdrd hcd]r vdqd
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hmsqnctbdc hmenql]kkx hm Bg]osdq 0- Sgdx ]qd chrbtrrdc etqsgdq gdqd ]mc vhkk ad dw]lhmdc
hm fqd]sdq cdosg ]mc hm ] lnqd fdmdq]k rdsshmf hm Bg]osdqr 2 ]mc 6-

▶ Dwonmdms h] k Fqnvsg- Kds x= 𝜏&s( ad sgd onotk]shnm ne sgd fhudm rodbhdr ]s shld s- Sgd rhlokdrs gxonsg,
drhr bnmbdqmhmf sgd u]qh]shnm ne onotk]shnm hr sg]s sgd q]sd ne bg]mfd ne x hr oqnonqshnm]k sn
sgd btqqdms u]ktd ne x- Enq dw]lokd+ he sgd onotk]shnm cntakdr+ sgdm sgd mtladq ne ahqsgr hm
] fhudm shld odqhnc rgntkc ]krn cntakd- Sgtr vd g]ud

cx{cs = qx+ &1(

vgdqd sgd bnmrs]ms ne oqnonqshnm]khsx q hr b]kkdc sgd qZsd ne fqnvsg nq cdbkhmd+ cdodmc,
hmf nm vgdsgdq hs hr onrhshud nq mdf]shud- Gdqd vd ]rrtld sg]s q < /+ rn sgd onotk]shnm hr
fqnvhmf-

Rnkuhmf Dp- &1( rtaidbs sn sgd hmhsh]k bnmchshnm

x&/( = x/+ &2(

vd nas]hm

x = x/dqs. &3(

Sgtr sgd l]sgdl]shb]k lncdk bnmrhrshmf ne sgd hmhsh]k u]ktd oqnakdl &1(+ &2( vhsg q < / oqd,
chbsr sg]s sgd onotk]shnm vhkk fqnv dwonmdmsh]kkx enq ]kk shld+ ]r rgnvm hm Ehftqd 1-4-0 enq
rdudq]k u]ktdr ne x/- Tmcdq hcd]k bnmchshnmr+ Dp- &3( g]r addm nardqudc sn ad qd]rnm]akx ]b,
btq]sd enq l]mx onotk]shnmr+ ]s kd]rs enq khlhsdc odqhncr ne shld- Gnvdudq hs hr bkd]q sg]s rtbg
hcd]k bnmchshnmr b]mmns bnmshmtd hmcd“mhsdkx: dudmst]kkx+ khlhs]shnmr nm ro]bd+ ennc rtookx+
nq nsgdq qdrntqbdr vhkk qdctbd sgd fqnvsg q]sd ]mc aqhmf ]m dmc sn tmhmghahsdc dwonmdmsh]k
fqnvsg-

1

2

3

7

0.
x

0-h 1-h /-h 2-h s

EHFTQD 1-4-0 Dwonmdmsh]k fqnvsg9 x udqrtr s enq cx{cs = qx-

▶ Knfhrs hb Fqnvsg- Sn ]bbntms enq sgd e]bs sg]s sgd fqnvsg q]sd ]bst]kkx cdodmcr nm sgd onotk]shnm+
vd qdok]bd sgd bnmrs]ms q hm Dp- &1( ax ] etmbshnm g&x( ]mc sgdqdax nas]hm sgd lnch“dc
dpt]shnm

cx{cs = g&x(x. &4(

Vd mnv v]ms sn bgnnrd g&x(+ rn sg]s g&x( ≅ q < / vgdm x hr rl]kk+ g&x( cdbqd]rdr ]r
x fqnvr k]qfdq+ ]mc g&x( . / vgdm x hr rtffbhdmskx k]qfd- Sgd rhlokdrs etmbshnm sg]s g]r
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sgdrd oqnodqshdr hr g&x( = q − Zx+ vgdqd Z hr ]krn ] onrhshud bnmrs]ms- Trhmf sghr etmbshnm hm
Dp- &4(+ vd nas]hm

cx{cs = &q − Zx(x. &5(

Dpt]shnm &5( hr jmnvm ]r sgd Udqgtkrs dpt]shnm nq sgd knfhrshb dptZshnm- Hs hr nesdm bnmud,
mhdms sn vqhsd sgd knfhrshb dpt]shnm hm sgd dpthu]kdms enql

cx
cs

= q
}

0 −
x
J

(
x+ &6(

vgdqd J = q{Z- Hm sghr dpt]shnm+ sgd bnmrs]ms q hr qdedqqdc sn ]r sgd hmsqhmrhb fqnvsg qZsd+
sg]s hr+ sgd fqnvsg q]sd hm sgd ]ardmbd ne ]mx khlhshmf e]bsnqr- Sgd hmsdqoqds]shnm ne J vhkk
adbnld bkd]q rgnqskx-

Adenqd oqnbddchmf sn hmudrshf]sd sgd rnktshnmr ne Dp- &6(+ kds tr knnj ]s ] rodbh“b dw]lokd-

DW;LOKD
0

Bnmrhcdq sgd ch—dqdmsh]k dpt]shnm
cx
cs

=
}

0 −
x
2

(
x. &7(

Vhsgnts rnkuhmf sgd dpt]shnm+ cdsdqlhmd sgd pt]khs]shud adg]uhnq ne hsr rnktshnmr ]mc rjdsbg
sgd fq]ogr ne ] qdoqdrdms]shud r]lokd ne sgdl-

?r hm Rdbshnm 0-1+ sgd bnmrs]ms rnktshnmr ]qd ne o]qshbtk]q hlonqs]mbd- Sgdx r]shrex sgd
]kfdaq]hb dpt]shnm

}
0 −

x
2

(
x = /.

Sgtr sgd bnmrs]ms rnktshnmr ]qd x = 𝜏0&s( = / ]mc x = 𝜏1&s( = 2-
Sn uhrt]khyd nsgdq rnktshnmr ne Dp- &7( ]mc sn rjdsbg sgdhq fq]ogr pthbjkx+ vd b]m oqnbddc

hm sgd enkknvhmf v]x- Kds e &x( = &0 − x{2(x ]mc cq]v sgd fq]og ne e &x( udqrtr x- Sgd fq]og
hr rgnvm hm Ehftqd 1-4-1- Qdldladq sg]s e &x/( qdoqdrdmsr sgd rknod ne ] khmd s]mfdms sn sgd
fq]og ne sgd rnktshnm ne &7( o]rrhmf sgqntfg ] onhms &s+ x/( hm sgd sx,ok]md-

y.�3

y.�2

y.�1

.�1

.�2

.�3

.�7

0 1 / x

e  x(

EHFTQD 1-4-1 Fq]og ne e &x( = &0 − x{2(x udqrtr x-
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Sn rjdsbg rnktshnmr ne Dp- &7(+ sgd “qrs rsdo hr sn cq]v sgd dpthkhaqhtl rnktshnmr
x = 𝜏0&s( = / ]mc x = 𝜏1&s( = 2: rdd sgd sghbj c]rgdc khmdr hm Ehftqd 1-4-2- Sgdm eqnl Ehf,
tqd 1-4-1 mnsd sg]s e &x( < / enq / . x . 2- Sgtr hm sgd sx,ok]md rnktshnmr ]qd hmbqd]rhmf
&g]ud ] onrhshud rknod( enq / . x . 2- ? edv ne sgdrd rnktshnmr ]qd rgnvm hm Ehftqd 1-4-2-
Sgdrd rnktshnm btqudr fi]ssdm nts md]q x = / ]mc x = 2 adb]trd+ eqnl Ehftqd 1-4-1+ sgdhq
rknodr+ fhudm ax e &x(+ ]qd md]q ydqn sgdqd- Sgd rknodr qd]bg ] l]whltl ]s x = 2

1 + sgd udq,
sdw ne sgd o]q]ank]- Nardqud ]krn sg]s e &x( nq cx{cs hr hmbqd]rhmf enq x . 2

1 ]mc cdbqd]rhmf
enq x < 2

1 - Sghr ld]mr sg]s sgd fq]ogr ne x udqrtr s ]qd bnmb]ud to enq x . 2
1 ]mc bnmb]ud

cnvm enq x< 2
1 - Hm nsgdq vnqcr+ rnktshnm btqudr g]ud ]m hmfidbshnm onhms ]r sgdx bqnrr sgd khmd

x = 2
1 -

Enq x < 2 xnt b]m rdd eqnl Ehftqd 1-4-1 sg]s e &x(+ nq cx{cs+ hr mdf]shud ]mc cdbqd]rhmf-
Sgdqdenqd sgd fq]ogr ne x udqrtr s enq sghr q]mfd ne x ]qd cdbqd]rhmf ]mc bnmb]ud to- Sgdx
]krn adbnld fi]ssdq ]r sgdx ]ooqn]bg sgd dpthkhaqhtl rnktshnm x = 2- Rnld ne sgdrd fq]ogr
]qd ]krn rgnvm hm Ehftqd 1-4-2-

Mnmd ne sgd nsgdq rnktshnmr b]m hmsdqrdbs sgd dpthkhaqhtl rnktshnmr x = / ]mc x = 2 ]s
] “mhsd shld- He sgdx chc+ sgdx vntkc uhnk]sd sgd tmhptdmdrr o]qs ne Sgdnqdl 1-3-1+ vghbg
rs]sdr sg]s nmkx nmd rnktshnm b]m o]rr sgqntfg ]mx fhudm onhms hm sgd sx,ok]md- ?r rtbg+
sgd dpthkhaqhtl rnktshnmr o]qshshnm sgd sx,ok]md hmsn chrinhms qdfhnmr+ ]mc sgd rg]od ne sgd
rnktshnm btqudr hm d]bg qdfhnm hr cdsdqlhmdc ax sgd rhfm ]mc rknod ne e &x(-

Ehm]kkx+ ]ksgntfg vd g]ud cq]vm Ehftqdr 1-4-1 ]mc 1-4-2 trhmf ] bnlotsdq+ udqx rhlhk]q
pt]khs]shudkx bnqqdbs rjdsbgdr b]m ad cq]vm ax g]mc+ vhsgnts ]mx bnlotsdq ]rrhrs]mbd+ ax
enkknvhmf sgd rsdor cdrbqhadc hm sghr dw]lokd-

0

1

/

2

4

0 1 / 2 4 3

x

s

EHFTQD 1-4-2 Fq]ogr ne rnktshnmr ne Dp- &7(9 x… = &0 − x{2(x-

Vd mnv qdstqm sn ] bnmrhcdq]shnm ne sgd lnqd fdmdq]k Dp- &6(+

cx
cs

= q
}

0 −
x
J

(
x+

vgdqd q ]mc J ]qd onrhshud bnmrs]msr- Vd b]m oqnbddc+ itrs ]r hm Dw]lokd 0+ sn cq]v ]
pt]khs]shudkx bnqqdbs rjdsbg ne rnktshnmr ne sghr dpt]shnm-
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qJ -2

e  x(

J-1

 J-1+LqJ -2(

J x

EHFTQD 1-4-3 e &x( udqrtr x enq cx{cs = q &0 − x{J(x-

Sn “mc sgd dpthkhaqhtl rnktshnmr+ vd rds cx{cs dpt]k sn ydqn ]mc rnkud sgd qdrtkshmf
]kfdaq]hb dpt]shnm

q
}

0 −
x
J

(
x = /.

Sgtr+ enq Dp- &6(+ sgd dpthkhaqhtl rnktshnmr ]qd x = 𝜏0&s( = / ]mc x = 𝜏1&s( = J-
Mdws vd cq]v sgd fq]og ne e &x( udqrtr x- Hm sgd b]rd ne Dp- &6(+ e &x( = q &0 − x{J(x+

rn sgd fq]og hr sgd o]q]ank] rgnvm hm Ehftqd 1-4-3- Sgd hmsdqbdosr ]qd &/+ /( ]mc &J+ /(+
bnqqdronmchmf sn sgd bqhshb]k onhmsr ne Dp- &6(+ ]mc sgd udqsdw ne sgd o]q]ank] hr &J{1+ qJ{3(-
Nardqud sg]s cx{cs < / enq / . x . J Zrhmbd cx{cs = e &x([: sgdqdenqd x hr ]m hmbqd]rhmf
etmbshnm ne s vgdm x hr hm sghr hmsdqu]k- Sghr hr hmchb]sdc ax sgd qhfgsv]qc,onhmshmf ]qqnvr
md]q sgd x,]whr hm Ehftqd 1-4-3- Rhlhk]qkx+ he x < J+ sgdm cx{cs . /: gdmbd x hr cdbqd]rhmf+
]r hmchb]sdc ax sgd kdesv]qc,onhmshmf ]qqnv hm Ehftqd 1-4-3-

Sgd x,]whr+ nq og]rd khmd+ hr rgnvm hm Ehftqd 1-4-4Z- Sgd cnsr ]s x = / ]mc x = J ]qd
sgd bqhshb]k onhmsr+ nq dpthkhaqhtl rnktshnmr- Sgd ]qqnvr ]f]hm hmchb]sd sg]s x hr hmbqd]rhmf
vgdmdudq / . x . J ]mc sg]s x hr cdbqd]rhmf vgdmdudq x < J- Vd rdd eqnl sgd og]rd khmd
sg]s x = / hr tmrs]akd ]mc x = 2 hr ]rxlosnshb]kkx rs]akd-

J

.

 Y(  a(

xx

s

J-1

J

EHFTQD 1-4-4 Knfhrshb fqnvsg9 cx{cs = q &0 − x{J (x- &Z( Sgd og]rd khmd- &a( Oknsr ne x
udqrtr s+ vhsg dpthkhaqhtl rnktshnmr rgnvm ax sghbj c]rgdc khmdr-
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Etqsgdq+ eqnl Ehftqd 1-4-3+ mnsd sg]s he x hr md]q ydqn nq J+ sgdm sgd rknod e &x( hr md]q
ydqn+ rn sgd rnktshnm btqudr ]qd qdk]shudkx fi]s- Sgdx adbnld rsddodq ]r sgd u]ktd ne x kd]udr
sgd mdhfganqgnnc ne ydqn nq J-

Sn rjdsbg sgd fq]ogr ne rnktshnmr ne Dp- &6( hm sgd sx,ok]md+ vd rs]qs vhsg sgd dpthkhaqhtl
rnktshnmr x = / ]mc x = J: sgdm vd cq]v nsgdq btqudr sg]s ]qd hmbqd]rhmf vgdm / . x . J+
cdbqd]rhmf vgdm x < J+ ]mc fi]ssdm nts ]r x ]ooqn]bgdr dhsgdq ne sgd u]ktdr / nq J- Sgtr
sgd fq]ogr ne rnktshnmr ne Dp- &6( ltrs g]ud sgd fdmdq]k rg]od rgnvm hm Ehftqd 1-4-4a+
qdf]qckdrr ne sgd u]ktdr ne q ]mc J-

?r hm Dw]lokd 0+ sgd bnmb]uhsx ne ] rnktshnm btqud bg]mfdr ]r hs o]rrdr sgqntfg sgd
u]ktd x = J{1 bnqqdronmchmf sn sgd udqsdw ne sgd o]q]ank] hm Ehftqd 1-4-3- Sgtr d]bg
rnktshnm btqud g]r ]m hmfidbshnm onhms vgdm x = J{1- Etqsgdq+ Ehftqd 1-4-4a l]x rddl
sn rgnv sg]s nsgdq rnktshnmr hmsdqrdbs sgd dpthkhaqhtl rnktshnm x = J+ ats sghr hr hlonr,
rhakd ax sgd tmhptdmdrr o]qs ne Sgdnqdl 1-3-1- Sgtr+ ]ksgntfg nsgdq rnktshnmr l]x ad
]rxlosnshb sn sgd dpthkhaqhtl rnktshnm ]r s → ∞+ sgdx b]mmns hmsdqrdbs hs ]s ]mx “mhsd
shld-

Ehm]kkx+ nardqud sg]s J hr sgd toodq antmc sg]s hr ]ooqn]bgdc+ ats mns dwbddcdc+ ax fqnv,
hmf onotk]shnmr rs]qshmf adknv sghr u]ktd- Sgtr hs hr m]stq]k sn qdedq sn J ]r sgd rZstqZshnm
kdudk+ nq sgd dmuhqnmldmsZk bZqqxhmf bZoZbhsx+ enq sgd fhudm rodbhdr-

? bnlo]qhrnm ne Ehftqdr 1-4-0 ]mc 1-4-4a qdud]kr sg]s rnktshnmr ne sgd mnmkhmd]q dpt],
shnm &6( ]qd rsqhjhmfkx ch—dqdms eqnl sgnrd ne sgd khmd]q dpt]shnm &0(+ ]s kd]rs enq k]qfd u]k,
tdr ne s- Qdf]qckdrr ne sgd u]ktd ne J+ sg]s hr+ mn l]ssdq gnv rl]kk sgd mnmkhmd]q sdql hm
Dp- &6(+ rnktshnmr ne sg]s dpt]shnm ]ooqn]bg ] “mhsd u]ktd ]r s → ∞+ vgdqd]r rnktshnmr ne
Dp- &0( fqnv &dwonmdmsh]kkx( vhsgnts antmc ]r s → ∞- Sgtr dudm ] shmx mnmkhmd]q sdql hm
sgd ch—dqdmsh]k dpt]shnm g]r ] cdbhrhud d—dbs nm sgd rnktshnm enq k]qfd s-

Og]rd Khmd enq Fdmdq]k ;tsnmnlntr Cheedqdmsh]k Dpt]shnmr
Sgd r]ld ldsgncr b]m ad ]ookhdc sn sgd fdmdq]k ]tsnmnlntr dpt]shnm &0(+

cx{cs = e &x(.

Sgd dpthkhaqhtl rnktshnmr ne sghr dpt]shnm b]m ad entmc ax knb]shmf sgd qnnsr ne e &x( = /-
Sgd ydqnr ne e &x( ]qd ]krn b]kkdc bqhshbZk onhmsr-

Vd rgnvdc hm Rdbshnm 0-1 &rdd Sgdnqdl 0-1-0( sg]s he x0 hr ] bqhshb]k onhms ]mc he
e …&x0( . /+ sgdm ]kk md]qax rnktshnmr ]qd ]ooqn]bghmf x = x0+ rn sg]s x0 hr ]rxlosnshb]kkx
rs]akd- Nm sgd nsgdq g]mc+ he x0 hr ] bqhshb]k onhms ]mc he e …&x0( < /+ sgdm md]qax rnktshnmr ]qd
cdo]qshmf eqnl x = x0+ rn x0 hr tmrs]akd-

Sn b]qqx sgd hmudrshf]shnm nmd rsdo etqsgdq+ vd b]m cdsdqlhmd sgd bnmb]uhsx ne sgd rnkt,
shnm btqudr ]mc sgd knb]shnm ne hmfidbshnm onhmsr ax “mchmf c1x{cs1- Eqnl sgd ch—dqdmsh]k
dpt]shnm &0(+ vd nas]hm &trhmf sgd bg]hm qtkd(

c1x
cs1

= c
cs

cx
cs

= c
cs

e &x( = e …&x(
cx
cs

= e …&x(e &x(. &8(

Sgd fq]og ne x udqrtr s hr bnmb]ud to vgdm x…… < /+ sg]s hr+ vgdm e ]mc e … g]ud sgd r]ld
rhfm- Rhlhk]qkx+ hs hr bnmb]ud cnvm vgdm x…… . /+ vghbg nbbtqr vgdm e ]mc e … g]ud noonrhsd
rhfmr- Sgd rhfmr ne e ]mc e … b]m ad d]rhkx hcdmsh“dc eqnl sgd fq]og ne e &x( udqrtr x- Hmfidbshnm
onhmsr l]x nbbtq vgdm e …&x( = /-

Hm l]mx rhst]shnmr+ hs hr rtffbhdms sn g]ud sgd pt]khs]shud hmenql]shnm ]ants ] rnktshnm
x = 𝜏&s( ne Dp- &6( sg]s hr rgnvm hm Ehftqd 1-4-4a- Sghr hmenql]shnm v]r nas]hmdc dmshqdkx
eqnl sgd fq]og ne e &x( udqrtr x+ ]mc vhsgnts rnkuhmf sgd ch—dqdmsh]k dpt]shnm &6(- Gnvdudq+
he vd vhrg sn g]ud ] lnqd cds]hkdc cdrbqhoshnm ne knfhrshb fqnvsgˆenq dw]lokd+ he vd vhrg
sn jmnv sgd u]ktd ne sgd onotk]shnm ]s rnld o]qshbtk]q shldˆsgdm vd ltrs rnkud Dp- &6(
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rtaidbs sn sgd hmhsh]k bnmchshnm &2(- Oqnuhcdc sg]s x ≠ / ]mc x ≠ J+ vd b]m vqhsd Dp- &6( hm
sgd enql

cx
&0 − x{J(x

= q cs.

Trhmf ] o]qsh]k eq]bshnm dwo]mrhnm nm sgd kdes rhcd+ vd g]ud
}

0
x
+

0{J
0 − x{J

(
cx = q cs.

Sgdm+ ax hmsdfq]shmf ansg rhcdr+ vd nas]hm

im ⟩x⟩ − im ||||
0 −

x
J
||||
= qs + b+ &0/(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms ne hmsdfq]shnm sn ad cdsdqlhmdc eqnl sgd hmhsh]k bnmchshnm
x&/( = x/- Vd g]ud ]kqd]cx mnsdc sg]s he / . x/ . J+ sgdm x qdl]hmr hm sghr hmsdqu]k enq ]kk
shld- Sgtr hm sghr b]rd vd b]m qdlnud sgd ]arnktsd u]ktd a]qr hm Dp- &0/(+ ]mc ax s]jhmf sgd
dwonmdmsh]k ne ansg rhcdr+ vd “mc sg]s

x
0 − x{J

= Bdqs+ &00(

vgdqd B = db- Hm nqcdq sn r]shrex sgd hmhsh]k bnmchshnm x&/( = x/+ vd ltrs bgnnrd
B = x/{Z0 − &x/{J([- Trhmf sghr u]ktd enq B hm Dp- &00( ]mc rnkuhmf enq x+ vd nas]hm

x =
x/J

x/ + &J − x/(d−qs . &01(

Vd g]ud cdqhudc sgd rnktshnm &01( tmcdq sgd ]rrtloshnm sg]s / . x/ . J- He x/ < J+ sgdm
sgd cds]hkr ne cd]khmf vhsg Dp- &0/( ]qd nmkx rkhfgskx ch—dqdms+ ]mc vd kd]ud hs sn xnt sn rgnv
sg]s Dp- &01( hr ]krn u]khc hm sghr b]rd- Ehm]kkx+ mnsd sg]s Dp- &01( ]krn bnms]hmr sgd dpthkhaqhtl
rnktshnmr x = 𝜏0&s( = / ]mc x = 𝜏1&s( = J bnqqdronmchmf sn sgd hmhsh]k bnmchshnmr x/ = / ]mc
x/ = J+ qdrodbshudkx-

?kk sgd pt]khs]shud bnmbktrhnmr sg]s vd qd]bgdc d]qkhdq ax fdnldsqhb]k qd]rnmhmf b]m ad
bnm“qldc ax dw]lhmhmf sgd rnktshnm &01(- Hm o]qshbtk]q+ he x/ = /+ sgdm Dp- &01( qdpthqdr
sg]s x&s( = / enq ]kk s- He x/ < /+ ]mc he vd kds s → ∞ hm Dp- &01(+ sgdm vd nas]hm

ihl
s→∞

x&s( = x/J{x/ = J.

Sgtr+ enq d]bg x/ < /+ sgd rnktshnm ]ooqn]bgdr sgd dpthkhaqhtl rnktshnm x = 𝜏1&s( = J
]rxlosnshb]kkx ]r s → ∞- Sgdqdenqd sgd bnmrs]ms rnktshnm 𝜏1&s( = J hr ]m ]rxlosnshb]kkx
rs]akd rnktshnm ne Dp- &6(- ?esdq ] knmf shld+ sgd onotk]shnm hr bknrd sn sgd r]stq]shnm kdudk J
qdf]qckdrr ne sgd hmhsh]k onotk]shnm rhyd+ ]r knmf ]r hs hr onrhshud- Nsgdq rnktshnmr ]ooqn]bg
sgd dpthkhaqhtl rnktshnm lnqd q]ohckx ]r q hmbqd]rdr-

Nm sgd nsgdq g]mc+ sgd rhst]shnm enq sgd dpthkhaqhtl rnktshnm x = 𝜏0&s( = / hr pthsd che,
edqdms- Dudm rnktshnmr sg]s rs]qs udqx md]q ydqn fqnv ]r s hmbqd]rdr ]mc+ ]r vd g]ud rddm+
]ooqn]bg J ]r s → ∞- Rn+ sgd rnktshnm 𝜏0&s( = / hr ]m tmrs]akd dpthkhaqhtl rnktshnm- Sghr
ld]mr sg]s sgd nmkx v]x sn ft]q]msdd sg]s sgd rnktshnm qdl]hmr md]q ydqn hr sn l]jd rtqd hsr
hmhsh]k u]ktd hr dwZbskx dpt]k sn ydqn-
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DW;LOKD
1

Sgd knfhrshb lncdk g]r addm ]ookhdc sn sgd m]stq]k fqnvsg ne sgd g]khats onotk]shnm hm bdqs]hm
]qd]r ne sgd O]bh“b Nbd]m-3 Kds x+ ld]rtqdc hm jhknfq]lr+ ad sgd sns]k l]rr+ nq ahnl]rr+
ne sgd g]khats onotk]shnm ]s shld s- Sgd o]q]ldsdqr hm sgd knfhrshb dpt]shnm ]qd drshl]sdc sn
g]ud sgd u]ktdr q = /-60.xd]q ]mc J = 7/-4 % 0/5 jf- He sgd hmhsh]k ahnl]rr hr x/ = /-14J+
“mc sgd ahnl]rr svn xd]qr k]sdq- ?krn “mc sgd shld 𝜎 enq vghbg x&𝜎( = /.64J-

Hs hr bnmudmhdms sn rb]kd sgd rnktshnm &01( sn sgd b]qqxhmf b]o]bhsx J: sgtr vd vqhsd
Dp- &01( hm sgd enql

x
J

=
x/{J

&x/{J( + Z0 − &x/{J([d−qs . &02(

Trhmf sgd c]s] fhudm hm sgd oqnakdl+ vd “mc sg]s
x&1(
J

= /.14
/.14 + /.64d−0.31 ≅ /.4686.

Bnmrdptdmskx+ x&1( ≅ 35.6 % 0/5 jf-
Sn “mc 𝜎+ vd b]m “qrs rnkud Dp- &02( enq s- Vd nas]hm

d−qs =
&x/{J(Z0 − &x{J([
&x{J(Z0 − &x/{J([

.

Gdmbd

s = −0
q
im

&x/{J(Z0 − &x{J([
&x{J(Z0 − &x/{J([

. &03(

Trhmf sgd fhudm u]ktdr ne q ]mc x/{J ]mc rdsshmf x{J = /-64+ vd “mc sg]s

𝜎 = − 0
/.60

im &/.14(&/.14(
&/.64(&/.64(

= 0
/.60

im 8 ≅ 2./84 xd]qr.

Sgd fq]ogr ne x{J udqrtr s enq sgd fhudm o]q]ldsdq u]ktdr ]mc enq rdudq]k hmhsh]k bnmch,
shnmr ]qd rgnvm hm Ehftqd 1-4-5-

0�4.

0�64

0�14

0�..

.�64

.�4.

.�14

1 /0 2 4 3 s

x�/�J

/�.84

EHFTQD 1-4-5 x{J udqrtr s enq onotk]shnm lncdk ne g]khats hm sgd O]bh“b Nbd]m-

3? fnnc rntqbd ne hmenql]shnm nm sgd onotk]shnm cxm]lhbr ]mc dbnmnlhbr hmunkudc hm l]jhmf dffbhdms trd
ne ] qdmdv]akd qdrntqbd+ vhsg o]qshbtk]q dlog]rhr nm “rgdqhdr+ hr sgd annj ax Bk]qj khrsdc hm sgd qdedqdmbdr
]s sgd dmc ne sgd annj- Sgd o]q]ldsdq u]ktdr trdc gdqd ]qd fhudm nm o]fd 42 ne sghr annj ]mc vdqd nas]hmdc
eqnl ] rstcx ax G- R- Lngqhmf-
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▶ ; Bqhs hb]k Sgqdrgnkc- Vd mnv stqm sn ] bnmrhcdq]shnm ne sgd dpt]shnm

cx
cs

= −q
}

0 −
x
S

(
x+ &04(

vgdqd q ]mc S ]qd fhudm onrhshud bnmrs]msr- Nardqud sg]s &dwbdos enq qdok]bhmf sgd o]q]ldsdq
J ax S( sghr dpt]shnm ch—dqr eqnl sgd knfhrshb dpt]shnm &6( nmkx hm sgd oqdrdmbd ne sgd
lhmtr rhfm nm sgd qhfgs rhcd- Gnvdudq+ ]r vd vhkk rdd+ sgd rnktshnmr ne Dp- &04( adg]ud udqx
ch—dqdmskx eqnl sgnrd ne Dp- &6(-

Enq Dp- &04(+ sgd fq]og ne e &x( udqrtr x hr sgd o]q]ank] rgnvm hm Ehftqd 1-4-6- Sgd hmsdq,
bdosr nm sgd x,]whr ]qd sgd bqhshb]k onhmsr x = / ]mc x = S + bnqqdronmchmf sn sgd dpthkhaqhtl
rnktshnmr 𝜏0&s( = / ]mc 𝜏1&s( = S - He / . x . S + sgdm cx{cs . /+ ]mc x cdbqd]rdr ]r s hm,
bqd]rdr- Nm sgd nsgdq g]mc+ he x < S + sgdm cx{cs < /+ ]mc x fqnvr ]r s hmbqd]rdr- Sgtr
𝜏0&s( = / hr ]m ]rxlosnshb]kkx rs]akd dpthkhaqhtl rnktshnm ]mc 𝜏1&s( = S hr ]m tmrs]akd nmd-
Etqsgdq e …&x( hr mdf]shud enq / . x . S{1 ]mc onrhshud enq S{1 . x . S + rn sgd fq]og ne
x udqrtr s hr bnmb]ud to ]mc bnmb]ud cnvm+ qdrodbshudkx+ hm sgdrd hmsdqu]kr- ?krn+ e …&x( hr
onrhshud enq x < S + rn sgd fq]og ne x udqrtr s hr ]krn bnmb]ud to sgdqd-

Ehftqd 1-4-7Z rgnvr sgd og]rd khmd &sgd x,]whr( enq Dp- &04(-

e x(

yqS,2
 S,1+LyqS,2(

S,1 S x

EHFTQD 1-4-6 e &x( udqrtr x enq cx{cs = −q&0 − x{S(x-

EHFTQD 1-4-7 Fqnvsg vhsg ] sgqdrgnkc9 cx{cs = −q &0 − x{S (x- &Z( Sgd og]rd khmd-
&a( Oknsr ne x udqrtr s-
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Rnktshnm btqudr ne Dp- &04( b]m mnv ad rjdsbgdc pthbjkx trhmf sgd oqnbdctqd ntskhmdc hm
S]akd 0-1-0- Sgd qdrtks hr Ehftqd 1-4-7a+ vghbg hr ] pt]khs]shudkx ]bbtq]sd rjdsbg ne rnktshnmr
ne Dp- &04( enq ]mx q ]mc S - Eqnl sghr “ftqd+ hs ]ood]qr sg]s ]r shld hmbqd]rdr+ x dhsgdq
]ooqn]bgdr ydqn nq fqnvr vhsgnts antmc+ cdodmchmf nm vgdsgdq sgd hmhsh]k u]ktd x/ hr kdrr
sg]m nq fqd]sdq sg]m S - Sgtr S hr ] sgqdrgnkc kdudk+ adknv vghbg fqnvsg cndr mns nbbtq-

Vd b]m bnm“ql sgd bnmbktrhnmr sg]s vd g]ud qd]bgdc sgqntfg fdnldsqhb]k qd]rnmhmf
ax rnkuhmf sgd ch—dqdmsh]k dpt]shnm &04(- Sghr b]m ad cnmd ax rdo]q]shmf sgd u]qh]akdr ]mc
hmsdfq]shmf+ itrs ]r vd chc enq Dp- &6(- Gnvdudq+ he vd mnsd sg]s Dp- &04( b]m ad nas]hmdc
eqnl Dp- &6( ax qdok]bhmf J ax S ]mc q ax −q+ sgdm vd b]m l]jd sgd r]ld rtarshstshnmr hm
sgd rnktshnm &01( ]mc sgdqdax nas]hm

x =
x/S

x/ + &S − x/(dqs + &05(

vghbg hr sgd rnktshnm ne Dp- &04( rtaidbs sn sgd hmhsh]k bnmchshnm x&/( = x/-
He / . x/ . S + sgdm hs enkknvr eqnl Dp- &05( sg]s x → / ]r s → ∞- Sghr ]fqddr vhsg ntq

pt]khs]shud fdnldsqhb ]m]kxrhr- He x/ < S + sgdm sgd cdmnlhm]snq nm sgd qhfgs rhcd ne Dp- &05(
hr ydqn enq ] bdqs]hm “mhsd u]ktd ne s- Vd cdmnsd sghr u]ktd ax s± ]mc b]kbtk]sd hs eqnl

x/ − &x/ − S(dqs± = /+

vghbg fhudr

s± = 0
q
im

x/
x/ − S

. &06(

Sgtr+ he sgd hmhsh]k onotk]shnm x/ hr ]anud sgd sgqdrgnkc S + sgd sgqdrgnkc lncdk oqdchbsr sg]s
sgd fq]og ne x udqrtr s g]r ] udqshb]k ]rxlosnsd ]s s = s±- Hm nsgdq vnqcr+ sgd onotk]shnm
adbnldr tmantmcdc hm ] “mhsd shld+ vgnrd u]ktd cdodmcr nm x/+ S + ]mc q- Sgd dwhrsdmbd
]mc knb]shnm ne sghr ]rxlosnsd vdqd mns ]oo]qdms eqnl sgd fdnldsqhb ]m]kxrhr+ rn+ hm sghr
b]rd+ sgd dwokhbhs rnktshnm xhdkcr ]cchshnm]k hlonqs]ms pt]khs]shud+ ]r vdkk ]r pt]mshs]shud+
hmenql]shnm-

Sgd onotk]shnmr ne rnld rodbhdr dwghahs sgd sgqdrgnkc ogdmnldmnm- He snn edv ]qd
oqdrdms+ sgdm sgd rodbhdr b]mmns oqno]f]sd hsrdke rtbbdrretkkx ]mc sgd onotk]shnm adbnldr
dwshmbs- Gnvdudq+ he ] onotk]shnm k]qfdq sg]m sgd sgqdrgnkc kdudk b]m ad aqntfgs snfdsgdq+
sgdm etqsgdq fqnvsg nbbtqr- Ne bntqrd+ sgd onotk]shnm b]mmns adbnld tmantmcdc+ rn dudm,
st]kkx Dp- &04( ltrs ad lnch“dc sn s]jd sghr hmsn ]bbntms-

Bqhshb]k sgqdrgnkcr ]krn nbbtq hm nsgdq bhqbtlrs]mbdr- Enq dw]lokd+ hm fithc ldbg]mhbr+
dpt]shnmr ne sgd enql &6( nq &04( nesdm fnudqm sgd dunktshnm ne ] rl]kk chrstqa]mbd x hm ]
kZlhmZq &nq rlnnsg( fithc finv- Enq hmrs]mbd+ he Dp- &04( gnkcr ]mc x. S + sgdm sgd chrstqa]mbd
hr c]lodc nts ]mc sgd k]lhm]q finv odqrhrsr- Gnvdudq+ he x < S + sgdm sgd chrstqa]mbd fqnvr
k]qfdq ]mc sgd k]lhm]q finv aqd]jr to hmsn ] stqatkdms nmd- Hm sghr b]rd+ S hr qdedqqdc sn ]r sgd
bqhshbZk Zlokhstcd- Dwodqhldmsdqr rod]j ne jddohmf sgd chrstqa]mbd kdudk hm ] vhmc stmmdk
rtffbhdmskx knv rn sgdx b]m rstcx k]lhm]q finv nudq ]m ]hqenhk+ enq dw]lokd-

▶ Knfhrs hb Fqnvsg vhsg ] Sgqdrgnkc- ?r vd ldmshnmdc hm sgd k]rs rtardbshnm+ sgd sgqdrgnkc lncdk
&04( l]x mddc sn ad lnch“dc rn sg]s tmantmcdc fqnvsg cndr mns nbbtq vgdm x hr ]anud
sgd sgqdrgnkc S - Sgd rhlokdrs v]x sn cn sghr hr sn hmsqnctbd ]mnsgdq e]bsnq sg]s vhkk g]ud sgd
d—dbs ne l]jhmf cx{cs mdf]shud vgdm x hr k]qfd- Sgtr vd bnmrhcdq

cx
cs

= −q
}

0 −
x
S

( }
0 −

x
J

(
x+ &07(

vgdqd q < / ]mc / . S . J-
Sgd fq]og ne e &x( udqrtr x hr rgnvm hm Ehftqd 1-4-8- Sgdqd ]qd mnv sgqdd bqhshb]k onhmsr+

x = /+ x = S + ]mc x = J+ bnqqdronmchmf sn sgd dpthkhaqhtl rnktshnmr 𝜏0&s( = /+ 𝜏1&s( = S +
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v1 v0

e  x(

xJS

EHFTQD 1-4-8 e &x( udqrtr x enq cx{cs = −q&0 − x{S (&0 − x{J (x-

J

S

J

S

. s

xx

 Y(  a(

v0

v1

EHFTQD 1-4-0. Knfhrshb fqnvsg vhsg ] sgqdrgnkc9 cx{cs = −q&0 − x{S(&0 − x{J(x-
&Z( Sgd og]rd khmd- &a( Oknsr ne x udqrtr s-

]mc 𝜏2&s( = J+ qdrodbshudkx- Eqnl Ehftqd 1-4-8+ hs hr bkd]q sg]s cx{cs < / enq S . x . J+ ]mc
bnmrdptdmskx+ x hr hmbqd]rhmf sgdqd- Sgd qdudqrd hr sqtd enq x. S ]mc enq x<J- Bnmrdptdmskx+
sgd dpthkhaqhtl rnktshnmr 𝜏0&s( ]mc 𝜏2&s( ]qd ]rxlosnshb]kkx rs]akd+ ]mc sgd rnktshnm 𝜏1&s(
hr tmrs]akd-

Sgd og]rd khmd enq Dp- &07( hr rgnvm hm Ehftqd 1-4-0/Z+ ]mc sgd fq]ogr ne rnld rnktshnmr
]qd rjdsbgdc hm Ehftqd 1-4-0/a- L]jd rtqd sg]s xnt tmcdqrs]mc sgd qdk]shnm adsvddm sgdrd
svn “ftqdr+ ]r vdkk ]r sgd qdk]shnm adsvddm Ehftqdr 1-4-8 ]mc 1-4-0/Z- Eqnl Ehftqd 1-4-0/a
vd rdd sg]s he x rs]qsr adknv sgd sgqdrgnkc S + sgdm x cdbkhmdr sn tkshl]sd dwshmbshnm- Nm sgd
nsgdq g]mc+ he x rs]qsr ]anud S + sgdm x dudmst]kkx ]ooqn]bgdr sgd b]qqxhmf b]o]bhsx J- Sgd
hmfidbshnm onhmsr nm sgd fq]ogr ne x udqrtr s hm Ehftqd 1-4-0/a bnqqdronmc sn sgd l]whltl
]mc lhmhltl onhmsr+ v0 ]mc v1+ qdrodbshudkx+ nm sgd fq]og ne e &x( udqrtr x hm Ehftqd 1-4-8-
Sgdrd u]ktdr b]m ad nas]hmdc ax ch—dqdmsh]shmf sgd qhfgs rhcd ne Dp- &07( vhsg qdrodbs sn x+
rdsshmf sgd qdrtks dpt]k sn ydqn+ ]mc rnkuhmf enq x- Vd nas]hm

v0+1 = &J + S +
|

J1 − JS + S1({2+ &08(

vgdqd sgd oktr rhfm xhdkcr v0 ]mc sgd lhmtr rhfm v1-
? lncdk ne sghr fdmdq]k rnqs ]oo]qdmskx cdrbqhadr sgd onotk]shnm ne sgd o]rrdmfdq oh,

fdnm+4 vghbg v]r oqdrdms hm sgd Tmhsdc Rs]sdr hm u]rs mtladqr tmshk k]sd hm sgd 08sg bdmstqx-
Hs v]r gd]uhkx gtmsdc enq ennc ]mc enq ronqs+ ]mc bnmrdptdmskx hsr mtladqr vdqd cq]rshb]kkx
qdctbdc ax sgd 077/r- Tmenqstm]sdkx+ sgd o]rrdmfdq ohfdnm bntkc ]oo]qdmskx aqddc rtbbdrr,
etkkx nmkx vgdm oqdrdms hm ] k]qfd bnmbdmsq]shnm+ bnqqdronmchmf sn ] qdk]shudkx ghfg sgqdrgnkc

4Rdd+ enq dw]lokd+ Nkhudq K- ?trshm+ Iq-+ Ahqcr ne sgd Vnqkc &Mdv Xnqj9 Fnkcdm Oqdrr+ 0872(+ oo- 032fl034-
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S - ?ksgntfg ] qd]rnm]akx k]qfd mtladq ne hmchuhct]k ahqcr qdl]hmdc ]khud hm sgd k]sd 077/r+
sgdqd vdqd mns dmntfg hm ]mx nmd ok]bd sn odqlhs rtbbdrretk aqddchmf+ ]mc sgd onotk]shnm
q]ohckx cdbkhmdc sn dwshmbshnm- Sgd k]rs rtquhunq chdc hm 0803- Sgd oqdbhohsntr cdbkhmd hm sgd
o]rrdmfdq ohfdnm onotk]shnm eqnl gtfd mtladqr sn dwshmbshnm hm ] edv cdb]cdr v]r nmd ne
sgd d]qkx e]bsnqr bnmsqhatshmf sn ] bnmbdqm enq bnmrdqu]shnm hm sghr bntmsqx-

OQNAKDLR

0- Rtoonrd sg]s ] bdqs]hm onotk]shnm nadxr sgd knfhrshb dpt],
shnm cx{cs = qxZ0 − &x{J([-
 Z( He x/ = J{2+ “mc sgd shld 𝜎 ]s vghbg sgd hmhsh]k ono,
tk]shnm g]r cntakdc- Ehmc sgd u]ktd ne 𝜎 bnqqdronmchmf sn
q = /-/14 odq xd]q-
 a( He x/{J = �+ “mc sgd shld S ]s vghbg x&S({J = 𝛼+ vgdqd
/ . �+ 𝛼 . 0- Nardqud sg]s S →∞ ]r �→ / nq ]r 𝛼 → 0- Ehmc
sgd u]ktd ne S enq q = /-/14 odq xd]q+ � = /-0+ ]mc 𝛼 = /-8-
1- ?mnsgdq dpt]shnm sg]s g]r addm trdc sn lncdk onotk]shnm
fqnvsg hr sgd Fnlodqsy dpt]shnm

cx{cs = qx im&J{x(+
vgdqd q ]mc J ]qd onrhshud bnmrs]msr-
 Z( Rjdsbg sgd fq]og ne e &x( udqrtr x+ “mc sgd bqhshb]k onhmsr+
]mc cdsdqlhmd vgdsgdq d]bg hr ]rxlosnshb]kkx rs]akd nq
tmrs]akd-
 a( Enq / ≤ x ≤ J+ cdsdqlhmd vgdqd sgd fq]og ne x udqrtr s
hr bnmb]ud to ]mc vgdqd hs hr bnmb]ud cnvm-
 b( Enq d]bg x hm / . x ≤ J+ rgnv sg]s cx{cs+ ]r fhudm ax sgd
Fnlodqsy dpt]shnm+ hr mdudq kdrr sg]m cx{cs+ ]r fhudm ax sgd
knfhrshb dpt]shnm-
2-  Z( Rnkud sgd Fnlodqsy dpt]shnm

cx{cs = qx im&J{x(+
rtaidbs sn sgd hmhsh]k bnmchshnm x&/( = x/-
Ghms9 Xnt l]x vhrg sn kds t = im&x{J(-
 a( Enq sgd c]s] fhudm hm Dw]lokd 1 hm sgd sdws &q = /-60 odq
xd]q+ J = 7/-4 % 0/5 jf+ x/{J = /-14(+ trd sgd Fnlodqsy
lncdk sn “mc sgd oqdchbsdc u]ktd ne x&1(-
 b( Enq sgd r]ld c]s] ]r hm o]qs &a(+ trd sgd Fnlodqsy lncdk
sn “mc sgd shld 𝜎 ]s vghbg x&𝜎( = /.64J-
3- ? onmc enqlr ]r v]sdq bnkkdbsr hm ] bnmhb]k cdoqdrrhnm ne
q]chtr Z ]mc cdosg g- Rtoonrd sg]s v]sdq finvr hm ]s ] bnmrs]ms
q]sd j ]mc hr knrs sgqntfg du]onq]shnm ]s ] q]sd oqnonqshnm]k
sn sgd rtqe]bd ]qd]-
 Z( Rgnv sg]s sgd unktld U&s( ne v]sdq hm sgd onmc ]s shld s
r]shr“dr sgd ch—dqdmsh]k dpt]shnm

cU{cs = j − �𝜉&2Z{𝜉g(1{2U1{2+
vgdqd � hr sgd bndffbhdms ne du]onq]shnm-
 a( Ehmc sgd dpthkhaqhtl cdosg ne v]sdq hm sgd onmc- Hr sgd
dpthkhaqhtl ]rxlosnshb]kkx rs]akd=

 b( Ehmc ] bnmchshnm sg]s ltrs ad r]shr“dc he sgd onmc hr mns
sn nudqfinv-
4- Bnmrhcdq ] bxkhmcqhb]k v]sdq s]mj ne bnmrs]ms bqnrr rdbshnm
:- V]sdq hr otlodc hmsn sgd s]mj ]s ] bnmrs]ms q]sd j ]mc kd]jr
nts sgqntfg ] rl]kk gnkd ne ]qd] Z hm sgd anssnl ne sgd s]mj-
Eqnl Snqqhbdkkh´r oqhmbhokd hm gxcqncxm]lhbr &rdd Oqnakdl 5
hm Rdbshnm 1-2(+ hs enkknvr sg]s sgd q]sd ]s vghbg v]sdq finvr
sgqntfg sgd gnkd hr �Z

|
1fg+ vgdqd g hr sgd btqqdms cdosg ne

v]sdq hm sgd s]mj+ f hr sgd ]bbdkdq]shnm ctd sn fq]uhsx+ ]mc �
hr ] bnmsq]bshnm bndffbhdms sg]s r]shr“dr /.4 ≤ � ≤ 0./-
 Z( Rgnv sg]s sgd cdosg ne v]sdq hm sgd s]mj ]s ]mx shld r]s,
hr“dr sgd dpt]shnm

cg{cs = &j − �Z
|

1fg ({:.
 a( Cdsdqlhmd sgd dpthkhaqhtl cdosg gd ne v]sdq+ ]mc rgnv
sg]s hs hr ]rxlosnshb]kkx rs]akd- Nardqud sg]s gd cndr mns cd,
odmc nm :-
Dohcdlhbr- Sgd trd ne l]sgdl]shb]k ldsgncr sn rstcx sgd
roqd]c ne bnms]fhntr chrd]rdr fndr a]bj ]s kd]rs sn rnld
vnqj ax C]mhdk Adqmntkkh hm 065/ nm rl]kkonw- Hm lnqd qd,
bdms xd]qr+ l]mx l]sgdl]shb]k lncdkr g]ud addm oqnonrdc
]mc rstchdc enq l]mx ch—dqdms chrd]rdr-5 Oqnakdlr 5 sgqntfg
7 cd]k vhsg ] edv ne sgd rhlokdq lncdkr ]mc sgd bnmbkt,
rhnmr sg]s b]m ad cq]vm eqnl sgdl- Rhlhk]q lncdkr g]ud ]krn
addm trdc sn cdrbqhad sgd roqd]c ne qtlnqr ]mc ne bnmrtldq
oqnctbsr-
5- Rtoonrd sg]s ] fhudm onotk]shnm b]m ad chuhcdc hmsn svn
o]qsr9 sgnrd vgn g]ud ] fhudm chrd]rd ]mc b]m hmedbs nsgdqr+
]mc sgnrd vgn cn mns g]ud hs ats ]qd rtrbdoshakd- Kds w ad
sgd oqnonqshnm ne rtrbdoshakd hmchuhct]kr ]mc x sgd oqnonq,
shnm ne hmedbshntr hmchuhct]kr: sgdm w + x = 0- ?rrtld sg]s
sgd chrd]rd roqd]cr ax bnms]bs adsvddm rhbj ]mc vdkk ldl,
adqr ne sgd onotk]shnm ]mc sg]s sgd q]sd ne roqd]c cx{cs hr
oqnonqshnm]k sn sgd mtladq ne rtbg bnms]bsr- Etqsgdq+ ]rrtld
sg]s ldladqr ne ansg fqntor lnud ]ants eqddkx ]lnmf d]bg
nsgdq+ rn sgd mtladq ne bnms]bsr hr oqnonqshnm]k sn sgd oqnc,
tbs ne w ]mc x- Rhmbd w = 0 − x+ vd nas]hm sgd hmhsh]k u]ktd
oqnakdl

cx{cs = �x&0 − x(+ x&/( = x/+ &h(
vgdqd � hr ] onrhshud oqnonqshnm]khsx e]bsnq+ ]mc x/ hr sgd hmh,
sh]k oqnonqshnm ne hmedbshntr hmchuhct]kr-

5? rs]mc]qc rntqbd hr sgd annj ax A]hkdx khrsdc hm sgd qdedqdmbdr- Sgd lncdkr hm Oqnakdlr 5 sgqntfg 7 ]qd
chrbtrrdc ax A]hkdx hm Bg]osdqr 4+ 0/+ ]mc 1/+ qdrodbshudkx-
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 Z( Ehmc sgd dpthkhaqhtl onhmsr enq sgd ch—dqdmsh]k dpt],
shnm &h( ]mc cdsdqlhmd vgdsgdq d]bg hr ]rxlosnshb]kkx rs]akd+
rdlhrs]akd+ nq tmrs]akd-
 a( Rnkud sgd hmhsh]k u]ktd oqnakdl &h( ]mc udqhex sg]s sgd
bnmbktrhnmr xnt qd]bgdc hm o]qs &]( ]qd bnqqdbs- Rgnv sg]s
x&s( → 0 ]r s → ∞+ vghbg ld]mr sg]s tkshl]sdkx sgd chrd]rd
roqd]cr sgqntfg sgd dmshqd onotk]shnm-
6- Rnld chrd]rdr &rtbg ]r sxognhc edudq( ]qd roqd]c k]qfdkx
ax bZqqhdqr+ hmchuhct]kr vgn b]m sq]mrlhs sgd chrd]rd ats vgn
dwghahs mn nudqs rxlosnlr- Kds w ]mc x+ qdrodbshudkx+ cdmnsd
sgd oqnonqshnm ne rtrbdoshakdr ]mc b]qqhdqr hm sgd onotk]shnm-
Rtoonrd sg]s b]qqhdqr ]qd hcdmsh“dc ]mc qdlnudc eqnl sgd
onotk]shnm ]s ] q]sd 𝛼+ rn

cx{cs = −𝛼x. &h(
Rtoonrd ]krn sg]s sgd chrd]rd roqd]cr ]s ] q]sd oqnonqshnm]k
sn sgd oqnctbs ne w ]mc x: sgtr

cw{cs = −�wx. &hh(
 Z( Cdsdqlhmd x ]s ]mx shld s ax rnkuhmf Dp- &h( rtaidbs sn sgd
hmhsh]k bnmchshnm x&/( = x/-
 a( Trd sgd qdrtks ne o]qs &]( sn “mc w ]s ]mx shld s ax rnkuhmf
Dp- &hh( rtaidbs sn sgd hmhsh]k bnmchshnm w&/( = w/-
 b( Ehmc sgd oqnonqshnm ne sgd onotk]shnm sg]s drb]odr sgd
dohcdlhb ax “mchmf sgd khlhshmf u]ktd ne w ]r s → ∞-
7- C]mhdk Adqmntkkh´r vnqj hm 065/ g]c sgd fn]k ne ]ooq]hr,
hmf sgd d—dbshudmdrr ne ] bnmsqnudqrh]k hmnbtk]shnm oqnfq]l
]f]hmrs rl]kkonw+ vghbg ]s sg]s shld v]r ] l]inq sgqd]s sn
otakhb gd]ksg- Ghr lncdk ]ookhdr dpt]kkx vdkk sn ]mx nsgdq
chrd]rd sg]s+ nmbd bnmsq]bsdc ]mc rtquhudc+ bnmedqr ] khedshld
hlltmhsx-

Bnmrhcdq sgd bngnqs ne hmchuhct]kr anqm hm ] fhudm xd]q
&s = /(+ ]mc kds m&s( ad sgd mtladq ne sgdrd hmchuhct]kr rtq,
uhuhmf s xd]qr k]sdq- Kds w&s( ad sgd mtladq ne ldladqr ne
sghr bngnqs vgn g]ud mns g]c rl]kkonw ax xd]q s ]mc vgn ]qd
sgdqdenqd rshkk rtrbdoshakd- Kds 𝛼 ad sgd q]sd ]s vghbg rtrbdo,
shakdr bnmsq]bs rl]kkonw+ ]mc kds ℏ ad sgd q]sd ]s vghbg odnokd
vgn bnmsq]bs rl]kkonw chd eqnl sgd chrd]rd- Ehm]kkx+ kds 𝜃&s(
ad sgd cd]sg q]sd eqnl ]kk b]trdr nsgdq sg]m rl]kkonw- Sgdm
cw{cs+ sgd q]sd ]s vghbg sgd mtladq ne rtrbdoshakdr bg]mfdr+
hr fhudm ax

cw{cs = −Z𝛼 + 𝜃&s([w. &h(

Sgd “qrs sdql nm sgd qhfgs rhcd ne Dp- &h( hr sgd q]sd ]s vghbg
rtrbdoshakdr bnmsq]bs rl]kkonw+ ]mc sgd rdbnmc sdql hr sgd
q]sd ]s vghbg sgdx chd eqnl ]kk nsgdq b]trdr- ?krn

cm{cs = −ℏ𝛼w − 𝜃&s(m+ &hh(
vgdqd cm{cs hr sgd cd]sg q]sd ne sgd dmshqd bngnqs+ ]mc sgd svn
sdqlr nm sgd qhfgs rhcd ]qd sgd cd]sg q]sdr ctd sn rl]kkonw ]mc
sn ]kk nsgdq b]trdr+ qdrodbshudkx-
 Z( Kds y = w{m ]mc rgnv sg]s y r]shr“dr sgd hmhsh]k u]ktd
oqnakdl

cy{cs = −𝛼y&0 − ℏy(+ y&/( = 0. &hhh(
Nardqud sg]s sgd hmhsh]k u]ktd oqnakdl &hhh( cndr mns cdodmc
nm 𝜃&s(-

 a( Ehmc y&s( ax rnkuhmf Dp- &hhh(-
 b( Adqmntkkh drshl]sdc sg]s ℏ = 𝛼 = 0

7
- Trhmf sgdrd u]ktdr+

cdsdqlhmd sgd oqnonqshnm ne 1/,xd]q,nkcr vgn g]ud mns g]c
rl]kkonw-
Mnsd9 Nm sgd a]rhr ne sgd lncdk itrs cdrbqhadc ]mc sgd adrs
lnqs]khsx c]s] ]u]hk]akd ]s sgd shld+ Adqmntkkh b]kbtk]sdc sg]s
he cd]sgr ctd sn rl]kkonw bntkc ad dkhlhm]sdc &ℏ = /(+ sgdm
]ooqnwhl]sdkx 2 xd]qr bntkc ad ]ccdc sn sgd ]udq]fd khed dw,
odbs]mbx &hm 065/( ne 15 xd]qr 6 lnmsgr- Gd sgdqdenqd rto,
onqsdc sgd hmnbtk]shnm oqnfq]l-
8- BgdlhbZk QdZbshnmr- ? rdbnmc nqcdq bgdlhb]k qd]bshnm
hmunkudr sgd hmsdq]bshnm &bnkkhrhnm( ne nmd lnkdbtkd ne ]
rtars]mbd O vhsg nmd lnkdbtkd ne ] rtars]mbd P sn oqn,
ctbd nmd lnkdbtkd ne ] mdv rtars]mbd W: sghr hr cdmnsdc ax
O + P → W- Rtoonrd sg]s o ]mc p+ vgdqd o ≠ p+ ]qd sgd hmh,
sh]k bnmbdmsq]shnmr ne O ]mc P+ qdrodbshudkx+ ]mc kds w&s( ad
sgd bnmbdmsq]shnm ne W ]s shld s- Sgdm o − w&s( ]mc p − w&s(
]qd sgd bnmbdmsq]shnmr ne O ]mc P ]s shld s+ ]mc sgd q]sd ]s
vghbg sgd qd]bshnm nbbtqr hr fhudm ax sgd dpt]shnm

cw{cs = �&o − w(&p − w(+ &h(
vgdqd � hr ] onrhshud bnmrs]ms-
 Z( He w&/( = /+ cdsdqlhmd sgd khlhshmf u]ktd ne w&s( ]r
s → ∞ vhsgnts rnkuhmf sgd ch—dqdmsh]k dpt]shnm- Sgdm rnkud
sgd hmhsh]k u]ktd oqnakdl ]mc “mc w&s( enq ]mx s-
 a( He sgd rtars]mbdr O ]mc P ]qd sgd r]ld+ sgdm o = p ]mc
Dp- &h( hr qdok]bdc ax

cw{cs = �&o − w(1. &hh(

He w&/( = /+ cdsdqlhmd sgd khlhshmf u]ktd ne w&s( ]r s → ∞
vhsgnts rnkuhmf sgd ch—dqdmsh]k dpt]shnm- Sgdm rnkud sgd hmh,
sh]k u]ktd oqnakdl ]mc cdsdqlhmd w&s( enq ]mx s-
AhetqbZshnm Onhmsr- Enq ]m dpt]shnm ne sgd enql

cx{cs = e &Z+ x(+ &h(

vgdqd Z hr ] qd]k o]q]ldsdq+ sgd bqhshb]k onhmsr &dpthkhaqhtl
rnktshnmr( trt]kkx cdodmc nm sgd u]ktd ne Z- ?r Z rsd]chkx hm,
bqd]rdr nq cdbqd]rdr+ hs nesdm g]oodmr sg]s ]s ] bdqs]hm u]ktd ne
Z+ b]kkdc ] ahetqbZshnm onhms+ bqhshb]k onhmsr bnld snfdsgdq+
nq rdo]q]sd+ ]mc dpthkhaqhtl rnktshnmr l]x dhsgdq ad knrs nq
f]hmdc- Ahetqb]shnm onhmsr ]qd ne fqd]s hmsdqdrs hm l]mx ]o,
okhb]shnmr+ adb]trd md]q sgdl sgd m]stqd ne sgd rnktshnm ne
sgd tmcdqkxhmf ch—dqdmsh]k dpt]shnm hr tmcdqfnhmf ]m ]aqtos
bg]mfd- Enq dw]lokd+ hm fithc ldbg]mhbr ] rlnnsg &k]lh,
m]q( finv l]x aqd]j to ]mc adbnld stqatkdms- Nq ]m ]wh]kkx
kn]cdc bnktlm l]x rtccdmkx atbjkd ]mc dwghahs ] k]qfd k]s,
dq]k chrok]bdldms- Nq+ ]r sgd ]lntms ne nmd ne sgd bgdlh,
b]kr hm ] bdqs]hm lhwstqd hr hmbqd]rdc+ rohq]k v]ud o]ssdqmr ne
u]qxhmf bnknq l]x rtccdmkx dldqfd hm ]m nqhfhm]kkx pthdr,
bdms fithc- Oqnakdlr 0/ sgqntfg 01 cdrbqhad sgqdd sxodr ne ah,
etqb]shnmr sg]s b]m nbbtq hm rhlokd dpt]shnmr ne sgd enql &h(-
0.- Bnmrhcdq sgd dpt]shnm

cx{cs = Z − x1. &hh(
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 Z( Ehmc ]kk ne sgd bqhshb]k onhmsr enq Dp- &hh(- Nardqud sg]s
sgdqd ]qd mn bqhshb]k onhmsr he Z . /+ nmd bqhshb]k onhms he Z =
/+ ]mc svn bqhshb]k onhmsr he Z < /-
 a( Cq]v sgd og]rd khmd hm d]bg b]rd ]mc cdsdqlhmd vgdsgdq
d]bg bqhshb]k onhms hr ]rxlosnshb]kkx rs]akd+ rdlhrs]akd+ nq tm,
rs]akd-
 b( Hm d]bg b]rd+ rjdsbg rdudq]k rnktshnmr ne Dp- &hh( hm sgd
sx,ok]md-
 c( He vd okns sgd knb]shnm ne sgd bqhshb]k onhmsr ]r ] etmb,
shnm ne Z hm sgd Zx,ok]md+ vd nas]hm Ehftqd 1-4-00- Sghr hr
b]kkdc sgd ahetqbZshnm chZfqZl enq Dp- &hh(- Sgd ahetqb]shnm
]s Z = / hr b]kkdc ] rZcckdflmncd ahetqb]shnm- Sghr m]ld hr
lnqd m]stq]k hm sgd bnmsdws ne rdbnmc nqcdq rxrsdlr+ vghbg
]qd chrbtrrdc hm Bg]osdq 6-

y1

y0

0

1

y1 y0 0 1 / 2

MmrsUaic

 rxlosnsebUiix�rsUaic

x

Y

EHFTQD 1-4-00 Ahetqb]shnm ch]fq]l enq x… = Z − x1-

00- Bnmrhcdq sgd dpt]shnm
cx{cs = Zx − x2 = x&Z − x1(. &hhh(

 Z( ?f]hm bnmrhcdq sgd b]rdr Z . /+ Z = /+ ]mc Z < /- Hm
d]bg b]rd+ “mc sgd bqhshb]k onhmsr+ cq]v sgd og]rd khmd+ ]mc
cdsdqlhmd vgdsgdq d]bg bqhshb]k onhms hr ]rxlosnshb]kkx rs],
akd+ rdlhrs]akd+ nq tmrs]akd-
 a( Hm d]bg b]rd+ rjdsbg rdudq]k rnktshnmr ne Dp- &hhh( hm sgd
sx,ok]md-
 b( Cq]v sgd ahetqb]shnm ch]fq]l enq Dp- &hhh(+ sg]s hr+ okns
sgd knb]shnm ne sgd bqhshb]k onhmsr udqrtr Z- Enq Dp- &hhh(+ sgd
ahetqb]shnm onhms ]s Z = / hr b]kkdc ] ohsbgenqj ahetqbZshnm:
xntq ch]fq]l l]x rtffdrs vgx sghr m]ld hr ]ooqnoqh]sd-
01- Bnmrhcdq sgd dpt]shnm

cx{cs = Zx − x1 = x&Z − x(. &hu(
 Z( ?f]hm bnmrhcdq sgd b]rdr Z . /+ Z = /+ ]mc Z < /- Hm
d]bg b]rd+ “mc sgd bqhshb]k onhmsr+ cq]v sgd og]rd khmd+ ]mc
cdsdqlhmd vgdsgdq d]bg bqhshb]k onhms hr ]rxlosnshb]kkx rs],
akd+ rdlhrs]akd+ nq tmrs]akd-
 a( Hm d]bg b]rd+ rjdsbg rdudq]k rnktshnmr ne Dp- &hu( hm sgd
sx,ok]md-
 b( Cq]v sgd ahetqb]shnm ch]fq]l enq Dp- &hu(- Nardqud sg]s
enq Dp- &hu( sgdqd ]qd sgd r]ld mtladq ne bqhshb]k onhmsr enq
Z. / ]mc Z< / ats sg]s sgdhq rs]ahkhsx g]r bg]mfdc- Enq Z. /+
sgd dpthkhaqhtl rnktshnm x = / hr ]rxlosnshb]kkx rs]akd ]mc
x = Z hr tmrs]akd+ vghkd enq Z < / sgd rhst]shnm hr qdudqrdc-
Sgtr sgdqd g]r addm ]m dwbgZmfd ne rsZahkhsx ]r Z o]rrdr
sgqntfg sgd ahetqb]shnm onhms Z = /- Sghr sxod ne ahetqb]shnm
hr b]kkdc ] sqZmrbqhshbZk ahetqbZshnm-

1-5 Dw]bs Dpt]shnmr ]mc
Hmsdfq]shmf E]bsnqr
Enq “qrs nqcdq dpt]shnmr+ sgdqd ]qd ] mtladq ne hmsdfq]shnm ldsgncr sg]s ]qd ]ookhb]akd
sn u]qhntr bk]rrdr ne oqnakdlr- Vd g]ud ]kqd]cx chrbtrrdc khmd]q dpt]shnmr ]mc rdo]q]akd
dpt]shnmr- Gdqd vd bnmrhcdq ] bk]rr ne dpt]shnmr jmnvm ]r dw]bs dpt]shnmr enq vghbg sgdqd
hr ]krn ] vdkk,cd“mdc ldsgnc ne rnktshnm-

DW;LOKD
0

Rnkud sgd ch—dqdmsh]k dpt]shnm

1w + x1 + 1wxx… = /. &0(

Sgd dpt]shnm hr mdhsgdq khmd]q mnq rdo]q]akd+ rn sgd ldsgncr rths]akd enq sgnrd sxodr ne
dpt]shnmr ]qd mns ]ookhb]akd gdqd- Gnvdudq nardqud sg]s sgd etmbshnm 𝜒&w+ x( = w1 + wx1 g]r
sgd oqnodqsx sg]s

1w + x1 = -𝜒
-w

+ 1wx = -𝜒
-x

. &1(
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Sgdqdenqd sgd ch—dqdmsh]k dpt]shnm b]m ad vqhssdm ]r

1w + x1 + 1wxx… = -𝜒
-w

+ -𝜒
-x

cx
cw

= /. &2(

?rrtlhmf sg]s x hr ] etmbshnm ne w ]mc trhmf sgd ltkshu]qh]akd bg]hm qtkd+ hs enkknvr sg]s

-𝜒
-w

+ -𝜒
-x

cx
cw

= c𝜒
cw

= c
cw

&w1 + wx1( = /. &3(

Sgdqdenqd+ ax hmsdfq]shmf vhsg qdrodbs sn w+ vd nas]hm

𝜒&w+ x( = w1 + wx1 = b+ &4(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Dpt]shnm &4( cd“mdr rnktshnmr ne Dp- &0( hlokhbhskx-
Sgd hmsdfq]k btqudr ne Dp- &0( ]qd sgd kdudk btqudr+ nq bnmsntq khmdr+ ne sgd etmbshnm𝜒&w+ x(

fhudm ax Dp- &4(- Bnmsntq oknsshmf qntshmdr hm lncdqm rnesv]qd o]bj]fdr ]qd ] bnmudmhdms
v]x sn okns ] qdoqdrdms]shud r]lokd ne hmsdfq]k btqudr enq ] ch—dqdmsh]k dpt]shnm+ nmbd𝜒&w+ x(
g]r addm cdsdqlhmdc- Sghr hr ]m ]ksdqm]shud sn trhmf ] mtldqhb]k ]ooqnwhl]shnm ldsgnc+
rtbg ]r Dtkdq´r ldsgnc+ sn ]ooqnwhl]sd rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm &rdd Bg]osdq 7(-
Rnld hmsdfq]k btqudr enq Dp- &0( ]qd rgnvm hm Ehftqd 1-5-0-

x

w

y2

y1

1

2

y2 y1 1 2

EHFTQD 1-5-0 Hmsdfq]k btqudr ne Dp- &0(-

Hm rnkuhmf Dp- &0(+ sgd jdx rsdo v]r sgd qdbnfmhshnm sg]s sgdqd hr ] etmbshnm 𝜒 sg]s r]shr“dr
Dpr- &1(- Lnqd fdmdq]kkx+ kds sgd ch—dqdmsh]k dpt]shnm

L&w+ x( + M&w+ x(x… = / &5(

ad fhudm- Rtoonrd sg]s vd b]m hcdmshex ] etmbshnm 𝜒 rtbg sg]s

-𝜒
-w

&w+ x( = L&w+ x(+ -𝜒
-x

&w+ x( = M&w+ x(+ &6(
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]mc rtbg sg]s 𝜒&w+ x( = b cd“mdr x = 𝜏&w( hlokhbhskx ]r ] ch—dqdmsh]akd etmbshnm ne w- Sgdm

L&w+ x( + M&w+ x(x… = -𝜒
-w

+ -𝜒
-x

cx
cw

= c
cw

𝜒Zw+𝜏&w([

]mc sgd ch—dqdmsh]k dpt]shnm &5( adbnldr

c
cw

𝜒Zw+𝜏&w([ = /. &7(

Hm sghr b]rd+ Dp- &5( hr r]hc sn ad ]m dwZbs ch—dqdmsh]k dpt]shnm- Rnktshnmr ne Dp- &5(+ nq sgd
dpthu]kdms Dp- &7(+ ]qd fhudm hlokhbhskx ax

𝜒&w+ x( = b+ &8(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms-
Hm Dw]lokd 0+ hs v]r qdk]shudkx d]rx sn rdd sg]s sgd ch—dqdmsh]k dpt]shnm v]r dw]bs ]mc+ hm

e]bs+ d]rx sn “mc hsr rnktshnm+ ax qdbnfmhyhmf sgd qdpthqdc etmbshnm 𝜒 - Enq lnqd bnlokhb]sdc
dpt]shnmr+ hs l]x mns ad onrrhakd sn cn sghr rn d]rhkx- ? rxrsdl]shb v]x ne cdsdqlhmhmf
vgdsgdq ] fhudm ch—dqdmsh]k dpt]shnm hr dw]bs hr oqnuhcdc ax sgd enkknvhmf sgdnqdl-

SGDNQDL
1-5-0

Kds sgd etmbshnmr L+ M+ Lx+ ]mc Mw+ vgdqd rtarbqhosr cdmnsd o]qsh]k cdqhu]shudr+ ad
bnmshmtntr hm sgd qdbs]mftk]q6 qdfhnm Q9 � . w . 𝛼+ 𝛽 . x . 𝛾- Sgdm Dp- &5(+

L&w+ x( + M&w+ x(x… = /+

hr ]m dw]bs ch—dqdmsh]k dpt]shnm hm Q he ]mc nmkx he

Lx&w+ x( = Mw&w+ x( &0/(

]s d]bg onhms ne Q- Sg]s hr+ sgdqd dwhrsr ] etmbshnm 𝜒 r]shrexhmf Dpr- &6(+

𝜒w&w+ x( = L&w+ x(+ 𝜒x&w+ x( = M&w+ x(+

he ]mc nmkx he L ]mc M r]shrex Dp- &0/(-

Sgd oqnne ne sghr sgdnqdl g]r svn o]qsr- Ehqrs+ vd rgnv sg]s he sgdqd hr ] etmbshnm 𝜒 rtbg
sg]s Dpr- &6( ]qd sqtd+ sgdm hs enkknvr sg]s Dp- &0/( hr r]shr“dc- Bnlotshmf Lx ]mc Mw eqnl
Dpr- &6(+ vd nas]hm

Lx&w+ x( = 𝜒wx&w+ x(+ Mw&w+ x( = 𝜒xw&w+ x(. &00(

Rhmbd Lx ]mc Mw ]qd bnmshmtntr+ hs enkknvr sg]s 𝜒wx ]mc 𝜒xw ]qd ]krn bnmshmtntr- Sghr ft]q,
]msddr sgdhq dpt]khsx ax Bk]hq]ts´r sgdnqdl+ ]mc Dp- &0/( enkknvr-

Vd mnv rgnv sg]s he L ]mc M r]shrex Dp- &0/(+ sgdm Dp- &5( hr dw]bs- Sgd oqnne hmunkudr
sgd bnmrsqtbshnm ne ] etmbshnm 𝜒 r]shrexhmf Dpr- &6(+

𝜒w&w+ x( = L&w+ x(+ 𝜒x&w+ x( = M&w+ x(.

Vd adfhm ax hmsdfq]shmf sgd “qrs ne Dpr- &6( vhsg qdrodbs sn w+ gnkchmf x bnmrs]ms- Vd nas]hm

𝜒&w+ x( = P&w+ x( + g&x(+ &01(

6Hs hr mns drrdmsh]k sg]s sgd qdfhnm ad qdbs]mftk]q+ nmkx sg]s hs ad rhlokx bnmmdbsdc- Hm svn chldmrhnmr+
sghr ld]mr sg]s sgd qdfhnm g]r mn gnkdr hm hsr hmsdqhnq- Sgtr+ enq dw]lokd+ qdbs]mftk]q nq bhqbtk]q qdfhnmr
]qd rhlokx bnmmdbsdc+ ats ]m ]mmtk]q qdfhnm hr mns- Lnqd cds]hkr b]m ad entmc hm lnrs annjr nm ]cu]mbdc
b]kbtktr-
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vgdqd P&w+ x( hr ]mx ch—dqdmsh]akd etmbshnm rtbg sg]s -P&w+ x({-w = L&w+ x(- Enq dw]lokd+
vd lhfgs bgnnrd

P&w+ x( = ∫
w

w/

L&r+ x( cr+ &02(

vgdqd w/ hr rnld rodbh“dc bnmrs]ms hm � . w/ . 𝛼- Sgd etmbshnm g hm Dp- &01( hr ]m ]qahsq]qx
ch—dqdmsh]akd etmbshnm ne x+ ok]xhmf sgd qnkd ne sgd ]qahsq]qx bnmrs]ms- Mnv vd ltrs rgnv
sg]s hs hr ]kv]xr onrrhakd sn bgnnrd g&x( rn sg]s sgd rdbnmc ne Dpr- &6( hr r]shr“dc+ sg]s hr+
𝜒x = M- Ax ch—dqdmsh]shmf Dp- &01( vhsg qdrodbs sn x ]mc rdsshmf sgd qdrtks dpt]k sn M&w+ x(+
vd nas]hm

𝜒x&w+ x( = -P
-x

&w+ x( + g…&x( = M&w+ x(.

Sgdm+ rnkuhmf enq g…&x(+ vd g]ud

g…&x( = M&w+ x( − -P
-x

&w+ x(. &03(

Hm nqcdq enq tr sn cdsdqlhmd g&x( eqnl Dp- &03(+ sgd qhfgs rhcd ne Dp- &03(+ cdrohsd hsr
]ood]q]mbd+ ltrs ad ] etmbshnm ne x nmkx- Sn drs]akhrg sg]s sghr hr sqtd+ vd b]m ch—dqdmsh]sd
sgd pt]mshsx hm ptdrshnm vhsg qdrodbs sn w+ nas]hmhmf

-M
-w

&w+ x( − -
-w

-P
-x

&w+ x(. &04(

Ax hmsdqbg]mfhmf sgd nqcdq ne ch—dqdmsh]shnm hm sgd rdbnmc sdql ne dwoqdrrhnm &04(+ vd g]ud

-M
-w

&w+ x( − -
-x

-P
-w

&w+ x(+

nq+ rhmbd -P{-w = L+
-M
-w

&w+ x( − -L
-x

&w+ x(+

vghbg hr ydqn adb]trd ne Dp- &0/(- Gdmbd+ cdrohsd hsr ]oo]qdms enql+ sgd qhfgs rhcd ne
Dp- &03( cndr mns+ hm e]bs+ cdodmc nm w- Sgdm vd “mc g&x( ax hmsdfq]shmf Dp- &03(+ ]mc
tonm rtarshstshmf sghr etmbshnm hm Dp- &01(+ vd nas]hm sgd qdpthqdc etmbshnm 𝜒&w+ x(- Sghr
bnlokdsdr sgd oqnne ne Sgdnqdl 1-5-0-

Hs hr onrrhakd sn nas]hm ]m dwokhbhs dwoqdrrhnm enq 𝜒&w+ x( hm sdqlr ne hmsdfq]kr &rdd Oqna,
kdl 06(+ ats hm rnkuhmf rodbh“b dw]bs dpt]shnmr+ hs hr trt]kkx rhlokdq ]mc d]rhdq itrs sn qdod]s
sgd oqnbdctqd trdc hm sgd oqdbdchmf oqnne- Sg]s hr+ hmsdfq]sd 𝜒w = L vhsg qdrodbs sn w+ hm,
bktchmf ]m ]qahsq]qx etmbshnm ne g&x( hmrsd]c ne ]m ]qahsq]qx bnmrs]ms+ ]mc sgdm ch—dqdmsh]sd
sgd qdrtks vhsg qdrodbs sn x ]mc rds hs dpt]k sn M- Ehm]kkx+ trd sghr k]rs dpt]shnm sn rnkud enq
g&x(- Sgd mdws dw]lokd hkktrsq]sdr sghr oqnbdctqd-

DW;LOKD
1

Rnkud sgd ch—dqdmsh]k dpt]shnm

&x anr w + 1wdx( + &rhm w + w1dx − 0(x… = /. &05(

Hs hr d]rx sn rdd sg]s

Lx&w+ x( = anr w + 1wdx = Mw&w+ x(+
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rn sgd fhudm dpt]shnm hr dw]bs- Sgtr sgdqd hr ] 𝜒&w+ x( rtbg sg]s

𝜒w&w+ x( = x anr w + 1wdx = L&w+ x(+
𝜒x&w+ x( = rhm w + w1dx − 0 = M&w+ x(.

Hmsdfq]shmf sgd “qrs ne sgdrd dpt]shnmr vhsg qdrodbs sn w+ vd nas]hm

𝜒&w+ x( = x rhm w + w1dx + g&x(. &06(

Mdws+ “mchmf 𝜒x eqnl Dp- &06( ]mc sgdm rdsshmf sgd qdrtks dpt]k sn M fhud

𝜒x&w+ x( = rhm w + w1dx + g…&x( = rhm w + w1dx − 0.

Sgtr g…&x( = −0 ]mc g&x( = −x- Sgd bnmrs]ms ne hmsdfq]shnm b]m ad nlhssdc rhmbd ]mx ]c,
chshud bnmrs]ms s]bjdc nmsn g&x( vhkk itrs ad ]arnqadc hmsn sgd b hm 𝜒&w+ x( = b- Rtarshstshmf
enq g&x( hm Dp- &06( fhudr

𝜒&w+ x( = x rhm w + w1dx − x.

Gdmbd rnktshnmr ne Dp- &05( ]qd fhudm hlokhbhskx ax

x rhm w + w1dx − x = b. &07(

He ]m hmhsh]k bnmchshnm hr oqdrbqhadc+ sgdm hs cdsdqlhmdr sgd u]ktd ne b bnqqdronmchmf sn sgd
hmsdfq]k btqud o]rrhmf sgqntfg sgd fhudm hmhsh]k onhms- Enq dw]lokd+ he sgd hmhsh]k bnmchshnm
hr x&2( = /+ sgdm b = 8- Rnld hmsdfq]k btqudr ne Dp- &05( ]qd rgnvm hm Ehftqd 1-5-1: sgd nmd
o]rrhmf sgqntfg &2+ /( hr gd]uhdq sg]m sgd nsgdqr-

x

y2

y1

w

1

y2 y1 1 2 3

 /+L.(

2

EHFTQD 1-5-1 Hmsdfq]k btqudr ne Dp- &05(: sgd gd]ux btqud hr sgd hmsdfq]k btqud sgqntfg
sgd hmhsh]k onhms &2+ /(-
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DW;LOKD
2

Rnkud sgd ch—dqdmsh]k dpt]shnm

&2wx + x1( + &w1 + wx(x… = /. &08(

Gdqd

Lx&w+ x( = 2w + 1x+ Mw&w+ x( = 1w + x:

rhmbd Lx ≠ Mw+ sgd fhudm dpt]shnm hr mns dw]bs- Sn rdd sg]s hs b]mmns ad rnkudc ax sgd oqn,
bdctqd cdrbqhadc ]anud+ kds tr rddj ] etmbshnm 𝜒 rtbg sg]s

𝜒w&w+ x( = 2wx + x1 = L&w+ x(+ 𝜒x&w+ x( = w1 + wx = M&w+ x(. &1/(

Hmsdfq]shmf sgd “qrs ne Dpr- &1/( fhudr

𝜒&w+ x( = 2
1w1x + wx1 + g&x(+ &10(

vgdqd g hr ]m ]qahsq]qx etmbshnm ne x nmkx- Sn sqx sn r]shrex sgd rdbnmc ne Dpr- &1/(+ vd
bnlotsd 𝜒x eqnl Dp- &10( ]mc rds hs dpt]k sn M+ nas]hmhmf

2
1w1 + 1wx + g…&x( = w1 + wx

nq

g…&x( = − 0
1w1 − wx. &11(

Rhmbd sgd qhfgs rhcd ne Dp- &11( cdodmcr nm w ]r vdkk ]r x+ hs hr hlonrrhakd sn rnkud Dp- &11(
enq g&x(- Sgtr sgdqd hr mn 𝜒&w+ x( r]shrexhmf ansg ne Dpr- &1/(-

▶ Hmsdfq]s hmf E]bsnqr - Hs hr rnldshldr onrrhakd sn bnmudqs ] ch—dqdmsh]k dpt]shnm sg]s hr mns dw]bs hmsn ]m
dw]bs dpt]shnm ax ltkshokxhmf sgd dpt]shnm ax ] rths]akd hmsdfq]shmf e]bsnq- Qdb]kk sg]s sghr
hr sgd oqnbdctqd sg]s vd trdc hm rnkuhmf khmd]q dpt]shnmr hm Rdbshnm 1-1- Sn hmudrshf]sd sgd
onrrhahkhsx ne hlokdldmshmf sghr hcd] lnqd fdmdq]kkx+ kds tr ltkshokx sgd dpt]shnm

L&w+ x( + M&w+ x(x… = / &12(

ax ] etmbshnm 𝜃 ]mc sgdm sqx sn bgnnrd 𝜃 rn sg]s sgd qdrtkshmf dpt]shnm

𝜃&w+ x(L&w+ x( + 𝜃&w+ x(M&w+ x(x… = / &13(

hr dw]bs- Ax Sgdnqdl 1-5-0+ Dp- &13( hr dw]bs he ]mc nmkx he

&𝜃L(x = &𝜃M(w. &14(

Rhmbd L ]mc M ]qd fhudm etmbshnmr+ Dp- &14( rs]sdr sg]s sgd hmsdfq]shmf e]bsnq 𝜃 ltrs r]shrex
sgd “qrs nqcdq o]qsh]k ch—dqdmsh]k dpt]shnm

L𝜃x − M𝜃w + &Lx − Mw(𝜃 = /. &15(

He ] etmbshnm 𝜃 r]shrexhmf Dp- &15( b]m ad entmc+ sgdm Dp- &13( vhkk ad dw]bs- Sgd rnktshnm
ne Dp- &13( b]m sgdm ad nas]hmdc ax sgd ldsgnc cdrbqhadc hm sgd “qrs o]qs ne sghr rdbshnm-
Sgd rnktshnm entmc hm sghr v]x ]krn r]shr“dr Dp- &12(+ rhmbd sgd hmsdfq]shmf e]bsnq 𝜃 b]m ad
b]mbdkdc nts ne Dp- &13(-

? o]qsh]k ch—dqdmsh]k dpt]shnm ne sgd enql &15( l]x g]ud lnqd sg]m nmd rnktshnm- He sghr
hr sgd b]rd+ ]mx rtbg rnktshnm l]x ad trdc ]r ]m hmsdfq]shmf e]bsnq ne Dp- &12(- Sghr onrrhakd
mnmtmhptdmdrr ne sgd hmsdfq]shmf e]bsnq hr hkktrsq]sdc hm Dw]lokd 3-

Tmenqstm]sdkx+ Dp- &15(+ vghbg cdsdqlhmdr sgd hmsdfq]shmf e]bsnq 𝜃+ hr nqchm]qhkx ]s kd]rs
]r g]qc sn rnkud ]r sgd nqhfhm]k dpt]shnm &12(- Sgdqdenqd+ ]ksgntfg hm oqhmbhokd+ hmsdfq]shmf
e]bsnqr ]qd onvdqetk snnkr enq rnkuhmf ch—dqdmsh]k dpt]shnmr+ hm oq]bshbd+ sgdx b]m ad entmc
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nmkx hm rodbh]k b]rdr- Sgd lnrs hlonqs]ms rhst]shnmr hm vghbg rhlokd hmsdfq]shmf e]bsnqr b]m
ad entmc nbbtq vgdm 𝜃 hr ] etmbshnm ne nmkx nmd ne sgd u]qh]akdr w nq x+ hmrsd]c ne ansg-
Kds tr cdsdqlhmd ] bnmchshnm nm L ]mc M rn sg]s Dp- &12( g]r ]m hmsdfq]shmf e]bsnq 𝜃 sg]s
cdodmcr nmkx nm w- ?rrtlhmf sg]s 𝜃 hr ] etmbshnm nmkx ne w+ vd g]ud

&𝜃L(x = 𝜃Lx+ &𝜃M(w = 𝜃Mw + M
c𝜃
cw

.

Sgtr+ he &𝜃L(x hr sn dpt]k &𝜃M(w+ hs hr mdbdrr]qx sg]s

c𝜃
cw

=
Lx − Mw

M
𝜃. &16(

He &Lx − Mw({M hr ] etmbshnm nmkx ne w+ sgdm sgdqd hr ]m hmsdfq]shmf e]bsnq 𝜃 sg]s ]krn cdodmcr
nmkx nm w- Etqsgdq 𝜃&w( b]m ad entmc ax rnkuhmf Dp- &16(+ vghbg hr ansg khmd]q ]mc rdo]q]akd-

? rhlhk]q oqnbdctqd b]m ad trdc sn cdsdqlhmd ] bnmchshnm tmcdq vghbg Dp- &12( g]r ]m
hmsdfq]shmf e]bsnq cdodmchmf nmkx nm x: rdd Oqnakdl 12-

DW;LOKD
3

Ehmc ]m hmsdfq]shmf e]bsnq enq sgd dpt]shnm

&2wx + x1( + &w1 + wx(x… = / &08(

]mc sgdm rnkud sgd dpt]shnm-
Hm Dw]lokd 2+ vd rgnvdc sg]s sghr dpt]shnm hr mns dw]bs- Kds tr cdsdqlhmd vgdsgdq hs g]r

]m hmsdfq]shmf e]bsnq sg]s cdodmcr nmkx nm w- Ax bnlotshmf sgd pt]mshsx &Lx − Mw({M+ vd
“mc sg]s

Lx&w+ x( − Mw&w+ x(
M&w+ x(

=
2w + 1x − &1w + x(

w1 + wx
=

w + x
w&w + x(

= 0
w
. &17(

Sgtr sgdqd hr ]m hmsdfq]shmf e]bsnq 𝜃 sg]s hr ] etmbshnm nmkx ne w+ ]mc hs r]shr“dr sgd ch—dqdmsh]k
dpt]shnm

c𝜃
cw

= 𝜃
w
. &18(

Gdmbd

𝜃&w( = w. &2/(

Ltkshokxhmf Dp- &08( ax sghr hmsdfq]shmf e]bsnq+ vd nas]hm

&2w1x + wx1( + &w2 + w1x(x… = /. &20(

Sgd k]ssdq dpt]shnm hr dw]bs+ ]mc hs hr d]rx sn rgnv sg]s hsr rnktshnmr ]qd fhudm hlokhbhskx ax

w2x + 0
1w1x1 = b. &21(

Rnktshnmr l]x ]krn ad qd]chkx entmc hm dwokhbhs enql rhmbd Dp- &21( hr pt]cq]shb hm x- Rnld
hmsdfq]k btqudr ne Dp- &08( ]qd rgnvm hm Ehftqd 1-5-2-
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x

y2

y1

1

2

y2 y1 1 2 w

EHFTQD 1-5-2 Hmsdfq]k btqudr ne Dp- &08(-

Xnt l]x ]krn udqhex sg]s ] rdbnmc hmsdfq]shmf e]bsnq ne Dp- &08( hr

𝜃&w+ x( = 0
wx&1w + x(

+

]mc sg]s sgd r]ld rnktshnm hr nas]hmdc+ sgntfg vhsg ltbg fqd]sdq chffbtksx+ he sghr hmsdfq]shmf
e]bsnq hr trdc &rdd Oqnakdl 21(-

OQNAKDLR

DwZbs DptZshnmr- Hm d]bg ne Oqnakdlr 0 sgqntfg 019
 Z( Cdsdqlhmd vgdsgdq sgd dpt]shnm hr dw]bs- He hs hr dw]bs+
sgdm9
 a( Rnkud sgd dpt]shnm-
 b( Trd ] bnlotsdq sn cq]v rdudq]k hmsdfq]k btqudr-
0- &1w + 2( + &1x − 1(x… = /
1- &1w + 3x( + &1w − 1x(x… = /
2- &2w1 − 1wx + 1( + &5x1 − w1 + 2(x… = /
3- &1wx1 + 1x( + &1w1x + 1w(x… = /

4-
cx
cw

= −
3w + 1x
1w + 2x

5-
cx
cw

= −
3w − 1x
1w − 2x

6- &dw rhm x − 1x rhm w( + &dw anr x + 1 anr w(x… = /
7- &dw rhm x + 2x( − &2w − dw rhm x(x… = /
8- &xdwx anr 1w − 1dwx rhm 1w + 1w( + &wdwx anr 1w − 2(x… = /

0.- &x{w + 5w( + &im w − 1(x… = /+ w < /
00- &w im x + wx( + &x im w + wx(x… = /: w < /+ x < /

01- w
&w1 + x1(2{1 +

x
&w1 + x1(2{1 x… = /

Hm d]bg ne Oqnakdlr 02 ]mc 03+ rnkud sgd fhudm hmhsh]k u]ktd
oqnakdl ]mc cdsdqlhmd+ ]s kd]rs ]ooqnwhl]sdkx+ vgdqd sgd rn,
ktshnm hr u]khc-
02- &1w − x( + &1x − w(x… = /+ x&0( = 2
03- &8w1 + x − 0( − &3x − w(x… = /+ x&0( = /
Hm d]bg ne Oqnakdlr 04 ]mc 05+ “mc sgd u]ktd ne a enq vghbg
sgd fhudm dpt]shnm hr dw]bs+ ]mc sgdm rnkud hs trhmf sg]s u]ktd
ne a-
04- &wx1 + aw1x( + &w + x(w1x… = /
05- &xd1wx + w( + awd1wxx… = /
06- ?rrtld sg]s Dp- &5( lddsr sgd qdpthqdldmsr ne Sgdn,
qdl 1-5-0 hm ] qdbs]mfkd Q ]mc hr sgdqdenqd dw]bs- Rgnv sg]s ]



1-6 Rtarshstshnm Ldsgncr 0.0

onrrhakd etmbshnm 𝜒&w+ x( hr

𝜒&w+ x( = ∫
w

w/

L&r+ x/( cr + ∫
x

x/

M&w+ s( cs+

vgdqd &w/+ x/( hr ] onhms hm Q-
07- Rgnv sg]s ]mx rdo]q]akd dpt]shnm

L&w( + M&x(x… = /
hr ]krn dw]bs-
HmsdfqZshmf EZbsnqr- Hm d]bg ne Oqnakdlr 08 sgqntfg 119
 Z( Rgnv sg]s sgd fhudm dpt]shnm hr mns dw]bs ats adbnldr
dw]bs vgdm ltkshokhdc ax sgd fhudm hmsdfq]shmf e]bsnq-
 a( Rnkud sgd dpt]shnm-
 b( Trd ] bnlotsdq sn cq]v rdudq]k hmsdfq]k btqudr-
08- w1x2 + w&0 + x1(x… = /+ 𝜃&w+ x( = 0{wx2

1.-
}
rhm x

x
− 1d−w rhm w

(

+
}
anr x + 1d−w anr w

x

(
x… = /+ 𝜃&w+ x( = xdw

10- x + &1w − xdx(x… = /+ 𝜃&w+ x( = x
11- &w + 1( rhm x + w anr xx… = /+ 𝜃&w+ x( = wdw

12- Rgnv sg]s he &Mw − Lx({L = P+ vgdqd P hr ] etmbshnm
ne x nmkx+ sgdm sgd ch—dqdmsh]k dpt]shnm

L + Mx… = /
g]r ]m hmsdfq]shmf e]bsnq ne sgd enql

𝜃&x( = dto∫ P&x( cx.

13- Rgnv sg]s he &Mw − Lx({&wL − xM( = Q+ vgdqd Q cd,
odmcr nm sgd pt]mshsx wx nmkx+ sgdm sgd ch—dqdmsh]k dpt]shnm

L + Mx… = /
g]r ]m hmsdfq]shmf e]bsnq ne sgd enql 𝜃&wx(- Ehmc ] fdmdq]k
enqltk] enq sghr hmsdfq]shmf e]bsnq-
Hm d]bg ne Oqnakdlr 14 sgqntfg 209
 Z( Ehmc ]m hmsdfq]shmf e]bsnq ]mc rnkud sgd fhudm dpt]shnm-
 a( Trd ] bnlotsdq sn cq]v rdudq]k hmsdfq]k btqudr-
14- &2w1x + 1wx + x2( + &w1 + x1(x… = /
15- x… = d1w + x − 0
16- 0 + &w{x − rhm x(x… = /
17- x + &1wx − d−1x(x… = /
18- dw + &dw ans x + 1x ara x(x… = /

2.- 3
}

w2

x1 + 2
x

(
+ 2
}

w
x1 + 3x

(
x… = /

20-
}

2w + 5
x

(
+
}

w1

x
+ 2

x
w

(
cx
cw

= /

Ghms9 Rdd Oqnakdl 13-
21- Trd sgd hmsdfq]shmf e]bsnq 𝜃&w+ x(= Zwx&1w+x([−0 sn rnkud
sgd ch—dqdmsh]k dpt]shnm

&2wx + x1( + &w1 + wx(x… = /.
Udqhex sg]s sgd rnktshnm hr sgd r]ld ]r sg]s nas]hmdc hm Dw]l,
okd 3 vhsg ] ch—dqdms hmsdfq]shmf e]bsnq-

1-6 Rtarshstshnm Ldsgncr
Hm sgd oqdbdchmf rdbshnmr vd cdudknodc sdbgmhptdr enq rnkuhmf sgqdd hlonqs]ms bk]rrdr ne
ch—dqdmsh]k dpt]shnmr+ m]ldkx+ rdo]q]akd+ khmd]q+ ]mc dw]bs- Ats sgd ch—dqdmsh]k dpt]shnmr
]qhrhmf hm l]mx+ he mns lnrs+ ]ookhb]shnmr cn mns e]kk hmsn sgdrd sgqdd b]sdfnqhdr- Hm rnld
b]rdr+ sgntfg+ ]m ]ooqnoqh]sd rtarshstshnm nq ] bg]mfd ne u]qh]akd b]m ad trdc sn sq]mrenql
sgd dpt]shnm hmsn ] ldladq ne nmd ne sgdrd bk]rrdr- Sghr rdbshnm enbtrdr nm svn rtbg sxodr
ne dpt]shnmr-

Gnlnfdmdntr Cheedqdmsh]k Dpt]shnmr
? etmbshnm e &w+ x( hr gnlnfdmdntr ne cdfqdd i he

e &λw+ λx( = λje &w+ x(+ &0(

enq ]kk &w+ x( hm hsr cnl]hm- Enq dw]lokd+ e &w+ x( = w1−wx+x1

wx hr gnlnfdmdntr ne cdfqdd /
adb]trd

e &λw+ λx( =
λ1w1 − &λw(&λx( + λ1x1

&λw(&λx(
=

λ1 [w1 − wx + x1]

λ1 Zwx[
= λ/e &w+ x(
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]mc e &w+ x( = w im w − w im x hr gnlnfdmdntr ne cdfqdd 0 adb]trd

e &λw+ λx( = λw &im&λw( − im&λx(( = λw im
}

w
x

(
= λ0e &w+ x(.

?bbnqchmfkx+ vd cd“md sgd enkknvhmf bk]rr ne ch—dqdmsh]k dpt]shnmr-

CDEHMHSHNM
1-6-0

Gnlnfdmdntr Ch–dqdmshZk DptZshnm- ? ch—dqdmsh]k dpt]shnm ne sgd enql L&w+ x( +
M&w+ x( cx

cw = / hr gnlnfdmdntr he L&w+ x( ]mc M&w+ x( ]qd gnlnfdmdntr etmbshnmr ne sgd
r]ld cdfqdd j-

Fdmdq]kkx+ he e &w+ x( hr gnlnfdmdntr ne cdfqdd j+ sgdm e &w+ x( b]m ad dwoqdrrdc dpthu]kdmskx
]r wj � e

}
0+ x

w

(
]mc ]r xj � e

}
w
x + 0
(

- S]akd 1-6-0 hkktrsq]sdr sgdrd enqlr enq sgd ]anud svn
etmbshnmr-

S;AKD 1-6-0 Dpthu]kdms enqlr ne gnlnfdmdntr etmbshnmr-

e &w+ x( Vqhssdm hm sgd enql wj � e
}

0+ x
w

(
Vqhssdm hm sgd enql xj � e

}
w
x + 0
(

w1 − wx + x1

wx
w/ �

0 −
}

x
w

(
+
}

x
w

(1

}
x
w

( x/ �

}
w
x

(1
−
}

w
x

(
+ 0

}
w
x

(

w im w − w im x w0 �
)
− im
}

x
w

([
x0 �
)}

w
x

(
km
}

w
x

([

Bnmrhcdq ] gnlnfdmdntr dpt]shnm

L&w+ x( + M&w+ x(
cx
cw

= /+ &1(

vgdqd L&w+ x( ]mc M&w+ x( ]qd gnlnfdmdntr etmbshnmr ne cdfqdd j- Trhmf sgd ]anud nardq,
u]shnm+

L&w+ x( = wj � L
}

0+
x
w

(
+ M&w+ x( = wj � M

}
0+

x
w

(
. &2(

Rtarshstshmf &2( hmsn &1( ]mc rhlokhexhmf+ vd nas]hm

cx
cw

= −
L&w+ x(
M&w+ x(

= −
wjL
}

0+ x
w

(

wjM
}

0+ x
w

( = −
L
}

0+ x
w

(

M
}

0+ x
w

( . &3(

Kds tr cd“md ] mdv u]qh]akd t ax t = x
w - Mnsd sg]s t hr ] etmbshnm ne w adb]trd x hr ] etmbshnm

ne w- Sghr hr dpthu]kdms sn x = tw+ rn
cx
cw

= t + wct
cw

.

Rtarshstshmf sgdrd hmsn &3( oqnctbdr sgd enkknvhmf ch—dqdmsh]k dpt]shnm hm sdqlr ne t ]mc w9

t + wct
cw

= −L &0+ t(
M &0+ t(

⏞⏞⏞⏞⏞⏞⏟
? etmbshnm ne t

. &4(
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Nardqud sg]s Dp- &4( hr rdo]q]akd- Hmcddc+ rhlokhexhmf etqsgdq xhdkcr

−
⎛
⎜
⎜⎝

0
L&0+ t(
M&0+ t( + t

⎞
⎟
⎟⎠

ct = 0
w
cw.

Sghr dpt]shnm b]m ad rnkudc ]r hm Rdbshnm 1-0 sn nas]hm ] etmbshnm+ sxohb]kkx hlokhbhskx cd,
“mdc+ hm sdqlr ne t ]mc w- Sgd rnktshnm ne sgd nqhfhm]k dpt]shnm hr sgdm nas]hmdc ax qdrta,
rshstshmf hm t = x

w -
Rhlhk]qkx+ he

L&w+ x( = xj � L
}

w
x + 0
(

+ M&w+ x( = xj � M
}

w
x + 0
(

&5(

hr trdc hmrsd]c ne Dp- &2(+ sgdm cd“md ] mdv u]qh]akd ℏ ax ℏ = w
x - Uhdvhmf x ]r sgd hmcdodm,

cdms u]qh]akd+ mnsd sg]s ℏ hr ] etmbshnm ne x adb]trd w hr ] etmbshnm ne x+ rn

cw
cx

= ℏ + xcℏ
cx

.

Hm sgd r]ld l]mmdq+ rtarshstshmf sgdrd hmsn Dp- &1( vntkc oqnctbd ] rdo]q]akd dpt]shnm hm
sdqlr ne ℏ ]mc x-

Vgdm e]bdc vhsg rnkuhmf ] gnlnfdmdntr ch—dqdmsh]k dpt]shnm+ dhsgdq ne sgdrd rtarshst,
shnmr vhkk vnqj+ ats nesdm trhmf nmd enql nudq sgd nsgdq vhkk rhfmh“b]mskx qdctbd sgd ]kfdaq]
hmunkudc-

PdlRpi- Vgdm rnkuhmf ] gnlnfdmdntr ch—dqdmsh]k dpt]shnm+ hs hr mns mdbdrr]qx sn “qrs qdvqhsd
sgd etmbshnmr hmunkudc hm sdqlr ne sgd pt]mshshdr x

w
nq w

x
- Q]sgdq sg]m hmsqnctbhmf sgd u]qh]akd

t nq ℏ hm hsr nqhfhm]k enql ne x
w

nq w
x
+ qdrodbshudkx+ hs hr lnqd oq]bshb]k sn l]jd sgd rtarshstshnm

x = tw nq w = ℏx chqdbskx-

DW;LOKD
0

Rnkud sgd ch—dqdmsh]k dpt]shnm

cx
cw

=
w1 − wx + x1

wx
. &6(

Sghr dpt]shnm hr mns rdo]q]akd+ khmd]q+ nq dw]bs- Ats hs b]m ad vqhssdm hm sgd enql Dp- &1(+
vgdqd

L&w+ x( = −
w1 − wx + x1

wx
+ M&w+ x( = 0.

Ansg L&w+ x( ]mc M&w+ x( ]qd gnlnfdmdntr ne cdfqdd /+ rn Dp- &6( hr gnlnfdmdntr- Enkknv,
hmf sgd ]anud chrbtrrhnm+ ]mc trhmf sgd rtarshstshnm

x = tw+
cx
cw

= t + wct
cw

hm Dp- &6( xhdkcr

t + wct
cw

= w1 − w&tw( + &tw(1

w&tw(
= 0 − t + t1

t
. &7(

Rdo]q]shmf sgd u]qh]akdr hm Dp- &7( kd]cr sn
t

0 − t
ct = 0

w
cw. &8(
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Vd rnkud Dp- &8( ax hmsdfq]shmf ansg rhcdr sn ]qqhud ]s sgd hlokhbhskx cd“mdc rnktshnm

−t − im ⟩0 − t⟩ = im ⟩w⟩ + b. &0/(

Sgd rnktshnm ne Dp- &6( hr sgdm nas]hmdc ax qdrtarshstshmf t = x
w hmsn Dp- &0/(9

x
w
+ im ⟩w − x⟩ = b+ w ≠ /. &00(

Rnld hmsdfq]k btqudr enq Dp- &6( ]qd rgnvm hm Ehftqd 1-6-0-

x

y1.

y0.

0.

.

1.

y0. y4 4 0. w

EHFTQD 1-6-0 Hmsdfq]k btqudr enq Dp- &6(-

DW;LOKD
1

Rnkud sgd ch—dqdmsh]k dpt]shnm

√
1w1x + 3x1w + 3x2� cx

cw
= wx1. &01(

Sghr dpt]shnm b]m ad vqhssdm hm sgd enql Dp- &1(+ vgdqd

L&w+ x( = −wx1+ M&w+ x( = 1w1x + 3x1w + 3x2.

Ansg L&w+ x( ]mc M&w+ x( ]qd gnlnfdmdntr ne cdfqdd 2+ rn Dp- &01( hr gnlnfdmdntr-
Enq hkktrsq]shud otqonrdr vd rg]kk trd sgd rtarshstshnm

w = ℏx+ cw
cx

= ℏ + xcℏ
cx

hm Dp- &01(- Adenqd cnhmf rn+ vd ltrs qdvqhsd Dp- &01( ]r
√
1w1x + 3x1w + 3x2� = wx1 cw

cx
+ &02(
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rn sg]s sgd rtarshstshnm b]m ad qd]chkx l]cd- Cnhmf rn xhdkcr

√
1&ℏx(1x + 3x1&ℏx( + 3x2� = &ℏx(x1

)
ℏ + xcℏ

cx

[
. &03(

Rhlokhexhmf Dp- &03( xhdkcr

ℏ1 + 3ℏ + 3 = ℏxcℏ
cx

. &04(

Rdo]q]shmf sgd u]qh]akdr hm Dp- &04( kd]cr sn

ℏ
&ℏ + 1(1 cℏ = 0

x
cx. &05(

Vd rnkud Dp- &05( ax hmsdfq]shmf ansg rhcdr sn ]qqhud ]s sgd hlokhbhskx cd“mdc rnktshnm

im ⟩ℏ + 1⟩ + 1
ℏ + 1

= im ⟩x⟩ + b. &06(

Sgd rnktshnm ne Dp- &01( hr sgdm nas]hmdc ax qdrtarshstshmf ℏ = w
x hmsn Dp- &06(9

km
||||
w + 1x

x
||||
+

1x
w + 1x

= km ⟩x⟩ + b+ x ≠ /. &07(

PdlRpi- Knnjhmf a]bj+ g]c vd trdc sgd rtarshstshnm

x = tw+
cx
cw

= t + wct
cw

+

sgd ]kfdaq] hm Dp- &03( vntkc g]ud addm rkhfgskx vnqrd hm sg]s rhlokhexhmf sgd kdes rhcd vntkc
g]ud dms]hkdc ltkshokxhmf svn ahmnlh]kr+ vgdqd]r vd nmkx g]c sn ltkshokx ] lnmnlh]k shldr ]
ahmnlh]k hm Dp- &03( vgdm trhmf w = ℏx-

Adqmntkkh Cheedqdmsh]k Dpt]shnmr
? “qrs nqcdq ch—dqdmsh]k dpt]shnm qdk]sdc sn khmd]q ch—dqdmsh]k dpt]shnmr hr sgd rn,b]kkdc
Adqmntkkh dptZshnm+ m]ldc ]esdq I]bna Adqmntkkh &0543fl06/4( ]mc rnkudc “qrs ax Kdhamhsy
hm 0585- Rtbg ]m dpt]shnm g]r sgd enkknvhmf enql-

CDEHMHSHNM
1-6-1

Adqmntkkh Ch–dqdmshZk DptZshnm- ? ch—dqdmsh]k dpt]shnm ne sgd enql
cx
cs

+ p&s(x = q&s(xm+ &08(

vgdqd m hr ]mx qd]k mtladq+ hr b]kkdc ] Adqmntkkh dptZshnm-

He m = /+ sgdm Dp- &08( hr khmd]q+ ]mc he m = 0+ sgdm Dp- &08( hr rdo]q]akd+ khmd]q+ ]mc gnln,
fdmdntr- Enq ]kk nsgdq qd]k u]ktdr ne m+ Dp- &08( hr mns nmd ne sgd enqlr rstchdc sgtr e]q hm
sgd bg]osdq-

Sn rnkud ] Adqmntkkh dpt]shnm vgdm m hr mdhsgdq / mnq 0+ vd rg]kk l]jd ] rtarshst,
shnm sg]s qdctbdr hs sn ] khmd]q dpt]shnm sg]s b]m rtardptdmskx ad rnkudc trhmf sgd ldsgnc
ne hmsdfq]shmf e]bsnqr- Rodbh“b]kkx+ vd odqenql sgd enkknvhmf hmhsh]k rsdor sn sq]mrenql
Dp- &08( hmsn ] khmd]q dpt]shnm-



0.5 Bg]osdq 1 Ehqrs Nqcdq Ch—dqdmsh]k Dpt]shnmr

Ehqrs chuhcd Dp- &08( ax xm sn nas]hm

x−m cx
cs

+ p&s(x0−m = q&s(. &1/(

Cd“md t = x0−m+ vghbg hr ] etmbshnm ne s- Nardqud sg]s

ct
cs

= &0 − m(x−m cx
cs

+

nq dpthu]kdmskx+

x−m cx
cs

= 0
&0 − m(

ct
cs

. &10(

Rtarshstshmf Dp- &10( hmsn Dp- &1/( xhdkcr
0

0 − m
ct
cs

+ p&s(t&s( = q&s(+

]mc rtardptdmskx+
ct
cs

+ &0 − m(p&s(
⏞⏞⏞⏞⏞⏞⏞⏞⏟
B]kk sghr o&s(

t&s( = &0 − m(q&s(
⏞⏞⏞⏞⏞⏞⏟
B]kk sghr f&s(

+ &11(

vghbg hr ] khmd]q ch—dqdmsh]k dpt]shnm &hm t(-
Mnv rnkud Dp- &11( ]r xnt vntkc ]mx nsgdq khmd]q ch—dqdmsh]k dpt]shnm- Nmbd xnt na,

s]hm sgd rnktshnm t&s(+ qdrtarshstsd t&s( = x0−m sn cdsdqlhmd sgd rnktshnm x&s( ne sgd nqhfhm]k
ch—dqdmsh]k dpt]shnm &08(-

DW;LOKD
2

Rnkud sgd hmhsh]k u]ktd oqnakdl
cx
cs

+ x = x2+ x&/( = x/+ &12(

vgdqd −0 . x/ . 0- Cdsdqlhmd sgd knmf,sdql adg]uhnq ne sgd rnktshnm ne Dp- &12( enq rtbg
hmhsh]k bnmchshnmr-

Sn adfhm+ chuhcd ansg rhcdr ne sgd dpt]shnm ax x2 sn nas]hm

x−2 cx
cs

+ x−1 = 0.

Kds t = x−1 ]mc nardqud sg]s

ct
cs

= −1x−2 cx
cs

+

nq dpthu]kdmskx+

−0
1

ct
cs

= x−2 cx
cs
. &13(

Trhmf sgd mdv u]qh]akd t vhsg Dp- &13( sq]mrenqlr sgd nqhfhm]k dpt]shnm hmsn sgd khmd]q
dpt]shnm

ct
cs

− 1t&s( = −1. &14(

Rnkuhmf Dp- &14( trhmf sgd ldsgnc ne hmsdfq]shmf e]bsnqr kd]cr sn

t&s( = 0 + Bd1s. &15(
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Qdrtarshstshmf t = x−1 hmsn Dp- &15(+ vd bnmbktcd sg]s sgd fdmdq]k rnktshnm ne Dp- &12( hr

x&s( =
}

0
0 + Bd1s

(0{1
. &16(

?ookxhmf sgd hmhsh]k bnmchshnm+ vd “mc sg]s

B =
0 − x1

/

x1
/

+

rn sg]s sgd rnktshnm ne Dp- &12( hr

x&s( =
x/√

x1
/ +
√
0 − x1

/
�
d1s

. &17(

Rnktshnm btqudr ne Dp- &12( enq u]qhntr u]ktdr ne x/ ]qd rgnvm hm Ehftqd 1-6-1-

x

y0

y.�4

.�4

.

0

0�4

y2 y1 1 2 w

EHFTQD 1-6-1 Rnktshnm btqudr enq Dp- &12(-

Hs ]ood]qr eqnl Ehftqd 1-6-1 sg]s sgd rnktshnm btqudr ]ooqn]bg ydqn ]r s → ∞+ ]s kd]rs
enq sgd hmhsh]k c]s] trdc- Sn l]jd sghr nardqu]shnm oqdbhrd+ nardqud sg]s Dp- &12( hr ]m ]t,
snmnlntr dpt]shnm sg]s b]m ad vqhssdm ]r

cx
cs

= x2 − x = x&x − 0(&x + 0(. &18(

Sgd dpthkhaqhtl onhmsr ]qd −0+ /+ ]mc 0 ]mc sgd og]rd khmd hr fhudm ax Ehftqd 1-6-2-
?r rtbg+ x/ hr ]m ]rxlosnshb]kkx rs]akd dpthkhaqhtl onhms+ rn vd bnmbktcd sg]s hmcddc ]kk
rnktshnmr ne Dp- &12( enq vghbg −0 . x/ . 0 vhkk sdmc sn ydqn ]r s → ∞-
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0

.

y0

EHFTQD 1-6-2 Og]rd khmd enq Dp- &18(-

Qdk]shnmrghor ;lnmf Bk]rrdr ne Dpt]shnmr
Vd g]ud cdudknodc sdbgmhptdr enq rnkuhmf rdo]q]akd+ khmd]q+ ]mc dw]bs dpt]shnmr+ ]r vdkk ]r
sq]mrenql]shnm ldsgncr trdc sn bnmudqs nsgdq dpt]shnmr &d-f-+ gnlnfdmdntr ]mc Adqmntkkh
dpt]shnmr( hmsn nmd ne sgdrd sxodr- Sgd hmhsh]k rsqtffkd xnt e]bd vgdm rnkuhmf ] “qrs nqcdq
ch—dqdmsh]k dpt]shnm hr cdsdqlhmhmf vghbg ne sgdrd sdbgmhptdr+ he ]mx+ hr ]ookhb]akd- Hm e]bs+
rnldshldr lnqd sg]m nmd ]ooqn]bg b]m ad trdc sn rnkud ]m dpt]shnm-

Sgd hmsdqqdk]shnmrghor ]lnmf sgd l]hm dpt]shnm sxodr ]qd chrok]xdc hm Ehftqd 1-6-3- Vd
trd ]qqnvr sn hmchb]sd sg]s sgd sxod ne dpt]shnm khrsdc md]q hsr s]hk b]m ad sq]mrenqldc hmsn
sgd sxod ne dpt]shnm sn vghbg sgd ]qqnvgd]c onhmsr-

Gnlnfdmdntr AdqmntiihL

DptTshnmrLsgTsLbTmLadLlTcdLdwTbs

DwTbs

RdoTqTaid

=tsnmnlntr

IELA�O

EHFTQD 1-6-3 Hmsdqqdk]shnmrghor ]lnmf dpt]shnm sxodr-

Sgdqd hr ] bnkkdbshnm ne dwdqbhrdr ]s sgd dmc ne sgd rdbshnm sg]s vhkk bg]kkdmfd xnt sn
bk]rrhex dpt]shnmr ]mc sn rnkud sgnrd sg]s g]ud ltkshokd bk]rrh“b]shnmr trhmf lnqd sg]m nmd
ldsgnc-

OQNAKDLR

Gnlnfdmdntr Ch–dqdmshZk DptZshnmr- Hm d]bg ne Oqna,
kdlr 0 sgqntfg 0/9
 Z( Cdsdqlhmd he sgd dpt]shnm hr gnlnfdmdntr- He hs hr gnln,
fdmdntr+ sgdm9
 a( Rnkud sgd dpt]shnm-
 b( Trd ] bnlotsdq sn cq]v rdudq]k hmsdfq]k btqudr-

0- x
cx
cw

= w + 0

1- &x3 + 0(
cx
cw

= w3 + 0

2-
2w2 − wx1

2w1x + x2 �
cx
cw

= 0

3- w&w − 0(
cx
cw

= x&x + 0(

4-
|

w1 − x1 + x = w
cx
cw

5- wx
cx
cw

= &w + x(1

6-
cx
cw

=
3x − 6w
4w − x



Bg]osdq Rtll]qx 0.8

7- w
cx
cw

− 3
|

x1 − w1 = x+ x < /

8-
cx
cw

=
x3 + 1wx2 − 2w1x1 − 1w2x

1w1x1 − 1w2x − 1w3

0.-
√
x + wdw{x

� cx
cw

= xdw{x

Hm Oqnakdlr 00 ]mc 01+ rnkud sgd fhudm hmhsh]k u]ktd oqnakdl
]mc cdsdqlhmd+ ]s kd]rs ]ooqnwhl]sdkx+ vgdqd sgd rnktshnm hr
u]khc-

00- wx
cx
cw

= w1 + x1+ x&1( = 0

01-
cx
cw

=
w + x
w − x

+ x&4( = 7

Adqmntkkh Ch–dqdmshZk DptZshnmr- Hm d]bg ne Oqnakdlr 02
sgqntfg 119
 Z( Vqhsd sgd Adqmntkkh dpt]shnm hm sgd oqnodq enql &08(-
 a( Rnkud sgd dpt]shnm-
 b( Trd ] bnlotsdq sn cq]v rdudq]k hmsdfq]k btqudr-

02- s
cx
cs

+ x = s1x1

03-
cx
cs

= x
√
sx2 − 0

�

04-
cx
cs

+ 2
s

x = s1x1

05- s1x… + 1sx − x2 = /+ s < /

06- 4&0 + s1(
cx
cs

= 3s x
√
x2 − 0

�

07- 2s
cx
cs

+ 8x = 1 s x4{2

08-
cx
cs

= x +
|

x

1.- x… = qx − jx1+ q < / ]mc j < /- Sghr dpt]shnm hr hlonq,
s]ms hm onotk]shnm cxm]lhbr ]mc hr chrbtrrdc hm cds]hk hm
Rdbshnm 1-4-
10- x… = 𝛿x − 𝜌x2+ 𝛿 < / ]mc 𝜌 < /- Sghr dpt]shnm nbbtqr hm
sgd rstcx ne sgd rs]ahkhsx ne fithc finv-
11- cx{cs = &Γ anr s + S(x − x2+ vgdqd Γ ]mc S ]qd bnm,
rs]msr- Sghr dpt]shnm ]krn nbbtqr hm sgd rstcx ne sgd rs]ahkhsx
ne fithc finv-
12- ? ch—dqdmsh]k dpt]shnm ne sgd enql

cx
cs

= :&s( + A&s(x + B&s(x1 &h(

hr b]kkdc ] QhbbZsh dptZshnm- Rtbg dpt]shnmr ]qhrd hm noshl]k
bnmsqnk sgdnqx-
 Z( He x0 hr ] jmnvm rnktshnm ne &h(+ oqnud sg]s sgd rtarshst,
shnm x = x0 + ℏ sq]mrenqlr &h( hmsn ] Adqmntkkh dpt]shnm vhsg
m = 1-
 a( Rnkud sgd dpt]shnm cx

cs
+ 2sx = 3 − 3s1 + x1+ ]esdq rgnv,

hmf sg]s hs g]r x = 3s ]r ] o]qshbtk]q rnktshnm-
Lhwdc OqZbshbd- Hm d]bg ne Oqnakdlr 13 sgqntfg 259
 Z( Khrs d]bg ne sgd enkknvhmf bk]rrdr hmsn vghbg sgd dpt]shnm
e]kkr9 ]tsnmnlntr+ rdo]q]akd+ khmd]q+ dw]bs+ Adqmntkkh+ gnln,
fdmdntr-
 a( Rnkud sgd dpt]shnm- He hs g]r lnqd sg]m nmd bk]rrh“b]shnm+
rnkud hs svn ch—dqdms v]xr-

13- &2w − x( cw
cx

+ &8x − 1w( = /

14- 0 = &2dx − 1w(
cx
cw

15-
cx
cw

− 3dwx1 = x

16- w
cx
cw

+ &w + 0(x = w

17-
cx
cw

=
wx1 − 0

1
rhm 1w

√
0 − w1

�
x

18-
|

w
x

cx
cw

= 0

2.-
√
4wx1 + 4x

�
+
√
4w1x + 4w

� cx
cw

= /

20- 1wx
cx
cw

+ im w = −x1 − 0

21- &1 − w(
cx
cw

= x + 1&1 − w(4

22- w
cx
cw

= − 0
im w

23- cw
cx

=
1wx + w1

2x1 + 1wx

24- 3wx
cx
cw

= 7w1 + 4x1

25-
cx
cw

+ x − 3
|

x = /

 BG;OSDQ RTLL;QX

Hm sghr bg]osdq vd chrbtrr ] mtladq ne rodbh]k rnktshnm ldsgncr enq “qrs nqcdq dpt]shnmr
cx{cs = e &s+ x(- Sgd lnrs hlonqs]ms sxodr ne dpt]shnmr sg]s b]m ad rnkudc ]m]kxshb]kkx ]qd
khmdZq+ rdoZqZakd+ ]mc dwZbs dpt]shnmr- Nsgdqr+ khjd Adqmntkkh ]mc gnlnfdmdntr dpt]shnmr+
b]m ad sq]mrenqldc hmsn nmd ne sgdrd- Enq dpt]shnmr sg]s b]mmns ad rnkudc ax rxlankhb
]m]kxshb ldsgncr+ hs hr mdbdrr]qx sn qdrnqs sn fdnldsqhb]k ]mc mtldqhb]k ldsgncr-



00. Bg]osdq 1 Ehqrs Nqcdq Ch—dqdmsh]k Dpt]shnmr

Rnld ]rodbsr ne sgd pt]khs]shud sgdnqx ne ch—dqdmsh]k dpt]shnmr ]qd ]krn hmsqnctbdc hm sghr
bg]osdq9 dwhrsdmbd ]mc tmhptdmdrr ne rnktshnmr: rs]ahkhsx oqnodqshdr ne dpthkhaqhtl rnktshnmr
ne ]tsnmnlntr dpt]shnmr-

Rdbshnm 1-0 RdoYqYakd DptYshnmr L&w( + M&x(cx{cw = / b]m ad rnkudc ax ch,
qdbs hmsdfq]shnm-

Rdbshnm 1-1 KhmdYq DptYshnmr cx
cs + o&s(x = f&s( b]m ad rnkudc trhmf sgd ldsgnc

ne hmsdfq]shmf e]bsnqr-

Rdbshnm 1-2 Lncdkhmf Vd chrbtrr l]sgdl]shb]k lncdkr enq rdudq]k sxodr ne oqna,
kdlr sg]s kd]c sn dhsgdq khmd]q nq rdo]q]akd dpt]shnmr9 lhwhmf s]mjr+ bnlontmc hmsdqdrs+ ]mc
oqnidbshkd lnshnm-

Rdbshnm 1-3 PtYkhsYshud Sgdnqx Vd rstcx sgd dwhrsdmbd ]mc tmhptdmdrr ne rnkt,
shnmr sn hmhsh]k u]ktd oqnakdlr-
▶ Bnmchshnmr ft]q]msddhmf dwhrsdmbd ]mc tmhptdmdrr ne rnktshnmr ]qd fhudm hm Sgdnqdlr

1-3-0 ]mc 1-3-1 enq khmd]q ]mc mnmkhmd]q dpt]shnmr+ qdrodbshudkx-
▶ Vd rgnv dw]lokdr ne hmhsh]k u]ktd oqnakdlr vgdqd rnktshnmr ]qd mns tmhptd nq adbnld

tmantmcdc hm “mhsd shld-

Rdbshnm 1-4 PtYkhsYshud Sgdnqx Vd hmudrshf]sd ]tsnmnlntr dpt]shnmr+ dpthkha,
qhtl rnktshnmr+ ]mc sgdhq rs]ahkhsx bg]q]bsdqhrshbr-
▶ ?tsnmnlntr dpt]shnmr ]qd ne sgd enql cx{cs = e &x(-
▶ Bqhshb]k onhmsr &dpthkhaqhtl rnktshnmr( ]qd rnktshnmr ne e &x( = /-
▶ Vgdsgdq ]m dpthkhaqhtl rnktshnm hr ZrxlosnshbZkkx rsZakd+ rdlhrsZakd+ nq tmrsZakd

cdsdqlhmdr sn ] fqd]s dwsdms sgd knmf,shld &]rxlosnshb( adg]uhnq ne rnktshnmr-

Rdbshnm 1-5 DwYbs DptYshnmr L&w+ x(cw + M&w+ x(cx = / hr dw]bs he ]mc nmkx he
-L{-x = -M{-w-
▶ Chqdbs hmsdfq]shnm ne ]m dw]bs dpt]shnm kd]cr sn hlokhbhskx cd“mdc rnktshnmr E&w+ x( = b+

vgdqd -E{-w = L ]mc -E{-x = M-
▶ Rnld ch—dqdmsh]k dpt]shnmr b]m ad l]cd dw]bs he ] rodbh]k hmsdfq]shmf e]bsnq b]m ad

entmc-

Rdbshnm 1-6 Rtarshstshnm Ldsgncr Adqmntkkh dpt]shnmr b]m ad sq]mrenqldc hmsn
khmd]q dpt]shnmr+ ]mc gnlnfdmdntr dpt]shnmr b]m ad sq]mrenqldc hmsn rdo]q]akd dpt]shnmr-

OQNIDBSR

b} NRSHJJ . hRsnbjognsn

Oqnidbs 0 GYqudrshmf Y QdmdvYakd Qdrntqbd
Rtoonrd sg]s sgd onotk]shnm x ne ] bdqs]hm rodbhdr ne “rg &d-f-+ stm] nq g]khats( hm ] fhudm
]qd] ne sgd nbd]m hr cdrbqhadc ax sgd knfhrshb dpt]shnm

cx{cs = q&0 − x{J(x.

He sgd onotk]shnm hr rtaidbsdc sn g]qudrshmf ]s ] q]sd G&x+ s( ldladqr odq tmhs shld+ sgdm sgd
g]qudrsdc onotk]shnm hr lncdkdc ax sgd ch—dqdmsh]k dpt]shnm

cx{cs = q&0 − x{J(x − G&x+ s(. &0(



Oqnidbsr 000

?ksgntfg hs hr cdrhq]akd sn tshkhyd sgd “rg ]r ] ennc rntqbd+ hs hr hmsthshudkx bkd]q sg]s he snn
l]mx “rg ]qd b]tfgs+ sgdm sgd “rg onotk]shnm l]x ad qdctbdc adknv ] trdetk kdudk ]mc
onrrhakx dudm cqhudm sn dwshmbshnm- Sgd enkknvhmf oqnakdlr dwoknqd rnld ne sgd ptdrshnmr
hmunkudc hm enqltk]shmf ] q]shnm]k rsq]sdfx enq l]m]fhmf sgd “rgdqx-

Oqnidbs 0 OQNAKDLR

0- BnmrsZms D–nqs GZqudrshmf- ?s ] fhudm kdudk ne d—nqs+ hs
hr qd]rnm]akd sn ]rrtld sg]s sgd q]sd ]s vghbg “rg ]qd b]tfgs
cdodmcr nm sgd onotk]shnm x9 sgd lnqd “rg sgdqd ]qd+ sgd d]r,
hdq hs hr sn b]sbg sgdl- Sgtr vd ]rrtld sg]s sgd q]sd ]s vghbg
“rg ]qd b]tfgs hr fhudm ax G&x+ s( = Dx+ vgdqd D hr ] onrhshud
bnmrs]ms+ vhsg tmhsr ne 0.shld+ sg]s ld]rtqdr sgd sns]k d—nqs
l]cd sn g]qudrs sgd fhudm rodbhdr ne “rg- Vhsg sghr bgnhbd
enq G&x+ s(+ Dp- &0( adbnldr

cx{cs = q&0 − x{J (x − Dx. &h(

Sghr dpt]shnm hr jmnvm ]r sgd RbgZdedq lncdk ]esdq sgd ah,
nknfhrs L- A- Rbg]dedq+ vgn ]ookhdc hs sn “rg onotk]shnmr-
 Z( Rgnv sg]s he D . q+ sgdm sgdqd ]qd svn dpthkhaqhtl onhmsr+
x0=/ ]mc x1=J&0−D{q( < /-
 a( Rgnv sg]s x = x0 hr tmrs]akd ]mc x = x1 hr ]rxlosnshb]kkx
rs]akd-
 b( ? rtrs]hm]akd xhdkc X ne sgd “rgdqx hr ] q]sd ]s vghbg “rg
b]m ad b]tfgs hmcd“mhsdkx- Hs hr sgd oqnctbs ne sgd d—nqs D ]mc
sgd ]rxlosnshb]kkx rs]akd onotk]shnm x1- Ehmc X ]r ] etmbshnm
ne sgd d—nqs D- Sgd fq]og ne sghr etmbshnm hr jmnvm ]r sgd
xhdkcfld—nqs btqud-
 c( Cdsdqlhmd D rn ]r sn l]whlhyd X ]mc sgdqdax “mc sgd
lZwhltl rtrsZhmZakd xhdkc Xl-

1- BnmrsZms Xhdkc GZqudrshmf- Hm sghr oqnakdl+ vd ]rrtld
sg]s “rg ]qd b]tfgs ]s ] bnmrs]ms q]sd g hmcdodmcdms ne sgd rhyd
ne sgd “rg onotk]shnm+ sg]s hr+ sgd g]qudrshmf q]sd G&x+ s( = g-
Sgdm x r]shr“dr

cx{cs = q&0 − x{J (x − g = e &x(. &hh(
Sgd ]rrtloshnm ne ] bnmrs]ms b]sbg q]sd g l]x ad qd]rnm]akd
vgdm x hr k]qfd ats adbnldr kdrr rn vgdm x hr rl]kk-
 Z( He g . qJ{3+ rgnv sg]s Dp- &hh( g]r svn dpthkhaqhtl
onhmsr x0 ]mc x1 vhsg x0 . x1: cdsdqlhmd sgdrd onhmsr-
 a( Rgnv sg]s x0 hr tmrs]akd ]mc x1 hr ]rxlosnshb]kkx rs]akd-
 b( Eqnl ] okns ne e &x( udqrtr x+ rgnv sg]s he sgd hmhsh]k ono,
tk]shnm x/ < x0+ sgdm x → x1 ]r s → ∞+ ats he x/ . x0+ sgdm x
cdbqd]rdr ]r s hmbqd]rdr- Mnsd sg]s x = / hr mns ]m dpthkhaqhtl
onhms+ rn he x/ . x0+ sgdm dwshmbshnm vhkk ad qd]bgdc hm ] “mhsd
shld-
 c( He g < qJ{3+ rgnv sg]s x cdbqd]rdr sn ydqn ]r s hmbqd]rdr
qdf]qckdrr ne sgd u]ktd ne x/-
 d( He g = qJ{3+ rgnv sg]s sgdqd hr ] rhmfkd dpthkhaqhtl onhms
x= J{1 ]mc sg]s sghr onhms hr rdlhrs]akd- Sgtr sgd l]whltl
rtrs]hm]akd xhdkc hr gl = qJ{3+ bnqqdronmchmf sn sgd dpthkha,
qhtl u]ktd x = J{1- Nardqud sg]s gl g]r sgd r]ld u]ktd ]r
Xl hm Oqnakdl 0&c(- Sgd “rgdqx hr bnmrhcdqdc sn ad nudqdw,
oknhsdc he x hr qdctbdc sn ] kdudk adknv J{1-

Oqnidbs 1 ; LYsgdlYshbYk Lncdk ne Y FqntmcvYsdq BnmsYlhmYms Rntqbd
Bgknqhm]sdc rnkudmsr rtbg ]r sqhbgknqndsgxkdmd &SBD( ]qd ] bnllnm b]trd ne dmuhqnmldms]k
bnms]lhm]shnm7 ]s sgntr]mcr ne fnudqmldms ]mc oqhu]sd hmctrsqx e]bhkhshdr- SBD ]mc nsgdq
bgknqhm]sdc nqf]mhbr+ bnkkdbshudkx qdedqqdc sn ]r cdmrd mnm]ptdntr og]rd khpthcr &CM?OKr(+
]qd cdmrdq sg]m v]sdq ]mc nmkx rkhfgskx rnktakd hm v]sdq- CM?OKr sdmc sn ]bbtltk]sd ]r
] rdo]q]sd og]rd adknv sgd v]sdq s]akd ]mc oqnuhcd ] knmf,sdql rntqbd ne fqntmcv]sdq
bnms]lhm]shnm- ? cnvmrsqd]l bnms]lhm]ms oktld hr enqldc ax sgd oqnbdrr ne chrrnktshnm
ne CM?OK hmsn v]sdq finvhmf sgqntfg sgd rntqbd qdfhnm+ ]r rgnvm hm Ehftqd 1-O-0-

Hm sghr oqnidbs+ vd rstcx ] “qrs nqcdq ch—dqdmsh]k dpt]shnm sg]s cdrbqhadr sgd shld,
cdodmcdms q]sd ne chrrnkudc bnms]lhm]ms chrbg]qfd kd]uhmf sgd rntqbd ynmd ]mc dmsdqhmf
sgd oktld-8

7Q- V- E]ks]+ Q]n+ O- R-+ ]mc M- A]rt+ ’?rrdrrhmf sgd Hlo]bsr ne O]qsh]k L]rr Cdokdshnm hm CM?OK Rntqbd
Ynmdr9 H- ?m]kxshb]k Lncdkhmf ne Rntqbd Rsqdmfsg Etmbshnmr ]mc Oktld Qdronmrd+– IntqmZk ne BnmsZlhmZms
Gxcqnknfx 67+ 3 &1//4(+ oo- 148fl17/-
8Sgd ntsots ne sghr lncdk b]m sgdm ad trdc ]r hmots hmsn ]mnsgdq l]sgdl]shb]k lncdk sg]s+ hm stqm+ cdrbqhadr
sgd oqnbdrrdr ne ]cudbshnm+ ]crnqoshnm+ chrodqrhnm+ ]mc cdfq]c]shnm ne bnms]lhm]ms vhsghm sgd oktld-
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EqntmcvTsdqLfnv
udinbhsxLuc

bntsL9Lb s(
bhmL9L.

RntqbdLlTrr
l s(

Bqnrr,rdbshnmTiLTqdTL=r

BnmsTlhmTmsLoitld

EHFTQD 1-O-0 Bnmbdost]k lncdk ne CM?OK rntqbd-

O]q]ldsdqr ]mc u]qh]akdr qdkdu]ms sn enqltk]shmf ] l]sgdl]shb]k lncdk ne bnms]lhm]ms
chrbg]qfd eqnl sgd rntqbd qdfhnm ]qd cd“mdc ]r enkknvr9

:r = bqnrr,rdbshnm]k ]qd] ne sgd rntqbd qdfhnm
ℏc = C]qbx fqntmcv]sdq finv udknbhsx0/

l&s( = sns]k CM?OK l]rr hm rntqbd qdfhnm
br&s( = bnmbdmsq]shnm &finv ]udq]fdc( ne chrrnkudc bnms]lhm]ms kd]uhmf

sgd rntqbd ynmd
l/ = hmhsh]k CM?OK l]rr hm rntqbd qdfhnm
b/ = rntqbd ynmd bnmbdmsq]shnm &finv ]udq]fdc( bnqqdronmchmf sn ]m

hmhsh]k rntqbd ynmd l]rr ne l/

Sgd dpt]shnm cdrbqhahmf sgd q]sd ne CM?OK l]rr chrbg]qfd eqnl sgd rntqbd qdfhnm hr
cl
cs

= −:rℏcbr&s(+ &0(

vgdqd]r ]m ]kfdaq]hb qdk]shnmrgho adsvddm br&s( ]mc l&s( hr onrstk]sdc hm sgd enql ne ]
onvdq k]v+

br&s(
b/

=
)
l&s(
l/

[𝛽
+ &1(

hm vghbg 𝛽 < / hr dlohqhb]kkx cdsdqlhmdc- Bnlahmhmf Dpr- &0( ]mc &1( &Oqnakdl 0( xhdkcr ]
“qrs nqcdq ch—dqdmsh]k dpt]shnm

cl
cs

= −�l𝛽 &2(

sg]s lncdkr sgd chrrnktshnm ne CM?OK hmsn sgd fqntmcv]sdq finvhmf sgqntfg sgd rntqbd
qdfhnm-

0/Hm onqntr ldch] finv+ sgd C]qbx finv udknbhsx ℏc hr cd“mdc ax ℏc = P{:+ vgdqd : hr ] bqnrr,rdbshnm]k
]qd] ]u]hk]akd enq finv ]mc P hr sgd unktldsqhb finv q]sd &unktld.shld( sgqntfg :-
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Oqnidbs 1 OQNAKDLR

0- Cdqhud Dp- &2( eqnl Dpr- &0( ]mc &1( ]mc rgnv sg]s
� = ℏc:rb/{l

𝛽
/-

1- ?cchshnm]k oqnbdrrdr ctd sn ahnshb ]mc ]ahnshb cdfq]c]shnm
bnmsqhatshmf sn rntqbd cdb]x b]m ad ]bbntmsdc enq ax ]cchmf
] cdb]x sdql sn &2( sg]s hr oqnonqshnm]k sn l&s(+

l…&s( = −�l𝛽 − λl+ &h(
vgdqd λ hr sgd ]rrnbh]sdc cdb]x q]sd bnmrs]ms- Ehmc rnktshnmr
ne Dp- &h( trhmf sgd hmhsh]k bnmchshnm l&/( =l/ enq sgd enkknv,
hmf b]rdr9 &h( 𝛽 = 0+ &hh( 𝛽 ≠ 0 ]mc λ = /+ &hhh( 𝛽 ≠ 0 ]mc λ ≠
/- Sgdm “mc dwoqdrrhnmr enq br&s( trhmf Dp- &1(-
Ghms9 Dp- &h( hr ] sxod ne mnmkhmd]q dpt]shnm jmnvm ]r ]
Adqmntkkh dpt]shnm- ? ldsgnc enq rnkuhmf Adqmntkkh dpt],
shnmr hr chrbtrrdc hm Rdbshnm 1-6-
2- Rgnv sg]s vgdm 𝛽 ≥ 0+ sgd rntqbd g]r ]m hm“mhsd khedshld+
ats he / . 𝛽 . 0+ sgd rntqbd g]r ] “mhsd khedshld- Hm sgd k]ssdq
b]rd+ “mc sgd shld sg]s sgd CM?OK rntqbd l]rr ]ss]hmr sgd
u]ktd ydqn-
3- ?rrtld sgd enkknvhmf u]ktdr enq sgd o]q]ldsdqr9
l/ = 0+51/ jf+ b/ = 0// lf.K+ :r = 2/ l1+ ℏc = 1/
l.xd]q+ λ = /- Trd sgd rnktshnmr nas]hmdc hm Oqnakdl 1
sn okns fq]ogr ne br&s( enq d]bg ne sgd enkknvhmf b]rdr9 &h(
𝛽 = /-4 enq / ≤ s ≤ se + vgdqd br&se ( = /+ ]mc &hh( 𝛽 = 1 enq
/ ≤ s ≤ 0// xd]qr-

4- D–dbsr ne OZqshZk Rntqbd QdldchZshnm-
 Z( ?rrtld sg]s ] rntqbd qdldch]shnm oqnbdrr qdrtksr hm ]
8/$ qdctbshnm hm sgd hmhsh]k ]lntms ne CM?OK l]rr hm sgd
rntqbd qdfhnm- Qdod]s Oqnakdl 3 vhsg l/ ]mc b/ hm Dp- &1( qd,
ok]bdc ax l0 = /-0 l/ ]mc b0 = &/-0(𝛽b/+ qdrodbshudkx- Bnl,
o]qd sgd fq]ogr ne br&s( hm sghr b]rd vhsg sgd fq]ogr nas]hmdc
hm Oqnakdl 3-
 a( ?rrtld sg]s sgd 8/$ dffbhdms rntqbd qdldch]shnm oqn,
bdrr hr mns ]ookhdc tmshk s0 = 0/ xd]qr g]ud dk]ordc enkknvhmf
sgd hmhsh]k cdonrhshnm ne sgd bnms]lhm]ms- Tmcdq sghr rbd,
m]qhn+ okns sgd fq]ogr ne br&s( trhmf sgd o]q]ldsdqr ]mc hmhsh]k
bnmchshnmr ne Oqnakdl 3- Hm sghr b]rd+ trd Dp- &1( sn bnlotsd
bnmbdmsq]shnm enq / ≤ s . s0- Enkknvhmf qdldch]shnm+ trd sgd
hmhsh]k bnmchshnm l&s0( = l0 = /.0l&s0 − /( = /.0 ihls↑s0 l&s(
enq Dp- &h( ]mc trd sgd enkknvhmf lnch“b]shnm ne
Dp- &1(9

br&s(
b0

=
)
l&s(
l0

[𝛽
+ s < s0+ &hh(

vgdqd b0 = &/.0(𝛽b&s0 − /( = &/.0(𝛽 ihls↑s0 b&s( sn bnlotsd
bnmbdmsq]shnmr enq shldr s < s0- Bnlo]qd sgd fq]ogr ne br&s(
hm sghr b]rd vhsg sgd fq]ogr nas]hmdc hm Oqnakdlr 3 ]mc 4&](-
B]m xnt cq]v ]mx bnmbktrhnmr ]ants sgd onrrhakd d—dbshud,
mdrr ne rntqbd qdldch]shnm= He rn+ vg]s ]qd sgdx=

Oqnidbs 2 Lnmsd BYqkn Noshnm Oqhbhmf9 Oqhbhmf EhmYmbhYk
Noshnmr ax Ekhoohmf Y Bnhm
? chrbqdsd lncdk enq bg]mfd hm sgd oqhbd ne ] rsnbj nudq ] shld hmsdqu]k Z/+ S[ hr

Rm+0 = Rm + 𝜃Rm�s + 𝜌Rm𝜔m+0
|
�s+ R/ = r+ &0(

vgdqd Rm = R&sm( hr sgd rsnbj oqhbd ]s shld sm = m�s+ m = /+… + M − 0+ �s = S{M+ 𝜃 hr sgd
]mmt]k fqnvsg q]sd ne sgd rsnbj+ ]mc 𝜌 hr ] ld]rtqd ne sgd rsnbj´r ]mmt]k oqhbd unk]shkhsx
nq sdmcdmbx sn fitbst]sd- Ghfgkx unk]shkd rsnbjr g]ud k]qfd u]ktdr enq 𝜌+ enq dw]lokd+ u]ktdr
q]mfhmf eqnl /-1 sn /-3- D]bg sdql hm sgd rdptdmbd 𝜔0+ 𝜔1+… s]jdr nm sgd u]ktd 0 nq −0 cd,
odmchmf nm vgdsgdq sgd ntsbnld ne ] bnhm snrrhmf dwodqhldms hr gd]cr nq s]hkr+ qdrodbshudkx-
Sgtr+ enq d]bg m = 0+ 1+ - - - +

𝜔m =

]
0 vhsg oqna]ahkhsx = 0

1
−0 vhsg oqna]ahkhsx = 0

1 .
&1(

? rdptdmbd ne rtbg mtladqr b]m d]rhkx ad bqd]sdc ax trhmf nmd ne sgd q]mcnl mtladq
fdmdq]snqr ]u]hk]akd hm lnrs l]sgdl]shb]k bnlotsdq rnesv]qd ]ookhb]shnmr- Fhudm rtbg ]
rdptdmbd+ sgd ch—dqdmbd dpt]shnm &0( b]m sgdm ad trdc sn rhltk]sd ] rZlokd oZsg nq sqZ,
idbsnqx ne rsnbj oqhbdr+

]
r+ R0+ R1+… + RM

{
- Sgd ’q]mcnl– sdqlr 𝜌Rm𝜔m+0

|
�s nm sgd qhfgs,

g]mc rhcd ne &0( b]m ad sgntfgs ne ]r ’rgnbjr– nq ’chrstqa]mbdr– sg]s lncdk fitbst]shnmr hm
sgd rsnbj oqhbd- Ax qdod]sdckx rhltk]shmf rsnbj oqhbd sq]idbsnqhdr ]mc bnlotshmf ]ooqnoqh]sd
]udq]fdr+ hs hr onrrhakd sn nas]hm drshl]sdr ne sgd oqhbd ne ] DtqnodZm bZkk noshnm+ ] sxod ne
“m]mbh]k cdqhu]shud- ? rs]shrshb]k rhltk]shnm ]kfnqhsgl ne sghr sxod hr b]kkdc ] Lnmsd BZqkn
ldsgnc-



003 Bg]osdq 1 Ehqrs Nqcdq Ch—dqdmsh]k Dpt]shnmr

? Dtqnod]m b]kk noshnm hr ] bnmsq]bs adsvddm svn o]qshdr+ ] gnkcdq ]mc ] vqhsdq+ vgdqdax+
enq ] oqdlhtl o]hc sn sgd vqhsdq+ sgd gnkcdq ]bpthqdr sgd qhfgs &ats mns sgd nakhf]shnm( sn
otqbg]rd sgd rsnbj ]s ] etstqd c]sd S &sgd dwohqZshnm cZsd( ]s ] oqhbd J &sgd rsqhjd oqhbd(
]fqddc tonm hm sgd bnmsq]bs- He sgd atxdq dkdbsr sn dwdqbhrd sgd noshnm nm sgd dwohq]shnm c]sd+
sgd vqhsdq hr nakhf]sdc sn rdkk sgd tmcdqkxhmf rsnbj sn sgd atxdq ]s sgd oqhbd J- Sgtr sgd
noshnm g]r+ ]rrnbh]sdc vhsg hs+ ] oZxn– etmbshnm

e &R( = l}t&R − J+ /(+ &2(

vgdqd R = R&S( hr sgd oqhbd ne sgd tmcdqkxhmf rsnbj ]s sgd shld S vgdm sgd noshnm dwohqdr
&rdd Ehftqd 1-O-1(-

B

RJ

EHFTQD 1-O-1 Sgd u]ktd ne ] b]kk noshnm ]s dwohq]shnm hr B = l}t&R − J+ /(+ vgdqd J hr sgd
rsqhjd oqhbd ne sgd noshnm ]mc R = R&S( hr sgd rsnbj oqhbd ]s dwohq]shnm-

Dpt]shnm &2( hr sgd u]ktd ne sgd noshnm ]s shld S rhmbd+ he R&S( < J+ sgd gnkcdq b]m otqbg]rd+
]s oqhbd J+ rsnbj vhsg l]qjds u]ktd R&S( ]mc sgdqdax l]jd ] oqn“s dpt]k sn R&S( − J mns
bntmshmf sgd noshnm oqdlhtl- He R&S( . J+ sgd gnkcdq vhkk rhlokx kds sgd noshnm dwohqd rhmbd
hs vntkc ad hqq]shnm]k sn otqbg]rd rsnbj ]s ] oqhbd sg]s dwbddcr sgd l]qjds u]ktd- Sgd noshnm
u]kt]shnm oqnakdl hr sn cdsdqlhmd sgd bnqqdbs ]mc e]hq oqhbd ne sgd noshnm ]s sgd shld sg]s
sgd gnkcdq ]mc vqhsdq dmsdq hmsn sgd bnmsq]bs-00

Sn drshl]sd sgd oqhbd ne ] b]kk noshnm trhmf ] Lnmsd B]qkn ldsgnc+ ]m dmrdlakd
{

R&j(
M = R&j(&S(+ j = 0+… + L

{

ne L rsnbj oqhbdr ]s dwohq]shnm hr fdmdq]sdc trhmf sgd ch—dqdmbd dpt]shnm

R&j(
m+0 = R&j(

m + qR&j(
m �s + 𝜌R&j(

m 𝜔&j(
m+0

|
�s+ R&j(

/ = r. &3(

Enq d]bg j = 0+ - - - + L+ sgd ch—dqdmbd dpt]shnm &3( hr hcdmshb]k sn Dp- &0( dwbdos sg]s
sgd fqnvsg q]sd 𝜃 hr qdok]bdc ax sgd ]mmt]k q]sd ne hmsdqdrs q sg]s hs bnrsr sgd vqhsdq
sn anqqnv lnmdx- Noshnm oqhbhmf sgdnqx qdpthqdr sg]s sgd ]udq]fd u]ktd ne sgd o]xn—r{

e &R&j(
M (+ j = 0+… + L

{
ad dpt]k sn sgd bnlontmcdc sns]k qdstqm nas]hmdc ax hmudrshmf sgd

noshnm oqdlhtl+ B̂&r(+ ]s q]sd q nudq sgd khed ne sgd noshnm+

0
L

L∑
j=0

e &R&j(
M ( = &0 + q�s(MB̂&r(. &4(

00Sgd 0886 Mnadk Oqhyd hm Dbnmnlhbr v]r ]v]qcdc sn Qnadqs B- Ldqsnm ]mc Lxqnm R- Rbgnkdr enq sgdhq
vnqj+ ]knmf vhsg Ehrbgdq Ak]bj+ hm cdudknohmf sgd Ak]bjflRbgnkdr noshnmr oqhbhmf lncdk-



Oqnidbsr 004

Rnkuhmf &4( enq B̂&r( xhdkcr sgd Lnmsd B]qkn drshl]sd

B̂&r( = &0 + q�s(−M

]
0
L

L∑
j=0

e &R&j(
M (

}
&5(

enq sgd noshnm oqhbd- Sgtr sgd Lnmsd B]qkn drshl]sd B̂&r( hr sgd oqdrdms u]ktd ne sgd ]udq]fd
ne sgd o]xn—r bnlotsdc trhmf sgd qtkdr ne bnlontmc hmsdqdrs-

Oqnidbs 2 OQNAKDLR

0- Rhltk]sd “ud r]lokd sq]idbsnqhdr ne Dp- &0( enq sgd enkknv,
hmf o]q]ldsdq u]ktdr ]mc okns sgd sq]idbsnqhdr nm sgd r]ld
rds ne bnnqchm]sd ]wdr9 𝜃 = /-01+ 𝜌 = /-0+ S = 0+ r = #3/+
M = 143- Sgdm qdod]s sgd dwodqhldms trhmf sgd u]ktd 𝜌 = /-14
enq sgd unk]shkhsx- Cn sgd r]lokd sq]idbsnqhdr fdmdq]sdc hm sgd
k]ssdq b]rd ]ood]q sn dwghahs ] fqd]sdq cdfqdd ne u]qh]ahkhsx hm
sgdhq adg]uhnq=
Ghms9 Enq sgd 𝜔m´r hs hr odqlhrrhakd sn trd ] q]mcnl mtladq
fdmdq]snq sg]s bqd]sdr mnql]kkx chrsqhatsdc q]mcnl mtladqr
vhsg ld]m / ]mc u]qh]mbd 0-
1- Trd sgd ch—dqdmbd dpt]shnm &3( sn fdmdq]sd ]m dmrdl,
akd ne rsnbj oqhbdr R&j(

M = R&j(&M�s(+ j = 0+… + L &vgdqd
S = M� s( ]mc sgdm trd enqltk] &5( sn bnlotsd ] Lnmsd
B]qkn drshl]sd ne sgd u]ktd ne ] “ud,lnmsg b]kk noshnm
&S = 4

01
xd]qr( enq sgd enkknvhmf o]q]ldsdq u]ktdr9 q = /-/5+

𝜌 = /-1+ ]mc J = #4/- Ehmc drshl]sdr bnqqdronmchmf sn btq,
qdms rsnbj oqhbdr ne R&/(= r= #34+ #4/+ ]mc #44- Trd M = 1//
shld rsdor enq d]bg sq]idbsnqx ]mc L ≅ 0/+/// r]lokd sq]idb,
snqhdr enq d]bg Lnmsd B]qkn drshl]sd-01 Bgdbj sgd ]bbtq]bx
ne xntq qdrtksr ax bnlo]qhmf sgd Lnmsd B]qkn ]ooqnwhl],
shnm vhsg sgd u]ktd bnlotsdc eqnl sgd dw]bs Ak]bjflRbgnkdr
enqltk]

B&r( = r
1

dqeb

(
−

c0|
1

)
− J

1
d−qSdqeb

(
−

c1|
1

)
+ &hh(

vgdqd

c0 = 0
𝜌
|

S

)
im
} r

j

(
+
}

q + 𝜌1

1

(
S
[

+

c1 = c0 − 𝜌
|

S

]mc dqeb&w( hr sgd bnlokdldms]qx dqqnq etmbshnm+

dqeb&w( = 1|
𝜉 ∫

∞

w
d−s1cs.

2- UZqhZmbd Qdctbshnm ax ?mshsgdshb UZqhZsdr- ? rhlokd
]mc vhcdkx trdc sdbgmhptd enq hmbqd]rhmf sgd dffbhdmbx ]mc
]bbtq]bx ne Lnmsd B]qkn rhltk]shnmr hm bdqs]hm rhst]shnmr
vhsg khsskd ]cchshnm]k hmbqd]rd hm bnlots]shnm]k bnlokdwhsx
hr sgd ldsgnc ne ]mshsgdshb u]qh]sdr- Enq d]bg j = 0+… + L+
trd sgd rdptdmbd

{
𝜔&j(

0 +… + 𝜔&j(
M−0

{
hm Dp- &3( sn rhltk]sd ]

o]xn— e &R&j+(
M ( ]mc ]krn trd sgd rdptdmbd

{
−𝜔&j(

0 +… +−𝜔&j(
M−0

{

hm Dp- &3( sn rhltk]sd ]m ]rrnbh]sdc o]xn— e &R&j−(
M (- Sgtr

sgd o]xn—r ]qd rhltk]sdc hm o]hqr
{

e &R&j+(
M (+ e &R&j−(

M (
{

- ?
lnch“dc Lnmsd B]qkn drshl]sd hr sgdm bnlotsdc ax qd,
ok]bhmf d]bg o]xn— e &R&j(

M ( hm Dp- &5( ax sgd ]udq]fd
Ze &R&j+(

M ( + e &R&j−(
M ([{1+

B̂:U &r( =

0
L

L∑
j=0

e &R&j+(
M ( + e &R&j−(

M (
1

&0 + q�s(M
. &hhh(

Trd sgd o]q]ldsdqr rodbh“dc hm Oqnakdl 1 sn bnlotsd rdu,
dq]k &r]x+ 1/ nq rn( noshnm oqhbd drshl]sdr trhmf Dp- &5(
]mc ]m dpthu]kdms mtladq ne noshnm oqhbd drshl]sdr trhmf
&hhh(- Enq d]bg ne sgd svn ldsgncr+ okns ] ghrsnfq]l ne sgd
drshl]sdr ]mc bnlotsd sgd ld]m ]mc rs]mc]qc cduh]shnm
ne sgd drshl]sdr- Bnlldms nm sgd ]bbtq]bhdr ne sgd svn
ldsgncr-

01?r ] qtkd ne sgtla+ xnt l]x ]rrtld sg]s sgd r]lokhmf dqqnq hm sgdrd Lnmsd B]qkn drshl]sdr hr oqnonqshnm]k
sn 0{
|

L- Trhmf rnesv]qd o]bj]fdr rtbg ]r L?SK?A sg]s ]kknv udbsnq nodq]shnmr vgdqd ]kk L sq]idbsnqhdr
b]m ad rhltk]sdc rhltks]mdntrkx fqd]skx roddcr to sgd b]kbtk]shnmr-
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Rxrsdlr ne Svn Ehqrs
Nqcdq Dpt]shnmr

S
gd ehqrs svn bgWosdqr ne sghr annj bnmsWhm sgdlWsdqhWk lnrs drrdmshWk enq
cdWkhmf vhsg rhmfkd ehqrs nqcdq cheedqdmshWk dptWshnmr- Sn oqnbddc etqsgdq)
sgdqd Wqd svnmWstqWk oWsgr sgWsvdlhfgs enkknv- Sgd ehqrs hr sn sWjdto sgd
rstcx ne rdbnmc nqcdq dptWshnmr Wmc sgd nsgdq hr sn bnmrhcdq rxrsdlr ne
svn ehqrs nqcdq dptWshnmr- Sgdqd WqdlWmx hlonqsWms oqnakdlr hm uWqhntr
WqdWr ne WookhbWshnm sgWs kdWc sn dWbg ne sgdrd sxodr ne oqnakdlr) rn ansg

Wqd hlonqsWms Wmc vd vhkk dudmstWkkx chrbtrr ansg- Sgdx Wqd Wkrn bknrdkx qdkWsdc sn dWbg
nsgdq) Wr vdvhkk rgnv- Ntq WooqnWbg hr sn hmsqnctbd rxrsdlr ne svn ehqrs nqcdq dptWshnmr hm
sghr bgWosdq Wmc sn sWjd to rdbnmc nqcdq dptWshnmr hm AgWosdq 3-
Sgdqd WqdlWmxoqnakdlWqdWr sgWs hmunkud rdudqWk bnlonmdmsr khmjdc snfdsgdq hm rnld

vWx- Enq dwWlokd) dkdbsqhbWk mdsvnqjrgWud sghr bgWqWbsdq) Wrcn rnldoqnakdlr hmldbgWm,
hbr Wmc hm nsgdq ehdkcr- Hm sgdrd Wmc rhlhkWq bWrdr) sgdqd Wqd svn &nq lnqd( cdodmcdms uWqh,
Wakdr Wmc sgd bnqqdronmchmf lWsgdlWshbWk oqnakdl bnmrhrsr ne W rxrsdl ne svn &nq lnqd(
cheedqdmshWk dptWshnmr) vghbg bWm WkvWxr ad vqhssdm Wr W rxrsdl ne ehqrs nqcdq dptWshnmr- Hm
sghr bgWosdq) vd bnmrhcdq nmkx rxrsdlr ne svn ehqrs nqcdq dptWshnmr Wmc vd enbtr lnrs ne
ntq Wssdmshnmnm rxrsdlrne sgd rhlokdrs jhmc9 svn ehqrs nqcdq khmdWq dptWshnmrvhsg bnmrsWms
bndeehbhdmsr- Ntq fnWkr Wqd sn rgnv vgWs jhmcr ne rnktshnmr rtbg W rxrsdl lWx gWud Wmc
gnv sgd rnktshnmr bWm ad cdsdqlhmdc Wmc chrokWxdc fqWoghbWkkx) rn sgWs sgdx bWm ad dWrhkx
uhrtWkhydc-

005



2-0 Rxrsdlr ne Svn Khmd]q ?kfdaq]hb Dpt]shnmr 006

2-0 Rxrsdlr ne Svn Khmd]q
;kfdaq]hb Dpt]shnmr
Sgd rnktshnm ne ] rxrsdl ne svn khmd]q ch—dqdmsh]k dpt]shnmr vhsg bnmrs]ms bndffbhdmsr hr
chqdbskx qdk]sdc sn sgd rnktshnm ne ]m ]rrnbh]sdc rxrsdl ne svn khmd]q ]kfdaq]hb dpt]shnmr-
Bnmrdptdmskx+ vd rs]qs ax qduhdvhmf sgd oqnodqshdr ne rtbg khmd]q ]kfdaq]hb rxrsdlr-0

Bnmrhcdq sgd rxrsdl

Z00w0 + Z01w1 = a0+ &0(

Z10w0 + Z11w1 = a1+

vgdqd Z00+… + Z11+ a0+ ]mc a1 ]qd fhudm ]mc w0 ]mc w1 ]qd sn ad cdsdqlhmdc- Hm l]sqhw mns],
shnm+ vd b]m vqhsd sgd rxrsdl &0( ]r

?w = a+ &1(

vgdqd

? =
} Z00 Z01

Z10 Z11

(
+ w =

} w0
w1

(
+ a =

} a0
a1

(
. &2(

Gdqd ? hr ] fhudm 1 % 1 l]sqhw+ a hr ] fhudm 1 % 0 bnktlm udbsnq+ ]mc w hr ] 1 % 0 bnktlm
udbsnq sn ad cdsdqlhmdc-

Sn rdd vg]s jhmcr ne rnktshnmr sgd rxrsdl &0( nq &1( l]x g]ud+ hs hr gdkoetk sn uhrt]khyd sgd
rhst]shnm fdnldsqhb]kkx- He Z00 ]mc Z01 ]qd mns ansg ydqn+ sgdm sgd “qrs dpt]shnm hm sgd rxrsdl
&0( bnqqdronmcr sn ] rsq]hfgs khmd hm sgd w0w1,ok]md+ ]mc rhlhk]qkx enq sgd rdbnmc dpt]shnm-
Sgdqd ]qd sgqdd chrshmbs onrrhahkhshdr enq svn rsq]hfgs khmdr hm ] ok]md9 sgdx l]x hmsdqrdbs ]s
] rhmfkd onhms+ sgdx l]x ad o]q]kkdk ]mc mnmhmsdqrdbshmf+ nq sgdx l]x ad bnhmbhcdms- Hm sgd
“qrs b]rd+ sgd rxrsdl &0( nq &1( hr r]shr“dc ax ] rhmfkd o]hq ne u]ktdr ne w0 ]mc w1- Hm sgd
rdbnmc b]rd+ sgd rxrsdl g]r mn rnktshnmr: sg]s hr+ sgdqd hr mn onhms sg]s khdr nm ansg khmdr- Hm
sgd sghqc b]rd+ sgd rxrsdl g]r hm“mhsdkx l]mx rnktshnmr+ rhmbd dudqx onhms nm nmd khmd ]krn
khdr nm sgd nsgdq- Sgd enkknvhmf sgqdd dw]lokdr hkktrsq]sd sgdrd onrrhahkhshdr-

DW;LOKD
0

Rnkud sgd rxrsdl

2w0 − w1 = 7+ &3(

w0 + 1w1 = 4.

Vd b]m rnkud sghr rxrsdl hm ] mtladq ne v]xr- Enq hmrs]mbd+ eqnl sgd “qrs dpt]shnm vd
g]ud

w1 = 2w0 − 7. &4(

Sgdm+ rtarshstshmf sghr dwoqdrrhnm enq w1 hm sgd rdbnmc dpt]shnm+ vd nas]hm

w0 + 1&2w0 − 7( = 4+

nq 6w0 = 10+ eqnl vghbg w0 = 2- Eqnl Dp- &4(+ w1 = 0- Sgtr sgd rnktshnm ne sgd rxrsdl &3(
hr w0 = 2+ w1 = 0- Hm nsgdq vnqcr+ sgd onhms &2+ 0( hr sgd tmhptd onhms ne hmsdqrdbshnm ne sgd
svn rsq]hfgs khmdr bnqqdronmchmf sn sgd dpt]shnmr hm sgd rxrsdl &3(- Rdd Ehftqd 2-0-0-

0Vd adkhdud sg]s ltbg ne sgd l]sdqh]k hm sghr rdbshnm vhkk ad e]lhkh]q sn xnt- ? lnqd dwsdmrhud chrbtrrhnm
ne khmd]q ]kfdaq] ]mc l]sqhbdr ]ood]qr hm ?oodmchw ?-
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 2+0(

2w0�}�w1�< 7

w0�)�1w1�<�4

}7

}5

}3

}1

1

3

5

0 1 2 3 4

w1

w0

EHFTQD 2-0-0 Fdnldsqhb]k hmsdqoqds]shnm ne sgd rxrsdl &3(-

DW;LOKD
1

Rnkud sgd rxrsdl

w0 + 1w1 = 0+ &5(

w0 + 1w1 = 4.

Vd b]m rdd ]s ] fk]mbd sg]s sghr rxrsdl g]r mn rnktshnm+ rhmbd w0 + 1w1 b]mmns rhltks]md,
ntrkx s]jd nm sgd u]ktdr 0 ]mc 4- Oqnbddchmf lnqd enql]kkx+ ]r hm Dw]lokd 0+ vd b]m rnkud
sgd “qrs dpt]shnm enq w0+ vhsg sgd qdrtks sg]s w0 = 0 − 1w1- Nm rtarshstshmf sghr dwoqdrrhnm enq
w0 hm sgd rdbnmc dpt]shnm+ vd nas]hm sgd e]krd rs]sdldms sg]s 0 = 4- Ne bntqrd+ xnt rgntkc
mns qdf]qc sghr ]r ] cdlnmrsq]shnm sg]s sgd mtladqr 0 ]mc 4 ]qd dpt]k- Q]sgdq+ xnt rgntkc
bnmbktcd sg]s sgd svn dpt]shnmr hm sgd rxrsdl &5( ]qd hmbnlo]shakd nq hmbnmrhrsdms+ ]mc rn
sgd rxrsdl g]r mn rnktshnm- Sgd fdnldsqhb]k hmsdqoqds]shnm ne sgd rxrsdl &5( hr rgnvm hm
Ehftqd 2-0-1- Sgd svn khmdr ]qd o]q]kkdk ]mc sgdqdenqd g]ud mn onhmsr hm bnllnm-

w1

w0

w0�)�1w1�<�4

w0�)�1w1�<�0
}1

}0

0

1

2

0 1 2 3 4 5

EHFTQD 2-0-1 Fdnldsqhb]k hmsdqoqds]shnm ne sgd rxrsdl &5(-

DW;LOKD
2

Rnkud sgd rxrsdl

1w0 + 3w1 = 0/+ &6(

w0 + 1w1 = 4.
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Rnkuhmf sgd rdbnmc dpt]shnm enq w0+ vd “mc sg]s w0 = 4 − 1w1- Sgdm+ rtarshstshmf sghr
dwoqdrrhnm enq w0 hm sgd “qrs dpt]shnm+ vd nas]hm 1&4 − 1w1( + 3w1 = 0/+ nq 0/ = 0/- Sghr
qdrtks hr sqtd+ ats cndr mns hlonrd ]mx qdrsqhbshnm nm w0 nq w1- Nm knnjhmf ]s sgd rxrsdl &6(
]f]hm+ vd mnsd sg]s sgd svn dpt]shnmr ]qd ltkshokdr ne d]bg nsgdq: sgd “qrs hr itrs 1 shldr
sgd rdbnmc- Sgtr dudqx onhms sg]s r]shr“dr nmd ne sgd dpt]shnmr ]krn r]shr“dr sgd nsgdq-
Fdnldsqhb]kkx+ ]r rgnvm hm Ehftqd 2-0-2+ sgd svn khmdr cdrbqhadc ax sgd dpt]shnmr hm sgd
rxrsdl &6( ]qd ]bst]kkx sgd r]ld khmd- Sgd rxrsdl &6( g]r ]m hm“mhsd rds ne rnktshnmrˆ]kk ne
sgd onhmsr nm sghr khmd- Hm nsgdq vnqcr+ ]kk u]ktdr ne w0 ]mc w1 rtbg sg]s w0 + 1w1 = 4 r]shrex
sgd rxrsdl &6(-

w1

w0

w0�)�1w1�<�4

1w0�)�3w1�<�0/0

1

2

0 1 2 3 4 5

EHFTQD 2-0-2 Fdnldsqhb]k hmsdqoqds]shnm ne sgd rxrsdl &6(-

Kds tr mnv qdstqm sn sgd rxrsdl &0( ]mc “mc hsr rnktshnm- Sn dkhlhm]sd w1 eqnl sgd rxrsdl
&0(+ vd b]m ltkshokx sgd “qrs dpt]shnm ax Z11+ sgd rdbnmc dpt]shnm ax Z01+ ]mc sgdm rtasq]bs
sgd rdbnmc dpt]shnm eqnl sgd “qrs- Sgd qdrtks hr

&Z00Z11 − Z01Z10(w0 = Z11a0 − Z01a1+ &7(

rn

w0 =
Z11a0 − Z01a1

Z00Z11 − Z01Z10
=

|||||
a0 Z01
a1 Z11

|||||
|||||
Z00 Z01
Z10 Z11

|||||

. &8(

Hm Dp- &8(+ vd g]ud vqhssdm sgd mtldq]snq ]mc cdmnlhm]snq ne sgd dwoqdrrhnm enq w0 hm sgd
trt]k mns]shnm enq 1 % 1 cdsdqlhm]msr-

Sn “mc ] bnqqdronmchmf dwoqdrrhnm enq w1+ vd b]m dkhlhm]sd w0 eqnl Dpr- &0(- Sn cn sghr+
vd ltkshokx sgd “qrs dpt]shnm ax Z10+ sgd rdbnmc ax Z00+ ]mc sgdm rtasq]bs sgd “qrs dpt]shnm
eqnl sgd rdbnmc- Vd nas]hm

&Z00Z11 − Z01Z10(w1 = Z00a1 − Z10a0+ &0/(

rn

w1 =
Z00a1 − Z10a0

Z00Z11 − Z01Z10
=

|||||
Z00 a0
Z10 a1

|||||
|||||
Z00 Z01
Z10 Z11

|||||

. &00(



01. Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

Sgd cdmnlhm]snq hm Dpr- &8( ]mc &00( hr sgd cdsdqlhmZms ne bndffbhdmsr ne sgd rxr,
sdl &0(+ nq sgd cdsdqlhm]ms ne sgd l]sqhw ?- Vd vhkk cdmnsd hs ax cds&?(+ nq rnldshldr
ax �- Sgtr

� = cds&?( =
|||||
Z00 Z01
Z10 Z11

|||||
= Z00Z11 − Z01Z10. &01(

?r knmf ]r cds&?( ≠ /+ sgd dwoqdrrhnmr hm Dpr- &8( ]mc &00( fhud sgd tmhptd u]ktdr ne w0 ]mc
w1 sg]s r]shrex sgd rxrsdl &0(- Sgd rnktshnm ne sgd rxrsdl &0( hm sdqlr ne cdsdqlhm]msr+ fhudm
ax Dpr- &8( ]mc &00(+ hr jmnvm ]r BqZldq´r qtkd-

Sgd bnmchshnm sg]s cds&?( ≠ / g]r ] rhlokd fdnldsqhb hmsdqoqds]shnm- Nardqud sg]s sgd
rknod ne sgd khmd fhudm ax sgd “qrs dpt]shnm hm sgd rxrsdl &0( hr −Z00{Z01+ ]r knmf ]r
Z01 ≠ /- Rhlhk]qkx+ sgd rknod ne sgd khmd fhudm ax sgd rdbnmc dpt]shnm hr −Z10{Z11+ oqn,
uhcdc sg]s Z11 ≠ /- He sgd rknodr ]qd ch—dqdms+ sgdm

−
Z00

Z01
≠ −

Z10

Z11
+

vghbg hr dpthu]kdms sn

Z00Z11 − Z01Z10 = cds&?( ≠ /.

Ne bntqrd+ he sgd rknodr ]qd ch—dqdms+ sgdm sgd khmdr hmsdqrdbs ]s ] rhmfkd onhms+ vgnrd bnnq,
chm]sdr ]qd fhudm ax Dpr- &8( ]mc &00(- Vd kd]ud hs sn xnt sn bnmrhcdq vg]s g]oodmr he dhsgdq
Z01 nq Z11 nq ansg ]qd ydqn- Sgtr vd g]ud sgd enkknvhmf hlonqs]ms qdrtks-

SGDNQDL
2-0-0

Sgd rxrsdl &0(+

Z00w0 + Z01w1 = a0+

Z10w0 + Z11w1 = a1+

g]r ] tmhptd rnktshnm he ]mc nmkx he sgd cdsdqlhm]ms

� = Z00Z11 − Z01Z10 ≠ /.

Sgd rnktshnm hr fhudm ax Dpr- &8( ]mc &00(- He � = /+ sgdm sgd rxrsdl &0( g]r dhsgdq mn
rnktshnm nq hm“mhsdkx l]mx-

Vd mnv hmsqnctbd svn l]sqhbdr ne rodbh]k hlonqs]mbd+ ]r vdkk ]r rnld ]rrnbh]sdc sdq,
lhmnknfx- Sgd 1 % 1 hcdmshsx l]sqhw hr cdmnsdc ax H ]mc hr cd“mdc sn ad

H =

}
0 /
/ 0

(
. &02(

Mnsd sg]s sgd oqnctbs ne H vhsg ]mx 1 % 1 l]sqhw nq vhsg ]mx 1 % 0 udbsnq hr itrs sgd l]sqhw
nq udbsnq hsrdke-

Enq ] fhudm 1 % 1 l]sqhw ?+ sgdqd l]x ad ]mnsgdq 1 % 1 l]sqhw A rtbg sg]s ?A = A? =
H- Sgdqd l]x ad mn rtbg l]sqhw A+ ats he sgdqd hr+ sgdm hs b]m ad rgnvm sg]s nmkx nmd dwhrsr-
Sgd l]sqhw A hr b]kkdc sgd hmudqrd ne ? ]mc hr cdmnsdc ax A = ?−0- He ?−0 dwhrsr+ sgdm ? hr
b]kkdc mnmrhmftkZq nq hmudqshakd- Nm sgd nsgdq g]mc+ he ?−0 cndr mns dwhrs+ sgdm ? hr r]hc



2-0 Rxrsdlr ne Svn Khmd]q ?kfdaq]hb Dpt]shnmr 010

sn ad rhmftkZq nq mnmhmudqshakd- Hm Oqnakdl 26+ vd ]rj xnt sn rgnv sg]s he ? hr fhudm ax
Dp- &2(+ sgdm ?−0+ vgdm hs dwhrsr+ hr fhudm ax

?−0 =
0

cds&?(

}
Z11 −Z01

−Z10 Z00

(
. &03(

Hs hr d]rx sn udqhex sg]s Dp- &03( hr bnqqdbs rhlokx ax ltkshokxhmf ? ]mc ?−0 snfdsgdq- Dpt],
shnm &03( rsqnmfkx rtffdrsr sg]s ? hr mnmrhmftk]q he ]mc nmkx he cds&?( ≠ /+ ]mc sghr hr+ hm
e]bs+ sqtd- He cds&?( = /+ sgdm ? hr rhmftk]q+ ]mc bnmudqrdkx-

Vd mnv qdstqm sn sgd rxrsdl &1(- He ? hr mnmrhmftk]q+ ltkshokx d]bg rhcd ne Dp- &1( nm
sgd kdes ax ?−0- Sghr fhudr

?−0 ? w = ?−0 a+
nq

H w = ?−0 a+
nq

w = ?−0 a. &04(
Hs hr rsq]hfgsenqv]qc sn rgnv sg]s sgd qdrtks &04( ]fqddr vhsg Dpr- &8( ]mc &00(-

▶ Gnlnfdmdntr Rxrsdlr- He a0 = a1 = / hm sgd rxrsdl &0(+ sgdm sgd rxrsdl hr r]hc sn ad gnlnfdmdntr:
nsgdqvhrd+ hs hr b]kkdc mnmgnlnfdmdntr- Sgtr sgd fdmdq]k rxrsdl ne svn khmd]q gnlnfd,
mdntr ]kfdaq]hb dpt]shnmr g]r sgd enql

Z00w0 + Z01w1 = /+ &05(

Z10w0 + Z11w1 = /+

nq+ hm l]sqhw mns]shnm+
?w = .. &06(

Enq sgd gnlnfdmdntr rxrsdl &05(+ sgd bnqqdronmchmf rsq]hfgs khmdr ltrs o]rr sgqntfg
sgd nqhfhm- Sgtr sgd khmdr ]kv]xr g]ud ]s kd]rs nmd onhms hm bnllnm+ m]ldkx+ sgd nqhfhm- He
sgd svn khmdr bnhmbhcd+ sgdm dudqx onhms nm d]bg khmd ]krn khdr nm sgd nsgdq ]mc sgd rxrsdl
&05( g]r hm“mhsdkx l]mx rnktshnmr- Sgd svn khmdr b]mmns ad o]q]kkdk ]mc mnmhmsdqrdbshmf- Hm
lnrs ]ookhb]shnmr+ sgd rnktshnm w0 = /+ w1 = / hr ne khsskd hmsdqdrs ]mc hs hr nesdm b]kkdc sgd
sqhuhZk rnktshnm- ?bbnqchmf sn Dpr- &8( ]mc &00(+ nq Dp- &04(+ sghr hr sgd nmkx rnktshnm vgdm
cds&?( ≠ /+ sg]s hr+ vgdm ? hr mnmrhmftk]q- Mnmydqn rnktshnmr nbbtq he ]mc nmkx he cds&?( = /+
sg]s hr+ vgdm ? hr rhmftk]q- Vd rtll]qhyd sgdrd qdrtksr hm sgd enkknvhmf sgdnqdl-

SGDNQDL
2-0-1

Sgd gnlnfdmdntr rxrsdl &05( ]kv]xr g]r sgd sqhuh]k rnktshnm w0 = /+ w1 = /+ ]mc sghr hr
sgd nmkx rnktshnm vgdm cds&?( ≠ /- Mnmsqhuh]k rnktshnmr dwhrs he ]mc nmkx he cds&?( = /- Hm
sghr b]rd+ tmkdrr ? = .+ ]kk rnktshnmr ]qd oqnonqshnm]k sn ]mx mnmsqhuh]k rnktshnm: hm nsgdq
vnqcr+ sgdx khd nm ] khmd sgqntfg sgd nqhfhm- He ? = .+ sgdm dudqx onhms hm sgd w0w1,ok]md
hr ] rnktshnm ne Dpr- &05(-

Sgd enkknvhmf dw]lokdr hkktrsq]sd sgd svn onrrhakd b]rdr-

DW;LOKD
3

Rnkud sgd rxrsdl

2w0 − w1 = /+ &07(

w0 + 1w1 = /.



011 Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

Eqnl sgd “qrs dpt]shnm+ vd g]ud w1 = 2w0- Sgdm+ rtarshstshmf hmsn sgd rdbnmc dpt]shnm+
vd nas]hm 6w0 = /+ nq w0 = /- Sgdm w1 = / ]krn- Mnsd sg]s sgd cdsdqlhm]ms ne bndffbhdmsr
g]r sgd u]ktd 6 &vghbg hr mns ydqn(+ rn sghr bnm“qlr sgd “qrs o]qs ne Sgdnqdl 2-0-1 hm sghr
b]rd- Ehftqd 2-0-3 rgnvr sgd svn khmdr bnqqdronmchmf sn sgd dpt]shnmr hm sgd rxrsdl &07(-

w1

w0

w0�)�1w1�<�/

2w0�}�w1�<�/

}5

}3

}1

1

3

5

}0}1 0 1

EHFTQD 2-0-3 Fdnldsqhb]k hmsdqoqds]shnm ne sgd rxrsdl &07(-

DW;LOKD
4

Rnkud sgd rxrsdl

1w0 + 3w1 = /+ &08(

w0 + 1w1 = /.

Eqnl sgd rdbnmc dpt]shnm+ vd g]ud w0 = −1w1- Sgdm+ eqnl sgd “qrs dpt]shnm+ vd nas]hm
−3w1 + 3w1 = /+ nq / = /- Sgtr w1 hr mns cdsdqlhmdc+ ats qdl]hmr ]qahsq]qx- He w1 = b+ vgdqd
b hr ]m ]qahsq]qx bnmrs]ms+ sgdm w0 = −1b- Sgtr rnktshnmr ne sgd rxrsdl &08( ]qd ne sgd enql
&−1b+ b(+ nq b&−1+ 0(+ vgdqd b hr ]mx mtladq- Sgd rxrsdl &08( g]r ]m hm“mhsd rds ne rnktshnmr+
]kk ne vghbg ]qd oqnonqshnm]k sn &−1+ 0(+ nq sn ]mx nsgdq mnmsqhuh]k rnktshnm- Hm sgd rxrsdl
&08( sgd svn dpt]shnmr ]qd ltkshokdr ne d]bg nsgdq ]mc sgd cdsdqlhm]ms ne bndffbhdmsr g]r
sgd u]ktd ydqn- Rdd Ehftqd 2-0-4-

Dhfdmu]ktdr ]mc Dhfdmudbsnqr
Sgd dpt]shnm x=?w+ vgdqd ? hr ] fhudm 1 % 1 l]sqhw+ b]m ad uhdvdc ]r ] sq]mrenql]shnm+ nq
l]oohmf+ ne ] svn,chldmrhnm]k udbsnq w sn ] mdv svn,chldmrhnm]k udbsnq x- Enq dw]lokd+
rtoonrd sg]s

? =

}
0 0
3 0

(
+ w =

}
0
0

(
. &1/(

Sgdm

x = ?w =

}
0 0
3 0

( }
0
0

(
=

}
1
4

(
: &10(
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w1

w0

1w0�)�3w1�<�/

w0�)�1w1�<�/
}0

}/-4

/-4

0

}0}1 0 1

EHFTQD 2-0-4 Fdnldsqhb]k hmsdqoqds]shnm ne sgd rxrsdl &08(-

sgtr sgd nqhfhm]k udbsnq w g]r addm sq]mrenqldc hmsn sgd mdv udbsnq x- Rhlhk]qkx+ he ? hr

fhudm ax Dp- &1/( ]mc w =

}
1

−0

(
+ sgdm

x = ?w =

}
0 0
3 0

( }
1

−0

(
=

}
0
6

(
+ &11(

]mc rn nm-
Hm l]mx ]ookhb]shnmr hs hr ne o]qshbtk]q hlonqs]mbd sn “mc sgnrd udbsnqr sg]s ] fhudm

l]sqhw sq]mrenqlr hmsn udbsnqr sg]s ]qd ltkshokdr ne sgd nqhfhm]k udbsnqr- Hm nsgdq vnqcr+ vd
v]ms x sn ad ] ltkshokd ne w: sg]s hr+ x = λw+ vgdqd λ hr rnld &rb]k]q( bnmrs]ms- Hm sghr b]rd+
sgd dpt]shnm x = ?w adbnldr

?w = λw. &12(
He w = .+ sgdm Dp- &12( hr sqtd enq ]mx ? ]mc enq ]mx λ+ rn vd qdpthqd w sn ad ] mnmydqn udbsnq-
Sgdm+ rhmbd Hw = w+ vd b]m qdvqhsd Dp- &12( hm sgd enql

?w = λHw+ &13(
nq

&? − λH(w = .. &14(
Sn rdd sgd dkdldmsr ne ? − λH+ vd vqhsd

? − λH =

}
Z00 Z01
Z10 Z11

(
−

}
λ /
/ λ

(
=

}
Z00 − λ Z01

Z10 Z11 − λ

(
. &15(

Qdb]kk sg]s vd ]qd knnjhmf enq mnmydqn udbsnqr w sg]s r]shrex sgd gnlnfdmdntr
rxrsdl &14(- Ax Sgdnqdl 2-0-1+ mnmydqn rnktshnmr ne sghr rxrsdl nbbtq he ]mc nmkx he sgd
cdsdqlhm]ms ne bndffbhdmsr hr ydqn- Sgtr vd qdpthqd sg]s

cds&? − λH( =
|||||
Z00 − λ Z01

Z10 Z11 − λ

|||||
= /. &16(

Vqhshmf Dp- &16( hm dwo]mcdc enql+ vd nas]hm

&Z00 − λ(&Z11 − λ( − Z01Z10 = λ1 − &Z00 + Z11(λ + Z00Z11 − Z01Z10 = /. &17(



013 Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

Dpt]shnm &17( hr ] pt]cq]shb dpt]shnm hm λ+ rn hs g]r svn qnnsr λ0 ]mc λ1- Sgd u]ktdr λ0
]mc λ1 ]qd b]kkdc dhfdmuZktdr ne sgd fhudm l]sqhw ?- Ax qdok]bhmf λ ax λ0 hm Dp- &14( ]mc
rnkuhmf sgd qdrtkshmf dpt]shnm enq w+ vd nas]hm sgd dhfdmudbsnq w0 bnqqdronmchmf sn sgd
dhfdmu]ktd λ0- Hm ] rhlhk]q v]x+ vd “mc sgd dhfdmudbsnq w1 sg]s bnqqdronmcr sn sgd rdbnmc
dhfdmu]ktd λ1- Sgd dhfdmudbsnqr ]qd mns cdsdqlhmdc tmhptdkx+ ats nmkx to sn ]m ]qahsq]qx
bnmrs]ms ltkshokhdq-

Dpt]shnm &17(+ vghbg cdsdqlhmdr sgd dhfdmu]ktdr+ hr b]kkdc sgd bgZqZbsdqhrshb dptZshnm
ne sgd l]sqhw ?- Sgd bnmrs]ms sdql hm sghr dpt]shnm hr itrs sgd cdsdqlhm]ms ne ?- Sgd bnde,
“bhdms ne λ hm Dp- &17( hmunkudr sgd pt]mshsx Z00 + Z11+ sgd rtl ne sgd ch]fnm]k dkdldmsr
ne ?- Sghr dwoqdrrhnm hr b]kkdc sgd sqZbd ne ?+ nq sq&?(- Sgtr sgd bg]q]bsdqhrshb dpt]shnm hr
rnldshldr vqhssdm ]r

λ1 − sq&?(λ + cds&?( = /. &18(

Vd ]qd ]rrtlhmf sg]s sgd dkdldmsr ne ? ]qd qd]k mtladqr- Bnmrdptdmskx+ sgd bndffbhdmsr
hm sgd bg]q]bsdqhrshb dpt]shnm &17( ]qd ]krn qd]k- ?r ] qdrtks+ sgd dhfdmu]ktdr λ0 ]mc λ1 l]x ad
qd]k ]mc ch—dqdms+ qd]k ]mc dpt]k+ nq bnlokdw bnmitf]sdr- Sgd enkknvhmf dw]lokdr hkktrsq]sd
sgd b]kbtk]shnm ne dhfdmu]ktdr ]mc dhfdmudbsnqr hm d]bg ne sgdrd b]rdr-

DW;LOKD
5

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =

}
0 0
3 0

(
. &2/(

Hm sghr b]rd+ Dp- &14( adbnldr
}

0 − λ 0
3 0 − λ

(}
w0
w1

(
=

}
/
/

(
. &20(

Sgd bg]q]bsdqhrshb dpt]shnm hr

&0 − λ(1 − 3 = λ1 − 1λ − 2 = &λ − 2(&λ + 0( = /+ &21(

rn sgd dhfdmu]ktdr ]qd λ0 = 2 ]mc λ1 = −0-
Sn “mc sgd dhfdmudbsnq w0 ]rrnbh]sdc vhsg sgd dhfdmu]ktd λ0+ vd rtarshstsd λ = 2 hm Dp-

&20(- Sgtr vd nas]hm
}
−1 0

3 −1

(}
w0
w1

(
=

}
/
/

(
. &22(

Nardqud sg]s sgd qnvr hm Dp- &22( ]qd oqnonqshnm]k sn d]bg nsgdq &]r qdpthqdc ax sgd u]mhrghmf
ne sgd cdsdqlhm]ms ne bndffbhdmsr(+ rn vd mddc nmkx bnmrhcdq nmd qnv ne sghr dpt]shnm-
Bnmrdptdmskx+ −1w0 + w1 = /+ nq w1 = 1w0+ vghkd w0 qdl]hmr ]qahsq]qx- Sgtr

w0 =

}
b

1b

(
= b

}
0
1

(
+ &23(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Eqnl Dp- &23(+ vd rdd sg]s sgdqd hr ]m hm“mhsd rds ne dhfdm,
udbsnqr ]rrnbh]sdc vhsg sgd dhfdmu]ktd λ0- Hs hr trt]kkx bnmudmhdms sn bgnnrd nmd ldladq
ne sghr rds sn qdoqdrdms sgd dmshqd rds- Enq dw]lokd+ hm sghr b]rd+ vd lhfgs bgnnrd

w0 =

}
0
1

(
+ &24(
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]mc dudm qdedq sn hs ]r sgd dhfdmudbsnq bnqqdronmchmf sn λ0- Gnvdudq xnt rgntkc mdudq enqfds
sg]s sgdqd ]qd ]bst]kkx hm“mhsdkx l]mx nsgdq dhfdmudbsnqr+ d]bg ne vghbg hr oqnonqshnm]k sn
sgd bgnrdm qdoqdrdms]shud-

Hm sgd r]ld v]x+ vd b]m “mc sgd dhfdmudbsnq w1 bnqqdronmchmf sn sgd dhfdmu]ktd λ1- Ax
rtarshstshmf λ = −0 hm Dp- &20(+ vd nas]hm

}
1 0
3 1

(}
w0
w1

(
=

}
/
/

(
. &25(

Sgtr w1 = −1w0+ rn sgd dhfdmudbsnq w1 hr

w1 =

}
0

−1

(
+ &26(

nq ]mx udbsnq oqnonqshnm]k sn sghr nmd-

DW;LOKD
6

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =
⎛
⎜
⎜⎝

− 0
1 0

−0 − 0
1

⎞
⎟
⎟⎠
. &27(

Hm sghr b]rd+ vd nas]hm+ eqnl Dp- &14(+

⎛
⎜
⎜⎝

− 0
1 − λ 0

−0 − 0
1 − λ

⎞
⎟
⎟⎠

}
w0
w1

(
=

}
/
/

(
. &28(

Sgd bg]q]bsdqhrshb dpt]shnm hr
}
− 0

1 − λ
(1

+ 0 = λ1 + λ + 4
3 = /+ &3/(

rn sgd dhfdmu]ktdr ]qd

λ0 = − 0
1 + h+ λ1 = − 0

1 − h. &30(

Enq λ = λ0 Dp- &28( qdctbdr sn
}

−h 0
−0 −h

(}
w0
w1

(
=

}
/
/

(
. &31(

Sgtr w1 = hw0 ]mc sgd dhfdmudbsnq w0 bnqqdronmchmf sn sgd dhfdmu]ktd λ0 hr

w0 =

}
0
h

(
+ &32(

nq ]mx udbsnq oqnonqshnm]k sn sghr nmd- Hm ] rhlhk]q v]x+ vd “mc sgd dhfdmudbsnq w1 bnqqd,
ronmchmf sn λ1+ m]ldkx+

w1 =

}
0
−h

(
. &33(

Nardqud sg]s w0 ]mc w1 ]qd ]krn bnlokdw bnmitf]sdr- Sghr vhkk ]kv]xr ad sgd b]rd vgdm sgd
l]sqhw ? g]r qd]k dkdldmsr ]mc ] o]hq ne bnlokdw bnmitf]sd dhfdmu]ktdr-
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DW;LOKD
7

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =

}
0 −0
0 2

(
. &34(

Eqnl Dp- &14(+ vd nas]hm
}

0 − λ −0
0 2 − λ

(}
w0
w1

(
=

}
/
/

(
. &35(

Bnmrdptdmskx+ sgd bg]q]bsdqhrshb dpt]shnm hr

&0 − λ(&2 − λ( + 0 = λ1 − 3λ + 3 = &λ − 1(1 = /+ &36(

]mc sgd dhfdmu]ktdr ]qd λ0 = λ1 = 1-
Qdstqmhmf sn Dp- &35( ]mc rdsshmf λ = 1+ vd “mc sg]s

}
−0 −0

0 0

(}
w0
w1

(
=

}
/
/

(
. &37(

Gdmbd w1 = −w0+ rn sgdqd hr ]m dhfdmudbsnq

w0 =

}
0

−0

(
. &38(

?r trt]k+ ]mx nsgdq &mnmydqn( udbsnq oqnonqshnm]k sn w0 hr ]krn ]m dhfdmudbsnq-
Gnvdudq+ hm bnmsq]rs sn sgd svn oqdbdchmf dw]lokdr+ hm sghr b]rd sgdqd hr nmkx nmd chr,

shmbs e]lhkx ne dhfdmudbsnqr+ vghbg hr sxoh“dc ax sgd udbsnq w0 hm Dp- &38(- Sghr rhst]shnm hr
bnllnm vgdm ] l]sqhw ? g]r ] qdod]sdc dhfdmu]ktd-

Sgd enkknvhmf dw]lokd rgnvr sg]s hs hr ]krn onrrhakd enq ] qdod]sdc dhfdmu]ktd sn ad
]bbnlo]mhdc ax svn chrshmbs dhfdmudbsnqr-

DW;LOKD
8

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =

}
1 /
/ 1

(
. &4/(

Hm sghr b]rd+ Dp- &14( adbnldr
}

1 − λ /
/ 1 − λ

(}
w0
w1

(
=

}
/
/

(
. &40(

Sgtr sgd bg]q]bsdqhrshb dpt]shnm hr

&1 − λ(1 = /+ &41(

]mc sgd dhfdmu]ktdr ]qd λ0 = λ1 = 1- Qdstqmhmf sn Dp- &40( ]mc rdsshmf λ = 1+ vd nas]hm
}

/ /
/ /

(}
w0
w1

(
=

}
/
/

(
. &42(
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Sgtr mn qdrsqhbshnm hr ok]bdc nm w0 ]mc w1: hm nsgdq vnqcr+ dudqx mnmydqn udbsnq hm sgd ok]md
hr ]m dhfdmudbsnq ne sghr l]sqhw ?- Enq dw]lokd+ vd b]m bgnnrd ]r dhfdmudbsnqr

w0 =

}
0
/

(
+ w1 =

}
/
0

(
+ &43(

nq ]mx nsgdq o]hq ne mnmydqn udbsnqr sg]s ]qd mns oqnonqshnm]k sn d]bg nsgdq-

Rnldshldr ] l]sqhw cdodmcr nm ] o]q]ldsdq ]mc+ hm sghr b]rd+ hsr dhfdmu]ktdr ]krn cdodmc
nm sgd o]q]ldsdq-

DW;LOKD
0.

Bnmrhcdq sgd l]sqhw

? =

}
1 �

−0 /

(
+ &44(

vgdqd � hr ] o]q]ldsdq- Ehmc sgd dhfdmu]ktdr ne ? ]mc cdrbqhad sgdhq cdodmcdmbd nm �-
Sgd bg]q]bsdqhrshb dpt]shnm hr

&1 − λ(&−λ( + � = λ1 − 1λ + � = /+ &45(

rn sgd dhfdmu]ktdr ]qd

λ =
1 +

√
3 − 3�
1

= 0 +
√

0 − �. &46(

Nardqud sg]s+ eqnl Dp- &46(+ sgd dhfdmu]ktdr ]qd qd]k ]mc ch—dqdms vgdm � . 0+ qd]k ]mc
dpt]k vgdm � = 0+ ]mc bnlokdw bnmitf]sdr vgdm � < 0- ?r � u]qhdr+ sgd b]rd ne dpt]k
dhfdmu]ktdr nbbtqr ]r ] sq]mrhshnm adsvddm sgd nsgdq svn b]rdr-

Vd vhkk mddc sgd enkknvhmf qdrtks hm Rdbshnmr 2-2 ]mc 2-3-

SGDNQDL
2-0-2

Kds ? g]ud qd]k nq bnlokdw dhfdmu]ktdr λ0 ]mc λ1 rtbg sg]s λ0 ≠ λ1+ ]mc kds sgd bnqqd,
ronmchmf dhfdmudbsnqr ad

w0 =

}
w00
w10

(
]mc w1 =

}
w01
w11

(
.

He W hr sgd l]sqhw vhsg “qrs ]mc rdbnmc bnktlmr s]jdm sn ad w0 ]mc w1+ qdrodbshudkx+

W =

}
w00 w01
w10 w11

(
+ &47(

sgdm

cds&W( =
|||||
w00 w01
w10 w11

|||||
≠ /. &48(



017 Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

Oqnne Sn oqnud sghr sgdnqdl+ vd vhkk ]rrtld sg]s cds&W( = / ]mc sgdm rgnv sg]s sghr kd]cr sn
] bnmsq]chbshnm- He cds&W( = /+ sgdm sgd khmd]q bnlahm]shnm

w01w0 − w00w1 =

}
w01w00 − w00w01
w01w10 − w00w11

(
=

}
/
/

(
. &5/(

Sgd “qrs bnlonmdms hr nauhntrkx ydqn+ vghkd sgd rdbnmc bnlonmdms hr −cds&W( = /-
Dpt]shnm &5/( hlokhdr sg]s

w1 = jw0+ &50(

vgdqd j hr ] mnmydqn rb]k]q- Sn rgnv sghr+ vd bnmrhcdq sgd entq b]rdr &h( w00 ≠ / ]mc
w01 ≠ /+ &hh( w00 = /+ &hhh( w01 = /+ ]mc &hu( w00 = w01 = /-

Hm b]rd &h(+ vd vqhsd Dp- &5/( hm sgd enql w00w1 = w01w0 ]mc chuhcd sgqntfg ax w00 sn
fds w1 = jw0+ vgdqd j = w01{w00 hr mnmydqn-

Hm b]rd &hh(+ he w00 = /+ sgdm sgd rdbnmc bnlonmdms ne Dp- &5/( qdctbdr sn w01w10 = /-
Rhmbd w0 hr ]m dhfdmudbsnq+ hs b]mmns ad .: bnmrdptdmskx+ hsr rdbnmc bnlonmdms+ w10+ ltrs
ad mnmydqn- Hs enkknvr sg]s w01 = /- Sgdm w0 ]mc w1 ltrs g]ud sgd enqlr

w0 =

}
/

w10

(
]mc w1 =

}
/

w11

(
+ &51(

vgdqd ansg w10 ]mc w11 ]qd mnmydqn+ adb]trd sgd dhfdmudbsnqr w0 ]mc w1 ]qd mnmydqn ax
cd“mhshnm- Hs enkknvr sg]s Dp- &50( gnkcr vhsg j = w11{w10-

Hmsdqbg]mfhmf sgd qnkdr ne w00 ]mc w01+ b]rd &hhh( hr hcdmshb]k sn b]rd &hh(-
B]rd &hu( qdrtksr hm Dp- &51( chqdbskx- Sgtr Dp- &50( ]krn gnkcr vhsg j = w11{w10-
Sgtr vd g]ud drs]akhrgdc sg]s sgd ]rrtloshnm cds&W( = / hlokhdr Dp- &50( hm vghbg

j ≠ /- Ltkshokxhmf Dp- &50( ax ? fhudr
?w1 = ?&jw0( = j?w0 = jλ0w0+

vgdqd]r nm sgd nsgdq g]mc+ vd g]ud
?w1 = λ1w1 = λ1&jw0( = jλ1w0.

S]jhmf sgd ch—dqdmbd ne sgdrd svn dpt]shnmr fhudr tr sgd dpt]shnm
j&λ0 − λ1(w0 = . &52(

hm vghbg j ≠ /+ λ0 − λ1 ≠ / rhmbd λ0 ≠ λ1+ ]mc w0 ≠ . adb]trd hs hr ]m dhfdmudbsnq- Rhmbd
sgd ]rrtloshnm cds&W( = / kd]cr sn sgd bnmsq]chbsnqx rs]sdldms &52(+ vd bnmbktcd sg]s
cds&W( ≠ /-

PdlRpi- He xnt ]qd e]lhkh]q vhsg sgd bnmbdosr ne khmd]q cdodmcdmbd ]mc khmd]q hmcdodmcdmbd+
sgdm xnt vhkk qdbnfmhyd sg]s Sgdnqdl 2-0-2 rs]sdr sg]s he sgd dhfdmu]ktdr ne ? ]qd chrshmbs+ sgdm
sgd dhfdmudbsnqr ]qd khmd]qkx hmcdodmcdms-

OQNAKDLR

Rnkuhmf KhmdZq Rxrsdlr- Hm d]bg ne Oqnakdlr 0 sgqntfg 019
 Z( Ehmc ]kk rnktshnmr ne sgd fhudm rxrsdl ne dpt]shnmr-
 a( Rjdsbg sgd fq]og ne d]bg dpt]shnm hm sgd rxrsdl- ?qd sgd
khmdr hmsdqrdbshmf+ o]q]kkdk+ nq bnhmbhcdms=
0- 1w0 + 2w1 = 6+ −2w0 + w1 = −4
1- w0 − 1w1 = 0/+ 1w0 + 2w1 = 5

2- w0 + 2w1 = /+ 1w0 − w1 = /
3- −w0 + 1w1 = 3+ 1w0 − 3w1 = −5
4- 1w0 − 2w1 = 3+ w0 + 1w1 = −4
5- 2w0 − 1w1 = /+ −5w0 + 3w1 = /
6- 1w0 − 2w1 = 5+ −3w0 + 5w1 = −01



2-1 Rxrsdlr ne Svn Ehqrs Nqcdq Khmd]q Ch—dqdmsh]k Dpt]shnmr 018

7- 3w0 + w1 = /+ 3w0 − 2w1 = −01
8- w0 + 3w1 = 0/+ 3w0 + w1 = 0/
0.- w0 + w1 = −0+ −w0 + 1w1 = 3
00- 3w0 − 2w1 = /+ −1w0 + 4w1 = /
01- 1w0 + 4w1 = /+ 3w0 + 0/w1 = /
DhfdmuZktdr Zmc Dhfdmudbsnqr- Hm d]bg ne Oqnakdlr 02
sgqntfg 21+ “mc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd fhudm
l]sqhw-

02- ? =
} 2 −1

1 −1

(
03- ? =

} 2 −1
3 −0

(

04- ? =
} 2 −3

0 −0

(
05- ? =

} 0 −1
2 −3

(

06- ? =
}−0 −3

0 −0

(
07- ? =

}
4
3

2
3

− 2
3

− 0
3

(

08- ? =

}
− 2

1
0

− 0
3

− 0
1

(
1.- ? =

} 1 −0
2 −1

(

10- ? =

}
1 −4
0 −1

(
11- ? =

}
5 2
1 0

(

12- ? =

}
0 0
3 −1

(
13- ? =

}
1 − 4

1
8
4

−0

(

14- ? =

}
−2 4

1

− 4
1

1

(
15- ? =

}
0 −0
4 −2

(

16- ? =

}
0 3

2

− 8
3

−2

(
17- ? =

}
−1 0

0 −1

(

18- ? =

}
0 1

−4 −0

(
2.- ? =

}
−0 − 0

1

1 −2

(

20- ? =
⎛
⎜
⎜⎝

4
3

2
3

2
3

4
3

⎞
⎟
⎟⎠

21- ? =

}
1 0

1

− 0
1

0

(

Hm d]bg ne Oqnakdlr 22 sgqntfg 259
 Z( Ehmc sgd dhfdmu]ktdr ne sgd fhudm l]sqhw-
 a( Cdrbqhad gnv sgd m]stqd ne sgd dhfdmu]ktdr cdodmcr nm
sgd o]q]ldsdq � hm sgd l]sqhw ?-

22- ? =
⎛
⎜
⎜⎝

1 �

0 −2

⎞
⎟
⎟⎠

23- ? =

}
2 3

−� 1

(

24- ? =
⎛
⎜
⎜⎝

0 1

2 �

⎞
⎟
⎟⎠

25- ? =

}
0 −�

1� 2

(

26- He cds&?( ≠ /+ cdqhud sgd qdrtks hm Dp- &03( enq ?−0-
27- Rgnv sg]s λ = / hr ]m dhfdmu]ktd ne sgd l]sqhw ? he ]mc
nmkx he cds&?( = /-

2-1 Rxrsdlr ne Svn Ehqrs Nqcdq Khmd]q
Cheedqdmsh]k Dpt]shnmr
Vd adfhm ntq chrbtrrhnm ne rxrsdlr ne ch—dqdmsh]k dpt]shnmr vhsg ] lncdk ne gd]s dw,
bg]mfd adsvddm sgd ]hq hmrhcd ] fqddmgntrd ]mc ]m tmcdqfqntmc qnbjadc hm vghbg gd]s+
cdqhudc eqnl rnk]q q]ch]shnm+ hr ]bbtltk]sdc ]mc rsnqdc ctqhmf sgd c]xshld- Sgd l]sgdl]s,
hb]k lncdk qdpthqdr svn cdodmcdms u]qh]akdr9 &0( sgd ]hq sdlodq]stqd hm sgd fqddmgntrd+ ]mc
&1( sgd sdlodq]stqd ne sgd qnbjadc- ?s mhfgs+ vgdm sgd ]hq sdlodq]stqd ntsrhcd sgd fqddm,
gntrd hr knv+ gd]s eqnl sgd qnbjadc hr trdc sn gdko jddo sgd ]hq hm sgd fqddmgntrd v]ql+
sgdqdax qdctbhmf sgd bnrs ne nodq]shmf ]m dkdbsqhb]k nq odsqnkdtl,a]rdc gd]shmf rxrsdl-

DW;LOKD
0

? Qnbjadc
Gd]s Rsnq]fd

Rxrsdl

Bnmrhcdq sgd rbgdl]shb ch]fq]l ne sgd fqddmgntrd.qnbjadc rxrsdl hm Ehftqd 2-1-0- Sgd
qnbjadc+ bnmrhrshmf ne qnbjr q]mfhmf hm rhyd eqnl 1 sn 04 bl+ hr knnrdkx o]bjdc rn sg]s ]hq
b]m d]rhkx o]rr sgqntfg sgd unhc ro]bd adsvddm sgd qnbjr- Sgd qnbjadc+ ]mc sgd tmcdqfqntmc
onqshnm ne sgd ]hq ctbsr trdc sn bhqbtk]sd ]hq sgqntfg sgd rxrsdl+ ]qd sgdql]kkx hmrtk]sdc
eqnl sgd rtqqntmchmf rnhk- Qnbjr ]qd ] fnnc l]sdqh]k enq rsnqhmf gd]s rhmbd sgdx g]ud ] ghfg
dmdqfx,rsnq]fd b]o]bhsx+ ]qd hmdwodmrhud+ ]mc g]ud ] knmf khed-

Ctqhmf sgd c]x+ ]hq hm sgd fqddmgntrd hr gd]sdc oqhl]qhkx ax rnk]q q]ch]shnm- Vgdmdudq
sgd ]hq sdlodq]stqd hm sgd fqddmgntrd dwbddcr ]m toodq sgqdrgnkc u]ktd+ ] sgdqlnrs]shb]kkx



02. Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

>hq�nts

Qnbiadc Hmrtk^shnm

E^m

>hq�hm

Rnhk

EHFTQD 2-1-0 Rbgdl]shb rhcd uhdv ne fqddmgntrd ]mc qnbj rsnq]fd adc-

bnmsqnkkdc e]m bhqbtk]sdr sgd ]hq sgqntfg sgd rxrsdl+ sgdqdax sq]mredqqhmf gd]s sn sgd qnbjadc-
?s mhfgs+ vgdm sgd ]hq sdlodq]stqd hm sgd fqddmgntrd cqnor adknv ] knvdq sgqdrgnkc u]ktd+
sgd e]m ]f]hm stqmr nm+ ]mc gd]s rsnqdc hm sgd qnbjadc v]qlr sgd bhqbtk]shmf ]hq-

Vd vhrg sn rstcx sdlodq]stqd u]qh]shnm hm sgd fqddmgntrd ctqhmf sgd mhfgsshld og]rd ne
sgd bxbkd- ? rhlokh“dc lncdk enq sgd rxrsdl hr oqnuhcdc ax ktlodc rxrsdl sfdplRk RmRk 
xrhr+ hm vghbg vd sqd]s sgd ogxrhb]k rxrsdl ]r he hs bnmrhrsr ne svn hmsdq]bshmf bnlonmdmsr-
?rrtld sg]s sgd ]hq hm sgd rxrsdl hr vdkk lhwdc rn sg]s ansg sgd sdlodq]stqd ne sgd ]hq hm sgd
fqddmgntrd ]mc sgd sdlodq]stqd ne sgd qnbjadc ]qd etmbshnmr ne shld+ ats mns knb]shnm- Kds
tr cdmnsd sgd ]hq sdlodq]stqd hm sgd fqddmgntrd ax t0&s( ]mc sgd sdlodq]stqd ne sgd qnbjadc
ax t1&s(- Vd vhkk ld]rtqd s hm gntqr ]mc sdlodq]stqd hm cdfqddr Bdkrhtr-

Sgd enkknvhmf s]akd khrsr sgd qdkdu]ms o]q]ldsdqr sg]s ]ood]q hm sgd l]sgdl]shb]k lncdk
adknv- Vd trd sgd rtarbqhosr 0 ]mc 1 sn hmchb]sd sgdql]k ]mc ogxrhb]k oqnodqshdr ne sgd ]hq
]mc sgd qnbj ldchtl+ qdrodbshudkx-

l0+ l1 sns]k l]rrdr ne ]hq ]mc qnbj
B0+ B1 rodbh“b gd]sr ne ]hq ]mc qnbj
:0+ :1 ]qd] ne ]anud,fqntmc fqddmgntrd dmbknrtqd ]mc ]qd] ne sgd ]hqflqnbj hmsdqe]bd
g0+ g1 gd]s sq]mredq bndffbhdmsr ]bqnrr hmsdqe]bd ]qd]r :0 ]mc :1

SZ sdlodq]stqd ne ]hq dwsdqm]k sn sgd fqddmgntrd

Sgd tmhsr ne B0+ ]mc B1 ]qd I.jf � ◦B+ vghkd sgd tmhsr ne g0 ]mc g1 ]qd I.g � l2 � ◦B- Sgd
]qd] ne sgd ]hqflqnbj hmsdqe]bd hr ]ooqnwhl]sdkx dpt]k sn sgd rtl ne sgd rtqe]bd ]qd]r ne sgd
qnbjr hm sgd qnbj rsnq]fd adc-

Trhmf sgd k]v ne bnmrdqu]shnm ne dmdqfx+ vd fds sgd ch—dqdmsh]k dpt]shnmr

l0B0
ct0
cs

= −g0:0&t0 − SZ( − g1:1&t0 − t1(+ &0(

l1B1
ct1
cs

= −g1:1&t1 − t0(. &1(



2-1 Rxrsdlr ne Svn Ehqrs Nqcdq Khmd]q Ch—dqdmsh]k Dpt]shnmr 020

Dpt]shnm &0( rs]sdr sg]s sgd q]sd ne bg]mfd ne dmdqfx hm sgd ]hq hmsdqm]k sn sgd rxrsdl dpt]kr
sgd q]sd ]s vghbg gd]s finvr ]bqnrr sgd ]anud,fqntmc dmbknrtqd &l]cd ne fk]rr nq onkxdsgx,
kdmd( oktr sgd q]sd ]s vghbg gd]s finvr ]bqnrr sgd tmcdqfqntmc ]hqflqnbj hmsdqe]bd- Hm d]bg
b]rd+ sgd q]sdr ]qd oqnonqshnm]k sn sgd ch—dqdmbd hm sdlodq]stqdr ne sgd l]sdqh]kr nm d]bg
rhcd ne sgd hmsdqe]bd- Sgd ]kfdaq]hb rhfmr sg]s ltkshokx d]bg sdql nm sgd qhfgs ]qd bgnrdm
rn sg]s gd]s finvr hm sgd chqdbshnm eqnl gns sn bnnk- Dpt]shnm &1( ]qhrdr eqnl sgd enkknvhmf
qd]rnmhmf- Rhmbd sgd qnbjadc hr hmrtk]sdc ]qntmc hsr antmc]qx+ gd]s b]m dmsdq nq kd]ud sgd
qnbjadc nmkx ]bqnrr sgd ]hqflqnbj hmsdqe]bd- Dmdqfx bnmrdqu]shnm qdpthqdr sg]s sgd q]sd ]s
vghbg gd]s hr f]hmdc nq knrs ax sgd qnbjadc sgqntfg sghr hmsdqe]bd ltrs dpt]k sgd gd]s knrs
nq f]hmdc ax sgd fqddmgntrd ]hq sgqntfg sgd r]ld hmsdqe]bd- Sgtr sgd qhfgs rhcd ne Dp- &1(
hr dpt]k sn sgd mdf]shud ne sgd rdbnmc sdql nm sgd qhfgs,g]mc rhcd ne Dp- &0(-

Chuhchmf Dp- &0( ax l0B0 ]mc Dp- &1( ax l1B1 fhudr

ct0
cs

= −j0&t0 − SZ( − j1&t0 − t1(+ &2(

ct1
cs

= −"j1&t1 − t0(+ &3(

nq+ qd]qq]mfhmf sdqlr+ vd fds

ct0
cs

= −&j0 + j1(t0 + j1t1 + j0SZ+ &4(

ct1
cs

= "j1t0 − "j1t1+ &5(

vgdqd

j0 =
g0:0
l0B0

+ j1 =
g1:1
l0B0

+ ]mc " =
l0B0
l1B1

. &6(

Mnsd sg]s Dpr- &4( ]mc &5( ]qd ]m dwsdmrhnm sn svn l]sdqh]kr ne Mdvsnm´r k]v ne bnnkhmf+
hmsqnctbdc hm Dw]lokd 0 hm Rdbshnm 0-0- Hm sgd btqqdms ]ookhb]shnm+ sgd chldmrhnmkdrr o],
q]ldsdq "+ sgd q]shn ne sgd dmdqfx rsnq]fd b]o]bhsx ne sgd fqddmgntrd ]hq sn sgd dmdqfx rsnq]fd
b]o]bhsx ne sgd qnbjadc+ hr rl]kk qdk]shud sn tmhsx1 adb]trd l0B0 hr ltbg rl]kkdq sg]m l1B1-

Kds tr rtoonrd sg]s s = / bnqqdronmcr sn sgd adfhmmhmf ne sgd mhfgsshld og]rd ne sgd
bxbkd+ ]mc sg]s rs]qshmf u]ktdr ne t0 ]mc t1 ]qd rodbh“dc ]s sghr shld ax

t0&/( = t0/+ t1&/( = t1/. &7(

Sgd o]hq ne ch—dqdmsh]k dpt]shnmr &4( ]mc &5(+ snfdsgdq vhsg sgd hmhsh]k bnmchshnmr &7(+ bnm,
rshstsd ] l]sgdl]shb]k lncdk enq sgd u]qh]shnm ne ]hq sdlodq]stqd hm sgd fqddmgntrd ]mc sgd
sdlodq]stqd ne sgd qnbjadc ctqhmf sgd mhfgsshld og]rd ne sgd bxbkd- Rnktshnmr ne sgdrd dpt],
shnmr enq t0&s( ]mc t1&s( b]m ]rrhrs tr hm cdrhfmhmf ] rnk]q,onvdqdc qnbjadc gd]shmf rxrsdl
enq sgd fqddmgntrd- Hm o]qshbtk]q+ sgd rnktshnmr b]m gdko tr cdsdqlhmd sgd rhyd ne sgd qnbjadc
qdk]shud sn sgd unktld ne sgd fqddmgntrd+ sn cdsdqlhmd noshl]k e]m roddcr+ ]mc sn cdsdqlhmd
qdpthqdc qnbjadc sdlodq]stqdr r]shre]bsnqx enq jddohmf sgd fqddmgntrd v]ql ctqhmf sgd
mhfgs-

Hm nqcdq sn okns fq]ogr ne rnktshnmr ne sgd hmhsh]k u]ktd oqnakdl &4(+ &5(+ ]mc &7( nm ] bnl,
otsdq+ hs hr mdbdrr]qx sn ]rrhfm mtldqhb]k u]ktdr sn sgd o]q]ldsdqr j0+ j1+ "+ ]mc SZ ]r vdkk ]r
sn sgd hmhsh]k bnmchshnmr t0/ ]mc t1/- U]ktdr enq j0+ j1+ ]mc " l]x ad drshl]sdc ax bnmrtkshmf

1Hm l]sgdl]shbr+ sgd mns]shnm / . " ≪ 0 hr eqdptdmskx trdc sn qdoqdrdms sgd rs]sdldms+ ’Sgd onrhshud mtladq
" hr rl]kk bnlo]qdc sn tmhsx-–
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s]akdr ne gd]s sq]mredq bndffbhdmsr ]mc sgdql]k oqnodqshdr ne f]rdr ]mc athkchmf l]sdqh]kr+
vgdqd]r u]ktdr enq SZ+ t0/+ ]mc t1/ l]x ad bgnrdm sn qdoqdrdms ch—dqdms dwodqhldms]k rbd,
m]qhnr ne hmsdqdrs- Hm fdmdq]k+ SZ b]m u]qx vhsg s+ ats vd vhkk ]rrtld sgd rhlokdrs b]rd+ hm
vghbg SZ hr ]rrtldc sn ad bnmrs]ms- Hm oqdkhlhm]qx rs]fdr ne lncdk cdudknoldms+ ]m hmudr,
shf]snq l]x trd ] mtladq ne dctb]sdc ftdrrdr enq sgd o]q]ldsdq u]ktdr sn fds ] eddkhmf enq
gnv rnktshnmr adg]ud ]mc sn rdd gnv rdmrhshud rnktshnmr ]qd sn bg]mfdr hm sgd u]ktdr ne sgd
o]q]ldsdqr- Enq sgd shld adhmf+ vd bgnnrd sgd enkknvhmf u]ktdr ]r ] bnloqnlhrd adsvddm
qd]khrl ]mc ]m]kxshb]k bnmudmhdmbd9

j0 = 6
7 + j1 = 2

3 + " = 0
2 + ]mc SZ = 05◦B. &8(

Rtarshstshmf sgdrd u]ktdr hmsn Dpr- &4( ]mc &5( sgdm fhudr

ct0
cs

= −
}02

7

(
t0 +

}2
3

(
t1 + 03+ &0/(

ct1
cs

=
}0

3

(
t0 −

}0
3

(
t1. &00(

Dpt]shnmr &0/( ]mc &00( bnmrshstsd ]m dw]lokd ne ] “qrs nqcdq rxrsdl ne ch—dqdmsh]k
dpt]shnmr- D]bg dpt]shnm bnms]hmr sgd tmjmnvm sdlodq]stqd etmbshnmr+ t0 ]mc t1+ ne sgd
svn hmsdq]bshmf bnlonmdmsr sg]s l]jd to sgd rxrsdl- Sgd dpt]shnmr b]mmns ad rnkudc rdo,
]q]sdkx+ ats ltrs ad hmudrshf]sdc snfdsgdq- Hm cd]khmf vhsg rxrsdlr ne dpt]shnmr+ hs hr lnrs
]cu]ms]fdntr sn trd udbsnq ]mc l]sqhw mns]shnm- Sghr r]udr ro]bd+ e]bhkhs]sdr b]kbtk]shnmr+
]mc dlog]rhydr sgd rhlhk]qhsx adsvddm rxrsdlr ne dpt]shnmr ]mc rhmfkd &rb]k]q( dpt]shnmr+
vghbg vd chrbtrrdc hm Bg]osdqr 0 ]mc 1-

L]sqhw Mns]shnm+ Udbsnq Rnktshnmr+ ]mc Bnlonmdms Oknsr
Vd adfhm ax qdvqhshmf Dpr- &0/( ]mc &00( hm sgd enql

⎛
⎜
⎜⎝

ct0{cs

ct1{cs

⎞
⎟
⎟⎠
=
⎛
⎜
⎜⎝

− 02
7

2
3

0
3 − 0

3

⎞
⎟
⎟⎠

}
t0
t1

(
+

}
03
/

(
. &01(

Mdws vd cd“md sgd udbsnqr t ]mc a ]mc sgd l]sqhw J sn ad

t =

}
t0
t1

(
+ a =

}
03
/

(
+ J =

⎛
⎜
⎜⎝

− 02
7

2
3

0
3 − 0

3

⎞
⎟
⎟⎠
. &02(

Sgdm Dp- &01( s]jdr sgd enql

ct
cs

= Jt + a. &03(

Trhmf udbsnq mns]shnm+ sgd hmhsh]k bnmchshnmr hm Dp- &7( ]qd dwoqdrrdc ]r

t&/( = t/ =

}
t0/
t1/

(
. &04(

Trhmf ldsgncr chrbtrrdc k]sdq hm sghr bg]osdq+ vd vhkk ad ]akd sn “mc ]kk rnktshnmr ne
Dp- &03(- Ats “qrs+ vd v]ms sn chrbtrr vgZs vd ld]m ax ] rnktshnm ne sghr dpt]shnm- Bnmrhcdq
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sgd udbsnq etmbshnm

t =

}
t0&s(
t1&s(

(
= 7d−s{7

}
0
1

(
− 3d−6s{3

}
5

−0

(
+

}
05
05

(

=

}
7d−s{7 − 13d−6s{3 + 05
05d−s{7 + 3d−6s{3 + 05

(
. &05(

Sgdqd ]qd svn v]xr sg]s vd b]m rgnv t hm Dp- &05( hr ] rnktshnm ne Dp- &03(- Nmd
v]x hr sn rtarshstsd sgd svn bnlonmdmsr ne t+ t0&s( = 7d−s{7 − 13d−6s{3 + 05 ]mc
t1&s( = 05d−s{7 + 3d−6s{3 + 05+ hmsn d]bg ne Dpr- &0/( ]mc &00(- He+ tonm rtarshstshnm+ d]bg
dpt]shnm qdctbdr sn ]m hcdmshsx+2 sgdm t hr ] rnktshnm- Dpthu]kdmskx+ vd b]m trd l]sqhw enq,
l]khrl sn rgnv sg]s rtarshstshmf t hmsn Dp- &03( qdrtksr hm ] udbsnq hcdmshsx+ ]r vd mnv
cdlnmrsq]sd- Rtarshstshmf sgd qhfgs rhcd ne Dp- &05( enq t nm sgd kdes rhcd ne Dp- &03( fhudr

ct
cs

=

}
−d−s{7 + 31d−6s{3

−1d−s{7 − 6d−6s{3

(
. &06(

Nm sgd nsgdq g]mc+ rtarshstshmf enq t nm sgd qhfgs rhcd ne Dp- &03(+ ]mc trhmf sgd qtkdr ne
l]sqhw ]kfdaq]+ xhdkc

Jt + a =

}
− 02

7
2
3

0
3 − 0

3

(}
7d−s{7 − 13d−6s{3 + 05
05d−s{7 + 3d−6s{3 + 05

(
+

}
03
/

(

=

}
−02d−s{7 + 28d−6s{3 − 15 + 01d−s{7 + 2d−6s{3 + 01

1d−s{7 − 5d−6s{3 + 3 − 3d−s{7 − d−6s{3 − 3

(
+

}
03
/

(

=

}
−d−s{7 + 31d−6s{3

−1d−s{7 − 6d−6s{3

(
. &07(

Rhmbd sgd qhfgs rhcd ne Dp- &06( ]mc sgd k]rs sdql hm Dp- &07( ]fqdd+ t hm Dp- &05( hr hmcddc
] rnktshnm ne t… = Jt + a-

Mnsd ]krn sg]s he vd du]kt]sd Dp- &05( ]s s = /+ vd fds

t&/( =

}
/

25

(
. &08(

Sgtr t hm Dp- &05( hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &03( ]mc &08(-
Sgd bnlonmdmsr ne t ]qd rb]k]q u]ktdc etmbshnmr ne s+ rn vd b]m okns sgdhq fq]ogr- Oknsr

ne t0 ]mc t1 udqrtr s ]qd b]kkdc bnlonmdms oknsr- Hm Ehftqd 2-1-1 vd rgnv sgd bnlonmdms
oknsr ne t0 ]mc t1- Bnlonmdms oknsr ]qd trdetk adb]trd sgdx chrok]x sgd cds]hkdc cdodmcdmbd
ne t0 ]mc t1 nm s enq ] o]qshbtk]q rnktshnm ne Dp- &03(- Eqnl Ehftqd 2-1-1 vd rdd sg]s sgd
sdlodq]stqd t0 ne sgd ]hq+ nrsdmrhakx gd]sdc ax sgd qnbjohkd+ qhrdr q]ohckx+ hm 1-2 g+ eqnl /◦B
sn ]ooqnwhl]sdkx 10-5◦B- Ctqhmf sg]s r]ld odqhnc+ sgd qnbjohkd bnnkr eqnl 25◦B sn qntfgkx
17◦B+ ] bg]mfd ne nmkx 7◦B- Sgdqd]esdq+ ansg t0 ]mc t1 rknvkx ]ooqn]bg sgd r]ld bnmrs]ms
khlhshmf u]ktd ]r s → ∞- Eqnl Dp- &05( vd rdd sg]s

ihl
s→∞

t&s( =

}
05
05

(
+ &1/(

2Hm sghr bnmsdws+ ]m hcdmshsx hr ]m dpt]shnm sg]s hr sqtd enq ]kk u]ktdr ne sgd u]qh]akdr+ enq dw]lokd+ / = / nq
s rhm&𝜓s( = s rhm&𝜓s(- ? udbsnq hcdmshsx hr ]m dpt]shnm hm vghbg bnqqdronmchmf bnlonmdmsr ne sgd dpt]shnm
]qd hcdmshshdr+ enq dw]lokd+ anr&𝜓s( h + s rhm&𝜓s( i = anr&𝜓s( h + s rhm&𝜓s( i.
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s

t,)�t1

t1 s(

t, s(

3/

24

2/

14

1/

Dpthkhaqhtl�rnktshnm9�t, s(�2�t1 s(�<�0504

0/

4

2/141/040/41-2

EHFTQD 2-1-1 Bnlonmdms oknsr ne sgd rnktshnmr sn sgd hmhsh]k u]ktd oqnakdlr &03(+ &08( ]mc
&03(+ &10(-

rhmbd ]kk nsgdq sdqlr hm sgd rnktshnm bnms]hm nmd ne sgd dwonmdmsh]k e]bsnqr+ d−s{7 nq d−6s{3+
vghbg sdmc sn / ]r s → ∞- Mnsd sg]s sgd bnmrs]ms udbsnq t = 05h + 05i hr ]krn ] rnktshnm+
rhmbd rtarshstshmf hs hmsn Dp- &03( qdrtksr hm sgd hcdmshsx . = .- Sghr rnktshnm r]shr“dr sgd
hmhsh]k bnmchshnm

t&/( =

}
05
05

(
. &10(

Hmbktcdc hm Ehftqd 2-1-1 ]qd oknsr ne sgdrd bnmrs]ms u]ktdr ne t0 ]mc t1- Ogxrhb]kkx+ sghr
rnktshnm bnqqdronmcr sn sgdql]k dpthkhaqhtl9 sgd sdlodq]stqd ne sgd fqddmgntrd ]hq ]mc sgd
sdlodq]stqd ne sgd qnbjadc+ he rds hmhsh]kkx sn sgd ntsrhcd ]hq sdlodq]stqd SZ+ hm sghr b]rd
05◦B+ cn mns bg]mfd hm shld-

? chr]cu]ms]fd ne sghr fq]oghb]k ]ooqn]bg hr sg]s vd ltrs bnmrsqtbs ]mnsgdq rds ne bnl,
onmdms oknsr d]bg shld vd bg]mfd sgd hmhsh]k bnmchshnmr enq Dp- &03(- Bg]mfhmf sgd u]ktdr ne
j0+ j1+ ]mc " l]x qdpthqd ]cchshnm]k bnlonmdms oknsr- Enqstm]sdkx+ nsgdq ldsgncr ne fq]og,
hmf rnktshnmr ne Dp- &03( ]qd ]u]hk]akd+ rn sg]s vd mddc mns ad nudqvgdkldc ax ] chyyxhmf
]qq]x ne bnlonmdms oknsr-

Fdnldsqx ne Rnktshnmr9 Chqdbshnm Ehdkcr ]mc Og]rd Onqsq]hsr
Vd hmsqnctbd gdqd rnld bnllnm+ ]mc bnmbdost]kkx trdetk+ sdqlhmnknfx enq rxrsdlr rtbg
]r Dp- &03(- Sgd u]qh]akdr t0 ]mc t1 ]qd nesdm b]kkdc rsZsd uZqhZakdr+ rhmbd sgdhq u]ktdr
]s ]mx shld cdrbqhad sgd rsZsd ne sgd rxrsdl- Enq ntq fqddmgntrd.qnbjadc rxrsdl+ sgd rs]sd
u]qh]akdr ]qd sgd sdlodq]stqd ne sgd ]hq hm sgd fqddmgntrd ]mc sgd sdlodq]stqd ne sgd qnbjadc-
Rhlhk]qkx+ sgd udbsnq t = t0h + t1i hr b]kkdc sgd rsZsd udbsnq ne sgd rxrsdl- Sgd t0t1,ok]md
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hsrdke hr b]kkdc sgd rsZsd roZbd- He sgdqd ]qd nmkx svn rs]sd u]qh]akdr+ sgd t0t1,ok]md l]x ad
b]kkdc sgd rsZsd okZmd nq+ lnqd bnllnmkx+ sgd ogZrd okZmd-

He t0&s( ]mc t1&s( ]qd sgd bnlonmdmsr ne ] rnktshnm t sn Dp- &03(+ sgd o]q]ldsqhb dpt]shnmr

t0 = t0&s(+ t1 = t1&s( &11(

fhud sgd bnnqchm]sdr t0 ]mc t1 ne ] onhms hm sgd og]rd ok]md ]r etmbshnmr ne shld- D]bg u]ktd
ne sgd o]q]ldsdq s cdsdqlhmdr ] onhms &t0&s(+ t1&s((+ ]mc sgd rds ne ]kk rtbg onhmsr hr ] btqud
hm sgd og]rd ok]md- Sgd rnktshnm t = t0&s(h + t1&s(i l]x ad sgntfgs ne ]r ] onrhshnm udbsnq
ne ] o]qshbkd lnuhmf hm sgd og]rd ok]md- ?r s ]cu]mbdr+ sgd sho ne sgd udbsnq t sq]bdr ] btqud
hm sgd og]rd ok]md+ b]kkdc ] sqZidbsnqx nq nqahs+ sg]s fq]oghb]kkx chrok]xr sgd o]sg ne sgd
rs]sd ne sgd rxrsdl hm sgd rs]sd ro]bd- Sgd chqdbshnm ne lnshnm ]knmf ] rnktshnm sq]idbsnqx hr
nas]hmdc ax mnshmf sg]s enq d]bg s+ ] rnktshnm ltrs r]shrex sgd dpt]shnm

t…&s( = Jt&s( + a. &12(

Dpt]shnm &12( rgnvr sg]s sgd udknbhsx t…&s( ne sgd o]qshbkd ]s sgd onhms vhsg onrhshnm udbsnq
t&s( hr fhudm ax sgd udbsnq Jt&s( + a- Sgtr+ he vd cq]v sgd udbsnq Jt + a vhsg hsr s]hk ]s
sgd onhms vhsg onrhshnm udbsnq t+ hs hmchb]sdr sgd hmrs]ms]mdntr chqdbshnm ne lnshnm ne sgd
o]qshbkd ]knmf ] rnktshnm btqud ]s sg]s onhms+ ]mc hsr kdmfsg sdkkr tr sgd roddc ne sgd rnktshnm
]r hs o]rrdr sgqntfg sg]s onhms- Vd g]ud cnmd sghr enq rdudq]k u]ktdr ne s ∈ Z0+ 2[ nm o]qs ne
sgd sq]idbsnqx ]rrnbh]sdc vhsg t hm Dp- &05(+ ]r rgnvm hm Ehftqd 2-1-2- Rhmbd sgdrd udknb,
hsx udbsnqr u]qx fqd]skx hm kdmfsg+ eqnl sgd udqx knmf sn sgd udqx rgnqs+ vd g]ud rb]kdc sgd
kdmfsgr ne sgd udbsnqr rn sg]s sgdx “s mhbdkx hmsn sgd fq]og vhmcnv- Mnsd sg]s hs hr mns mdb,
drr]qx sn jmnv ] rnktshnm ne Dp- &12( hm nqcdq sn okns sgdrd udknbhsx udbsnqr- He ] sq]idbsnqx
o]rrdr sgqntfg sgd onhms vhsg onrhshnm udbsnq t+ sgdm sgd udknbhsx udbsnq sg]s vd ]ss]bg sn
sg]s onhms hr nas]hmdc ax rhlokx du]kt]shmf sgd qhfgs rhcd ne sgd rxrsdl &12( ]s t- Hm nsgdq

1/08 10 11 12

15

16

17

18

2/

20

t1

t,

EHFTQD 2-1-2 Sgd udbsnq “dkc enq sgd rxrsdl &12( hm sgd qdbs]mfkd 08 ≤ t0 ≤ 12+
14-64 ≤ t1 ≤ 20 sg]s bnms]hmr sgd rnktshnm &05( enq 0 ≤ s ≤ 2-
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vnqcr+ sgd qhfgs rhcd ne Dp- &12( cd“mdr ] udbsnq ’dkc E&t0+ t1( enq sgd rxrsdl sgqntfg sgd
qdk]shnm

E&t0+ t1( = Jt + a =
]
−

02t0
7

+
2t1
3

+ 03
{

h +
{t0

3
−

t1
3

}
i. &13(

Hm sgd qdbs]mftk]q qdfhnm rgnvm hm Ehftqd 2-1-2+ vd g]ud oknssdc rdudq]k &tmhenqlkx rb]kdc(
udknbhsx udbsnqr trhmf Dp- &12(-

Chqdbshnm Ehdkcr
Hm fdmdq]k+ sgd qhfgs rhcd ne ] rxrsdl ne “qrs nqcdq dpt]shnmr cd“mdr ] udbsnq “dkc sg]s
fnudqmr sgd chqdbshnm ]mc roddc ne lnshnm ne sgd rnktshnm ]s d]bg onhms hm sgd og]rd ok]md-
Adb]trd sgd udbsnqr fdmdq]sdc ax ] udbsnq “dkc enq ] rodbh“b rxrsdl nesdm u]qx rhfmh“b]mskx
hm kdmfsg+ hs hr btrsnl]qx sn rb]kd d]bg mnmydqn udbsnq rn sg]s sgdx ]kk g]ud sgd r]ld kdmfsg-
Sgdrd udbsnqr ]qd sgdm qdedqqdc sn ]r chqdbshnm ’dkc udbsnqr enq sgd rxrsdl &03( ]mc sgd
qdrtkshmf ohbstqd hr b]kkdc sgd chqdbshnm ’dkc- Chqdbshnm “dkcr ]qd d]rhkx bnmrsqtbsdc trhmf
] bnlotsdq ]kfdaq] rxrsdl- Rhmbd chqdbshnm “dkc udbsnqr ]kk g]ud sgd r]ld kdmfsg+ vd knrd
hmenql]shnm ]ants sgd roddc ne lnshnm ne rnktshnmr+ ats qds]hm hmenql]shnm ]ants sgd chqdb,
shnm ne lnshnm- Itrs ]r enq sgd chqdbshnm “dkcr sg]s vd r]v hm Bg]osdqr 0 ]mc 1 enq rhmfkd “qrs
nqcdq dpt]shnmr+ vd ]qd ]akd sn hmedq sgd fdmdq]k adg]uhnq ne sq]idbsnqhdr+ nq rnktshnmr+ ne ]
rxrsdl rtbg ]r Dp- &03( ax knnjhmf ]s sgd chqdbshnm “dkc-

Og]rd Onqsq]hsr
Trhmf ] bnlotsdq+ hs hr itrs ]r d]rx sn fdmdq]sd rnktshnm sq]idbsnqhdr ]r hs hr sn fdmdq]sd
chqdbshnm “dkcr- ? okns ne ] qdoqdrdms]shud r]lokd ne sgd sq]idbsnqhdr+ hmbktchmf Zmx bnmrsZms
rnktshnmr+ hr b]kkdc ] ogZrd onqsqZhs ne sgd rxrsdl ne dpt]shnmr- D]bg sq]idbsnqx hm sgd
og]rd onqsq]hs hr fdmdq]sdc ax oknsshmf+ hm sgd t0t1,ok]md+ sgd rds ne onhmsr vhsg bnnqchm]sdr
&t0&s(+ t1&s(( enq rdudq]k u]ktdr ne s+ ]mc sgdm cq]vhmf ] btqud sgqntfg sgd qdrtkshmf onhmsr-
Sgd u]ktdr ne t0&s( ]mc t1&s( b]m ad nas]hmdc eqnl ]m]kxshb]k rnktshnmr ne Dp- &03(+ nq+ he
rtbg rnktshnmr ]qd mns ]u]hk]akd+ ax trhmf ] bnlotsdq sn ]ooqnwhl]sd rnktshnmr ne Dp- &03(
mtldqhb]kkx- Sgd pt]khs]shud adg]uhnq ne rnktshnmr ne ] rxrsdl hr fdmdq]kkx l]cd lnrs bkd]q
ax nudqk]xhmf sgd og]rd onqsq]hs enq ] rxrsdl vhsg hsr chqdbshnm “dkc- Sgd sq]idbsnqhdr hmchb]sd
sgd o]sgr s]jdm ax sgd rs]sd u]qh]akdr+ vgdqd]r sgd chqdbshnm “dkc hmchb]sdr sgd chqdbshnm ne
lnshnm ]knmf sgd sq]idbsnqhdr- Ehftqd 2-1-3 rgnvr sgd og]rd onqsq]hs enq Dp- &03( hm sgd qdfhnm
/ ≤ t0 ≤ 2/+ / ≤ t1 ≤ 3/- Vd rg]kk b]qdetkkx dwok]hm gnv sn cq]v rtbg onqsq]hsr ax g]mc
enq ] rodbh]k b]rdr ne khmd]q rxrsdlr hm sgd mdws edv rdbshnmr-

Sgd ak]bj sq]idbsnqx bnqqdronmcr sn sgd rnktshnm &05(+ enq vghbg sgd bnlonmdms oknsr
]ood]q hm Ehftqd 2-1-1- Vd g]ud k]adkdc sgd onrhshnm ne sgd rs]sd ne sgd rxrsdl ]s shldr
s = /+ 0+ 1+ 2+ 3+ 4 sn rgnv gnv sgd q]ohc hmbqd]rd hm t0 ctqhmf sgd “qrs 1 sn 2 gntqr cndr mns
rgnv to hm sgd og]rd onqsq]hs- ?esdq sg]s+ sgd rs]sd ]ood]qr sn lnud ]s ] ltbg rknvdq q]sd
]knmf ] rsq]hfgs khmd snv]qc sgd dpthkhaqhtl rnktshnm t = 05h + 05i chrbtrrdc d]qkhdq-

?r chrbtrrdc hm Bg]osdq 0+ sgdqd ]qd sgqdd bnlokdldms]qx ]ooqn]bgdr sn sgd rstcx ne
ch—dqdmsh]k dpt]shnmr9 fdnldsqhb &nq pt]khs]shud(+ ]m]kxshb+ ]mc mtldqhb- Chqdbshnm “dkcr ]mc
og]rd onqsq]hsr ]qd dw]lokdr ne sgd fdnldsqhb ]ooqn]bg- Hm sgd mdws rdbshnm+ vd vhkk oqdrdms
]m ]m]kxshb ldsgnc sg]s+ hm ]cchshnm sn fhuhmf ]m]kxshb rnktshnmr sn sgd rxrsdl &01( nq &03(+
oqnuhcdr ]cchshnm]k hmenql]shnm ]ants sgd fdnldsqx ne rnktshnmr ]mc sgd q]sd ne ]ooqn]bg
sn dpthkhaqhtl- Hm sgd ld]mshld+ vd ]rrtld sg]s xnt g]ud rnesv]qd sg]s b]m oqnctbd oknsr
rhlhk]q sn sgnrd hm Ehftqdr 2-1-1 ]mc 2-1-3- Rtbg rnesv]qd o]bj]fdr okns chqdbshnm “dkcr ]mc
bnlotsd mtldqhb]k ]ooqnwhl]shnmr sn rnktshnmr+ vghbg b]m ad chrok]xdc ]r og]rd ok]md
sq]idbsnqhdr ]mc bnlonmdms oknsr- Sgdx ]qd udqx trdetk+ mns nmkx enq oknsshmf rnktshnmr ne
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r�<�∞

t1

t,

EHFTQD 2-1-3 Og]rd onqsq]hs enq sgd rxrsdl &03(-

rxrsdlr sg]s b]m ad d]rhkx rnkudc+ ats drodbh]kkx enq hmudrshf]shmf rxrsdlr sg]s ]qd lnqd
chffbtks+ he mns hlonrrhakd+ sn rnkud ]m]kxshb]kkx-

Rnktshnmr ne Svn Ehqrs Nqcdq Khmd]q Dpt]shnmr
Sgd rxrsdl &01( nq &03( adknmfr sn ] ltbg lnqd fdmdq]k bk]rr ne oqnakdlr+ vghbg vd nas]hm
ax qdok]bhmf sgd bnmrs]ms bndffbhdmsr nm sgd qhfgs rhcd ax etmbshnmr ne sgd hmcdodmcdms
u]qh]akd s- Sgtr vd nas]hm sgd fdmdq]k rxrsdl ne svn “qrs nqcdq khmd]q ch—dqdmsh]k dpt]shnmr

}
cw{cs
cx{cs

(
=

}
o00&s(w + o01&s(x + f0&s(
o10&s(w + o11&s(x + f1&s(

(
. &14(

Trhmf udbsnq mns]shnm+ vd b]m vqhsd sgd khmd]q rxrsdl &14( ]r

cw
cs

= O&s(w + f&s(+ &15(

vgdqd

w =

}
w
x

(
+ O&s( =

}
o00&s( o01&s(
o10&s( o11&s(

(
+ ]mc f&s( =

}
f0&s(
f1&s(

(
. &16(

?f]hm+ vd qdedq sn w ]mc x ]r rs]sd u]qh]akdr+ sn w ]r sgd rs]sd udbsnq+ ]mc sn sgd wx,ok]md ]r
sgd og]rd ok]md-

Sgd rxrsdl &14( hr b]kkdc ] ’qrs nqcdq khmdZq rxrsdl ne chldmrhnm svn adb]trd hs bnm,
rhrsr ne “qrs nqcdq dpt]shnmr ]mc adb]trd hsr rs]sd ro]bd &sgd wx,ok]md( hr svn,chldmrhnm]k-
Etqsgdq+ he f&s( = . enq ]kk s+ sg]s hr+ f0&s( = f1&s( = / enq ]kk s+ sgdm sgd rxrsdl hr r]hc sn ad
gnlnfdmdntr- Nsgdqvhrd+ hs hr mnmgnlnfdmdntr- Enq dw]lokd+ sgd rxrsdl &01(+ nq &03(+
hr mnmgnlnfdmdntr-
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Eqdptdmskx hs hr cdrhq]akd sn oqnuhcd ] rs]qshmf onhms enq hmudrshf]shnm ne ] rxrsdl ax
cdrbqhahmf hsr bnm“ftq]shnm ]s ] fhudm hmrs]ms hm shld- Sgtr+ vd nesdm g]ud hmhsh]k bnmchshnmr

w&s/( = w/+ x&s/( = x/+ &17(

nq

w&s/( = w/+ &18(

vgdqd w/ = w/h + x/i- Dpt]shnmr &14( ]mc &17(+ nq hm udbsnq enql Dpr- &15( ]mc &18(+ enql
]m hmhshZk uZktd oqnakdl-

? rnktshnm ne sgd rxrsdl &14( bnmrhrsr ne svn ch—dqdmsh]akd etmbshnmr w = %&s( ]mc
x = &&s( sg]s r]shrex Dpr- &14( enq ]kk u]ktdr ne s hm rnld hmsdqu]k H- Hm udbsnq sdqlhmnknfx+
] rnktshnm hr ] udbsnq w = !&s( = %&s(h + &&s(i sg]s r]shr“dr Dp- &15( enq ]kk s hm H-

Eqnl ] fq]oghb]k nq uhrt]k onhms ne uhdv+ sgd rxrsdl &14(+ nq &15(+ hr qdk]shudkx chffbtks sn
hmudrshf]sd adb]trd sgd qhfgs rhcdr ne sgdrd dpt]shnmr cdodmc dwokhbhskx nm sgd hmcdodmcdms
u]qh]akd s- Sghr ld]mr sg]s ] chqdbshnm “dkc enq sgdrd rxrsdlr bg]mfdr vhsg shld- Enq sgd
r]ld qd]rnm+ ] og]rd onqsq]hs enq rtbg ] rxrsdl hr ]krn mns trdetk- Hs hr rshkk onrrhakd+ ne
bntqrd+ sn cq]v bnlonmdms oknsr ne w udqrtr s ]mc x udqrtr s enq rtbg rxrsdlr-

Dwhrsdmbd ]mc Tmhptdmdrr ne Rnktshnmr
Hs l]x ad hlonqs]ms sn jmnv sg]s sgd hmhsh]k u]ktd oqnakdl &14(+ &17(+ nq &15(+ &18( g]r ]
tmhptd rnktshnm+ ]mc sgdqd hr ] sgdnqdl &rs]sdc adknv( sg]s ]rrdqsr sghr hr sgd b]rd- Sghr
sgdnqdl hr ]m]knfntr sn Sgdnqdl 1-3-0 sg]s cd]kr vhsg hmhsh]k u]ktd oqnakdlr enq “qrs nq,
cdq khmd]q dpt]shnmr- Sgd hlonqs]mbd ne rtbg ] sgdnqdl sn l]sgdl]shbh]mr hr “qrs+ sg]s hs
dmrtqdr sg]s ] oqnakdl xnt ]qd sqxhmf sn rnkud ]bst]kkx g]r ] rnktshnm: rdbnmc+ sg]s he xnt
]qd rtbbdrretk hm “mchmf ] rnktshnm+ xnt b]m ad rtqd sg]s hs hr sgd nmkx nmd: ]mc sghqc+ sg]s
hs oqnlnsdr bnm“cdmbd hm trhmf mtldqhb]k ]ooqnwhl]shnm ldsgncr vgdm xnt ]qd rtqd sg]s
sgdqd hr ]bst]kkx ] rnktshnm btqud sn ]ooqnwhl]sd-

SGDNQDL
2-1-0

Kds d]bg ne sgd etmbshnmr o00+… + o11+ f0+ ]mc f1 ad bnmshmtntr nm ]m nodm hmsdqu]k H =
� . s . 𝛼+ kds s/ ad ]mx onhms hm H+ ]mc kds w/ ]mc x/ ad ]mx fhudm mtladqr- Sgdm sgdqd
dwhrsr ] tmhptd rnktshnm ne sgd rxrsdl &14(

}
cw{cs
cx{cs

(
=

}
o00&s(w + o01&s(x + f0&s(
o10&s(w + o11&s(x + f1&s(

(

sg]s ]krn r]shr“dr sgd hmhsh]k bnmchshnmr &17(

w&s/( = w/+ x&s/( = x/.

Etqsgdq sgd rnktshnm dwhrsr sgqntfgnts sgd hmsdqu]k H-

Hm rnld b]rdr+ sgd dwhrsdmbd ne rnktshnmr b]m ad cdlnmrsq]sdc ax ]bst]kkx “mchmf sgdl+
]mc ltbg ne sghr annj hr cdunsdc sn sg]s fn]k- Gnvdudq+ ] oqnne ne Sgdnqdl 2-1-0+ hm fdm,
dq]k+ hr snn chffbtks sn fhud gdqd: hs l]x ad entmc hm lnqd ]cu]mbdc annjr nm ch—dqdmsh]k
dpt]shnmr-

Nardqud sg]s sgd hmsdqu]k ne dwhrsdmbd ne sgd rnktshnm hr sgd dmshqd hmsdqu]k H hm vghbg sgd
gxonsgdrdr ]qd r]shr“dc- Etqsgdq sgd hmhsh]k u]ktdr w/ ]mc x/ ]qd bnlokdsdkx ]qahsq]qx-
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Khmd]q ;tsnmnlntr Rxrsdlr
He sgd qhfgs rhcd ne Dp- &15( cndr mns cdodmc dwokhbhskx nm sgd hmcdodmcdms u]qh]akd s+ sgd
rxrsdl hr r]hc sn ad Ztsnmnlntr- Enq Dp- &15( sn ad ]tsnmnlntr+ sgd dkdldmsr ne sgd bnde,
“bhdms l]sqhw O ]mc sgd bnlonmdmsr ne sgd udbsnq f ltrs ad bnmrs]msr- Vd vhkk trt]kkx trd
sgd mns]shnm

cw
cs

= ?w + a+ &2/(

vgdqd ? hr ] bnmrs]ms l]sqhw ]mc a hr ] bnmrs]ms udbsnq+ sn cdmnsd ]tsnmnlntr khmd]q rxr,
sdlr- Rhmbd sgd dmsqhdr ne ? ]mc sgd bnlonmdmsr ne a ]qd bnmrs]msr+ ]mc sgdqdenqd bnm,
shmtntr enq ]kk s+ Sgdnqdl 2-1-0 hlokhdr sg]s ]mx rnktshnm ne Dp- &2/( dwhrsr ]mc hr tmhptd
nm sgd dmshqd s,]whr- Chqdbshnm “dkcr ]mc og]rd onqsq]hsr ]qd d—dbshud snnkr enq rstcxhmf
Dp- &2/(+ rhmbd sgd udbsnq “dkc ?w + a cndr mns bg]mfd vhsg shld- Mnsd sg]s Dp- &03( enq sgd
fqddmgntrd.qnbjadc rxrsdl hr ne sghr sxod-

Qdb]kk sg]s hm Rdbshnm 1-4 vd entmc sg]s dpthkhaqhtl+ nq bnmrs]ms+ rnktshnmr vdqd ne o]q,
shbtk]q hlonqs]mbd hm sgd rstcx ne rhmfkd “qrs nqcdq ]tsnmnlntr dpt]shnmr- Sghr hr ]krn
sqtd enq ]tsnmnlntr rxrsdlr ne dpt]shnmr- Enq sgd khmd]q ]tsnmnlntr rxrsdl &2/(+ vd “mc
sgd dpthkhaqhtl rnktshnmr+ nq bqhshbZk onhmsr+ ax rdsshmf cw{cs dpt]k sn ydqn- Gdmbd ]mx
rnktshnm ne

?w = −a &20(

hr ] bqhshb]k onhms ne Dp- &2/(- He sgd bndffbhdms l]sqhw ? g]r ]m hmudqrd+ ]r vd trt]kkx ]rrtld+
sgdm Dp- &20( g]r ] rhmfkd rnktshnm+ m]ldkx+ w=−?−0a- Sghr hr sgdm sgd nmkx bqhshb]k onhms ne
sgd rxrsdl &2/(- Gnvdudq+ he ? hr rhmftk]q+ sgdm Dp- &20( g]r dhsgdq mn rnktshnm nq hm“mhsdkx
l]mx-

Hs hr hlonqs]ms sn tmcdqrs]mc sg]s bqhshb]k onhmsr ]qd entmc ax rnkuhmf ]kfdaq]hb+ q]sgdq
sg]m ch—dqdmsh]k+ dpt]shnmr- ?r vd rg]kk rdd k]sdq+ sgd adg]uhnq ne sq]idbsnqhdr hm sgd uhbhmhsx
ne bqhshb]k onhmsr b]m ]krn ad cdsdqlhmdc ax ]kfdaq]hb ldsgncr- Sgtr ] fnnc cd]k ne hmenq,
l]shnm ]ants rnktshnmr ne ]tsnmnlntr rxrsdlr b]m ad entmc vhsgnts ]bst]kkx rnkuhmf sgd
rxrsdl-

DW;LOKD
1

Bnmrhcdq ]f]hm sgd fqddmgntrd.qnbjadc rxrsdl ne Dw]lokd 0- Ehmc sgd bqhshb]k onhms ne sgd
rxrsdl &0/( ]mc &00(+ ]mc cdrbqhad sgd adg]uhnq ne sgd sq]idbsnqhdr hm hsr mdhfganqgnnc-

Sn “mc sgd bqhshb]k onhms+ vd rds ct0{cs = / ]mc ct1{cs = / hm Dpr- &0/( ]mc &00( sn fds

− 02
7 t0 +

2
3 t1 + 03 = /+ &21(

0
3 t0 −

0
3 t1 = /. &22(

nq+ trhmf l]sqhw mns]shnm+

⎛
⎜
⎜⎝

− 02
7

2
3

0
3 − 0

3

⎞
⎟
⎟⎠

}
t0
t1

(
+

}
03
/

(
= .. &23(

Dpt]shnm &22( hlokhdr sg]s t1 = t0- Rtarshstshmf t0 enq t1 hm Dp- &21( sgdm fhudr 6
7 t0 = 03-

Sgtr sgd nmkx bqhshb]k onhms ne sgd rxrsdl &0/( ]mc &00( hr t0 = t1 = 05+ hm ]fqddldms vhsg
sgd dpthkhaqhtl rnktshnm entmc hm Dp- &10(-

Eqnl sgd og]rd onqsq]hs hm Ehftqd 2-1-3+ hs ]ood]qr sg]s ]kk rnktshnmr ne sgd rxrsdl &03(
]ooqn]bg sgd bqhshb]k onhms ]r s → ∞- Gnvdudq+ mn nsgdq sq]idbsnqx b]m ]bst]kkx qd]bg sgd
bqhshb]k onhms hm ] “mhsd shld+ rhmbd sghr vntkc uhnk]sd sgd tmhptdmdrr o]qs ne Sgdnqdl 2-1-0-



03. Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

Sghr adg]uhnq hr anqmd nts ax sgd bnlonmdms oknsr hm Ehftqd 2-1-1+ vghbg hmchb]sd sg]s
t0 = t1 = 05 hr ] gnqhynms]k ]rxlosnsd enq sgd rnktshnmr rgnvm sgdqd-

Sgd pt]khs]shud adg]uhnq ne rnktshnmr rgnvm hm Ehftqd 2-1-3 hr bnmrhrsdms vhsg ntq ogxr,
hb]k hmsthshnm ]ants gnv rnktshnmr ne Dp- &03( rgntkc adg]ud- ?esdq ] udqx knmf shld+ sgd
sdlodq]stqd ne sgd qnbjohkd ]mc sgd sdlodq]stqd ne sgd fqddmgntrd ]hq vhkk ansg ad drrdm,
sh]kkx dpt]k sn sgd ntsrhcd ]hq sdlodq]stqd-

Sq]mrenql]shnm ne ] Rdbnmc Nqcdq Dpt]shnm sn ] Rxrsdl ne Ehqrs
Nqcdq Dpt]shnmr

Nmd nq lnqd ghfgdq nqcdq dpt]shnmr b]m ]kv]xr ad sq]mrenqldc hmsn ] rxrsdl ne “qrs nqcdq
dpt]shnmr- Sgtr rtbg rxrsdlr b]m ad bnmrhcdqdc ]r sgd lnrs etmc]ldms]k oqnakdl ]qd] hm
ch—dqdmsh]k dpt]shnmr-

Sn hkktrsq]sd nmd bnllnm v]x &ats mns sgd nmkx v]x( ne cnhmf sghr sq]mrenql]shnm+ kds tr
bnmrhcdq sgd rdbnmc nqcdq dpt]shnm

x…… + o&s(x… + p&s(x = f&s(+ &24(

vgdqd o+ p+ ]mc f ]qd fhudm etmbshnmr sg]s vd ]rrtld sn ad bnmshmtntr nm ]m hmsdqu]k H- Ehqrs+
vd hmsqnctbd mdv cdodmcdms u]qh]akdr w0 ]mc w1 hm sgd enql ne ] s]akd+

w0 = x &25(

w1 = x…. &26(

Mdws+ vd ch—dqdmsh]sd d]bg khmd hm sgd s]akd sn fds

w…0 = x… &27(

w…1 = x……. &28(

Vd sgdm trd Dpr- &25( ]mc &26( hm sgd s]akd+ ]mc sgd ch—dqdmsh]k dpt]shnm &24( hsrdke+ sn
dwoqdrr sgd qhfgs rhcdr ne Dpr- &27( ]mc &28( hm sdqlr ne sgd rs]sd u]qh]akdr w0 ]mc w1- Trhmf
Dp- &26(+ vd b]m qdok]bd sgd qhfgs rhcd x… ne Dp- &27( ax w1 sn fds

w…0 = w1. &3/(

Rnkuhmf enq x…… hm Dp- &24(+ vd b]m vqhsd Dp- &28( ]r

w…1 = −p&s(x − o&s(x… + f&s(+
nq

w…1 = −p&s(w0 − o&s(w1 + f&s(+ &30(

vgdqd vd g]ud ]f]hm trdc Dpr- &25( ]mc &26(- Dpt]shnmr &3/( ]mc &30( enql ] rxrsdl ne svn
“qrs nqcdq dpt]shnmr sg]s hr dpthu]kdms sn sgd nqhfhm]k Dp- &24(- Trhmf l]sqhw mns]shnm+ vd
b]m vqhsd sghr rxrsdl ]r

w… =

}
/ 0

−p&s( −o&s(

(
w +

}
/

f&s(

(
. &31(
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Hmhsh]k bnmchshnmr enq Dp- &24( ]qd ne sgd enql

x&s/( = x/+ x…&s/( = x0+ &32(

sg]s hr+ sgd u]ktd ne ansg sgd cdodmcdms u]qh]akd ]mc hsr cdqhu]shud ltrs ad rodbh“dc ]s rnld
onhms s/ hm H- Sgdrd hmhsh]k bnmchshnmr ]qd sgdm sq]mredqqdc sn sgd rs]sd u]qh]akdr w0 ]mc w1 ax
trhmf Dpr- &25( ]mc &26(+ w0&s/( = x/ ]mc w1&s/( = x0+ nq+ trhmf udbsnq mns]shnm+

w&s/( =

}
x/
x0

(
. &33(

Rhmbd sgd hmhsh]k u]ktd oqnakdl &31(+ &33( hr ] rodbh]k b]rd ne sgd hmhsh]k u]ktd oqnakdl &15(
]mc &18(+ Sgdnqdl 2-1-0 b]m ad ]ookhdc sn sgd hmhsh]k u]ktd oqnakdl &24(+ &32(-

PdlRpi- Nmbd vd g]ud sgd rnktshnm w&s( ne sgd HUO &31( ]mc &33( vd b]m nas]hm sgd rnktshnm x&s(
ne sgd HUO &24( ]mc &32( ax dwsq]bshmf sgd “qrs bnlonmdms ne w&s(-

DW;LOKD
2

Bnmrhcdq sgd ch—dqdmsh]k dpt]shnm

t…… + /.14t… + 1t = 2 rhm s. &34(

Rtoonrd sg]s hmhsh]k bnmchshnmr

t&/( = 1+ t…&/( = −1 &35(

]qd ]krn fhudm- ?r vd vhkk rgnv hm sgd mdws bg]osdq+ sghr hmhsh]k u]ktd oqnakdl b]m rdqud ]r
] lncdk enq ] uhaq]shmf roqhmffll]rr rxrsdl hm vghbg t qdoqdrdmsr sgd chrok]bdldms ne sgd
l]rr eqnl hsr dpthkhaqhtl onrhshnm ]mc t… qdoqdrdmsr sgd udknbhsx ne sgd l]rr- Sq]mrenql
sghr oqnakdl hmsn ]m dpthu]kdms nmd enq ] rxrsdl ne “qrs nqcdq dpt]shnmr- Trd ] bnlotsdq sn
oqnctbd bnlonmdms oknsr ne sgd chrok]bdldms ]mc udknbhsx ne sgd l]rr-

He vd kds w0 = t ]mc w1 = t… ]mc enkknv sgd rsdor kd]chmf eqnl Dp- &24( sn Dpr- &3/( ]mc
&30(+ vd nas]hm sgd rxrsdl

w…0 = w1+ w…1 = −1w0 − /.14w1 + 2 rhm s. &36(

Sgd hmhsh]k bnmchshnmr &35( kd]c chqdbskx sn

w0&/( = 1+ w1&/( = −1. &37(

Sgd hmhsh]k u]ktd oqnakdl &36( ]mc &37( hr dpthu]kdms sn Dpr- &34( ]mc &35(- Hm l]sqhw mns]shnm
vd vqhsd sghr hmhsh]k u]ktd oqnakdl ]r

w… =

}
/ 0

−1 −/.14

(
w +

}
/

2 rhm s

(
+ w&/( =

}
1

−1

(
. &38(

Oknsr ne t = w0&s( ]mc t… = w1&s( ]qd rgnvm hm Ehftqd 2-1-4-
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4 04 1/

}5

}3

}1

1

3

s

w0+�w1

t′�<�w1 s(

t�<�w0 s(

0/

EHFTQD 2-1-4 Bnlonmdms oknsr ne sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &38(-

OQNAKDLR

Vqhshmf Rxrsdlr hm LZsqhw Enql- Hm d]bg ne Oqnakdlr 0
sgqntfg 7+ rs]sd vgdsgdq sgd fhudm rxrsdl hr ]tsnmnlntr
nq mnm]tsnmnlntr ]mc ]krn vgdsgdq hs hr gnlnfdmdntr
nq mnmgnlnfdmdntr- Sgdm vqhsd sgd rxrsdl trhmf l]sqhw
mns]shnm-
0- w… = x+ x… = w + 3
1- w… = w + 1x + rhm s+ x… = −w + x − anr s
2- w… = −1sw + x+ x… = 2w − x
3- w… = w + 1x + 3+ x… = −1w + x − 2
4- w… = 2w − x+ x… = w + 1x
5- w… = −w + sx+ x… = sw − x
6- w… = w + x + 3+ x… = −1w + &rhm s(x
7- w… = 2w − 3x+ x… = w + 2x

Rnktshnmr ne KhmdZq Rxrsdlr-
8-  Z( Rgnv sg]s sgd etmbshnmr w&s( = 2ds + 6d−s ]mc x&s( =
2ds + 10d−s ]qd rnktshnmr ne sgd rxrsdl

w… = 1w − x+

x… = 2w − 1x+
r]shrexhmf sgd hmhsh]k bnmchshnmr w&/( = 0/ ]mc x&/( = 13-
 a( Trd ] bnlotsdq sn okns sgd fq]ogr ne w ]mc x udqrtr s-
0.-  Z( Rgnv sg]s sgd etmbshnmr

w&s( = d−s&1 anr 1s − rhm 1s(

x&s( = −d−s&1 rhm 1s + anr 1s(

]qd rnktshnmr ne sgd rxrsdl

w… = −w + 1x+
x… = −1w − x+

r]shrexhmf sgd hmhsh]k bnmchshnmr w&/( = 1 ]mc x&/( = −0-
 a( Trd ] bnlotsdq sn okns sgd fq]ogr ne w ]mc x udqrtr s-
00-  Z( Rgnv sg]s

w =

}
rhm s − s anr s

s rhm s

(

hr ] rnktshnm ne sgd rxrsdl

w… =

}
/ 0

−0 /

(
w +

}
/

1 rhm s

(

r]shrexhmf sgd hmhsh]k bnmchshnm

w&/( =

}
/
/

(
.

 a( Trd ] bnlotsdq sn cq]v bnlonmdms oknsr ne w-
01-  Z( Rgnv sg]s

w = d−s

}
1s − 0
s − 0

(
+

}
5s + 1
1s − 0

(
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hr ] rnktshnm ne sgd rxrsdl

w… =

}
0 −3
0 −2

(
w +

}
1s
−2

(

r]shrexhmf sgd hmhsh]k bnmchshnm

w&/( =

}
0

−1

(
.

 a( Trd ] bnlotsdq sn cq]v bnlonmdms oknsr ne w-
Dpthkhaqhtl Rnktshnmr Zmc OgZrd OnqsqZhsr-
02- Ehmc sgd dpthkhaqhtl rnktshnm+ nq bqhshb]k onhms+ ne Dpr-
&4( ]mc &5( hm Dw]lokd 0-
03- Hm sgd khlhshmf b]rd+ " → /+ Dpr- &4( ]mc &5( ne Dw]lokd
0 qdctbd sn sgd o]qsh]kkx bntokdc rxrsdl

ct0

cs
= −&j0 + j1(t0 + j1t1 + j0SZ+ &h(

ct1

cs
= /. &hh(

Sgtr+ he hmhsh]k bnmchshnmr t0&/( = t0/ ]mc t1&/( = t1/ ]qd oqd,
rbqhadc+ Dp- &hh( hlokhdr sg]s t1&s(= t1/ enq ]kk s ≥ /- Sgdqdenqd
Dp- &h( qdctbdr sn ] “qrs nqcdq dpt]shnm vhsg nmd cdodmcdms
u]qh]akd+

ct0

cs
= −&j0 + j1(t0 + j1t1/ + j0SZ. &hhh(

 Z( Ehmc sgd bqhshb]k onhms &dpthkhaqhtl rnktshnm( ne Dp- &hhh(
]mc bk]rrhex hs ]r ]rxlosnshb]kkx rs]akd nq tmrs]akd- Sgdm
cq]v sgd og]rd khmd+ ]mc rjdsbg rdudq]k fq]ogr ne rnktshnmr
hm sgd st0,ok]md-
 a( Ehmc sgd rnktshnm ne Dp- &hhh( rtaidbs sn sgd hmhsh]k bnmch,
shnm t0&/( = t0/ ]mc trd hs sn udqhex sgd pt]khs]shud qdrtksr ne
o]qs &](-
 b( Vg]s hr sgd ogxrhb]k hmsdqoqds]shnm ne rdsshmf " = /= Fhud
] ogxrhb]k hmsdqoqds]shnm ne sgd dpthkhaqhtl rnktshnm entmc hm
o]qs &](-
 c( Vg]s cn sgdrd pt]khs]shud qdrtksr hlokx ]ants sgd rhyhmf
ne sgd qnbj rsnq]fd ohkd hm bnlahm]shnm vhsg sdlodq]stqdr sg]s
b]m ad ]bghdudc hm sgd qnbj rsnq]fd ohkd ctqhmf sgd c]xshld=
Hm d]bg ne Oqnakdlr 04 sgqntfg 1/9
 Z( Ehmc sgd dpthkhaqhtl rnktshnm+ nq bqhshb]k onhms+ ne sgd
fhudm rxrsdl-
 a( Trd ] bnlotsdq sn cq]v ] chqdbshnm “dkc ]mc og]rd onq,
sq]hs bdmsdqdc ]s sgd bqhshb]k onhms-
 b( Cdrbqhad gnv rnktshnmr ne sgd rxrsdl adg]ud hm sgd uhbhm,
hsx ne sgd bqhshb]k onhms-
04- w… = −w + x + 0+ x… = w + x − 2
05- w… = −w − 3x − 3+ x… = w − x − 5
06- w… = −/.14w − /.64x + 7+ x… = /.4w + x − 00.4

07- w… = −1w + x − 00+ x… = −4w + 3x − 24
08- w… = w + x − 2+ x… = −w + x + 0
1.- w… = −4w + 3x − 24+ x… = −1w + x − 00
Rdbnmc Nqcdq Ch–dqdmshZk DptZshnmr-
Hm Oqnakdlr 10 sgqntfg 13+ sq]mrenql sgd fhudm dpt]shnm hmsn
] rxrsdl ne “qrs nqcdq dpt]shnmr-
10- t…… + /.4t… + 1t = /
11- 1t…… + /.4t… + 7t = 5 rhm 1s
12- s1t…… + st… + &s1 − /.14(t = /
13- s1t…… + 2st… + 4t = s1 + 3

Hm d]bg ne Oqnakdlr 14 ]mc 15+ sq]mrenql sgd fhudm hmh,
sh]k u]ktd oqnakdl hmsn ]m hmhsh]k u]ktd oqnakdl enq svn “qrs
nqcdq dpt]shnmr- Sgdm vqhsd sgd rxrsdl hm l]sqhw enql-
14- t…… + /.14t… + 3t = 1 anr 2s+ t&/( = 0+
t…&/( = −1
15- st…… + t… + st = /+ t&0( = 0+ t…&0( = /
?ookhbZshnmr-
Dkdbsqhb Bhqbthsr- Sgd sgdnqx ne dkdbsqhb bhqbthsr+ rtbg ]r
sg]s rgnvm hm Ehftqd 2-1-5+ bnmrhrshmf ne hmctbsnqr+ qdrhrsnqr+
]mc b]o]bhsnqr+ hr a]rdc nm Jhqbggn—´r k]vr9 &0( ?s ]mx mncd
&nq itmbshnm(+ sgd rtl ne btqqdmsr finvhmf hmsn sg]s mncd hr
dpt]k sn sgd rtl ne btqqdmsr finvhmf nts ne sg]s mncd+ ]mc &1(
sgd mds unks]fd cqno ]qntmc d]bg bknrdc knno hr ydqn- Hm ]c,
chshnm sn Jhqbggn—´r k]vr+ vd ]krn g]ud sgd qdk]shnm adsvddm
sgd btqqdms h&s( hm ]lodqdr sgqntfg d]bg bhqbths dkdldms ]mc
sgd unks]fd cqno ℏ&s( hm unksr ]bqnrr sgd dkdldms9

ℏ = Qh+ Q = qdrhrs]mbd hm nglr:

B cℏ
cs

= h+ B = b]o]bhs]mbd hm e]q]cr3:

K ch
cs

= ℏ+ K = hmctbs]mbd hm gdmqhdr-

Jhqbggn—´r k]vr ]mc sgd btqqdmsflunks]fd qdk]shnm enq d]bg bhq,
bths dkdldms oqnuhcd ] rxrsdl ne ]kfdaq]hb ]mc ch—dqdmsh]k
dpt]shnmr eqnl vghbg sgd unks]fd ]mc btqqdms sgqntfgnts sgd
bhqbths b]m ad cdsdqlhmdc- Oqnakdlr 16 sgqntfg 18 hkktrsq]sd
sgd oqnbdctqd itrs cdrbqhadc-

B

Q

K

EHFTQD 2-1-5 ? o]q]kkdk KQB bhqbths: rdd Oqnakdl
16-

3Lnrs b]o]bhsnqr g]ud b]o]bhs]mbdr ld]rtqdc hm lhbqne]q]cr nq ohbne]q]cr- Vd trd e]q]c ]r sgd tmhs enq
mtldqhb]k bnmudmhdmbd-
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16- Bnmrhcdq sgd bhqbths rgnvm hm Ehftqd 2-1-5- Kds h0+ h1+ ]mc
h2 ad sgd btqqdmsr sgqntfg sgd b]o]bhsnq+ qdrhrsnq+ ]mc hmctbsnq+
qdrodbshudkx- Khjdvhrd+ kds ℏ0+ ℏ1+ ]mc ℏ2 ad sgd bnqqdronmc,
hmf unks]fd cqnor- Sgd ]qqnvr cdmnsd sgd ]qahsq]qhkx bgnrdm
chqdbshnmr hm vghbg btqqdmsr ]mc unks]fd cqnor vhkk ad s]jdm
sn ad onrhshud-
 Z( ?ookxhmf Jhqbggn—´r rdbnmc k]v sn sgd toodq knno hm sgd
bhqbths+ rgnv sg]s

ℏ0 − ℏ1 = /. &h(

Hm ] rhlhk]q v]x+ rgnv sg]s

ℏ1 − ℏ2 = /. &hh(

 a( ?ookxhmf Jhqbggn—´r “qrs k]v sn dhsgdq mncd hm sgd bhq,
bths+ rgnv sg]s

h0 + h1 + h2 = /. &hhh(

 b( Trd sgd btqqdmsflunks]fd qdk]shnm sgqntfg d]bg dkdldms hm
sgd bhqbths sn nas]hm sgd dpt]shnmr

Bℏ…0 = h0+ ℏ1 = Qh1+ Kh…2 = ℏ2. &hu(

 c( Dkhlhm]sd ℏ1+ ℏ2+ h0+ ]mc h1 ]lnmf Dpr- &h( sgqntfg &hu( sn
nas]hm

Bℏ…0 = −h2 −
ℏ0

Q
+ Kh…2 = ℏ0. &u(

Sgdrd dpt]shnmr enql ] rxrsdl ne svn dpt]shnmr enq sgd u]qh,
]akdr ℏ0 ]mc h2-
17- Bnmrhcdq sgd bhqbths rgnvm hm Ehftqd 2-1-6- Trd sgd
ldsgnc ntskhmdc hm Oqnakdl 16 sn rgnv sg]s sgd btqqdms h
sgqntfg sgd hmctbsnq ]mc sgd unks]fd ℏ ]bqnrr sgd b]o]bhsnq
r]shrex sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr

ch
cs

= −h − ℏ+ cℏ
cs

= 1h − ℏ.

Q�<�0�ngl

Q�<�1�ngl
K�<�0�G

B�<�/-4�E

EHFTQD 2-1-6 Sgd bhqbths hm Oqnakdl 17-

18- Bnmrhcdq sgd bhqbths rgnvm hm Ehftqd 2-1-7- Trd sgd
ldsgnc ntskhmdc hm Oqnakdl 16 sn rgnv sg]s sgd btqqdms h
sgqntfg sgd hmctbsnq ]mc sgd unks]fd ℏ ]bqnrr sgd b]o]bhsnq
r]shrex sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr

K ch
cs

= −Q0h − ℏ+ B cℏ
cs

= h − ℏ
Q1

.

B

K

Q1Q0

EHFTQD 2-1-7 Sgd bhqbths hm Oqnakdl 18-

Lhwhmf Oqnakdlr-
2.- D]bg ne sgd s]mjr rgnvm hm Ehftqd 2-1-8 bnms]hmr ] aqhmd
rnktshnm- ?rrtld sg]s S]mj 0 hmhsh]kkx bnms]hmr 2/ f]kknmr
&f]k( ne v]sdq ]mc 44 ntmbdr &ny( ne r]ks+ ]mc S]mj 1 hmhsh]kkx
bnms]hmr 1/ f]k ne v]sdq ]mc 15 ny ne r]ks- V]sdq bnms]hmhmf
0 ny.f]k ne r]ks finvr hmsn S]mj 0 ]s ] q]sd ne 0-4 f]k.lhm+ ]mc
sgd vdkk,rshqqdc rnktshnm finvr eqnl S]mj 0 sn S]mj 1 ]s ] q]sd
ne 2 f]k.lhm- ?cchshnm]kkx+ v]sdq bnms]hmhmf 2 ny.f]k ne r]ks
finvr hmsn S]mj 1 ]s ] q]sd ne 0 f]k.lhm &eqnl sgd ntsrhcd(-
Sgd vdkk,rshqqdc rnktshnm hm S]mj 1 cq]hmr nts ]s ] q]sd ne 3
f]k.lhm+ ne vghbg rnld finvr a]bj hmsn S]mj 0 ]s ] q]sd ne 0-4
f]k.lhm+ vghkd sgd qdl]hmcdq kd]udr sgd rxrsdl- Mnsd sg]s sgd
unktld ne rnktshnm hm d]bg s]mj qdl]hmr bnmrs]ms rhmbd sgd
sns]k q]sdr ne finv hm ]mc nts ne d]bg s]mj ]qd sgd r]ld9 2
f]k.lhm hm S]mj 0 ]mc 3 f]k.lhm hm S]mj 1-
 Z( Cdmnshmf sgd ]lntms ne r]ks hm S]mj 0 ]mc S]mj 1 ax
P0&s( ]mc P1&s(+ qdrodbshudkx+ trd sgd oqhmbhokd ne l]rr a]k,
]mbd &rdd Dw]lokd 0 ne Rdbshnm 1-2( sn rgnv sg]s

cP0

cs
= −/.0P0 + /./64P1 + 0.4+

cP1

cs
= /.0P0 − /.1P1 + 2+

P0&/( = 44+ P1&/( = 15.

 a( Vqhsd sgd hmhsh]k u]ktd oqnakdl &h( trhmf l]sqhw mns]shnm-
 b( Ehmc sgd dpthkhaqhtl u]ktdr PD

0 ]mc PD
1 ne sgd rxrsdl-

 c( Trd ] bnlotsdq sn cq]v bnlonmdms oknsr ne sgd hmhsh]k
u]ktd oqnakdl &h(+ ]mc sgd dpthkhaqhtl rnktshnmr+ nudq sgd
shld hmsdqu]k / ≤ s ≤ 4/-
 d( Cq]v ] og]rd onqsq]hs enq sgd rxrsdl bdmsdqdc ]s sgd bqhs,
hb]k onhms-
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0-4�f^k.lhm

0�f^k.lhm

2�f^k.lhm

2�ny.f^k

S^mi�0 S^mi�1

P0 s(�ny�r^ks

2/�f^k�v^sdq

P1 s(�ny�r^ks

1/�f^k�v^sdq

1-4�f^k.lhm

0�ny.f^k

0-4�f^k.lhm

EHFTQD 2-1-8 Sgd hmsdqbnmmdbsdc s]mjr hm Oqnakdl 2/-

20- Bnmrhcdq svn hmsdqbnmmdbsdc s]mjr rhlhk]q sn sgnrd hm
Ehftqd 2-1-8- S]mj 0 hmhsh]kkx bnms]hmr 5/ f]k ne v]sdq ]mc P/

0
ny ne r]ks+ ]mc S]mj 1 hmhsh]kkx bnms]hmr 0// f]k ne v]sdq ]mc
P/

1 ny ne r]ks- V]sdq bnms]hmhmf p0 ny.f]k ne r]ks finvr hmsn
S]mj 0 ]s ] q]sd ne 2 f]k.lhm- Sgd lhwstqd hm S]mj 0 finvr
nts ]s ] q]sd ne 3 f]k.lhm+ ne vghbg g]ke finvr hmsn S]mj 1+
vghkd sgd qdl]hmcdq kd]udr sgd rxrsdl- V]sdq bnms]hmhmf p1
ny.f]k ne r]ks ]krn finvr hmsn S]mj 1 eqnl sgd ntsrhcd ]s sgd
q]sd ne 0 f]k.lhm- Sgd lhwstqd hm S]mj 1 kd]udr sgd s]mj ]s
] q]sd ne 2 f]k.lhm+ ne vghbg rnld finvr a]bj hmsn S]mj 0 ]s
] q]sd ne 0 f]k.lhm+ vghkd sgd qdrs kd]udr sgd rxrsdl-

 Z( Cq]v ] ch]fq]l sg]s cdohbsr sgd finv oqnbdrr cdrbqhadc
]anud- Kds P0&s( ]mc P1&s(+ qdrodbshudkx+ ad sgd ]lntms ne r]ks
hm d]bg s]mj ]s shld s- Vqhsd cnvm ch—dqdmsh]k dpt]shnmr ]mc
hmhsh]k bnmchshnmr enq P0 ]mc P1 sg]s lncdk sgd finv oqnbdrr-
 a( Ehmc sgd dpthkhaqhtl u]ktdr PD

0 ]mc PD
1 hm sdqlr ne sgd

bnmbdmsq]shnmr p0 ]mc p1-
 b( Hr hs onrrhakd &ax ]citrshmf p0 ]mc p1( sn nas]hm PD

0 = 5/
]mc PD

1 = 4/ ]r ]m dpthkhaqhtl rs]sd=
 c( Cdrbqhad vghbg dpthkhaqhtl rs]sdr ]qd onrrhakd enq sghr
rxrsdl enq u]qhntr u]ktdr ne p0 ]mc p1-

2-2 Gnlnfdmdntr Khmd]q Rxrsdlr vhsg
Bnmrs]ms Bndeehbhdmsr
Hm sgd oqdbdchmf rdbshnm+ vd mnsdc sg]s ] khmd]q ]tsnmnlntr rxrsdl ne “qrs nqcdq ch—dqdmsh]k
dpt]shnmr g]r sgd enql

cw
cs

= ?w + a+ &0(

vgdqd ? ]mc a ]qd ] bnmrs]ms l]sqhw ]mc ] bnmrs]ms udbsnq+ qdrodbshudkx- Hm Dw]lokd 0 ne sg]s
rdbshnm+ vd rstchdc ] fqddmgntrd.qnbjadc gd]s rsnq]fd oqnakdl lncdkdc ax sgd dpt]shnmr

⎛
⎜
⎜⎝

ct0{cs

ct1{cs

⎞
⎟
⎟⎠
=
⎛
⎜
⎜⎝

− 02
7

2
3

0
3 − 0

3

⎞
⎟
⎟⎠

}
t0
t1

(
+

}
03
/

(
+ &1(

vghbg ]qd ne sgd enql &0(- Etqsgdq+ hm Dw]lokd 1+ vd entmc sg]s sgd rxrsdl &1( g]r ] rhmfkd
bqhshb]k onhms+ nq dpthkhaqhtl rnktshnm+ fhudm ax t̂0 = 05 ]mc t̂1 = 05- Hs hr nesdm bnmudmhdms
sn rghes sgd nqhfhm ne sgd og]rd ok]md+ ax ld]mr ne ] rhlokd sq]mrenql]shnm+ rn sg]s hs bnhm,
bhcdr vhsg ] bqhshb]k onhms-
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DW;LOKD
0

? Qnbjadc
Gd]s Rsnq]fd

Rxrsdl
Qduhrhsdc

Bnmrhcdq sgd fqddmgntrd.qnbjadc gd]s rsnq]fd oqnakdl lncdkdc ax sgd rxrsdl &1(+ rtaidbs
sn sgd hmhsh]k bnmchshnmr

t0&/( = /+ t1&/( = 25. &2(

Kds w0&s( ]mc w1&s( ad sgd cduh]shnmr ne t0&s( ]mc t1&s( eqnl sgdhq qdrodbshud dpthkhaqhtl
u]ktdr+ sg]s hr+

w0&s( = t0&s( − 05+ w1&s( = t1&s( − 05. &3(

Ehmc sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr ]mc sgd hmhsh]k bnmchshnmr r]shr“dc ax w0&s( ]mc
w1&s(-

Qdvqhsd Dpr- &3( hm sgd enql

t0&s( = 05 + w0&s(+ t1&s( = 05 + w1&s(. &4(

Sgdm+ ax rtarshstshmf sgd qhfgs rhcdr ne Dpr- &4( enq t0 ]mc t1 hm sgd “qrs ne Dpr- &1(+ vd
nas]hm

&05 + w0(… = − 02
7 &05 + w0( + 2

3 &05 + w1( + 03

nq

w…0 = −15 − 02
7 w0 + 01 + 2

3 w1 + 03

= − 02
7 w0 +

2
3 w1+ &5(

rhmbd sgd bnmrs]ms sdqlr nm sgd qhfgs rhcd ]cc sn ydqn- Oqnbddchmf sgd r]ld v]x vhsg sgd
rdbnmc ne Dpr- &1(+ vd “mc sg]s

w…1 = 0
3 &05 + w0( − 0

3 &05 + w1(

= 0
3 w0 −

0
3 w1. &6(

He vd vqhsd Dpr- &5( ]mc &6( hm udbsnq enql+ vd g]ud

⎛
⎜
⎜⎝

cw0{cs

cw1{cs

⎞
⎟
⎟⎠
=
⎛
⎜
⎜⎝

− 02
7

2
3

0
3 − 0

3

⎞
⎟
⎟⎠

}
w0
w1

(
+ &7(

nq

cw
cs

=
⎛
⎜
⎜⎝

− 02
7

2
3

0
3 − 0

3

⎞
⎟
⎟⎠
w+ &8(

vgdqd w&s( = w0&s(h + w1&s(i- Hm sdqlr ne w0 ]mc w1+ sgd hmhsh]k bnmchshnmr &2( adbnld

w0&/( = −05+ w1&/( = 1/. &0/(

Nardqud sg]s+ ax hmsqnctbhmf sgd u]qh]akdr w0 ]mc w1 cd“mdc ax Dp- &3(+ vd g]ud sq]mr,
enqldc sgd mnmgnlnfdmdntr rxrsdl &1( hmsn sgd gnlnfdmdntr rxrsdl &8( vhsg sgd r]ld bn,
dffbhdms l]sqhw- Sgd u]qh]akdr w0 ]mc w1 rodbhex sgd sdlodq]stqdr ne sgd ]hq ]mc sgd qnbjadc
qdk]shud sn sgdhq qdrodbshud dpthkhaqhtl u]ktdr+ vgdqd]r t0 ]mc t1 ]qd sgd bnqqdronmchmf ]b,
st]k sdlodq]stqdr- Sgd qdrtks ne trhmf w0 ]mc w1 hmrsd]c ne t0 ]mc t1 hr sn rhlokhex sgd rxrsdl
&1( ax dkhlhm]shmf sgd mnmgnlnfdmdntr sdql- Hm fdnldsqhb]k k]mft]fd vd g]ud rghesdc bn,
nqchm]sdr rn sg]s sgd bqhshb]k onhms &05+ 05( hm sgd t0t1,ok]md hr mnv knb]sdc ]s sgd nqhfhm hm
sgd w0w1,ok]md-



2-2 Gnlnfdmdntr Khmd]q Rxrsdlr vhsg Bnmrs]ms Bndffbhdmsr 036

Nm Qdctbhmf w… = 9w ) a sn w… = 9w
He ? g]r ]m hmudqrd+ sgdm sgd nmkx bqhshb]k+ nq dpthkhaqhtl+ onhms ne w… = ?w + a hr wdp =
−?−0a- ?r hkktrsq]sdc hm Dw]lokd 0+ hm rtbg b]rdr hs hr bnmudmhdms sn rghes sgd nqhfhm ne sgd
og]rd ok]md sn sgd bqhshb]k onhms trhmf sgd bnnqchm]sd sq]mrenql]shnm

w = wdp + w̃+ &00(

]r rgnvm hm Ehftqd 2-2-0-
Sgtr w̃ = w − wdp qdoqdrdmsr sgd ch—dqdmbd adsvddm w ]mc sgd dpthkhaqhtl rs]sd wdp- Rta,

rshstshmf sgd qhfgs rhcd ne Dp- &00( enq w hm w… = ?w + a fhudr
c
cs

(
wdp + w̃

�
= ?

(
wdp + w̃

�
+ a+

nq
cw̃
cs

= ?w̃+ &01(

rhmbd cwdp{cs = . ]mc ?wdp + a = ?&−?−0a( + a = −Ha + a = .- Cqnoohmf sgd shkcd+ he
w = !&s( hr ] rnktshnm ne sgd gnlnfdmdntr rxrsdl w… = ?w+ sgdm sgd rnktshnm ne sgd mnmgn,
lnfdmdntr rxrsdl w… = ?w + a hr fhudm ax w = !&s( + wdp = !&s( − ?−0a-

Nm sgd nsgdq g]mc+ he ? hr rhmftk]q+ sgdqd l]x ad mn bqhshb]k onhmsr+ ]mc sgdm hs vhkk mns
ad onrrhakd sn qdctbd sgd mnmgnlnfdmdntr rxrsdl sn ] gnlnfdmdntr nmd hm sghr l]mmdq-
Rhlhk]qkx+ he sgd mnmgnlnfdmdntr sdql a cdodmcr nm s+ sgdm hs hr mn knmfdq onrrhakd sn
dkhlhm]sd hs ax ] rhlokd bg]mfd ne u]qh]akdr rhlhk]q sn Dp- &00(- Gnvdudq+ dudm hm sgdrd
b]rdr+ he sgd gnlnfdmdntr rxrsdl w… = ?w b]m ad rnkudc+ sgdm sgd mnmgnlnfdmdntr
rxrsdl w… = ?w + a b]m ]krn ad rnkudc ax vdkk,drs]akhrgdc ldsgncr sg]s vd vhkk chrbtrr
hm Rdbshnm 3-6- Sgtr sgd gnlnfdmdntr rxrsdl w… = ?w hr sgd lnqd etmc]ldms]k oqnakdl
]mc vd vhkk enbtr lnrs ne ntq ]ssdmshnm nm hs-

w1

wdp
w

w0

w1
�

w�

w0
�

EHFTQD 2-2-0 Sq]mrk]shmf sgd nqhfhm sn sgd bqhshb]k onhms wdp-

Rtodqonrhshnm Oqhmbhokd ]mc Khmd]q Hmcdodmcdmbd
Lnrs ne sgd qdl]hmhmf bnmsdms ne sghr bg]osdq hr cdunsdc sn rnkuhmf khmd]q rxrsdlr ne chldm,
rhnm svn ne sgd enql

w…&s( = ?w&s( &02(
enq u]qhntr b]rdr ne ? ]mc enqlhmf og]rd onqsq]hsr sn uhrt]khyd sgd adg]uhnq ne sgd rnktshnm
sq]idbsnqhdr- Vd “qrs chrbtrr gnv sn enql sgd fdmdq]k rnktshnm ne &02(-
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Rtoonrd w0&s( hr ] rnktshnm ne &02( ]mc b0 hr ]m ]qahsq]qx bnmrs]ms- Sgdm

w&s( = b0w0&s( &03(

hr ]krn ] rnktshnm ne &02(- Sn rgnv sg]s b0w0 hr ] rnktshnm ne &02(+ vd ltrs rgnv sg]s
(
b0w0&s(

�… − ?b0w0&s( &03](

hr ydqn- Ats+ vd b]m vqhsd
(
b0w0&s(

�… − ?b0w0&s( = b0Zw…0&s( − ?w0&s([. &03a(

Sgd dwoqdrrhnm hm aq]bjdsr nm sgd qhfgs rhcd ne &03a( hr ydqn adb]trd w0 hr ] rnktshnm ne
&02(: sgdqdenqd sgd dwoqdrrhnm hm Dp- &03]( hr ]krn ydqn+ ]mc b0w0 hr ] rnktshnm ne &02( enq ]mx
bnmrs]ms b0-

Etqsgdq+ he w0&s( ]mc w1&s( ]qd ansg rnktshnmr ne &02( ]mc b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr+
sgdm sgd khmd]q bnlahm]shnm

w&s( = b0w0&s( + b1w1&s( &04(

hr ]krn ] rnktshnm ne &02( adb]trd
(
b0w0&s( + b1w1&s(

�… − ?
(
b0w0&s( + b1w1&s(

�
=

b0
(
w0&s(… − ?w0&s(

�
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

= .

+b1
(
w1&s(… − ?w1&s(

�
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

= .

= .. &05(

vghbg hr sqtd adb]trd w0 ]mc w1 ]qd rnktshnmr ne &02(-
Rhmbd vd chc mns trd o]qshbtk]q enqlr ne sgd rnktshnmr w0&s( ]mc w1&s(+ &05( gnkcr enq Zkk

rnktshnmr ne &02(- Vd enql]khyd sghr nardqu]shnm ]r sgd enkknvhmf sgdnqdl-

SGDNQDL
2-2-0

Oqhmbhokd ne Rtodqonrhshnm- Rtoonrd sg]s w0&s( ]mc w1&s( ]qd rnktshnmr ne Dp- &02(+

w…&s( = ?w&s(.

Sgdm sgd dwoqdrrhnm &04(

w&s( = b0w0&s( + b1w1&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr+ hr ]krn ] rnktshnm-

Sghr sgdnqdl dwoqdrrdr nmd ne sgd etmc]ldms]k oqnodqshdr ne khmd]q gnlnfdmdntr rxr,
sdlr- Rs]qshmf vhsg svn rodbh“b rnktshnmr+ xnt b]m hlldch]sdkx fdmdq]sd ] ltbg k]qfdq
&cntakx hm“mhsd+ hm e]bs( e]lhkx ne rnktshnmr+ oqnuhcdc sg]s sgd svn rnktshnmr ]qd chrshmbs hm
sgd rdmrd sg]s vd mnv cdrbqhad-

Rtoonrd mnv sg]s sgdqd hr ] oqdrbqhadc hmhsh]k bnmchshnm

w&s/( = w/+ &06(

vgdqd s/ hr ]mx fhudm u]ktd ne s+ ]mc w/ hr ]mx fhudm bnmrs]ms udbsnq- Hr hs onrrhakd sn bgnnrd
sgd bnmrs]msr b0 ]mc b1 hm Dp- &04( rn ]r sn r]shrex sgd hmhsh]k bnmchshnm &06(= Ax ]ookxhmf
Dp- &06( hm Dp- &04(+ vd nas]hm

b0w0&s/( + b1w1&s/( = w/+ &07(
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nq+ hm l]sqhw enql+
}

w00&s/( w01&s/(
w10&s/( w11&s/(

(}
b0
b1

(
=

}
w0/
w1/

(
. &08(

Sgd mns]shnm hm Dp- &08( hr rtbg sg]s+ enq dw]lokd+ w01 hr sgd “qrs bnlonmdms ne sgd udbsnq
w1+ ]mc rn nm- Sgtr sgd “qrs rtarbqhos hcdmsh“dr sgd bnlonmdms ne ] udbsnq ]mc sgd rdbnmc
rtarbqhos hcdmsh“dr sgd udbsnq hsrdke- ?bbnqchmf sn Sgdnqdl 2-0-0+ rxrsdl &08( b]m ad rnkudc
tmhptdkx enq b0 ]mc b1 enq ]mx u]ktdr ne w0/ ]mc w1/ he ]mc nmkx he sgd cdsdqlhm]ms ne sgd
bndffbhdms l]sqhw hr mnmydqn- Hs hr onrrhakd sn vqhsd cnvm dwoqdrrhnmr enq b0 ]mc b1 sg]s
r]shrex Dpr- &08(+ ats hs hr trt]kkx oqdedq]akd itrs sn rnkud sghr rxrsdl ne dpt]shnmr vgdmdudq
hs hr mdbdrr]qx-

Sgd cdsdqlhm]ms

VZw0+ w1[&s( =
|||||
w00&s( w01&s(
w10&s( w11&s(

|||||
&1/(

hr b]kkdc sgd VqnmrjhZm cdsdqlhmZms nq+ lnqd rhlokx+ sgd VqnmrjhZm ne sgd svn rnktshnmr
w0&s( ]mc w1&s(- Sgtr+ sgd hmhsh]k u]ktd oqnakdl &02(+ &06( g]r ] tmhptd rnktshnm he ]mc nmkx
he VZw0+ w1[&s/( ≠ /-

Sgd Vqnmrjh]m hr ]krn bknrdkx ]rrnbh]sdc vhsg sgd hlonqs]ms bnmbdos ne khmd]q hmcdodm,
cdmbd ne rnktshnmr-

CDEHMHSHNM
2-2-1

KhmdZq Hmcdodmcdmbd ne Rnktshnmr- Rtoonrd sg]s w0&s( ]mc w1&s( ]qd rnktshnmr ne
Dp- &02( nm ]m hmsdqu]k H- Vd r]x sg]s w0 ]mc w1 ]qd khmdZqkx cdodmcdms he sgdqd dwhrsr ]
bnmrs]ms j rtbg sg]s

w0&s( = jw1&s(+ enq ]kk s hm H.
&Sg]s hr+ w0 hr ] bnmrs]ms ltkshokd ne w1-( Nsgdqvhrd+ w0 ]mc w1 ]qd khmdZqkx hmcdodmcdms-

PdlRpi- Fdnldsqhb]kkx+ he svn udbsnqr hm sgd ok]md ]qd khmd]qkx cdodmcdms ]mc sgdx ]qd sq]mrk]sdc
rn sgdhq s]hkr bnhmbhcd vhsg sgd nqhfhm+ sgdm sgd udbsnqr khd nm sgd r]ld khmd sgqntfg sgd nqhfhm-
He sgdx ]qd khmd]qkx hmcdodmcdms+ sghr hr mns sqtd- Sghr nardqu]shnm vhkk ad gdkoetk vgdm enqlhmf
og]rd onqsq]hsr enq Dp- &02(-

Sgd enkknvhmf sgdnqdl rs]sdr gnv sgd Vqnmrjh]m b]m ad trdc sn cdsdqlhmd vgdsgdq svn
rnktshnmr ne Dp- &02( ]qd khmd]qkx hmcdodmcdms- Vd nlhs sgd oqnne ne Sgdnqdl 2-2-2 adb]trd
sgd r]ld qdrtks hm ] lnqd fdmdq]k bnmsdws hr oqnudc hm Rdbshnm 5-1-

SGDNQDL
2-2-2

VqnmrjhZm Zmc KhmdZq Hmcdodmcdmbd- Rtoonrd

w0&s( =

}
w00&s(
w10&s(

(
]mc w1&s( =

}
w01&s(
w11&s(

(

]qd rnktshnmr ne Dp- &02( nm ]m hmsdqu]k H- Sgdm w0 ]mc w1 ]qd khmdZqkx hmcdodmcdms he
]mc nmkx he

VZw0+ w1[&s( ≠ /+ enq ]kk s hm0. &10(

?bbnqchmfkx+ svn khmd]qkx hmcdodmcdms rnktshnmr ne Dp- &02( ]qd nesdm b]kkdc ] etmcZ,
ldmsZk rds ne rnktshnmr-
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He w0&s( ]mc w1&s( bnloqhrd ] etmc]ldms]k rds ne Dp- &02(+ sgdm sgd khmd]q bnlahm]shnm
ne w0 ]mc w1 fhudm ax Dp- &04( vhsg ]qahsq]qx bndffbhdmsr b0 ]mc b1 hr b]kkdc sgd fdmdqZk
rnktshnm ne Dp- &02(-

Vd rtll]qhyd sghr ]r sgd enkknvhmf sgdnqdl-

SGDNQDL
2-2-3

Rtoonrd sg]s w0&s( ]mc w1&s( ]qd svn rnktshnmr ne Dp- &02(+

w… = ?w+

]mc sg]s sgdhq Vqnmrjh]m hr mns ydqn- Sgdm w0&s( ]mc w1&s( enql ] etmc]ldms]k rds ne
rnktshnmr+ ]mc sgd fdmdq]k rnktshnm ne Dp- &02( hr fhudm ax Dp- &04(+

w = b0w0&s( + b1w1&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr- He sgdqd hr ] fhudm hmhsh]k bnmchshnm w&s/( = w/+
vgdqd w/ hr ]mx bnmrs]ms udbsnq+ sgdm sghr bnmchshnm cdsdqlhmdr sgd bnmrs]msr b0 ]mc b1
tmhptdkx-

Sghr sgdnqdl vhkk ]krn qd]ood]q hm ] lnqd fdmdq]k rdsshmf hm Bg]osdq 5-
Sn adfhm sn tmcdqrs]mc gnv vd lhfgs rnkud Dp- &02(+ kds tr “qrs bnmrhcdq ] o]qshbtk]qkx

rhlokd dw]lokd-

Sgd Dhfdmu]ktd Ldsgnc enq Rnkuhmf w… = 9w

DW;LOKD
1

Bnmrhcdq sgd rxrsdl

cw
cs

=

}
−0 /

/ −3

(
w. &11(

Ehmc rnktshnmr ne sgd rxrsdl &11( ]mc sgdm “mc sgd o]qshbtk]q rnktshnm sg]s r]shr“dr sgd hmhsh]k
bnmchshnm

w&/( =

}
1
2

(
. &12(

Sgd lnrs hlonqs]ms ed]stqd ne sghr rxrsdl hr ]oo]qdms he vd vqhsd hs hm rb]k]q enql+ sg]s hr+

w…0 = −w0+ w…1 = −3w1. &13(

D]bg dpt]shnm hmunkudr nmkx nmd ne sgd tmjmnvm u]qh]akdr: ]r ] qdrtks+ sgd svn dpt]shnmr
b]m ad rnkudc hmcdodmcdmskx- Ax rnkuhmf Dpr- &13(+ vd nas]hm

w0 = b0d−s+ w1 = b1d−3s+ &14(

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr- Sgdm+ ax vqhshmf sgd rnktshnm &14( hm udbsnq enql+
vd g]ud

w =

}
b0d−s

b1d−3s

(
= b0

}
d−s

/

(
+ b1

}
/

d−3s

(
= b0d−s

}
0
/

(
+ b1d−3s

}
/
0

(
. &15(

Mnsd sg]s sghr rnktshnm bnmrhrsr ne svn sdqlr+ d]bg ne vghbg hmunkudr ] udbsnq ltkshokhdc ax
] bdqs]hm dwonmdmsh]k etmbshnm-



2-2 Gnlnfdmdntr Khmd]q Rxrsdlr vhsg Bnmrs]ms Bndffbhdmsr 040

Sn r]shrex sgd hmhsh]k bnmchshnmr &12(+ vd b]m rds s = / hm Dp- &15(: sgdm

w&/( = b0

}
0
/

(
+ b1

}
/
0

(
. &16(

Bnmrdptdmskx+ vd ltrs bgnnrd b0 = 1 ]mc b1 = 2- Sgd rnktshnm ne sgd rxrsdl &02( sg]s
r]shr“dr sgd hmhsh]k bnmchshnmr &12( hr

w = 1d−s

}
0
/

(
+ 2d−3s

}
/
0

(
. &17(

Dwsdmrhnm sn ] Fdmdq]k Rxrsdl
Vd mnv stqm sn ] bnmrhcdq]shnm ne ] fdmdq]k rxrsdl ne svn “qrs nqcdq khmd]q gnlnfdmdntr
ch—dqdmsh]k dpt]shnmr vhsg bnmrs]ms bndffbhdmsr- Vd vhkk trt]kkx vqhsd rtbg ] rxrsdl hm sgd
enql &02(

cw
cs

= ?w+

vgdqd

w =

}
w0
w1

(
+ ? =

}
Z00 Z01
Z10 Z11

(
. &18(

Sgd dkdldmsr ne sgd l]sqhw ? ]qd fhudm qd]k bnmrs]msr ]mc sgd bnlonmdmsr ne sgd udbsnq w
]qd sn ad cdsdqlhmdc-

Sn rnkud Dp- &02(+ vd ]qd fthcdc ax sgd enql ne sgd rnktshnm hm Dw]lokd 1 ]mc ]rrtld
sg]s

w = dλsu+ &2/(

vgdqd u ]mc λ ]qd ] bnmrs]ms udbsnq ]mc ] rb]k]q+ qdrodbshudkx+ sn ad cdsdqlhmdc- Ax rtarsh,
stshmf eqnl Dp- &2/( hmsn Dp- &02( ]mc mnshmf sg]s u ]mc λ cn mns cdodmc nm s+ vd nas]hm

λdλsu = ?dλsu.

Etqsgdq dλs hr mdudq ydqn+ rn vd g]ud

?u = λu+ &20(

nq

&? − λH(u = .+ &21(

vgdqd H hr sgd 1 % 1 hcdmshsx l]sqhw-
Vd rgnvdc hm Rdbshnm 2-0 &rdd ]krn ?oodmchw ?-3( sg]s Dp- &21( hr oqdbhrdkx sgd dpt]shnm

sg]s cdsdqlhmdr sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw ?- Sgtr

w = dλsu

hr ] rnktshnm ne
cw
cs

= ?w+
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oqnuhcdc sg]s λ hr ]m dhfdmu]ktd ]mc u hr ] bnqqdronmchmf dhfdmudbsnq ne sgd bndffbhdms
l]sqhw ?- Sgd dhfdmu]ktdr λ0 ]mc λ1 ]qd sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm

cds&? − λH( =
|||||
Z00 − λ Z01

Z10 Z11 − λ

|||||
= &Z00 − λ(&Z11 − λ( − Z01Z10

= λ1 − &Z00 + Z11(λ + Z00Z11 − Z01Z10 = /. &22(

Enq d]bg dhfdmu]ktd+ vd b]m rnkud sgd rxrsdl &21( ]mc sgdqdax nas]hm sgd bnqqdronmchmf
dhfdmudbsnq u0 nq u1- Qdb]kk sg]s sgd dhfdmudbsnqr ]qd cdsdqlhmdc nmkx to sn ]m ]qahsq]qx
mnmydqn bnmrs]ms ltkshokhdq-

Rhmbd sgd dkdldmsr ne ? ]qd qd]k,u]ktdc+ sgd dhfdmu]ktdr l]x ad qd]k ]mc ch—dqdms+ qd]k
]mc dpt]k+ nq bnlokdw bnmitf]sdr- Vd vhkk qdrsqhbs ntq chrbtrrhnm hm sghr rdbshnm sn sgd
“qrs b]rd+ ]mc vhkk cdedq bnmrhcdq]shnm ne sgd k]ssdq svn onrrhahkhshdr tmshk sgd enkknvhmf svn
rdbshnmr-

Qd]k ]mc Cheedqdms Dhfdmu]ktdr
Vd ]rrtld mnv sg]s λ0 ]mc λ1 ]qd qd]k ]mc ch—dqdms- Sgdm+ trhmf sgd dhfdmu]ktdr ]mc sgd
bnqqdronmchmf dhfdmudbsnqr+ vd b]m vqhsd cnvm svn rnktshnmr ne Dp- &02(+ m]ldkx+

w0&s( = dλ0su0+ w1&s( = dλ1su1. &23(

He w0 ]mc w1 ]qd fhudm ax Dpr- &23(+ sgdm sgdhq Vqnmrjh]m hr

VZw0+ w1[&s( =
|||||
ℏ00dλ0s ℏ01dλ1s

ℏ10dλ0s ℏ11dλ1s

|||||
=
|||||
ℏ00 ℏ01
ℏ10 ℏ11

|||||
d&λ0+λ1(s. &24(

Sgd dwonmdmsh]k etmbshnm hr mdudq ydqn+ rn vgdsgdq VZw0+ w1[&s( hr ydqn cdodmcr dmshqdkx nm
sgd cdsdqlhm]ms vgnrd bnktlmr ]qd sgd dhfdmudbsnqr ne sgd bndffbhdms l]sqhw ?- Rhmbd sgd
dhfdmudbsnqr

u0 =

}
ℏ00
ℏ10

(
]mc u1 =

}
ℏ01
ℏ11

(

adknmf sn sgd dhfdmu]ktdr λ0 ]mc λ1+ qdrodbshudkx+ ]mc λ0 ≠ λ1+ vd jmnv eqnl Sgdnqdl
2-0-2 sg]s sgd cdsdqlhm]ms

|||||
ℏ00 ℏ01
ℏ10 ℏ11

|||||
≠ /.

Sgdqdenqd sgd Vqnmrjh]m ne sgd udbsnqr w0 ]mc w1 hm Dp- &24( hr mnmydqn ]mc rn !w0+ w1} hr
] etmc]ldms]k rds ne &02(+ ]mc sgd fdmdq]k rnktshnm ne &02( hr w&s( = b0dλ0su0 + b1dλ1su1-

DW;LOKD
2

? Qnbjadc
Gd]s Rsnq]fd

Rxrsdl
Qduhrhsdc

Bnmrhcdq ]f]hm sgd fqddmgntrd.qnbjadc gd]s rsnq]fd oqnakdl eqnl Dw]lokd 0 lncdkdc ax
Dp- &8(+ hm bnnqchm]sdr bdmsdqdc ]s sgd bqhshb]k onhms+

cw
cs

=
⎛
⎜
⎜⎝

− 02
7

2
3

0
3 − 0

3

⎞
⎟
⎟⎠
w = ?w. &25(

Ehmc sgd fdmdq]k rnktshnm ne sghr rxrsdl- Sgdm okns ] chqdbshnm “dkc+ ] og]rd onqsq]hs+ ]mc
rdudq]k bnlonmdms oknsr ne sgd rxrsdl &25(-
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Sn rnkud sgd rxrsdl &25(+ vd kds w = dλsu- Enkknvhmf sgd rsdor sg]s kd]c eqnl Dp- &2/( sn
Dp- &20(+ vd fds sgd dhfdmu]ktd oqnakdl

&? − λH(u =
⎛
⎜
⎜⎝

− 02
7 − λ 2

3
0
3 − 0

3 − λ

⎞
⎟
⎟⎠

}
ℏ0
ℏ1

(
=

}
/
/

(
+ &26(

enq sgd l]sqhw ? ne bndffbhdmsr hm rxrsdl &25(- Sgtr sgd bg]q]bsdqhrshb dpt]shnm hr

λ1 + 04
7 λ + 6

21 = /+ &27(

rn sgd dhfdmu]ktdr ]qd λ0 = − 6
3 ]mc λ1 = − 0

7 - Rdsshmf λ = − 6
3 hm Dp- &26( fhudr sgd rxrsdl

⎛
⎜
⎜⎝

0
7

2
3

0
3

2
1

⎞
⎟
⎟⎠

}
ℏ0
ℏ1

(
=

}
/
/

(
. &28(

Sgtr 0
3ℏ0 +

2
1ℏ1 = /+ rn vd s]jd sgd dhfdmudbsnq u0 bnqqdronmchmf sn sgd dhfdmu]ktd

λ0 = − 6
3 sn ad

u0 =

}
5

−0

(
. &3/(

Rhlhk]qkx+ bnqqdronmchmf sn λ = − 0
7 + Dp- &26( xhdkcr

⎛
⎜
⎜⎝

− 2
1

2
3

0
3 − 0

7

⎞
⎟
⎟⎠

}
ℏ0
ℏ1

(
=

}
/
/

(
. &30(

Gdmbd 1ℏ0 − ℏ1 = /+ rn sgd dhfdmudbsnq b]m ad bgnrdm ]r

u1 =

}
0
1

(
. &31(

Nardqud sg]s Dpr- &28( ]mc &30( cdsdqlhmd sgd dhfdmudbsnqr nmkx to sn ]m ]qahsq]qx mnmydqn
ltkshokhb]shud bnmrs]ms- Vd g]ud bgnrdm sgd bnmrs]msr rn sg]s ℏ0 ]mc ℏ1 g]ud rl]kk hmsdfdq
bnlonmdmsr+ ats ]mx udbsnqr oqnonqshnm]k sn sgnrd fhudm ax Dpr- &3/( ]mc &31( bntkc ]krn
ad trdc-

Sgd bnqqdronmchmf rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm ]qd

w0&s( = d−6s{3

}
5

−0

(
+ w1&s( = d−s{7

}
0
1

(
. &32(

Sgd Vqnmrjh]m ne sgdrd rnktshnmr hr

VZw0+ w1[&s( =
|||||

5d−6s{3 d−s{7

−d−6s{3 1d−s{7

|||||
= 02d−04s{7+ &33(

vghbg hr mdudq ydqn- Gdmbd sgd rnktshnmr w0 ]mc w1 enql ] etmc]ldms]k rds+ ]mc sgd fdmdq]k
rnktshnm ne sgd rxrsdl &25( hr

w = b0w0&s( + b1w1&s( &34(

= b0d−6s{3

}
5

−0

(
+ b1d−s{7

}
0
1

(
+ &35(
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vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr- Sgd rnktshnm r]shrexhmf sgd hmhsh]k bnmchshnmr &0/(+
w0&/( = −05 ]mc w1&/( = 1/+ hr entmc ax rnkuhmf sgd rxrsdl

}
5 0

−0 1

(}
b0
b1

(
=

}
−05

1/

(
&36(

enq b0 ]mc b1+ vhsg sgd qdrtks sg]s b0 = −3 ]mc b1 = 7-
Sn uhrt]khyd sgd rnktshnm &35(+ hs hr gdkoetk sn bnmrhcdq sq]idbsnqhdr hm sgd w0w1,ok]md enq

u]qhntr u]ktdr ne sgd bnmrs]msr b0 ]mc b1- Ehqrs+ vd bnmrhcdq sgd rodbh]k b]rdr vgdm b1 = /
]mc sgdm vgdm b0 = /- He vd rds b1 = / hm Dp- &35(+ vd fds w = b0w0&s( nq+ hm rb]k]q enql+

w0 = 5b0d−6s{3+ w1 = −b0d−6s{3.

Ax dkhlhm]shmf s adsvddm sgdrd svn dpt]shnmr+ vd rdd sg]s sghr rnktshnm khdr nm sgd rsq]hfgs
khmd w1 = −w0{5: rdd Ehftqd 2-2-1Z- Sghr hr sgd khmd sgqntfg sgd nqhfhm hm sgd chqdbshnm ne
sgd dhfdmudbsnq u0- He vd knnj ]s sgd rnktshnm ]r sgd sq]idbsnqx ne ] lnuhmf o]qshbkd+ sgdm sgd
o]qshbkd hr hm sgd entqsg pt]cq]ms vgdm b0 < / ]mc hm sgd rdbnmc pt]cq]ms vgdm b0 . /- Hm
dhsgdq b]rd+ sgd o]qshbkd lnudr snv]qc sgd nqhfhm ]r s hmbqd]rdr-

Mdws vd rds b0 = / hm Dp- &35( sn fds w = b1w1&s(+ nq

w0 = b1d−s{7+ w1 = 1b1d−s{7.

Sghr rnktshnm khdr nm sgd khmd w1 = 1w0+ vgnrd chqdbshnm hr cdsdqlhmdc ax sgd dhfdmudb,
snq u1- Sghr rnktshnm hr hm sgd “qrs pt]cq]ms vgdm b1 < / ]mc hm sgd sghqc pt]cq]ms vgdm
b1 . /+ ]r rgnvm hm Ehftqd 2-2-1Z- Hm ansg b]rdr sgd o]qshbkd lnudr snv]qc sgd nqhfhm ]r s
hmbqd]rdr-

Mnv rtoonrd vd v]ms sn jmnv sgd adg]uhnq ne ] rnktshnm sq]idbsnqx ne &25( sg]s o]rrdr
sgqntfg ] onhms mns nm nmd ne sgd svn ohbstqdc khmdr- Rhmbd sgd tmhptdmdrr onqshnm ne Sgd,
nqdl 2-1-0 ft]q]msddr sg]s svn rnktshnm btqudr b]mmns hmsdqrdbs+ sgdrd svn khmdr qdrsqhbs sgd
adg]uhnq ne ]kk nsgdq rnktshnm sq]idbsnqhdr- Lnqdnudq sgd rnktshnm &35( hr ] bnlahm]shnm ne
w0&s( ]mc w1&s(+ rn ]kk rnktshnmr ]ooqn]bg sgd nqhfhm ]r s →∞- Enq k]qfd s sgd sdql b1w1&s( hr
cnlhm]ms ]mc sgd sdql b0w0&s( hr mdfkhfhakd hm bnlo]qhrnm- Sn rdd sghr+ vd vqhsd Dp- &35(
hm sgd enql

w = d−s{7

)
b0d−02s{7

}
5

−0

(
+ b1

}
0
1

([
≅ b1d−s{7

}
0
1

(
+ he b1 ≠ / ]mc s hr k]qfd.

&37(

Sgtr ]kk rnktshnmr enq vghbg b1 ≠ / ]ooqn]bg sgd nqhfhm s]mfdms sn sgd khmd w1 = 1w0 ]r
s → ∞-

Nm sgd nsgdq g]mc+ he xnt knnj a]bjv]qc hm shld ]mc kds s → −∞+ sgdm sgd sdql b0w0&s(
hr sgd cnlhm]ms nmd &tmkdrr b0 = /(- Sghr hr l]cd bkd]q ax vqhshmf Dp- &35( hm sgd enql

w = d−6s{3

)
b0

}
5

−0

(
+ b1d02s{7

}
0
1

([
. &38(

Rhmbd d02s{7 hr mdfkhfhakd enq k]qfd mdf]shud u]ktdr ne s+ sgd rknodr ne ]kk sq]idbsnqhdr enq vghbg
b1 hr mns ydqn ]ooqn]bg sgd khlhs −0.5 ]r s ]ooqn]bgdr mdf]shud hm“mhsx-

Ehftqd 2-2-1a rgnvr sgd sq]idbsnqhdr bnqqdronmchmf sn w0&s( ]mc w1&s(+ ]r vdkk ]r rdudq]k
nsgdq sq]idbsnqhdr ne sgd rxrsdl &25(- Mnshbd sg]s sgd rsq]hfgs,khmd rnktshnm btqudr bnms]hmhmf
sgd dhfdmudbsnqr cdsdqlhmd sgd oqhmbho]k chqdbshnm ne lnshnm ne ]kk nsgdq sq]idbsnqhdr+ ]mc
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sgd bnqqdronmchmf dhfdmu]ktdr ]qd sgd fqnvsg ]mc cdb]x q]sdr ne sgd lnshnm ]knmf sgdrd
btqudr- ?r rtbg+ xnt b]m pthbjkx oqnctbd ] qntfg rjdsbg ne sgd og]rd onqsq]hsr nmbd xnt
g]ud cq]vm sgd rsq]hfgs,khmd rnktshnmr ]mc cdsdqlhmdc sgd chqdbshnmr ne lnshnm ]knmf sgdl-
Hm nsgdq vnqcr+ hs hr ] og]rd onqsq]hs- Nardqud sg]s Ehftqd 2-2-1a hr drrdmsh]kkx sgd r]ld ]r
Ehftqd 2-1-3+ dwbdos sg]s mnv sgd bqhshb]k onhms nbbtqr ]s sgd nqhfhm-

�0 s(

�1 s(

w1

w0

�T(

}04 }0/ }4 4 0/

}04

}0/

}4

4

0/

04

1/

w1

w0

�0 s(

�1 s(

�a(

EHFTQD 2-2-1 &Z( Sgd dhfdmudbsnqr u0 = &5+−0(S ]mc u1 = &0+ 1(S vhsg chqdbshnmr
ne lnshnm hmchb]sdc ax sgd ]qqnvgd]cr- &a( Og]rd onqsq]hs enq sgd
rxrsdl &25(- ?r s → ∞+ rnktshnm btqudr ]ooqn]bg sgd nqhfhm s]mfdms sn
sgd khmd fdmdq]sdc ax u1 = &0+ 1(S - ?r s → −∞+ rnktshnm btqudr lnud sn
hm“mhsx hm ] chqdbshnm o]q]kkdk sn u0 = &5+−0(S -
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Hm Ehftqd 2-2-2 vd okns sgd bnlonmdmsr ne sgd rnktshnm ne Dp- &25( rtaidbs sn sgd hmhsh]k
bnmchshnmr &0/(+

w = −3d−6s{3

}
5

−0

(
+ 7d−s{7

}
0
1

(
. &4/(

Sgd k]qfd mdf]shud dhfdmu]ktd λ0 = − 6
3 fnudqmr sgd qdk]shudkx q]ohc ]citrsldms sn ] pt]rh,

rsd]cx rs]sd- Sgd dhfdmu]ktd λ1 = − 0
7 sgdm fnudqmr sgd qdk]shudkx rknv cdb]x snv]qc sgd

rs]shb dpthkhaqhtl rs]sd &/+ /(S - Sgd ogxrhb]k rhfmh“b]mbd ne sgd dhfdmu]ktdr ]mc dhfdmudb,
snqr nm sgd cxm]lhbr ne sgd rxrsdl+ hm sdqlr ne sgd o]q]ldsdqr j0+ j1+ "+ ]mc SZ+ hr dwoknqdc
hm Oqnakdl 20-

1 3 5 7 0/ 01 03 05 07

}1/

}04

}0/

}4

4

0/

04

1/

Pt^rh,rsd^cx�rs^sd�qdfhld

w0+�w1

s

w1�<�3d}6s.3�)�05d}s.7

w0�<�}13d}6s.3�)�7d}s.7

EHFTQD 2-2-2 Bnlonmdms oknsr ne sgd rnktshnm &4/(- Sgd rxrsdl rdsskdr hmsn ]
pt]rh,rsd]cx rs]sd vhsghm sgd “qrs edv gntqr ctd sn sgd q]ohc cdb]x ne
−3d−6s{3&5h − 0i(- Rtardptdmskx+ sgd rknv cdb]x ne w ≅ 7d−s{7&0h + 1i( sn
rs]shb dpthkhaqhtl hr fnudqmdc ax sgd dhfdmu]ktd λ1 = − 0

7
- Mnsd sgd

rsqnmf qdrdlak]mbd adsvddm sghr “ftqd ]mc Ehftqd 2-1-1-

Mnc]k Rntqbdr ]mc Mnc]k Rhmjr
Sgd o]ssdqm ne sq]idbsnqhdr hm Ehftqd 2-2-1a hr sxohb]k ne ]kk rdbnmc nqcdq rxrsdlr w… = ?w
vgnrd dhfdmu]ktdr ]qd qd]k+ ch—dqdms+ ]mc ne sgd r]ld rhfm- Sgd nqhfhm hr b]kkdc ] mncd enq
rtbg ] rxrsdl- He sgd dhfdmu]ktdr vdqd onrhshud q]sgdq sg]m mdf]shud+ sgdm sgd sq]idbsnqhdr
vntkc ad rhlhk]q ats sq]udqrdc hm sgd ntsv]qc chqdbshnm- Mncdr Zqd RrxlosnshbRkkx rsRakd he
sgd dhfdmuZktdr Zqd mdfZshud Zmc tmrsRakd he sgd dhfdmuZktdr Zqd onrhshud- ?rxlosnshb]kkx
rs]akd mncdr ]mc tmrs]akd mncdr ]qd ]krn qdedqqdc sn ]r mncZk rhmjr ]mc mncZk rntqbdr+
qdrodbshudkx-

Sgd mdws dw]lokd hkktrsq]sdr sgd pt]khs]shud adg]uhnq ne ] rxrsdl hm vghbg sgd dhfdmu]ktdr
]qd qd]k+ mnmydqn+ ]mc ne noonrhsd rhfmr-
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R]cckd Onhmsr

DW;LOKD
3

Bnmrhcdq sgd rxrsdl

w… =

}
0 0

3 0

(
w. &40(

Ehmc sgd fdmdq]k rnktshnm ]mc cq]v ] og]rd onqsq]hs-
Sn “mc rnktshnmr+ vd ]rrtld sg]s w = dλsu ]mc rtarshstsd enq w hm Dp- &40(- Sghr qdrtksr

hm sgd rxrsdl ne ]kfdaq]hb dpt]shnmr
}

0 − λ 0

3 0 − λ

(}
ℏ0

ℏ1

(
=

}
/

/

(
. &41(

Sgd bg]q]bsdqhrshb dpt]shnm hr
||||||
0 − λ 0

3 0 − λ

||||||
= &0 − λ(1 − 3 = λ1 − 1λ − 2

= &λ − 2(&λ + 0( = /+ &42(

rn sgd dhfdmu]ktdr ]qd λ0 = 2 ]mc λ1 = −0- He λ = 2+ sgdm sgd rxrsdl &41( qdctbdr sn sgd
rhmfkd dpt]shnm

−1ℏ0 + ℏ1 = /. &43(

Sgtr ℏ1 = 1ℏ0+ ]mc sgd dhfdmudbsnq bnqqdronmchmf sn λ0 = 2 b]m ad s]jdm ]r

u0 =

}
0

1

(
. &44(

Rhlhk]qkx+ bnqqdronmchmf sn λ1 = −0+ vd “mc sg]s ℏ1 = −1ℏ0+ rn sgd dhfdmudbsnq hr

u1 =

}
0

−1

(
. &45(

Sgd bnqqdronmchmf rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm ]qd

w0&s( = d2s

}
0

1

(
+ w1&s( = d−s

}
0

−1

(
. &46(

Sgd Vqnmrjh]m ne sgdrd rnktshnmr hr

VZw0+ w1[&s( =
||||||

d2s d−s

1d2s −1d−s

||||||
= −3d1s+ &47(

vghbg hr mdudq ydqn- Gdmbd sgd rnktshnmr w0 ]mc w1 enql ] etmc]ldms]k rds+ ]mc sgd fdmdq]k
rnktshnm ne sgd rxrsdl &40( hr

w = b0w0&s( + b1w1&s(

= b0d2s

}
0

1

(
+ b1d−s

}
0

−1

(
+ &48(

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-
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Sn uhrt]khyd sgd rnktshnm &48( hm sgd w0w1,ok]md+ vd “qrs cdsdqlhmd sgd rsq]hfgs,khmd rn,
ktshnmr ax rdsshmf b1 = / ]mc sgdm b0 = /- Vd rs]qs vhsg w = b0w0&s( nq+ hm rb]k]q enql+

w0 = b0d2s+ w1 = 1b0d2s.

Ax dkhlhm]shmf s adsvddm sgdrd svn dpt]shnmr+ vd rdd sg]s sghr rnktshnm khdr nm sgd rsq]hfgs
khmd w1 = 1w0: rdd Ehftqd 2-2-3- Sghr hr sgd khmd sgqntfg sgd nqhfhm hm sgd chqdbshnm ne sgd
dhfdmudbsnq u0- He vd sghmj ne sgd rnktshnm ]r sgd sq]idbsnqx ne ] lnuhmf o]qshbkd+ sgdm sgd
o]qshbkd hr hm sgd “qrs pt]cq]ms vgdm b0 < / ]mc hm sgd sghqc pt]cq]ms vgdm b0 . /- Hm dhsgdq
b]rd sgd o]qshbkd cdo]qsr eqnl sgd nqhfhm ]r s hmbqd]rdr- Mdws bnmrhcdq w = b1w1&s(+ nq

w0 = b1d−s+ w1 = −1b1d−s.

Sghr rnktshnm khdr nm sgd khmd w1 = −1w0+ vgnrd chqdbshnm hr cdsdqlhmdc ax sgd dhfdmudbsnq
u1- Sgd rnktshnm hr hm sgd entqsg pt]cq]ms vgdm b1 < / ]mc hm sgd rdbnmc pt]cq]ms vgdm
b1 . /+ ]r rgnvm hm Ehftqd 2-2-3- Hm ansg b]rdr sgd o]qshbkd lnudr snv]qc sgd nqhfhm ]r s
hmbqd]rdr-

Sgd rnktshnm &48( hr ] bnlahm]shnm ne w0&s( ]mc w1&s(- Enq k]qfd s sgd sdql b0w0&s( hr cnl,
hm]ms ]mc sgd sdql b1w1&s( hr mdfkhfhakd- Sgtr ]kk rnktshnmr enq vghbg b0 ≠ / ]qd ]rxlosnshb
sn sgd khmd w1 = 1w0 ]r s →∞- Rhlhk]qkx+ ]kk rnktshnmr enq vghbg b1 ≠ / ]qd ]rxlosnshb sn sgd
khmd w1 = −1w0 ]r s → −∞- Sgd fq]ogr ne rdudq]k sq]idbsnqhdr bnloqhrd sgd og]rd onqsq]hs
hm Ehftqd 2-2-3-

}3

}2

}1

}0

0

1

2

3

}3 }2 }1 }0 0 1 2 3

w0 s(

w1 s(

w1

w0

EHFTQD 2-2-3 Chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &40(: sgd nqhfhm hr ]
r]cckd onhms-

Xnt b]m ]krn cq]v bnlonmdms oknsr ne w0 nq w1 udqrtr s: rnld sxohb]k oknsr ne w0 udqrtr
s ]qd rgnvm hm Ehftqd 2-2-4+ ]mc sgnrd ne w1 udqrtr s ]qd rhlhk]q- Enq bdqs]hm hmhsh]k bnmch,
shnmr hs enkknvr sg]s b0 = / hm Dp- &48( rn sg]s w0 = b1d−s ]mc w0 → / ]r s → ∞- Nmd rtbg
fq]og hr rgnvm hm Ehftqd 2-2-4+ bnqqdronmchmf sn ] sq]idbsnqx sg]s ]ooqn]bgdr sgd nqhfhm hm
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Ehftqd 2-2-3- Enq lnrs hmhsh]k bnmchshnmr+ gnvdudq+ b0 ≠ / ]mc w0 hr fhudm ax
w0 = b0d2s + b1d−s- Sgdm sgd oqdrdmbd ne sgd onrhshud dwonmdmsh]k sdql b]trdr w0 sn
fqnv dwonmdmsh]kkx hm l]fmhstcd ]r s hmbqd]rdr- Rdudq]k fq]ogr ne sghr sxod ]qd rgnvm hm
Ehftqd 2-2-4+ bnqqdronmchmf sn sq]idbsnqhdr sg]s cdo]qs eqnl sgd mdhfganqgnnc ne sgd nqhfhm
hm Ehftqd 2-2-3-

w0

s

1

3

0 1 2

}1

}3

EHFTQD 2-2-4 Sxohb]k bnlonmdms oknsr ne w0 udqrtr s enq sgd rxrsdl &40(-

Sgd o]ssdqm ne sq]idbsnqhdr hm Ehftqd 2-2-3 hr sxohb]k ne ]kk rdbnmc nqcdq rxrsdlr
w… = ?w enq vghbg sgd dhfdmu]ktdr ]qd qd]k ]mc ne noonrhsd rhfmr- Sgd nqhfhm hr b]kkdc ]
rZcckd onhms hm sghr b]rd- RZcckd onhmsr Zqd ZkvZxr tmrsRakd adbZtrd Zklnrs Zkk sqZidbsn,
qhdr cdoZqs eqnl sgdl Zr s hmbqdZrdr- ? bnlotsdq v]r trdc sn okns sgd og]rd onqsq]hs hm
Ehftqd 2-2-3+ ats xnt b]m cq]v ] pt]khs]shudkx ]bbtq]sd rjdsbg ne sgd sq]idbsnqhdr ]r rnnm
]r xnt jmnv sgd dhfdmu]ktdr ]mc dhfdmudbsnqr- Og]rd onqsq]hsr b]m ]krn oqnuhcd hmrhfgs hmsn
sgd adg]uhnq ne sgd rnktshnm sq]idbsnqhdr ne gnlnfdmdntr rdbnmc nqcdq ch—dqdmsh]k dpt]shnmr
vhsg bnmrs]ms bndffbhdmsr-

DW;LOKD
4

Bnmrhcdq sgd ch—dqdmsh]k dpt]shnmr

x…… + 4x… + 5x = /+ &5/(

x…… − 4x… + 5x = /. &50(

Ehmc sgd fdmdq]k rnktshnm ]mc cq]v sgd og]rd onqsq]hs enq d]bg ne sgdl ]mc bnlldms nm sgd
ch—dqdmbdr-

Trhmf sgd bg]mfd ne u]qh]akd hmsqnctbdc hm Dp- &31( ne Rdbshnm 2-1 vhsg p&s( = 5+ o&s( = 4+
]mc f&s( = /+ vd b]m qdvqhsd Dp- &5/( ]r sgd “qrs nqcdq rxrsdl

w… =

}
/ 0

−5 −4

(
w. &51(
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?rrtld w&s( = dλsu ]mc rtarshstsd enq w hm Dp- &51( sn nas]hm sgd rxrsdl ne ]kfdaq]hb dpt],
shnmr

}
−λ 0
−5 −4 − λ

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &52(

Sgd bg]q]bsdqhrshb dpt]shnm hr

|||||
−λ 0
−5 −4 − λ

|||||
= λ1 + 4λ + 5 = &λ + 1(&λ + 2( = /+

rn sgd dhfdmu]ktdr ]qd λ0 = −1 ]mc λ1 = −2- He λ = −1+ sgdm Dp- &52( qdctbdr sn sgd rhmfkd
dpt]shnm

1ℏ0 + ℏ1 = /.

Sgtr ℏ1 = −1ℏ0 ]mc sgd dhfdmudbsnq bnqqdronmchmf sn λ0 = −1 b]m ad s]jdm ]r

u0 =

}
0

−1

(
.

Rhlhk]qkx+ bnqqdronmchmf sn λ1 = −2+ vd “mc sg]s ℏ1 = −2ℏ0+ rn sgd dhfdmudbsnq hr

u1 =

}
0

−2

(
.

Sgd bnqqdronmchmf rnktshnmr ne Dp- &51( ]qd

w0&s( = d−1s

}
0

−1

(
+ w1&s( = d−2s

}
0

−2

(
.

?r hm Dw]lokd 3+ sgd Vqnmrjh]m ne sgdrd svn rnktshnmr hr mnmydqn enq ]kk s- Gdmbd sgd
rnktshnmr w0 ]mc w1 enql ] etmc]ldms]k rds+ rn sgd fdmdq]k rnktshnm ne Dp- &51( hr

w&s( = b0w0&s( + b1w1&s(

= b0d−1s

}
0

−1

(
+ b1d−2s

}
0

−2

(
&53(

=

}
b0d−1s + b1d−2s

−1b0d−1s − 2b1d−2s

(
.

Bnqqdronmchmfkx+ sgd fdmdq]k rnktshnm x&s( ne Dp- &5/( hr sgd “qrs bnlonmdms ne w&s(+ m]ldkx+

x&s( = b0d−1s + b1d−2s. &54(

Rhmbd sgd dhfdmu]ktdr ]qd chrshmbs mdf]shud qd]k mtladqr+ sgd nqhfhm hr ] mnc]k rhmj- ?r rtbg+
vd dwodbs ]kk rnktshnm sq]idbsnqhdr ne Dp- &51( sn ]ooqn]bg sgd nqhfhm ]r s → ∞+ ]mc khjdvhrd
enq sgd rnktshnm btqudr ne Dp- &54( sn ]ooqn]bg ydqn q]ohckx ]r s → ∞- Sghr hr hkktrsq]sdc
hm sgd og]rd onqsq]hs enq Dp- &51( ]mc rnld sxohb]k rnktshnm btqudr ne Dp- &54(+ rgnvm hm
Ehftqdr 2-2-5Z ]mc 2-2-5a+ qdrodbshudkx-
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x

3

1

/

}3

}1

31 w}3 }1

�T(

x
2

}3

}2

}0

}1

/

0

1

w/-4 0 0-4 1 1-4 2

�a(

EHFTQD 2-2-5 &Z( Og]rd onqsq]hs enq &51(- &a( Sxohb]k rnktshnm btqudr ne &54(-

Stqmhmf ntq ]ssdmshnm sn &50(+ sgd rxrsdl enql ne Dp- &50( hr

w… =

}
/ 0

−5 4

(
w. &55(

Sgd fdmdq]k rnktshnm hr fhudm ax &53(+ ats vhsg w0 ]mc w1 fhudm ax

w0&s( = d1s

}
0
1

(
+ w1&s( = d2s

}
0
2

(
.
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?bbnqchmfkx+ sgd rnktshnm ne Dp- &50( hr

x&s( = b0d1s + b1d2s. &56(

?ksgntfg Dp- &5/( ]mc Dp- &50( ]qd udqx rhlhk]q+ sgd knmf,sdql adg]uhnq ne sgd rnktshnm
sq]idbsnqhdr ]qd l]qjdckx ch—dqdms- Hmcddc+ rhmbd sgd dhfdmu]ktdr ]rrnbh]sdc vhsg Dp- &55(
]qd mnv chrshmbs onrhshud qd]k mtladqr+ sgd nqhfhm hr bk]rrh“dc ]r ] mnc]k rntqbd ]mc sgd
rnktshnm sq]idbsnqhdr lnud ZvZx eqnl sgd nqhfhm- Khjdvhrd+ sgd rnktshnm btqudr enq Dp- &56(
adbnld tmantmcdckx k]qfd ]r s → ∞- Sghr hr hkktrsq]sdc hm Ehftqdr 2-2-6Z ]mc a-

Sghr hkktrsq]sdr sg]s ] ldqd rhfm bg]mfd nm nmd ne sgd o]q]ldsdqr hm ] rdbnmc nqcdq che,
edqdmsh]k dpt]shnm b]m kd]c sn cq]rshb]kkx ch—dqdms dmc adg]uhnq-

x

3

1

}3

}1

31/ w}3 }1

�T(

x
04+///

}4+///

}0/+///

/

4+///

0/+///

w/-4 0 0-4 1 1-4 2

�a(

EHFTQD 2-2-6 &Z( Og]rd onqsq]hs enq Dp- &55(- &a( Sxohb]k rnktshnm btqudr ne Dp- &56(-
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Nmd Ydqn Dhfdmu]ktd
Sgd oqdbdchmf Dw]lokdr 3 ]mc 4 hkktrsq]sd sgd b]rdr hm vghbg sgd dhfdmu]ktdr ]qd ne sgd
r]ld rhfm &] mncd( nq ne noonrhsd rhfmr &] r]cckd onhms(- Hm ansg sgdrd b]rdr sgd l]sqhw ? hr
mnmrhmftk]q ]mc+ bnmrdptdmskx+ sgd nqhfhm hr sgd nmkx bqhshb]k onhms ne sgd rxrsdl- ?mnsgdq
onrrhahkhsx hr sg]s nmd dhfdmu]ktd hr ydqn ]mc sgd nsgdq hr mns- Sghr rhst]shnm nbbtqr ]r ]
sq]mrhshnm rs]sd adsvddm ] mncd ]mc ] r]cckd onhms- He λ = / hr ]m dhfdmu]ktd+ sgdm eqnl sgd
bg]q]bsdqhrshb Dp- &14( hs enkknvr sg]s cds&?( = /+ rn ? hr rhmftk]q- Bnmrdptdmskx+ sgdqd hr
]m hm“mhsd rds ne bqhshb]k onhmsr+ ]kk ne vghbg khd nm ] khmd sgqntfg sgd nqhfhm- Sgd enkknvhmf
dw]lokd hkktrsq]sdr sghr b]rd-

DW;LOKD
5

Bnmrhcdq sgd rxrsdl

w… = ?w =

}
−0 3

0
1 −1

(
w. &57(

Ehmc sgd bqhshb]k onhmsr- Sgdm rnkud sgd rxrsdl+ cq]v ] og]rd onqsq]hs+ ]mc cdrbqhad gnv sgd
rnktshnmr adg]ud-

Nardqud sg]s cds&?( = /+ rn ? hr rhmftk]q- Rnktshnmr ne ?w = . r]shrex w0 = 3w1+ rn d]bg
onhms nm sghr khmd hr ] bqhshb]k onhms ne sgd rxrsdl &57(- Sn rnkud sgd rxrsdl+ vd ]rrtld sg]s
w = dλsu ]mc rtarshstsd enq w hm Dp- &57(- Sghr qdrtksr hm sgd rxrsdl ne ]kfdaq]hb dpt]shnmr

}
−0 − λ 3

0
1 −1 − λ

(}
ℏ0

ℏ1

(
=

}
/

/

(
. &58(

Sgd bg]q]bsdqhrshb dpt]shnm hr

&−0 − λ(&−1 − λ( − 1 = λ1 + 2λ = /+ &6/(

rn sgd dhfdmu]ktdr ]qd λ0 = / ]mc λ1 = −2- Enq λ = /+ hs enkknvr eqnl Dp- &58( sg]s ℏ0 = 3ℏ1+
rn sgd dhfdmudbsnq bnqqdronmchmf sn λ0 hr

u0 =

}
3

0

(
. &60(

Hm ] rhlhk]q v]x vd nas]hm sgd dhfdmudbsnq bnqqdronmchmf sn λ1 = −2+ m]ldkx+

u1 =

}
−1

0

(
. &61(

Sgtr svn rnktshnmr ne sgd rxrsdl &57( ]qd

w0&s( =

}
3

0

(
+ w1&s( = d−2s

}
−1

0

(
. &62(
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Sgd Vqnmrjh]m ne sgdrd svn rnktshnmr hr 5d−2s+ vghbg hr mns ydqn+ rn sgd fdmdq]k rnktshnm ne
sgd rxrsdl &57( hr

w = b0w0&s( + b1w1&s( = b0

}
3

0

(
+ b1d−2s

}
−1

0

(
. &63(

He hmhsh]k bnmchshnmr ]qd fhudm+ sgdx vhkk cdsdqlhmd ]ooqnoqh]sd u]ktdr enq b0 ]mc b1-
Sgd rnktshnm w0&s( hr hmcdodmcdms ne s+ sg]s hr+ hs hr ] bnmrs]ms rnktshnm- He b1 = /+ sgdm

w&s( hr oqnonqshnm]k sn w0&s( ]mc sgtr bnqqdronmcr sn ] onhms nm sgd khmd cdsdqlhmdc ax sgd
dhfdmudbsnq u0- Rtbg ] rnktshnm qdl]hmr rs]shnm]qx enq ]kk shld ]mc hsr sq]idbsnqx hr ] rhmfkd
onhms- Sghr adg]uhnq hr bnmrhrsdms vhsg sgd e]bs sg]s dudqx onhms nm sghr khmd hr ] bqhshb]k onhms+
]r vd mnsdc d]qkhdq- Nm sgd nsgdq g]mc+ he b0 = /+ sgdm w&s( hr oqnonqshnm]k sn w1&s(- Hm sghr
b]rd+ sgd sq]idbsnqx ]ooqn]bgdr sgd nqhfhm ]knmf sgd khmd cdsdqlhmdc ax sgd dhfdmudbsnq u1-

? og]rd onqsq]hs enq sgd rxrsdl &57( hr rgnvm hm Ehftqd 2-2-7- ?mx rnktshnm rs]qshmf ]s ]
onhms nm sgd khmd ne bqhshb]k onhmsr qdl]hmr “wdc enq ]kk shld ]s hsr rs]qshmf onhms- ? rnktshnm
rs]qshmf ]s ]mx nsgdq onhms hm sgd ok]md lnudr nm ] khmd o]q]kkdk sn u1 snv]qc sgd onhms ne
hmsdqrdbshnm ne sghr khmd vhsg sgd khmd ne bqhshb]k onhmsr- Sgd og]rd onqsq]hs hm Ehftqd 2-2-7
hr sxohb]k ne sg]s enq ]mx rdbnmc nqcdq rxrsdl w… = ?w vhsg nmd ydqn dhfdmu]ktd ]mc nmd
mdf]shud dhfdmu]ktd- He sgd mnmydqn dhfdmu]ktd hr onrhshud q]sgdq sg]m mdf]shud+ sgdm sgd
o]ssdqm ne sq]idbsnqhdr hr ]krn rhlhk]q sn Ehftqd 2-2-7+ ats sgd chqdbshnm ne lnshnm hr ]v]x
eqnl sgd khmd ne bqhshb]k onhmsr q]sgdq sg]m snv]qc hs-

0 1 2 3 w0

w1

}0

}1

}2

}3

v1 r(

t0�<�3t1
0

1

2

3

}0}1}2}3

EHFTQD 2-2-7 ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &57(-

Vd rtll]qhyd sgd ch—dqdms og]rd onqsq]hsr ]ood]qhmf hm sghr rdbshnm hm S]akd 2-2-0-
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S;AKD 2-2-0 Og]rd onqsq]hsr enq w… = ?w vgdm ? g]r chrshmbs qd]k dhfdmu]ktdr-

Dhfdmu]ktdr R]lokd Og]rd Onqsq]hs Sxod ne Bqhshb]k Onhms Rs]ahkhsx

λ0 ≠ λ1
Ansg onrhshud

&/+ /( hr ] mncZk rntqbd- Tmrs]akduλ0

uλ1

λ0 ≠ λ1
Ansg mdf]shud

&/+ /( hr ] mncZk rhmj- ?rxlosnshb]kkx
rs]akd

uλ0

uλ1

λ0 ≠ λ1
Noonrhsd rhfmr

&/+ /( hr ] rZcckd- Tmrs]akduλ0

uλ1

λ0 = /
]mc λ1 < /

u/

uλ1

Khmd�ne�bqhshb^k
onhmsr

λ0 = /
]mc λ1 . /

u/

uλ1

Khmd�ne�bqhshb^k
onhmsr

OQNAKDLR

FdmdqZk Rnktshnmr ne Rxrsdlr- Hm d]bg ne Oqnakdlr 0
sgqntfg 01+ “mc sgd fdmdq]k rnktshnm ne sgd fhudm rxrsdl ne
dpt]shnmr- ?krn cq]v ] chqdbshnm “dkc ]mc ] og]rd onqsq]hs-
Cdrbqhad sgd adg]uhnq ne sgd rnktshnmr ]r s → ∞-

0- w… =

}
2 −1
1 −1

(
w 1- w… =

}
0 −1
2 −3

(
w

2- w… =

}
1 −0
2 −1

(
w 3- w… =

}
0 0
3 −1

(
w

4- w… =

}
3 −2

7 −5

(
w 5- w… =

}
−1 0

0 −1

(
w

6- w… =
⎛
⎜
⎜⎝

4
3

2
3

2
3

4
3

⎞
⎟
⎟⎠
w 7- w… =

⎛
⎜
⎜⎝

− 2
3

− 6
3

0
3

4
3

⎞
⎟
⎟⎠
w

8- w… =
⎛
⎜
⎜⎝

− 0
3

− 2
3

0
1

0

⎞
⎟
⎟⎠
w 0.- w… =

}
4 −0

2 0

(
w



055 Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

00- w… =

}
−1 0

−4 3

(
w 01- w… =

}
2 5

−0 −1

(
w

Hm d]bg ne Oqnakdlr 02 sgqntfg 05+ rnkud sgd fhudm hmhsh]k
u]ktd oqnakdl- Cq]v bnlonmdms oknsr ne w0 ]mc w1 udqrtr s-
Cdrbqhad sgd adg]uhnq ne sgd rnktshnm ]r s → ∞-

02- w… =

}
0 −1
2 −3

(
w+ w&/( =

}
2
0

(
:

rdd Oqnakdl 1-

03- w… =

}
1 −0
2 −1

(
w+ w&/( =

}
1
4

(
:

rdd Oqnakdl 2-

04- w… =

}
4 −0
2 0

(
w+ w&/( =

}
1

−0

(
:

rdd Oqnakdl 0/-

05- w… =

}
−1 0
−4 3

(
w+ w&/( =

}
0
2

(
:

rdd Oqnakdl 00-

OgZrd OnqsqZhsr Zmc Bnlonmdms Oknsr- Hm d]bg ne Oqna,
kdlr 06 sgqntfg 13+ sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne ]
l]sqhw ? ]qd fhudm- Bnmrhcdq sgd bnqqdronmchmf rxrsdl w… =
?w- Vhsgnts trhmf ] bnlotsdq+ cq]v d]bg ne sgd enkknvhmf
fq]ogr9
 Z( Rjdsbg ] og]rd onqsq]hs ne sgd rxrsdl-
 a( Rjdsbg sgd sq]idbsnqx o]rrhmf sgqntfg sgd hmhsh]k onhms
&1+ 2(-
 b( Enq sgd sq]idbsnqx hm o]qs &a(+ rjdsbg sgd bnlonmdms oknsr
ne w0 udqrtr s ]mc ne w1 udqrtr s nm sgd r]ld rds ne ]wdr-

06- λ0 = −0+ u0 =

}
−0

1

(
:

λ1 = −1+ u1 =

}
0
1

(

07- λ0 = 0+ u0 =

}
−0

1

(
:

λ1 = −1+ u1 =

}
0
1

(

08- λ0 = −0+ u0 =

}
−0

1

(
:

λ1 = 1+ u1 =

}
0
1

(

1.- λ0 = 0+ u0 =

}
0
1

(
:

λ1 = 1+ u1 =

}
0

−1

(

10- λ0 = /.4+ u0 =

}
0
3

(
:

λ1 = −/.4+ u1 =

}
3
0

(

11- λ0 = −/.4+ u0 =

}
1
0

(
:

λ1 = −/.7+ u1 =

}
−0

1

(

12- λ0 = /.2+ u0 =

}
0

−1

(
:

λ1 = /.5+ u1 =

}
0
2

(

13- λ0 = 0.4+ u0 =

}
−0

1

(
:

λ1 = −0+ u1 =

}
2
0

(

Rdbnmc Nqcdq DptZshnmr- Enq Oqnakdlr 14 sgqntfg 2/9
 Z( Vqhsd ]r ] rxrsdl ne “qrs nqcdq dpt]shnmr-
 a( Cdsdqlhmd sgd fdmdq]k rnktshnm ne sgd rxrsdl hm &](-
 b( Cdsdqlhmd sgd fdmdq]k rnktshnm ne sgd rdbnmc nqcdq dpt],
shnm-
 c( Cq]v ] og]rd onqsq]hs-
 d( Bk]rrhex sgd bqhshb]k onhmsr-
14- x…… + 6x… + 0/x = /
15- 4x…… − 3x… = /
16- x…… − 6x… + 01x = /
17- 1x…… + 6x… = /
18- 5x…… + 6x… + 1x = /
2.- 2x…… + 00x… − 3x = /
?ookhbZshnmr-
20- Nas]hmhmf dw]bs+ nq ]ooqnwhl]sd+ dwoqdrrhnmr enq dhfdm,
u]ktdr ]mc dhfdmudbsnqr hm sdqlr ne sgd lncdk o]q]ldsdqr hr
nesdm trdetk enq tmcdqrs]mchmf sgd pt]khs]shud adg]uhnq ne rn,
ktshnmr sn ] cxm]lhb]k rxrsdl- Vd hkktrsq]sd trhmf Dw]lokd
0 hm Rdbshnm 2-1-
 Z( Rgnv sg]s sgd fdmdq]k rnktshnm ne Dpr- &4( ]mc &5( hm Rdb,
shnm 2-1 b]m ad qdoqdrdmsdc ]r

t = b0w0&s( + b1w1&s( + t̂+ &h(
vgdqd t̂ hr sgd dpthkhaqhtl rnktshnm &rdd Oqnakdl 02+ Rdbshnm
2-1( sn sgd rxrsdl ]mc �w0&s(+ w1&s({ hr ] etmc]ldms]k rds ne
rnktshnmr sn sgd gnlnfdmdntr dpt]shnm

w… =

}
−&j0 + j1( j1

"j1 −"j1

(
w = Jw.
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 a( ?rrtlhmf sg]s / . " ≪ 0 &h-d-+ " hr onrhshud ]mc rl]kk
qdk]shud sn tmhsx(+ rgnv sg]s ]ooqnwhl]shnmr sn sgd dhfdmu]k,
tdr ne J ]qd

λ0&"( ≅ −&j0 + j1( −
"j1

1

j0 + j1
]mc

λ1&"( ≅ −
"j0j1

j0 + j1
.

 b( Rgnv sg]s ]ooqnwhl]shnmr sn sgd bnqqdronmchmf dhfdm,
udbsnqr ]qd

u0&"( =
(
0+−"j1{&j0 + j1(

�S ]mc

u1&"( =
(
j1{&j0 + j1(+ 0

�S .

 c( Trd sgd ]ooqnwhl]shnmr nas]hmdc hm o]qsr &a( ]mc &b( ]mc
sgd dpthkhaqhtl rnktshnm t̂ sn vqhsd cnvm ]m ]ooqnwhl]shnm
sn sgd fdmdq]k rnktshnm &h(- ?rrtlhmf sg]s mnlhm]k u]ktdr enq
j0 ]mc j1 ]qd md]q tmhsx+ ]mc sg]s / . " ≪ 0+ rjdsbg ] pt]khs],
shudkx ]bbtq]sd og]rd onqsq]hs enq Dpr- &4( ]mc &5( hm Rdbshnm
2-1- Bnlo]qd xntq rjdsbg vhsg sgd og]rd onqsq]hs hm Ehftqd
2-1-3+ Rdbshnm 2-1-
 d( Rgnv sg]s vgdm s hr k]qfd ]mc sgd rxrsdl hr hm sgd pt]rh,
rsd]cx rs]sd+

t0 ≅
j0

j0 + j1
SZ +

j1

j0 + j1
t1+

t1 ≅ &t1/ − SZ( dto
}
−

"j0j1

j0 + j1
s
(
+ SZ+

vgdqd t1&/( = t1/- Mnv kds "→ /- Hmsdqoqds sgd qdrtksr- Bnl,
o]qd vhsg sgd qdrtksr ne Oqnakdl 03 hm Rdbshnm 2-1-
 e( Fhud ] ogxrhb]k dwok]m]shnm ne sgd rhfmh“b]mbd ne sgd
dhfdmu]ktdr nm sgd cxm]lhb]k adg]uhnq ne sgd rnktshnm &h(- Hm
o]qshbtk]q+ qdk]sd sgd dhfdmu]ktdr sn e]rs ]mc rknv sdlonq]k
bg]mfdr hm sgd rs]sd ne sgd rxrsdl- Vg]s hlokhb]shnmr cndr
sgd u]ktd ne " g]ud vhsg qdrodbs sn sgd cdrhfm ne sgd fqddm,
gntrd.qnbjadc rxrsdl= Dwok]hm+ fhuhmf ctd bnmrhcdq]shnm sn
knb]k bkhl]shb bnmchshnmr ]mc bnmrsqtbshnm bnrsr-

Dkdbsqhb Bhqbthsr- Oqnakdlr 21 ]mc 22 ]qd bnmbdqmdc vhsg
sgd dkdbsqhb bhqbths cdrbqhadc ax sgd rxrsdl ne ch—dqdmsh]k
dpt]shnmr hm Oqnakdl 18 ne Rdbshnm 2-19

c
cs

}
h
ℏ

(
=
⎛
⎜
⎜⎝

−Q0{K −0{K

0{B −0{BQ1

⎞
⎟
⎟⎠

}
h
ℏ

(
. &h(

21-  Z( Ehmc sgd fdmdq]k rnktshnm ne Dp- &h( he Q0 = 0 ngl+
Q1 = 2

4
ngl+ K = 1 gdmqhdr+ ]mc B = 1

2
e]q]c-

 a( Rgnv sg]s h&s( → / ]mc ℏ&s( → / ]r s → ∞+ qdf]qckdrr ne
sgd hmhsh]k u]ktdr h&/( ]mc ℏ/-
22- Bnmrhcdq sgd oqdbdchmf rxrsdl ne ch—dqdmsh]k dpt]shnmr
&h(-
 Z( Ehmc ] bnmchshnm nm Q0+ Q1+ B+ ]mc K sg]s ltrs ad r]shr,
“dc he sgd dhfdmu]ktdr ne sgd bndffbhdms l]sqhw ]qd sn ad qd]k
]mc ch—dqdms-
 a( He sgd bnmchshnm entmc hm o]qs &]( hr r]shr“dc+ rgnv sg]s
ansg dhfdmu]ktdr ]qd mdf]shud- Sgdm rgnv sg]s h&s( → / ]mc
ℏ&s( → / ]r s → ∞+ qdf]qckdrr ne sgd hmhsh]k bnmchshnmr-
23- Cdodmcdmbd nm Z OZqZldsdq- Bnmrhcdq sgd rxrsdl

w… =

}
−0 −0

−� −0

(
w.

 Z( Rnkud sgd rxrsdl enq � = /-4- Vg]s ]qd sgd dhfdmu]ktdr ne
sgd bndffbhdms l]sqhw= Bk]rrhex sgd dpthkhaqhtl onhms ]s sgd
nqhfhm ]r sn sxod-
 a( Rnkud sgd rxrsdl enq � = 1- Vg]s ]qd sgd dhfdmu]ktdr ne
sgd bndffbhdms l]sqhw= Bk]rrhex sgd dpthkhaqhtl onhms ]s sgd
nqhfhm ]r sn sxod-
 b( Hm o]qsr &]( ]mc &a(+ rnktshnmr ne sgd rxrsdl dwghahs svn
pthsd ch—dqdms sxodr ne adg]uhnq- Ehmc sgd dhfdmu]ktdr ne sgd
bndffbhdms l]sqhw hm sdqlr ne � ]mc cdsdqlhmd sgd u]ktd ne
� adsvddm /-4 ]mc 1 vgdqd sgd sq]mrhshnm eqnl nmd sxod ne
adg]uhnq sn sgd nsgdq nbbtqr-

2-3 Bnlokdw Dhfdmu]ktdr
Hm sghr rdbshnm vd ]f]hm bnmrhcdq ] rxrsdl ne svn khmd]q gnlnfdmdntr dpt]shnmr vhsg bnm,
rs]ms bndffbhdmsr

w… = ?w+ &0(

vgdqd sgd bndffbhdms l]sqhw ? hr qd]k,u]ktdc- He vd rddj rnktshnmr ne sgd enql w = dλsu+ sgdm
hs enkknvr+ ]r hm Rdbshnm 2-2+ sg]s λ ltrs ad ]m dhfdmu]ktd ]mc u ] bnqqdronmchmf dhfdmudbsnq
ne sgd bndffbhdms l]sqhw ?- Qdb]kk sg]s sgd dhfdmu]ktdr λ0 ]mc λ1 ne ? ]qd sgd qnnsr ne sgd
pt]cq]shb dpt]shnm

cds&? − λH( = /+ &1(

]mc sg]s sgd bnqqdronmchmf dhfdmudbsnqr r]shrex

&? − λH(u = .. &2(
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Rhmbd ? hr qd]k,u]ktdc+ sgd bndffbhdmsr hm Dp- &1( enq λ ]qd qd]k+ ]mc ]mx bnlokdw dhfdmu]ktdr
ltrs nbbtq hm bnmitf]sd o]hqr- Enq dw]lokd+ he λ0 = / + h𝜇+ vgdqd / ]mc 𝜇 ]qd qd]k+ hr ]m
dhfdmu]ktd ne ?+ sgdm rn hr λ1 = / − h𝜇- Adenqd etqsgdq ]m]kxyhmf sgd fdmdq]k rxrsdl &0(+ vd
bnmrhcdq ]m dw]lokd-

DW;LOKD
0

Bnmrhcdq sgd rxrsdl

w… =
⎛
⎜
⎜⎝

− 0
1 0

−0 − 0
1

⎞
⎟
⎟⎠
w. &3(

Ehmc ] etmc]ldms]k rds ne rnktshnmr ]mc chrok]x sgdl fq]oghb]kkx hm ] og]rd onqsq]hs ]mc
bnlonmdms oknsr-

Sn “mc ] etmc]ldms]k rds ne rnktshnmr+ vd ]rrtld sg]s

w = dλsu &4(

]mc nas]hm sgd rds ne khmd]q ]kfdaq]hb dpt]shnmr

⎛
⎜
⎜⎝

− 0
1 − λ 0

−0 − 0
1 − λ

⎞
⎟
⎟⎠

}
ℏ0
ℏ1

(
=

}
/
/

(
&5(

enq sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne ?- Sgd bg]q]bsdqhrshb dpt]shnm hr
||||||

− 0
1 − λ 0

−0 − 0
1 − λ

||||||
= λ1 + λ + 4

3 = /: &6(

sgdqdenqd sgd dhfdmu]ktdr ]qd λ0 = − 0
1 + h ]mc λ1 = − 0

1 − h- Enq λ0 = − 0
1 + h+ vd nas]hm

eqnl Dp- &5(
}
−h 0

−0 −h

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &7(

Hm rb]k]q enql+ sgd “qrs ne sgdrd dpt]shnmr hr −hℏ0 + ℏ1 = / ]mc sgd rdbnmc dpt]shnm hr −h
shldr sgd “qrs- Sgtr vd g]ud ℏ1 = hℏ0+ rn sgd dhfdmudbsnq bnqqdronmchmf sn sgd dhfdmu]ktd
λ0 hr

u0 =

}
0
h

(
&8(

nq ]mx ltkshokd ne sghr udbsnq- ? rhlhk]q b]kbtk]shnm enq sgd rdbnmc dhfdmu]ktd λ1 = − 0
1 − h

kd]cr sn

u1 =

}
0
−h

(
. &0/(

Sgtr sgd dhfdmudbsnqr ]r vdkk ]r sgd dhfdmu]ktdr ]qd bnlokdw bnmitf]sdr- Sgd bnqqdronmchmf
rnktshnmr ne sgd rxrsdl &3( ]qd

w0&s( = d&−0{1+h(s

}
0
h

(
+ w1&s( = d&−0{1−h(s

}
0
−h

(
. &00(

Sgd Vqnmrjh]m ne w0&s( ]mc w1&s( hr qd]chkx b]kbtk]sdc sn ad −1hd−s+ vghbg hr mdudq ydqn+
rn sgdrd rnktshnmr enql ] etmc]ldms]k rds- Gnvdudq w0 ]mc w1 ]qd bnlokdw,u]ktdc+ ]mc enq
l]mx otqonrdr hs hr cdrhq]akd sn “mc ] etmc]ldms]k rds ne qd]k,u]ktdc rnktshnmr- Sn cn sghr+
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vd rs]qs ax “mchmf sgd qd]k ]mc hl]fhm]qx o]qsr4 ne w0&s(- Ehqrs+ vd trd sgd oqnodqshdr ne
dwonmdmsr sn vqhsd

w0&s( = d−s{1dhs

}
0
h

(
. &01(

Sgdm+ trhmf Dtkdq´r enqltk] enq dh s+ m]ldkx+

dhs = anr s + h rhm s+ &02(

vd nas]hm

w0&s( = d−s{1&anr s + h rhm s(

}
0
h

(
. &03(

Ehm]kkx+ ax b]qqxhmf nts sgd ltkshokhb]shnm hmchb]sdc hm Dp- &03(+ vd “mc sg]s

w0&s( =

}
d−s{1 anr s

−d−s{1 rhm s

(
+ h

}
d−s{1 rhm s
d−s{1 anr s

(
= t&s( + hv&s(. &04(

Sgd qd]k ]mc hl]fhm]qx o]qsr ne w0&s(+ sg]s hr+

t&s( =

}
d−s{1 anr s

−d−s{1 rhm s

(
+ v&s( =

}
d−s{1 rhm s
d−s{1 anr s

(
+ &05(

]qd qd]k,u]ktdc udbsnq etmbshnmr- Sgdx ]qd ]krn rnktshnmr ne sgd rxrsdl &3(- Nmd v]x sn rgnv
sghr hr rhlokx sn rtarshstsd t&s( ]mc v&s( enq w hm Dp- &3(- Gnvdudq+ sghr hr ] udqx rodbh]k b]rd
ne ] ltbg lnqd fdmdq]k qdrtks+ vghbg vd vhkk cdlnmrsq]sd rgnqskx+ rn enq sgd lnldms kds tr
]bbdos sg]s t&s( ]mc v&s( r]shrex Dp- &3(-

Sn udqhex sg]s t&s( ]mc v&s( bnmrshstsd ] etmc]ldms]k rds ne rnktshnmr+ vd bnlotsd sgdhq
Vqnmrjh]m9

VZt+ v[&s( =
|||||

d−s{1 anr s d−s{1 rhm s
−d−s{1 rhm s d−s{1 anr s

|||||
= d−s&anr1 s + rhm1 s( = d−s. &06(

Rhmbd sgd Vqnmrjh]m hr mdudq ydqn+ hs enkknvr sg]s t&s( ]mc v&s( bnmrshstsd ] etmc]ldms]k
rds ne &qd]k,u]ktdc( rnktshnmr ne sgd rxrsdl &3(- Bnmrdptdmskx+ dudqx rnktshnm ne Dp- &3( hr ]
khmd]q bnlahm]shnm ne t&s( ]mc v&s(+ ]mc sgd fdmdq]k rnktshnm ne Dp- &3( hr

w = b0t&s( + b1v&s( = b0

}
d−s{1 anr s

−d−s{1 rhm s

(
+ b1

}
d−s{1 rhm s
d−s{1 anr s

(
+ &07(

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-
Sgd sq]idbsnqhdr ne sgd rnktshnmr t&s( ]mc v&s( ]qd rgnvm hm Ehftqd 2-3-0- Rhmbd

t&/( =

}
0
/

(
+ v&/( =

}
/
0

(
+

sgd sq]idbsnqhdr ne t&s( ]mc v&s( o]rr sgqntfg sgd onhmsr &0+ /( ]mc &/+ 0(+ qdrodbshudkx- Nsgdq
rnktshnmr ne sgd rxrsdl &3( ]qd khmd]q bnlahm]shnmr ne t&s( ]mc v&s(+ ]mc sq]idbsnqhdr ne ]
edv ne sgdrd rnktshnmr ]qd ]krn rgnvm hm Ehftqd 2-3-0- D]bg sq]idbsnqx rohq]kr snv]qc sgd
nqhfhm hm sgd bknbjvhrd chqdbshnm ]r s →∞+ l]jhmf hm“mhsdkx l]mx bhqbthsr ]ants sgd nqhfhm-

4Xnt vhkk “mc ] rtll]qx ne sgd mdbdrr]qx dkdldms]qx qdrtksr eqnl bnlokdw u]qh]akdr hm ?oodmchw A-
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10 w0}1 }0

w1

1

0

}1

}0

j s(

v s(

EHFTQD 2-3-0 ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &3(-

Sghr hr ctd sn sgd e]bs sg]s sgd rnktshnmr &05( ]qd oqnctbsr ne cdb]xhmf dwonmdmsh]k ]mc rhmd
nq bnrhmd e]bsnqr-

Ehftqd 2-3-1 rgnvr sgd bnlonmdms oknsr ne t&s( ]mc v&s(- Mnsd sg]s t0&s( ]mc v1&s( ]qd
hcdmshb]k+ rn sgdhq oknsr bnhmbhcd+ vgdqd]r t1&s( ]mc v0&s( ]qd mdf]shudr ne d]bg nsgdq- D]bg
okns qdoqdrdmsr ] cdb]xhmf nrbhkk]shnm hm shld- Rhmbd nsgdq rnktshnmr ]qd khmd]q bnlahm]shnmr
ne t&s( ]mc v&s(+ sgdhq bnlonmdms oknsr ]qd ]krn cdb]xhmf nrbhkk]shnmr-

t+�v

t0 s(+�v1 s(

s

v0 s(

t1 s(

0

}/-3

}/-1

/-1

/-3

/-5

/-7

1 3 5 7 0/

EHFTQD 2-3-1 Bnlonmdms oknsr enq sgd rnktshnmr t&s( ]mc v&s( ne sgd rxrsdl &3(-
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▶ Dwsdmrhnm sn ] Fdmdq]k Rxrsdl- Vd b]m oqnbddc ]r hm Dw]lokd 0 hm sgd b]rd ne ] fdmdq]k svn,
chldmrhnm]k rxrsdl w…= ?w vhsg bnlokdw bnmitf]sd dhfdmu]ktdr- Rtoonrd sg]s sgd dhfdm,
u]ktdr ]qd λ0 = / + h𝜇 ]mc λ1 = λ̄0 = / − h𝜇- Rtoonrd ]krn sg]s u0 hr ]m dhfdmudbsnq bnqqd,
ronmchmf sn λ0- Sgdm λ0 ]mc u0 r]shrex

&? − λ0H(u0 = .. &08(

Ax s]jhmf sgd bnmitf]sd ne Dp- &08( ]mc qdldladqhmf sg]s ?+ H+ ]mc . ]qd qd]k,u]ktdc+ vd
nas]hm

&? − λ̄0H(u0 = .. &1/(

Sgtr u0 hr ]m dhfdmudbsnq bnqqdronmchmf sn λ̄0+ vghbg hr λ1- Sgtr+ enq ] o]hq ne bnlokdw
bnmitf]sd dhfdmu]ktdr+ vd b]m ]kv]xr bgnnrd sgd dhfdmudbsnqr rn sg]s sgdx ]qd bnlokdw
bnmitf]sdr ]r vdkk+ ]mc vd vhkk ]kv]xr l]jd sghr bgnhbd-

Trhmf sgdrd dhfdmu]ktdr ]mc dhfdmudbsnqr+ vd nas]hm svn rnktshnmr ne sgd rxrsdl &0(9

w0&s( = d&/+h𝜇(su0+ w1&s( = d&/−h𝜇(s u0. &10(

Vd mnv vhrg sn rdo]q]sd w0&s( hmsn hsr qd]k ]mc hl]fhm]qx o]qsr- Qdb]kk sg]s+ ax Dtkdq´r
enqltk]+

dh𝜇s = anr 𝜇s + h rhm 𝜇s &11(

]mc kds u0 = Z + ha+ vgdqd Z ]mc a ]qd qd]k,u]ktdc- Sgdm eqnl Dp- &10( vd g]ud

w0&s( = &Z + ha(d/s&anr 𝜇s + h rhm 𝜇s(

= d/s&Z anr 𝜇s − a rhm 𝜇s( + hd/s&Z rhm 𝜇s + a anr 𝜇s(. &12(

Vd cdmnsd sgd qd]k ]mc hl]fhm]qx o]qsr ne w0&s( ax

t&s( = d/s&Z anr 𝜇s − a rhm 𝜇s(+ v&s( = d/s&Z rhm 𝜇s + a anr 𝜇s(+ &13(

qdrodbshudkx- ? rhlhk]q b]kbtk]shnm+ rs]qshmf eqnl w1&s( hm Dp- &10(+ kd]cr sn

w1&s( = t&s( − hv&s(. &14(

Sgtr sgd rnktshnmr w0&s( ]mc w1&s( ]qd ]krn bnlokdw bnmitf]sdr-
Mdws+ vd v]ms sn rgnv sg]s t&s( ]mc v&s( ]qd rnktshnmr ne Dp- &0(- Rhmbd w0&s( hr ] rnktshnm+

vd b]m vqhsd

. = w…0 − ?w0 = &t… + hv…( − ?&t + hv(

= &t… − ?t( + h&v… − ?v(. &15(

? bnlokdw mtladq &udbsnq( hr ydqn he ]mc nmkx he ansg hsr qd]k ]mc hl]fhm]qx o]qsr ]qd ydqn+
rn vd bnmbktcd sg]s

t… − ?t = .+ v… − ?v = .: &16(

sgdqdenqd t&s( ]mc v&s( ]qd &qd]k,u]ktdc( rnktshnmr ne Dp- &0(-
Ehm]kkx+ vd b]kbtk]sd sgd Vqnmrjh]m ne t&s( ]mc v&s( rn ]r sn cdsdqlhmd vgdsgdq sgdx

enql ] etmc]ldms]k rds ne rnktshnmr- Kds Z = Z0h + Z1i ]mc a = a0h + a1i- Sgdm

VZt+ v[&s( =
||||||

d/s&Z0 anr 𝜇s − a0 rhm 𝜇s( d/s&Z0 rhm 𝜇s + a0 anr 𝜇s(

d/s&Z1 anr 𝜇s − a1 rhm 𝜇s( d/s&Z1 rhm 𝜇s + a1 anr 𝜇s

||||||
. &17(

? rsq]hfgsenqv]qc b]kbtk]shnm rgnvr sg]s

VZt+ v[&s( = &Z0a1 − Z1a0(d1/s. &18(



061 Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

?rrtlhmf sg]s 𝜇 ≠ /+ sgd dhfdmu]ktdr λ0 = / + h𝜇 ]mc λ1 = / − h𝜇 ]qd mns dpt]k- S]jhmf
sgd cdsdqlhm]ms ne sgd l]sqhw enqldc eqnl sgd bnqqdronmchmf dhfdmudbsnqr u0 = Z + ha ]mc
u1 = Z − ha+ vd fds

|||||
Z0 + ha0 Z0 − ha0
Z1 + ha1 Z1 − ha1

|||||
= −1h

(
Z0a1 − Z1a0

�
+

vghbg hr mnmydqn ax Sgdnqdl 2-0-2+ rn Z0a1 − Z1a0 ≠ /- Bnmrdptdmskx+ sgd Vqnmrjh]m &18(
hr mns ydqn- Sgdqdenqd sgd rnktshnmr t&s( ]mc v&s( fhudm ax Dp- &13( enql ] etmc]ldms]k rds
ne rnktshnmr ne sgd rxrsdl &0(- Sgd fdmdq]k rnktshnm b]m ad vqhssdm ]r

w = b0t&s( + b1v&s(+ &2/(
vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-

Oqnbdctqd enq Ehmchmf sgd FdmdqXk Rnktshnm ne w… = 9w Vgdm 9 GXr
Bnlokdw DhfdmuXktdr

0- Hcdmshex sgd bnlokdw bnmitf]sd dhfdmu]ktdr λ = / + h𝜇-

1- Cdsdqlhmd sgd dhfdmudbsnq u =

}
ℏ0
ℏ1

(
bnqqdronmchmf sn λ0 = / + h𝜇 ax rnkuhmf

(
? − λ0H

�
u = ..

2- Dwoqdrr sgd dhfdmudbsnq u hm sgd enql u = Z + ah-
3- Vqhsd sgd rnktshnm w0 bnqqdronmchmf sn u ]mc rdo]q]sd hs hmsn qd]k ]mc hl]fhm]qx

o]qsr95

w0&s( = d/s &Z anr 𝜇s − a rhm 𝜇s(
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

t&s(

+ hd/s &Z rhm 𝜇s + a anr 𝜇s(
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

v&s(

Hs b]m ad rgnvm sg]s t ]mc v enql ] etmc]ldms]k rds ne rnktshnmr enq w… = ?w-
4- Sgdm sgd fdmdq]k rnktshnm ne w… = ?w hr

w&s( = b0t&s( + b1v&s(+
vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-

Rohq]k Onhmsr ]mc Bdmsdqr
Sgd og]rd onqsq]hs hm Ehftqd 2-3-0 hr sxohb]k ne ]kk svn,chldmrhnm]k rxrsdlr w… = ?w vgnrd
dhfdmu]ktdr ]qd bnlokdw vhsg ] mdf]shud qd]k o]qs- Sgd nqhfhm hr b]kkdc ] rohqZk onhms ]mc hr
]rxlosnshb]kkx rs]akd adb]trd ]kk sq]idbsnqhdr ]ooqn]bg hs ]r s hmbqd]rdr- Rtbg ] rohq]k onhms
hr nesdm b]kkdc ] rohqZk rhmj- Enq ] rxrsdl vgnrd dhfdmu]ktdr g]ud ] onrhshud qd]k o]qs+ sgd
sq]idbsnqhdr ]qd rhlhk]q sn sgnrd hm Ehftqd 2-3-0+ ats sgd chqdbshnm ne lnshnm hr ]v]x eqnl
sgd nqhfhm ]mc sgd sq]idbsnqhdr adbnld tmantmcdc- Hm sghr b]rd+ sgd nqhfhm hr tmrs]akd ]mc hr
nesdm b]kkdc ] rohqZk rntqbd-

He sgd qd]k o]qs ne sgd dhfdmu]ktdr hr ydqn+ sgdm sgdqd hr mn dwonmdmsh]k e]bsnq hm sgd rnkt,
shnm ]mc sgd sq]idbsnqhdr mdhsgdq ]ooqn]bg sgd nqhfhm mnq adbnld tmantmcdc- Hmrsd]c+ sgdx
qdod]sdckx sq]udqrd ] bknrdc btqud ]ants sgd nqhfhm- ?m dw]lokd ne sghr adg]uhnq b]m ad rddm
hm Ehftqd 2-3-2- Hm sghr b]rd+ sgd nqhfhm hr b]kkdc ] bdmsdq ]mc hr r]hc sn ad rsZakd+ ats mns
]rxlosnshb]kkx rs]akd- Hm ]kk sgqdd b]rdr+ sgd chqdbshnm ne lnshnm l]x ad dhsgdq bknbjvhrd+ ]r
hm Dw]lokd 0+ nq bntmsdqbknbjvhrd+ cdodmchmf nm sgd dkdldmsr ne sgd bndffbhdms l]sqhw ?-

5Q]sgdq sg]m ldlnqhyd sgd dwoqdrrhnmr enq t&s( ]mc v&s(+ nmbd /+ 𝜇+ Z+ ]mc a g]ud addm cdsdqlhmdc hm ]
fhudm oqnakdl+ hs hr oqdedq]akd sn b]qqx nts sgd bnlokdw ]qhsgldshb trdc sn b]kbtk]sd sgd qhfgs rhcd ne Dp-
&12(: sgdm+ s]jd sgd qd]k ]mc hl]fhm]qx o]qsr enq t&s( ]mc u&s(+ qdrodbshudkx-
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DW;LOKD
1

Bnmrhcdq sgd rxrsdl

w… =
⎛
⎜
⎜⎝

0
1 − 4

3

1 − 0
1

⎞
⎟
⎟⎠
w. &20(

Ehmc sgd fdmdq]k rnktshnm ]mc sgd rnktshnm sg]s r]shr“dr sgd hmhsh]k bnmchshnmr

w&/( =

}
−0

−1

(
. &21(

Cq]v ] chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl- Sgdm cq]v bnlonmdms oknsr enq sgd
rnktshnm r]shrexhmf sgd hmhsh]k bnmchshnmr &21(-

Sn rnkud sgd rxrsdl+ vd ]rrtld sg]s w = dλsu+ rtarshstsd hm Dp- &20(+ ]mc sgdqdax nas]hm
sgd ]kfdaq]hb rxrsdl ?u = λu+ nq

⎛
⎜
⎜⎝

0
1 − λ − 4

3

1 − 0
1 − λ

⎞
⎟
⎟⎠

}
ℏ0
ℏ1

(
=

}
/
/

(
. &22(

Sgd dhfdmu]ktdr ]qd entmc eqnl sgd bg]q]bsdqhrshb dpt]shnm
}

0
1 − λ

(}
− 0

1 − λ
(
−
}
− 4

3

(
&1( = λ1 + 8

3 = /+ &23(

rn sgd dhfdmu]ktdr ]qd λ0 = 2h{1 ]mc λ1 = −2h{1- Ax rtarshstshmf λ0 enq λ hm Dp- &22( ]mc
sgdm rnkuhmf sghr rxrsdl+ vd “mc sgd bnqqdronmchmf dhfdmudbsnq u0- Vd b]m “mc sgd nsgdq
dhfdmudbsnq u1 hm ] rhlhk]q v]x+ nq vd b]m rhlokx s]jd u1 sn ad sgd bnlokdw bnmitf]sd ne
u0- Dhsgdq v]x+ vd nas]hm

u0 =

}
4

1 − 5h

(
+ u1 =

}
4

1 + 5h

(
. &24(

Gdmbd svn &bnlokdw,u]ktdc( rnktshnmr ne sgd rxrsdl &20( ]qd

w0&s( = d2hs{1

}
4

1 − 5h

(
+ w1&s( = d−2hs{1

}
4

1 + 5h

(
+ &25(

]mc sgd fdmdq]k rnktshnm ne Dp- &20( b]m ad dwoqdrrdc ]r ] khmd]q bnlahm]shnm ne w0&s( ]mc
w1&s( vhsg ]qahsq]qx bndffbhdmsr-

Sn “mc qd]k,u]ktdc rnktshnmr+ vd b]m rdo]q]sd w0&s( hmsn hsr qd]k ]mc hl]fhm]qx o]qsr-
Trhmf Dtkdq´r enqltk]+ vd g]ud

w0&s( =
[
anr&2s{1( + h rhm&2s{1(

]
}

4
1 − 5h

(

=

}
4 anr&2s{1(

1 anr&2s{1( + 5 rhm&2s{1(

(
+ h

}
4 rhm&2s{1(

1 rhm&2s{1( − 5 anr&2s{1(

(
. &26(

Sgtr vd b]m ]krn vqhsd sgd fdmdq]k rnktshnm ne Dp- &20( hm sgd enql

w = b0

}
4 anr&2s{1(

1 anr&2s{1( + 5 rhm&2s{1(

(
+ b1

}
4 rhm&2s{1(

1 rhm&2s{1( − 5 anr&2s{1(

(
+ &27(

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-
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Sn r]shrex sgd hmhsh]k bnmchshnmr &21(+ vd rds s = / hm Dp- &27( ]mc nas]hm

b0

}
4

1

(
+ b1

}
/

−5

(
=

}
−0

−1

(
. &28(

Sgdqdenqd b0 = − 0
4 ]mc b1 =

3
04 - Trhmf sgdrd u]ktdr hm Dp- &27(+ vd nas]hm sgd rnktshnm sg]s

r]sh“dr sgd hmhsh]k bnmchshnmr &21(- Sgd rb]k]q bnlonmdmsr ne sghr rnktshnm ]qd d]rhkx entmc
sn ad

w0&s( = − anr&2s{1( + 3
2 rhm&2s{1(+ w1&s( = −1 anr&2s{1( − 1

2 rhm&2s{1(. &3/(

? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &20( ]ood]q hm Ehftqd 2-3-2 vhsg sgd
gd]ux btqud rgnvhmf sgd sq]idbsnqx o]rrhmf sgqntfg sgd onhms &−0+ −1(- ?kk ne sgd sq]idb,
snqhdr &dwbdos sgd nqhfhm hsrdke( ]qd bknrdc btqudr rtqqntmchmf sgd nqhfhm+ ]mc d]bg nmd hr
sq]udqrdc hm sgd bntmsdqbknbjvhrd chqdbshnm+ ]r sgd chqdbshnm “dkc hm Ehftqd 2-3-2 hmchb]sdr-
Bknrdc sq]idbsnqhdr bnqqdronmc sn dhfdmu]ktdr vgnrd qd]k o]qs hr ydqn- Hm sghr b]rd+ sgd rnkt,
shnm bnms]hmr mn dwonmdmsh]k e]bsnq+ ats bnmrhrsr nmkx ne rhmd ]mc bnrhmd sdqlr+ ]mc sgdqdenqd
hr odqhnchb- Sgd bknrdc sq]idbsnqx hr sq]udqrdc qdod]sdckx+ vhsg nmd odqhnc bnqqdronmchmf sn
] etkk bhqbths- Sgd odqhnchb m]stqd ne sgd rnktshnm hr rgnvm bkd]qkx ax sgd bnlonmdms oknsr
hm Ehftqd 2-3-3+ vghbg rgnv sgd fq]ogr ne w0&s( ]mc w1&s( fhudm hm Dp- &3/(- Sgd odqhnc ne
d]bg rnktshnm hr 32{2-

?r ldmshnmdc oqduhntrkx+ vgdm sgd dhfdmu]ktdr ]qd otqdkx hl]fhm]qx+ sgd bqhshb]k onhms
]s sgd nqhfhm hr b]kkdc ] bdmsdq- Adb]trd md]qax sq]idbsnqhdr qdl]hm md]q sgd bqhshb]k onhms
ats cn mns ]ooqn]bg hs+ sgd bqhshb]k onhms hr r]hc sn ad rs]akd+ ats mns ]rxlosnshb]kkx rs]akd-

20 1 w1}2 }1 }0

w0

2

1

0

}2

}1

}0

 }0+ }1(

EHFTQD 2-3-2 ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &20(: sgd gd]ux btqud
o]rrdr sgqntfg &−0+ −1(-
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s

w�<�w0 s( w�<�w1 s(

}1

}0

0

1

1 3 5 7 0/

w

EHFTQD 2-3-3 Oknsr ne sgd bnlonmdmsr ne sgd rnktshnm o]rrhmf sgqntfg &−0+ −1(: sgdx
]qd fhudm ax Dp- &3/(-

? bdmsdq hr nesdm ] sq]mrhshnm rs]sd adsvddm rohq]k onhmsr sg]s ]qd ]rxlosnshb]kkx rs]akd nq
tmrs]akd+ cdodmchmf nm sgd rhfm ne sgd qd]k o]qs ne sgd dhfdmu]ktdr- Sgd sq]idbsnqhdr hm Ehftqd
2-3-2 ]ood]q sn ad dkkhoshb]k+ ]mc hs b]m ad rgnvm &rdd Oqnakdl 12( sg]s sghr hr ]kv]xr sgd
b]rd enq bdmsdqr ne svn,chldmrhnm]k khmd]q rxrsdlr vhsg bnmrs]ms bndffbhdmsr-

Enq svn,chldmrhnm]k rxrsdlr vhsg qd]k bndffbhdmsr+ vd g]ud mnv bnlokdsdc ntq cdrbqho,
shnm ne sgd sgqdd l]hm b]rdr sg]s b]m nbbtq9

0- Dhfdmu]ktdr ]qd qd]k ]mc g]ud noonrhsd rhfmr: w = . hr ] r]cckd onhms-
1- Dhfdmu]ktdr ]qd qd]k ]mc g]ud sgd r]ld rhfm ats ]qd tmdpt]k: w = . hr ] mncd-
2- Dhfdmu]ktdr ]qd bnlokdw vhsg mnmydqn qd]k o]qs: w = . hr ] rohq]k onhms-

Nsgdq onrrhahkhshdr ]qd ne kdrr hlonqs]mbd ]mc nbbtq ]r sq]mrhshnmr adsvddm svn ne sgd
b]rdr itrs khrsdc- Enq dw]lokd+ vd g]ud rddm sg]s otqdkx hl]fhm]qx dhfdmu]ktdr nbbtq ]s
] sq]mrhshnm adsvddm ]rxlosnshb]kkx rs]akd ]mc tmrs]akd rohq]k onhmsr- ? ydqn dhfdmu]ktd
nbbtqr ]s sgd sq]mrhshnm adsvddm ] r]cckd onhms ]mc ] mncd+ ]r nmd ne sgd dhfdmu]ktdr bg]mfdr
rhfm- Ehm]kkx+ qd]k ]mc dpt]k dhfdmu]ktdr ]ood]q vgdm sgd chrbqhlhm]ms ne sgd bg]q]bsdqhrshb
dpt]shnm hr ydqn+ sg]s hr+ ]s sgd sq]mrhshnm adsvddm mncdr ]mc rohq]k onhmsr-

DW;LOKD
2

Sgd rxrsdl

w… =

}
� 1

−1 /

(
w &30(

bnms]hmr ] o]q]ldsdq �- Cdrbqhad gnv sgd rnktshnmr cdodmc pt]khs]shudkx nm �: hm o]qshbtk]q+
“mc sgd bqhshb]k u]ktdr ne � ]s vghbg sgd pt]khs]shud adg]uhnq ne sgd sq]idbsnqhdr hm sgd og]rd
ok]md bg]mfdr l]qjdckx-
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Sgd adg]uhnq ne sgd sq]idbsnqhdr hr bnmsqnkkdc ax sgd dhfdmu]ktdr ne sgd bndffbhdms l]sqhw-
Sgd bg]q]bsdqhrshb dpt]shnm hr

λ1 − �λ + 3 = /+ &31(

rn sgd dhfdmu]ktdr ]qd

λ =
� +

√
�1 − 05
1

. &32(

Eqnl Dp- &32(+ hs enkknvr sg]s sgd dhfdmu]ktdr ]qd bnlokdw bnmitf]sdr enq −3 . � . 3 ]mc
]qd qd]k nsgdqvhrd- Sgtr svn bqhshb]k u]ktdr ]qd � = −3 ]mc � = 3+ vgdqd sgd dhfdmu]ktdr
bg]mfd eqnl qd]k sn bnlokdw+ nq uhbd udqr]- Enq � . −3+ ansg dhfdmu]ktdr ]qd mdf]shud+ rn
]kk sq]idbsnqhdr ]ooqn]bg sgd nqhfhm+ vghbg hr ]m ]rxlosnshb]kkx rs]akd mncd- Enq � < 3+ ansg
dhfdmu]ktdr ]qd onrhshud+ rn sgd nqhfhm hr ]f]hm ] mncd+ sghr shld tmrs]akd: ]kk sq]idbsnqhdr
&dwbdos w = .( adbnld tmantmcdc- Hm sgd hmsdqldch]sd q]mfd+ −3 . � . 3+ sgd dhfdmu]ktdr
]qd bnlokdw ]mc sgd sq]idbsnqhdr ]qd rohq]kr- Gnvdudq+ enq −3 . � . /+ sgd qd]k o]qs ne sgd
dhfdmu]ktdr hr mdf]shud+ sgd rohq]kr ]qd chqdbsdc hmv]qc+ ]mc sgd nqhfhm hr ]rxlosnshb]kkx
rs]akd+ vgdqd]r enq / . � . 3+ sgd qd]k o]qs ne sgd dhfdmu]ktdr hr onrhshud ]mc sgd nqhfhm
hr tmrs]akd- Sgtr � = / hr ]krn ] bqhshb]k u]ktd vgdqd sgd chqdbshnm ne sgd rohq]kr bg]mfdr
eqnl hmv]qc sn ntsv]qc- Enq sghr u]ktd ne �+ sgd nqhfhm hr ] bdmsdq ]mc sgd sq]idbsnqhdr ]qd
bknrdc btqudr ]ants sgd nqhfhm+ bnqqdronmchmf sn rnktshnmr sg]s ]qd odqhnchb hm shld- Sgd
nsgdq bqhshb]k u]ktdr+ � = + 3+ xhdkc dhfdmu]ktdr sg]s ]qd qd]k ]mc dpt]k- Hm sghr b]rd+ sgd
nqhfhm hr ]f]hm ] mncd+ ats sgd og]rd onqsq]hs ch—dqr rnldvg]s eqnl sgnrd hm Rdbshnm 2-2-
Vd s]jd to sghr b]rd hm Rdbshnm 2-4-

Vd rtll]qhyd sgd og]rd onqsq]hsr ]ood]qhmf hm sghr rdbshnm hm S]akd 2-3-0-

S;AKD 2-3-0 Og]rd onqsq]hsr enq w… = ?w vgdm ? g]r bnlokdw dhfdmu]ktdr-

Dhfdmu]ktdr R]lokd Og]rd Onqsq]hs Sxod ne Bqhshb]k Onhms Rs]ahkhsx

λ = / + h𝜇
/ . /

&/+ /( hr ] rohqZk rhmj- ?rxlosnshb]kkx
rs]akd

λ = / + h𝜇
/ < /

&/+ /( hr ] rohqZk rntqbd- Tmrs]akd

λ = / + h𝜇
/ = /

&/+ /( hr ] bdmsdq- Rs]akd
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OQNAKDLR

FdmdqZk Rnktshnmr ne Rxrsdlr- Hm d]bg ne Oqnakdlr 0
sgqntfg 5+ dwoqdrr sgd fdmdq]k rnktshnm ne sgd fhudm rxrsdl
ne dpt]shnmr hm sdqlr ne qd]k,u]ktdc etmbshnmr- ?krn cq]v ]
chqdbshnm “dkc ]mc ] og]rd onqsq]hs- Cdrbqhad sgd adg]uhnq ne
sgd rnktshnmr ]r s → ∞-

0- w… =

}
2 −1
3 −0

(
w 1- w… =

}
−0 −3

0 −0

(
w

2- w… =

}
1 −4
0 −1

(
w 3- w… =

⎛
⎜
⎜⎝

1 − 4
1

8
4

−0

⎞
⎟
⎟⎠
w

4- w… =

}
0 −0
4 −2

(
w 5- w… =

}
0 1

−4 −0

(
w

Hm d]bg ne Oqnakdlr 6 sgqntfg 0/+ “mc sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl- Cq]v bnlonmdms oknsr ne sgd rn,
ktshnm ]mc cdrbqhad sgd adg]uhnq ne sgd rnktshnm ]r s → ∞-

6- w… =

}
−0 −3

0 −0

(
w+ w&/( =

}
3

−2

(
:

rdd Oqnakdl 1-

7- w… =

}
1 −4
0 −1

(
w+ w&/( =

}
2
1

(
:

rdd Oqnakdl 2-

8- w… =

}
0 −4
0 −2

(
w+ w&/( =

}
0
0

(

0.- w… =

}
−2 1
−0 −0

(
w+ w&/( =

}
0

−1

(

OgZrd OnqsqZhsr Zmc Bnlonmdms Oknsr- Hm d]bg ne Oqna,
kdlr 00 ]mc 019
 Z( Ehmc sgd dhfdmu]ktdr ne sgd fhudm rxrsdl-
 a( Bgnnrd ]m hmhsh]k onhms &nsgdq sg]m sgd nqhfhm( ]mc rjdsbg
sgd bnqqdronmchmf sq]idbsnqx hm sgd w0w1,ok]md-
 b( Enq xntq sq]idbsnqx hm o]qs &a(+ rjdsbg sgd fq]ogr ne w0
udqrtr s ]mc ne w1 udqrtr s-

00- w… =
⎛
⎜
⎜⎝

2
3

−1

0 − 4
3

⎞
⎟
⎟⎠
w 01- w… =

⎛
⎜
⎜⎝

− 3
4

1

−0 5
4

⎞
⎟
⎟⎠
w

Cdodmcdmbd nm Z OZqZldsdq- Hm d]bg ne Oqnakdlr 02
sgqntfg 1/+ sgd bndffbhdms l]sqhw bnms]hmr ] o]q]ldsdq �- Hm
d]bg ne sgdrd oqnakdlr9
 Z( Cdsdqlhmd sgd dhfdmu]ktdr hm sdqlr ne �-
 a( Ehmc sgd bqhshb]k u]ktd nq u]ktdr ne � vgdqd sgd pt]khs],
shud m]stqd ne sgd og]rd onqsq]hs enq sgd rxrsdl bg]mfdr-
 b( Cq]v ] og]rd onqsq]hs enq ] u]ktd ne � rkhfgskx adknv+ ]mc
enq ]mnsgdq u]ktd rkhfgskx ]anud+ d]bg bqhshb]k u]ktd-

02- w… =

}
� 0

−0 �

(
w 03- w… =

}
/ −4
0 �

(
w

04- w… =

}
1 −4
� −1

(
w 05- w… =

⎛
⎜
⎜⎝

4
3

2
3

� 4
3

⎞
⎟
⎟⎠
w

06- w… =

}
−0 �
−0 −0

(
w 07- w… =

}
2 �

−5 −3

(
w

08- w… =

}
� 0/

−0 −3

(
w 1.- w… =

}
3 �
7 −5

(
w

?ookhbZshnmr-
10- Bnmrhcdq sgd dkdbsqhb bhqbths rgnvm hm Ehftqd 2-3-4- Rto,
onrd sg]s Q0 = Q1 = 3 nglr+ B = 0

1
e]q]c+ ]mc K = 7 gdmqhdr-

 Z( Rgnv sg]s sghr bhqbths hr cdrbqhadc ax sgd rxrsdl ne che,
edqdmsh]k dpt]shnmr

c
cs

}
h
ℏ

(
=
⎛
⎜
⎜⎝

− 0
1

− 0
7

1 − 0
1

⎞
⎟
⎟⎠

}
h
ℏ

(
+ &h(

vgdqd h hr sgd btqqdms sgqntfg sgd hmctbsnq ]mc ℏ hr sgd unks]fd
]bqnrr sgd b]o]bhsnq-
Ghms9 Rdd Oqnakdl 16 ne Rdbshnm 2-1-
 a( Ehmc sgd fdmdq]k rnktshnm ne Dpr- &h( hm sdqlr ne qd]k,
u]ktdc etmbshnmr-
 b( Ehmc h&s( ]mc ℏ&s( he h&/( = 1 ]lodqdr ]mc ℏ&/( = 2 unksr-
 c( Cdsdqlhmd sgd khlhshmf u]ktdr ne h&s( ]mc ℏ&s( ]r s → ∞-
Cn sgdrd khlhshmf u]ktdr cdodmc nm sgd hmhsh]k bnmchshnmr=

Q0

Q1

K

B

EHFTQD 2-3-4 Sgd bhqbths hm Oqnakdl 10-

11- Sgd dkdbsqhb bhqbths rgnvm hm Ehftqd 2-3-5 hr cdrbqhadc
ax sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr

c
cs

}
h
ℏ

(
=

}
/ 0{K

−0{B −0{QB

(}
h
ℏ

(
+ &h(

vgdqd h hr sgd btqqdms sgqntfg sgd hmctbsnq ]mc ℏ hr sgd unks,
]fd ]bqnrr sgd b]o]bhsnq- Sgdrd ch—dqdmsh]k dpt]shnmr vdqd
cdqhudc hm Oqnakdl 16 ne Rdbshnm 2-1-
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 Z( Rgnv sg]s sgd dhfdmu]ktdr ne sgd bndffbhdms l]sqhw ]qd
qd]k ]mc ch—dqdms he K < 3Q1B- Rgnv sg]s sgdx ]qd bnlokdw
bnmitf]sdr he K . 3Q1B-
 a( Rtoonrd sg]s Q = 0 ngl+ B = 0

1
e]q]c+ ]mc K = 0 gdmqx-

Ehmc sgd fdmdq]k rnktshnm ne sgd rxrsdl &h( hm sghr b]rd-
 b( Ehmc h&s( ]mc ℏ&s( he h&/( = 1 ]lodqdr ]mc ℏ&/( = 0 unks-
 c( Enq sgd bhqbths ne o]qs &a(+ cdsdqlhmd sgd khlhshmf u]ktdr
ne h&s( ]mc ℏ&s( ]r s →∞- Cn sgdrd khlhshmf u]ktdr cdodmc nm
sgd hmhsh]k bnmchshnmr=

B

K

Q

EHFTQD 2-3-5 Sgd bhqbths hm Oqnakdl 11-

12- Hm sghr oqnakdl+ vd hmchb]sd gnv sn rgnv sg]s sgd sq]idb,
snqhdr ]qd dkkhordr vgdm sgd dhfdmu]ktdr ]qd otqdkx hl]fhm]qx-

Bnmrhcdq sgd rxrsdl
}

w
x

(…

=

}
Z00 Z01

Z10 Z11

(}
w
x

(
. &h(

 Z( Rgnv sg]s sgd dhfdmu]ktdr ne sgd bndffbhdms l]sqhw ]qd
otqdkx hl]fhm]qx he ]mc nmkx he

Z00 + Z11 = /+ Z00Z11 − Z01Z10 < /. &hh(

 a( Sgd sq]idbsnqhdr ne sgd rxrsdl &h( b]m ad entmc ax bnm,
udqshmf Dpr- &h( hmsn sgd rhmfkd dpt]shnm

cx
cw

=
cx{cs
cw{cs

=
Z10w + Z11x
Z00w + Z01x

. &hhh(

Trd sgd “qrs ne Dpr- &hh( sn rgnv sg]s Dp- &hhh( hr dw]bs-
 b( Ax hmsdfq]shmf Dp- &hhh(+ rgnv sg]s

Z10w1 + 1Z11wx − Z01x1 = j+ &hu(

vgdqd j hr ] bnmrs]ms- Trd Dpr- &hh( sn bnmbktcd sg]s sgd fq]og
ne Dp- &hu( hr ]kv]xr ]m dkkhord-
Ghms9 Vg]s hr sgd chrbqhlhm]ms ne sgd pt]cq]shb enql hm
Dp- &hu(=

2-4 Qdod]sdc Dhfdmu]ktdr
Vd bnmshmtd ntq bnmrhcdq]shnm ne svn,chldmrhnm]k khmd]q gnlnfdmdntr rxrsdlr vhsg bnm,
rs]ms bndffbhdmsr

w… = ?w &0(
vhsg ] chrbtrrhnm ne sgd b]rd hm vghbg sgd l]sqhw ? g]r ] qdod]sdc dhfdmu]ktd- Sghr b]rd
nbbtqr vgdm sgd chrbqhlhm]ms ne sgd bg]q]bsdqhrshb dpt]shnm hr ydqn+ ]mc hs hr ] sq]mrhshnm
rs]sd adsvddm ] mncd ]mc ] rohq]k onhms- Sgdqd ]qd svn drrdmsh]kkx ch—dqdms ogdmnldm] sg]s
b]m nbbtq9 sgd qdod]sdc dhfdmu]ktd l]x g]ud svn hmcdodmcdms dhfdmudbsnqr+ nq hs l]x g]ud
nmkx nmd- Sgd “qrs onrrhahkhsx hr sgd rhlokdq nmd+ rn vd vhkk rs]qs vhsg hs-

DW;LOKD
0

Rnkud sgd rxrsdl w… = ?w+ vgdqd

? =

}
−0 /

/ −0

(
. &1(

Cq]v ] chqdbshnm “dkc+ ] og]rd onqsq]hs+ ]mc sxohb]k bnlonmdms oknsr-
Sn rnkud sgd rxrsdl+ vd ]rrtld+ ]r trt]k+ sg]s w = dλsu- Sgdm+ eqnl Dp- &1(+ vd nas]hm

}
−0 − λ /

/ −0 − λ

(}
ℏ0
ℏ1

(
=

}
/
/

(
+ &2(

Sgd bg]q]bsdqhrshb dpt]shnm hr &0 + λ(1 = /+ rn sgd dhfdmu]ktdr ]qd λ0 = λ1 = −0- Sn cdsdq,
lhmd sgd dhfdmudbsnqr+ vd rds λ “qrs dpt]k sn λ0 ]mc sgdm sn λ1 hm Dp- &2(- Hm dhsgdq b]rd+ vd
g]ud }

/ /

/ /

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &3(
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Sgtr sgdqd ]qd mn qdrsqhbshnmr nm ℏ0 ]mc ℏ1: hm nsgdq vnqcr+ vd b]m bgnnrd sgdl ]qahsq]qhkx-
Hs hr bnmudmhdms sn bgnnrd ℏ0 = 0 ]mc ℏ1 = / enq λ0 ]mc sn bgnnrd ℏ0 = / ]mc ℏ1 = 0 enq λ1-
Sgtr vd nas]hm svn rnktshnmr ne sgd fhudm rxrsdl9

w0&s( = d−s

}
0

/

(
+ w1&s( = d−s

}
/

0

(
. &4(

Sgd fdmdq]k rnktshnm hr

w = b0w0&s( + b1w1&s(. &5(

?ksdqm]shudkx+ xnt b]m ]krn rnkud sghr rxrsdl ax rs]qshmf eqnl sgd rb]k]q dpt]shnmr

w…0 = −w0+ w…1 = −w1+ &6(

vghbg enkknv chqdbskx eqnl Dp- &1(- Sgdrd dpt]shnmr b]m ad hmsdfq]sdc hlldch]sdkx+ vhsg
sgd qdrtks sg]s

w0&s( = b0d−s+ w1&s( = b1d−s. &7(

Dpt]shnmr &7( ]qd itrs sgd rb]k]q enql ne Dp- &5(-
? chqdbshnm “dkc ]mc ] og]rd onqsq]hs enq sgd rxrsdl &1( ]qd rgnvm hm Ehftqd 2-4-0- Sgd

sq]idbsnqhdr khd nm rsq]hfgs khmdr sgqntfg sgd nqhfhm ]mc &adb]trd sgd dhfdmu]ktdr ]qd mdf]shud(
sgdx ]ooqn]bg sgd nqhfhm ]r s → ∞- Sg]s sghr ltrs ad rn hr ]oo]qdms eqnl Dpr- &7(- Ax
dkhlhm]shmf s adsvddm sgdrd svn dpt]shnmr+ vd “mc sg]s

w1&s(
w0&s(

=
b1

b0
. &8(

Sgtr sgd q]shn w1&s({w0&s( hr ] bnmrs]ms+ rn sgd sq]idbsnqx khdr nm ] khmd sgqntfg sgd nqhfhm-
Sgd u]ktd ne sgd bnmrs]ms hm ] o]qshbtk]q b]rd hr cdsdqlhmdc ax sgd hmhsh]k bnmchshnmr-

w1 s(

w0 s(

w1
2

1

0

}2

}1

}0

20 1 w0}2 }1 }0

EHFTQD 2-4-0 ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &1(-
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Sxohb]k bnlonmdms oknsr ]qd rgnvm hm Ehftqd 2-4-1- D]bg fq]og hr oqnonqshnm]k sn sgd
fq]og ne d−s+ vhsg sgd oqnonqshnm]khsx bnmrs]ms cdsdqlhmdc ax sgd hmhsh]k bnmchshnm-

w0+�w1

s

}2

}1

}0

0

1

2

0 1 2 3 4

EHFTQD 2-4-1 Sxohb]k bnlonmdms oknsr enq sgd rxrsdl &1(-

Hs hr onrrhakd sn rgnv sg]s sgd nmkx 1 % 1 l]sqhbdr vhsg ] qdod]sdc dhfdmu]ktd ]mc svn hm,
cdodmcdms dhfdmudbsnqr ]qd sgd ch]fnm]k l]sqhbdr vhsg sgd dhfdmu]ktdr ]knmf sgd ch]fnm]k-
Rtbg l]sqhbdr enql ] q]sgdq rodbh]k bk]rr+ rhmbd d]bg ne sgdl hr oqnonqshnm]k sn sgd hcdmshsx
l]sqhw- Sgd rxrsdl hm Dw]lokd 0 hr dmshqdkx sxohb]k ne sghr bk]rr ne rxrsdlr- Sgd nqhfhm hr
b]kkdc ] oqnodq mncd nq+ rnldshldr+ ] rsZq onhms- Hs hr dhsgdq ]rxlosnshb]kkx rs]akd nq tmrs],
akd+ ]bbnqchmf sn vgdsgdq sgd qdod]sdc dhfdmu]ktd hr mdf]shud nq onrhshud- Sgd sq]idbsnqhdr
khd ]knmf rsq]hfgs khmdr sgqntfg sgd nqhfhm- Sgdx ]qd sq]udqrdc hm sgd hmv]qc chqdbshnm he sgd
dhfdmu]ktdr ]qd mdf]shud ]mc hm sgd ntsv]qc chqdbshnm he sgdx ]qd onrhshud- Sgd bnlonmdms
oknsr ]qd rhlokx sgd fq]ogr ne sgd ]ooqnoqh]sd dwonmdmsh]k etmbshnm-

Vd mnv bnmrhcdq sgd &lnqd bnllnm( b]rd hm vghbg qdod]sdc dhfdmu]ktdr nbbtq hm ]
mnmch]fnm]k l]sqhw- Hm sghr b]rd+ sgd qdod]sdc dhfdmu]ktd hr ]bbnlo]mhdc ax nmkx ] rhmfkd
hmcdodmcdms dhfdmudbsnq- Sghr g]r hlokhb]shnmr enq sgd rnktshnm ne sgd bnqqdronmchmf rxrsdl
ne ch—dqdmsh]k dpt]shnmr adb]trd sgdqd hr nmkx nmd rnktshnm ne ntq ]rrtldc enql w= dλsu- Sn
“mc ] etmc]ldms]k rds ne rnktshnmr+ vd ltrs rddj ]m ]cchshnm]k rnktshnm ne ] ch—dqdms enql-
Adenqd chrbtrrhmf sgd fdmdq]k oqnakdl ne sghr sxod+ vd knnj ]s ] qdk]shudkx rhlokd dw]lokd-

DW;LOKD
1

Bnmrhcdq sgd rxrsdl

w… = ?w =

}
− 0

1 0
/ − 0

1

(
w. &0/(

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd bndffbhdms l]sqhw+ ]mc sgdm “mc sgd fdmdq]k
rnktshnm ne sgd rxrsdl &0/(- Cq]v ] chqdbshnm “dkc+ og]rd onqsq]hs+ ]mc bnlonmdms oknsr-
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?rrtlhmf sg]s w = dλsu+ vd hlldch]sdkx nas]hm sgd ]kfdaq]hb rxrsdl

⎛
⎜
⎜⎝

− 0
1 − λ 0

/ − 0
1 − λ

⎞
⎟
⎟⎠

}
ℏ0
ℏ1

(
=

}
/
/

(
. &00(

Sgd bg]q]bsdqhrshb dpt]shnm hr & 0
1 + λ(1 = /+ rn sgd dhfdmu]ktdr ]qd λ0 = λ1 = − 0

1 - Rdsshmf
λ = − 0

1 hm Dp- &00(+ vd g]ud

}
/ 0

/ /

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &01(

Sgd rdbnmc khmd hm sghr udbsnq dpt]shnm hlonrdr mn qdrsqhbshnm nm ℏ0 ]mc ℏ1+ ats sgd “qrs khmd
qdpthqdr sg]s ℏ1 = /- Rn vd l]x s]jd sgd dhfdmudbsnq u0 sn ad

u0 =

}
0
/

(
. &02(

Sgtr nmd rnktshnm ne Dp- &0/( hr

w0&s( = d−s{1

}
0
/

(
+ &03(

ats sgdqd hr mn rdbnmc rnktshnm ne sgd ]rrtldc enql- Vgdqd rgntkc vd knnj sn “mc ] rdbnmc
rnktshnm+ ]mc gdmbd sgd fdmdq]k rnktshnm+ ne sghr rxrsdl=

Kds tr bnmrhcdq sgd rb]k]q dpt]shnmr bnqqdronmchmf sn sgd udbsnq dpt]shnm &0/(- Sgdx ]qd

w…0 = − 0
1 w0 + w1+ w…1 = − 0

1 w1. &04(

Adb]trd sgd rdbnmc ne sgdrd dpt]shnmr cndr mns hmunkud w0+ vd b]m rnkud sghr dpt]shnm enq
w1- Sgd dpt]shnm hr khmd]q ]mc rdo]q]akd ]mc g]r sgd rnktshnm

w1 = b1d−s{1+ &05(

vgdqd b1 hr ]m ]qahsq]qx bnmrs]ms- Sgdm+ ax rtarshstshmf eqnl Dp- &05( enq w1 hm sgd “qrs ne
Dpr- &04(+ vd nas]hm ]m dpt]shnm enq w09

w…0 +
0
1 w0 = b1d−s{1. &06(

Dpt]shnm &06( hr ] “qrs nqcdq khmd]q dpt]shnm vhsg sgd hmsdfq]shmf e]bsnq /&s( = ds{1- Nm
ltkshokxhmf Dp- &06( ax /&s( ]mc hmsdfq]shmf+ vd “mc sg]s

w0 = b1sd−s{1 + b0d−s{1+ &07(

vgdqd b0 hr ]mnsgdq ]qahsq]qx bnmrs]ms- Mnv vqhshmf sgd rb]k]q rnktshnmr &05( ]mc &07( hm
udbsnq enql+ vd nas]hm

w =

}
w0
w1

(
= d−s{1

}
b0 + b1s

b1

(

= b0d−s{1

}
0
/

(
+ b1d−s{1

)}
0
/

(
s +

}
/
0

([
. &08(
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Sgd “qrs sdql nm sgd qhfgs rhcd ne Dp- &08( hr sgd rnktshnm vd entmc d]qkhdq hm Dp- &03(-
Gnvdudq sgd rdbnmc sdql nm sgd qhfgs rhcd ne Dp- &08( hr ] mdv rnktshnm sg]s vd chc mns
nas]hm adenqd- Sghr rnktshnm g]r sgd enql

w = sd−s{1u + d−s{1v. &1/(

Mnv sg]s vd jmnv sgd enql ne sgd rdbnmc rnktshnm+ vd b]m nas]hm hs lnqd chqdbskx ax
]rrtlhmf ]m dwoqdrrhnm enq w ne sgd enql &1/(+ vhsg tmjmnvm udbsnq bndffbhdmsr u ]mc v+
]mc sgdm rtarshstshmf hm Dp- &0/(- Sghr kd]cr sn sgd dpt]shnm

d−s{1u − 0
1 d−s{1&us + v( = d−s{1?&us + v(. &10(

Dpt]shmf bndffbhdmsr ne sd−s{1 ]mc d−s{1 nm d]bg rhcd ne Dp- &10( fhudr sgd bnmchshnmr
}
? + 0

1 H
(

u = . &11(

]mc
}
? + 0

1 H
(

v = u &12(

enq sgd cdsdqlhm]shnm ne u ]mc v- Dpt]shnm &11( hr r]shr“dc he u hr sgd dhfdmudbsnq u0+ fhudm
ax Dp- &02(+ ]rrnbh]sdc vhsg sgd dhfdmu]ktd λ = − 0

1 - Rhmbd cds&? + 0
1 H( hr ydqn+ vd lhfgs

dwodbs sg]s Dp- &12( g]r mn rnktshnm- Gnvdudq+ he vd vqhsd nts sghr dpt]shnm hm etkk+ vd g]ud

}
/ 0

/ /

(}
v0
v1

(
=

}
0
/

(
. &13(

Sgd “qrs qnv ne Dp- &13( qdpthqdr sg]s v1 = 0+ ]mc sgd rdbnmc qnv ne Dp- &13( otsr mn qdrsqhb,
shnm nm dhsgdq v0 nq v1- Sgtr vd b]m bgnnrd v0 = j+ vgdqd j hr ]mx bnmrs]ms- Ax rtarshstshmf
sgd qdrtksr vd g]ud nas]hmdc hm Dp- &1/(+ vd “mc ] rdbnmc rnktshnm ne sgd rxrsdl &0/(9

w1&s( = sd−s{1

}
0
/

(
+ d−s{1

}
/
0

(
+ jd−s{1

}
0
/

(
. &14(

Rhmbd sgd sghqc sdql nm sgd qhfgs rhcd ne Dp- &14( hr oqnonqshnm]k sn w0&s(+ vd mddc mns
hmbktcd hs hm w1&s(: hm nsgdq vnqcr+ vd bgnnrd j = /- Xnt b]m d]rhkx udqhex sg]s sgd
Vqnmrjh]m ne w0&s( ]mc w1&s( hr

VZw0+ w1[&s( = d−s+ &15(

vghbg hr mdudq ydqn- Sgtr sgd fdmdq]k rnktshnm ne sgd rxrsdl &0/( hr fhudm ax ] khmd]q
bnlahm]shnm ne w0&s( ]mc w1&s(+ sg]s hr+ ax Dp- &08(-

? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &0/( ]qd rgnvm hm Ehftqd 2-4-2- Hm
Ehftqd 2-4-2+ sgd sq]idbsnqhdr ne w0&s( ]mc w1&s( ]qd hmchb]sdc ax sgd gd]ux btqudr- ?r s →∞+
dudqx sq]idbsnqx ]ooqn]bgdr sgd nqhfhm s]mfdms sn sgd w0,]whr- Sghr hr adb]trd sgd cnlhm]ms
sdql hm sgd rnktshnm &08( enq k]qfd s hr sgd sd−s{1 sdql hm w1&s(- He sgd hmhsh]k bnmchshnmr ]qd
rtbg sg]s b1 = /+ sgdm sgd rnktshnm hr oqnonqshnm]k sn w0&s(+ vghbg khdr ]knmf sgd w0,]whr-
Ehftqd 2-4-3 rgnvr rnld qdoqdrdms]shud oknsr ne w0 udqrtr s- Sgd bnlonmdms w1&s( hr ] otqdkx
dwonmdmsh]k etmbshnm &vhsgnts ]mx s e]bsnq(+ rn hsr fq]ogr qdrdlakd sgnrd hm Ehftqd 2-4-1-
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w1

2

1

0

}2

}1

}0

w0 s(

w1 s(

20 1 w0}2 }1 }0

EHFTQD 2-4-2 ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &0/(-

w0

s

}2

}1

}0

0

1

2

1 3 5 7 0/

EHFTQD 2-4-3 Sxohb]k oknsr ne w0 udqrtr s enq sgd rxrsdl &0/(-

Vd b]m oqnbddc hm dw]bskx sgd r]ld v]x hm sgd fdmdq]k b]rd ne Dp- &0(- Rtoonrd sg]s
λ = λ0 hr ] qdod]sdc dhfdmu]ktd ne sgd l]sqhw ? ]mc sg]s sgdqd hr nmkx nmd hmcdodmcdms
dhfdmudbsnq u0- Sgdm nmd rnktshnm Zrhlhk]q sn Dp- &03([ hr

w0&s( = dλ0su0+ &16(

vgdqd u0 r]shr“dr

&? − λ0H(u = .. &17(
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? rdbnmc rnktshnm Zrhlhk]q sn Dp- &14([ hr

w1&s( = sdλ0su0 + dλ0sv+ &18(

vgdqd v r]shr“dr

&? − λ0H(v = u0. &2/(

Dudm sgntfg cds&?− λ0H( = /+ hs b]m ad rgnvm sg]s hs hr ]kv]xr onrrhakd sn rnkud Dp- &2/( enq
v- Sgd udbsnq v hr b]kkdc ] fdmdqZkhydc dhfdmudbsnq bnqqdronmchmf sn sgd dhfdmu]ktd λ0- Hs
hr onrrhakd sn rgnv sg]s sgd Vqnmrjh]m ne w0&s( ]mc w1&s( hr mns ydqn+ rn sgdrd rnktshnmr enql
] etmc]ldms]k rds- Sgtr sgd fdmdq]k rnktshnm ne w… = ?w hm sghr b]rd hr ] khmd]q bnlahm]shnm
ne w0&s( ]mc w1&s( vhsg ]qahsq]qx bndffbhdmsr+ ]r rs]sdc hm Sgdnqdl 2-2-3-

Hm sgd b]rd vgdqd sgd 1 % 1 l]sqhw ? g]r ] qdod]sdc dhfdmu]ktd ]mc nmkx nmd dhfdmudbsnq+
sgd nqhfhm hr b]kkdc ]m hloqnodq nq cdfdmdqZsd mncd- Hs hr ]rxlosnshb]kkx rs]akd vgdm sgd
dhfdmu]ktdr ]qd mdf]shud ]mc ]kk sq]idbsnqhdr ]ooqn]bg sgd nqhfhm ]r s → ∞- He ] onrhshud
dhfdmu]ktd hr qdod]sdc+ sgdm sgd sq]idbsnqhdr &dwbdos enq w = . hsrdke( adbnld tmantmcdc
]mc sgd hloqnodq mncd hr tmrs]akd- Hm dhsgdq b]rd+ sgd og]rd onqsq]hs qdrdlakdr Ehftqd 2-4-2+
nq Ehftqd 2-4-4 vghbg ]ood]qr adknv hm Dw]lokd 2- Sgd sq]idbsnqhdr ]qd chqdbsdc hmv]qc nq
ntsv]qc ]bbnqchmf sn vgdsgdq sgd dhfdmu]ktdr ]qd mdf]shud nq onrhshud-

Vd rtll]qhyd sgd og]rd onqsq]hsr ]ood]qhmf hm sghr rdbshnm hm S]akd 2-4-0-

S;AKD 2-4-0 Og]rd onqsq]hsr enq w… = ?w vgdm ? g]r ] rhmfkd qdod]sdc dhfdmu]ktd-

M]stqd ne ? ]mc
Dhfdmu]ktdr

R]lokd Og]rd
Onqsq]hs

Sxod ne Bqhshb]k
Onhms Rs]ahkhsx

? =

}
λ /
/ λ

(

λ < /

&/+ /( hr ]m
tmrsZakd oqnodq
mncd-
Mnsd9 &/+ /( hr ]krn
b]kkdc ]m tmrsZakd
rsZq mncd-

Tmrs]akd

? =

}
λ /
/ λ

(

λ . /

&/+ /( hr ] rsZakd
oqnodq mncd-
Mnsd9 &/+ /( hr ]krn
b]kkdc ] rsZakd rsZq
mncd-

?rxlosnshb]kkx
rs]akd

? hr mns
ch]fnm]k-
λ < /

&/+ /( hr ]m
tmrsZakd hloqnodq
mncd-
Mnsd9 &/+ /( hr ]krn
b]kkdc ]m tmrsZakd
cdfdmdqZsd mncd-

Tmrs]akd

? hr mns
ch]fnm]k-
λ . /

&/+ /( hr ] rsZakd
hloqnodq mncd-
Mnsd9 &/+ /( hr ]krn
b]kkdc ] rsZakd
cdfdmdqZsd mncd-

?rxlosnshb]kkx
rs]akd
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DW;LOKD
2

Ehmc ] etmc]ldms]k rds ne rnktshnmr ne

w… = ?w =

}
0 −0
0 2

(
w &20(

]mc cq]v ] og]rd onqsq]hs enq sghr rxrsdl-
Sn rnkud Dp- &20(+ vd rs]qs ax “mchmf sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd bndffbhdms

l]sqhw ?- Sgdx r]shrex sgd ]kfdaq]hb dpt]shnm &? − λH( u = .+ nq
}

0 − λ −0
0 2 − λ

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &21(

Sgd dhfdmu]ktdr ]qd sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm

cds&? − λH( =
|||||
0 − λ −0

0 2 − λ

|||||
= λ1 − 3λ + 3 = /. &22(

Sgtr sgd svn dhfdmu]ktdr ]qd λ0 = λ1 = 1-
Sn cdsdqlhmd sgd dhfdmudbsnqr+ vd ltrs qdstqm sn Dp- &21( ]mc trd sgd u]ktd 1 enq λ- Sghr

fhudr
}
−0 −0

0 0

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &23(

Gdmbd vd nas]hm sgd rhmfkd bnmchshnm ℏ0 + ℏ1 = /+ vghbg cdsdqlhmdr ℏ1 hm sdqlr ne ℏ0+ nq
uhbd udqr]- Sgtr sgd dhfdmudbsnq bnqqdronmchmf sn sgd dhfdmu]ktd λ = 1 hr

u0 =

}
0

−0

(
+ &24(

nq ]mx mnmydqn ltkshokd ne sghr udbsnq- Bnmrdptdmskx+ nmd rnktshnm ne sgd rxrsdl &20( hr

w0&s( = d1s

}
0

−0

(
+ &25(

ats sgdqd hr mn rdbnmc rnktshnm ne sgd enql w = dλsu-
Sn “mc ] rdbnmc rnktshnm+ vd mddc sn ]rrtld sg]s

w = sd1su + d1sv+ &26(

vgdqd u ]mc v ]qd bnmrs]ms udbsnqr- Tonm rtarshstshmf sghr dwoqdrrhnm enq w hm Dp- &20(+ vd
nas]hm

1sd1su + d1s&u + 1v( = ?&sd1su + d1sv(. &27(

Dpt]shmf bndffbhdmsr ne sd1s ]mc d1s nm d]bg rhcd ne Dp- &27( fhudr sgd bnmchshnmr

&? − 1H(u = . &28(

]mc

&? − 1H(v = u &3/(

enq sgd cdsdqlhm]shnm ne u ]mc v- Dpt]shnm &28( hr r]shr“dc he u hr ]m dhfdmudbsnq ne ?
bnqqdronmchmf sn sgd dhfdmu]ktd λ = 1+ sg]s hr+ uS = &0+ −0(- Sgdm Dp- &3/( adbnldr

}
−0 −0

0 0

(}
v0
v1

(
=

}
0

−0

(
. &30(
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Sgtr vd g]ud
−v0 − v1 = 0+

rn he v0 = j+ vgdqd j hr ]qahsq]qx+ sgdm v1 = −j − 0- He vd vqhsd

v =

}
j

−0 − j

(
=

}
/

−0

(
+ j

}
0

−0

(
+ &31(

sgdm ax rtarshstshmf enq u ]mc v hm Dp- &26(+ vd nas]hm

w = sd1s

}
0

−0

(
+ d1s

}
/

−0

(
+ jd1s

}
0

−0

(
. &32(

Sgd k]rs sdql hm Dp- &32( hr ldqdkx ] ltkshokd ne sgd “qrs rnktshnm w0&s( ]mc l]x ad hfmnqdc+
ats sgd “qrs svn sdqlr bnmrshstsd ] mdv rnktshnm9

w1&s( = sd1s

}
0

−0

(
+ d1s

}
/

−0

(
. &33(

?m dkdldms]qx b]kbtk]shnm rgnvr sg]s VZw0+ w1[&s( = −d3s+ ]mc sgdqdenqd w0 ]mc w1 enql ]
etmc]ldms]k rds ne rnktshnmr ne sgd rxrsdl &20(- Sgd fdmdq]k rnktshnm hr

w = b0w0&s( + b1w1&s(

= b0d1s

}
0

−0

(
+ b1

)
sd1s

}
0

−0

(
+ d1s

}
/

−0

([
. &34(

? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &20( ]qd rgnvm hm Ehftqd 2-4-4- Sgd
sq]idbsnqhdr ne w0&s( ]mc w1&s( ]qd rgnvm ax sgd gd]ux btqudr- Hs hr bkd]q sg]s ]kk rnktshnmr
&dwbdos sgd dpthkhaqhtl rnktshnm w = .( adbnld tmantmcdc ]s s → ∞- Sgtr sgd hloqnodq
mncd ]s sgd nqhfhm hr tmrs]akd- Hs hr onrrhakd sn rgnv sg]s ]r s → −∞+ ]kk rnktshnmr ]ooqn]bg

w1
2

1

0

}2

}1

}0

20 1 w0}2 }1 }0

w1 s(
w0 s(

EHFTQD 2-4-4 ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &20(-
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sgd nqhfhm s]mfdms sn sgd khmd w1 = − w0 cdsdqlhmdc ax sgd dhfdmudbsnq- Etqsgdq+ ]r s ]o,
oqn]bgdr hm“mhsx+ sgd rknod ne d]bg sq]idbsnqx ]ooqn]bgdr sgd khlhs −0- Rnld sxohb]k oknsr
ne w0 udqrtr s ]qd rgnvm hm Ehftqd 2-4-5-

w0

4

}0/

}4

0/

/-1 /-3 /-5 /-7 0 0-1 0-3 s

EHFTQD 2-4-5 Rnld oknsr ne w0 udqrtr s enq sgd rxrsdl &20(-

▶ Rtll]qx ne Qdrtksr - Sghr bnlokdsdr ntq hmudrshf]shnm ne sgd onrrhakd adg]uhnq ne rnktshnmr ne ] svn,
chldmrhnm]k khmd]q gnlnfdmdntr rxrsdl vhsg bnmrs]ms bndffbhdmsr- Vgdm sgd bndffbhdms
l]sqhw ? g]r ] mnmydqn cdsdqlhm]ms+ sgdqd hr ] rhmfkd dpthkhaqhtl rnktshnm+ nq bqhshb]k onhms+
vghbg hr knb]sdc ]s sgd nqhfhm- Ax qdfidbshmf nm sgd onrrhahkhshdr dwoknqdc hm sghr rdbshnm
]mc hm sgd svn oqdbdchmf nmdr+ ]mc ax dw]lhmhmf sgd bnqqdronmchmf “ftqdr+ vd b]m l]jd
rdudq]k nardqu]shnmr9

0- ?esdq ] knmf shld+ d]bg hmchuhct]k sq]idbsnqx dwghahsr nmd ne nmkx sgqdd sxodr ne ad,
g]uhnq- ?r s →∞+ d]bg sq]idbsnqx adbnldr tmantmcdc+ ]ooqn]bgdr sgd bqhshb]k onhms
w = .+ nq qdod]sdckx sq]udqrdr ] bknrdc btqud+ bnqqdronmchmf sn ] odqhnchb rnktshnm+
sg]s rtqqntmcr sgd bqhshb]k onhms-

1- Uhdvdc ]r ] vgnkd+ sgd o]ssdqm ne sq]idbsnqhdr hm d]bg b]rd hr qdk]shudkx rhlokd- Sn ad
lnqd rodbh“b+ sgqntfg d]bg onhms &w/+ x/( hm sgd og]rd ok]md sgdqd hr nmkx nmd sq]idb,
snqx: sgtr sgd sq]idbsnqhdr cn mns bqnrr d]bg nsgdq- Cn mns ad lhrkdc ax sgd “ftqdr+
hm vghbg hs rnldshldr ]ood]qr sg]s l]mx sq]idbsnqhdr o]rr sgqntfg sgd bqhshb]k onhms
w = .- Hm e]bs+ sgd nmkx rnktshnm o]rrhmf sgqntfg sgd nqhfhm hr sgd dpthkhaqhtl rnkt,
shnm w = .- Sgd nsgdq rnktshnmr sg]s ]ood]q sn o]rr sgqntfg sgd nqhfhm ]bst]kkx nmkx
]ooqn]bg sghr onhms ]r s → ∞ nq s → − ∞-

2- Hm d]bg b]rd+ sgd rds ne ]kk sq]idbsnqhdr hr rtbg sg]s nmd ne sgqdd rhst]shnmr nbbtqr-
Z- ?kk sq]idbsnqhdr ]ooqn]bg sgd bqhshb]k onhms w = . ]r s → ∞- Sghr hr sgd b]rd he sgd

dhfdmu]ktdr ]qd qd]k ]mc mdf]shud nq bnlokdw vhsg ] mdf]shud qd]k o]qs- Sgd nqhfhm
hr dhsgdq ] mnc]k nq ] rohq]k rhmj-

a- ?kk sq]idbsnqhdr qdl]hm antmcdc ats cn mns ]ooqn]bg sgd nqhfhm ]r s → ∞- Sghr hr
sgd b]rd he sgd dhfdmu]ktdr ]qd otqdkx hl]fhm]qx- Sgd nqhfhm hr ] bdmsdq-

b- Rnld sq]idbsnqhdr+ ]mc onrrhakx ]kk sq]idbsnqhdr dwbdos w = .+ adbnld tmantmcdc
]r s → ∞- Sghr hr sgd b]rd he ]s kd]rs nmd ne sgd dhfdmu]ktdr hr onrhshud nq he sgd
dhfdmu]ktdr g]ud ] onrhshud qd]k o]qs- Sgd nqhfhm hr ] mnc]k rntqbd+ ] rohq]k rntqbd+
nq ] r]cckd onhms-
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Sgd rhst]shnmr cdrbqhadc hm 2&](+ &a(+ ]mc &b( ]anud hkktrsq]sd sgd bnmbdosr ne ]rxlosnshb
rs]ahkhsx+ rs]ahkhsx+ ]mc hmrs]ahkhsx+ qdrodbshudkx+ ne sgd dpthkhaqhtl rnktshnm w = . ne sgd
rxrsdl &0(+

w… = ?w.
Sgd oqdbhrd cd“mhshnmr ne sgdrd sdqlr ]qd fhudm hm Rdbshnm 6-0+ ats sgdhq a]rhb ld]mhmf
rgntkc ad bkd]q eqnl sgd fdnldsqhb]k chrbtrrhnm hm sghr rdbshnm- Sgd hmenql]shnm sg]s vd
g]ud nas]hmdc ]ants sgd rxrsdl &0( hr rtll]qhydc hm S]akd 2-4-1- ?krn rdd Oqnakdlr 04
]mc 05-

S;AKD 2-4-1 Rs]ahkhsx oqnodqshdr ne khmd]q rxrsdlr w… = ?w vhsg cds&? − λH( = / ]mc cds ? ≠ /-

Dhfdmu]ktdr Sxod ne Bqhshb]k Onhms Rs]ahkhsx
λ0 < λ1 < / Mncd Tmrs]akd
λ0 . λ1 . / Mncd ?rxlosnshb]kkx rs]akd
λ1 . / . λ0 R]cckd onhms Tmrs]akd
λ0 = λ1 < / Oqnodq nq hloqnodq mncd Tmrs]akd
λ0 = λ1 . / Oqnodq nq hloqnodq mncd ?rxlosnshb]kkx rs]akd
λ0+ λ1 = / + h𝜇 Rohq]k onhms

/ < / Tmrs]akd
/ . / ?rxlosnshb]kkx rs]akd

λ0 = h𝜇+ λ1 = − h𝜇 Bdmsdq Rs]akd

OQNAKDLR

FdmdqZk Rnktshnmr Zmc OgZrd OnqsqZhsr- Hm d]bg ne Oqna,
kdlr 0 sgqntfg 5+ “mc sgd fdmdq]k rnktshnm ne sgd fhudm rxr,
sdl ne dpt]shnmr- ?krn cq]v ] chqdbshnm “dkc ]mc ] og]rd
onqsq]hs- Cdrbqhad gnv sgd rnktshnmr adg]ud ]r s → ∞-

0- w… =

}
2 −3
0 −0

(
w 1- w… =

⎛
⎜
⎜⎝

4
3

2
3

− 2
3

− 0
3

⎞
⎟
⎟⎠
w

2- w… =
⎛
⎜
⎜⎝

− 2
1

0

− 0
3

− 0
1

⎞
⎟
⎟⎠
w 3- w… =

⎛
⎜
⎜⎝

−2 4
1

− 4
1

1

⎞
⎟
⎟⎠
w

4- w… =
⎛
⎜
⎜⎝

−0 − 0
1

1 −2

⎞
⎟
⎟⎠
w 5- w… =

⎛
⎜
⎜⎝

1 0
1

− 0
1

0

⎞
⎟
⎟⎠
w

Hm d]bg ne Oqnakdlr 6 sgqntfg 01+ “mc sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl- Cq]v sgd sq]idbsnqx ne sgd rnkt,
shnm hm sgd w0w1,ok]md ]mc ]krn cq]v sgd bnlonmdms oknsr ne
w0 udqrtr s ]mc ne w1 udqrtr s-

6- w… =

}
0 −3
3 −6

(
w+ w&/( =

}
2
1

(

7- w… =
⎛
⎜
⎜⎝

− 4
1

2
1

− 2
1

0
1

⎞
⎟
⎟⎠
w+ w&/( =

}
2

−0

(

8- w… =
⎛
⎜
⎜⎝

1 2
1

− 2
1

−0

⎞
⎟
⎟⎠
w+ w&/( =

}
2

−1

(

0.- w… =
⎛
⎜
⎜⎝

4
3

2
3

− 2
3

− 0
3

⎞
⎟
⎟⎠
w+ w&/( =

}
1
2

(
:

rdd Oqnakdl 1-

00- w… =
⎛
⎜
⎜⎝

−2 4
1

− 4
1

1

⎞
⎟
⎟⎠
w+ w&/( =

}
2
0

(
:

rdd Oqnakdl 3-

01- w… =
⎛
⎜
⎜⎝

1 0
1

− 0
1

0

⎞
⎟
⎟⎠
w+ w&/( =

}
0
2

(
:

rdd Oqnakdl 5.
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02- Bnmrhcdq ]f]hm sgd dkdbsqhb bhqbths hm Oqnakdl 11 ne Rdb,
shnm 2-3- Sghr bhqbths hr cdrbqhadc ax sgd rxrsdl ne ch—dqdmsh]k
dpt]shnmr

c
cs

}
h
ℏ

(
=

}
/ 0{K

−0{B −0{QB

(}
h
ℏ

(
.

 Z( Rgnv sg]s sgd dhfdmu]ktdr ]qd qd]k ]mc dpt]k he K = 3Q1B-
 a( Rtoonrd sg]s Q = 0 ngl+ B = 0 e]q]c+ ]mc K = 3 gdmqhdr-
Rtoonrd ]krn sg]s h&/( = 0 ]lodqd ]mc ℏ&/( = 1 unksr- Ehmc
h&s( ]mc ℏ&s(-
03- SqZbd CdsdqlhmZms OkZmd- Rgnv sg]s ]kk rnktshnmr ne
sgd rxrsdl

w… =

}
Z a
b c

(
w

]ooqn]bg ydqn ]r s → ∞ he ]mc nmkx he Z + c . / ]mc Zc −
ab < /-
04- Bnmrhcdq sgd khmd]q rxrsdl

cw
cs

= Z00w + Z01x+
cx
cs

= Z10w + Z11x+

vgdqd Z00+ Z01+ Z10+ ]mc Z11 ]qd qd]k bnmrs]msr- Kds o = Z00 +
Z11+ p = Z00Z11 − Z01Z10+ ]mc � = o1 − 3p- Nardqud sg]s o
]mc p ]qd sgd sq]bd ]mc cdsdqlhm]ms+ qdrodbshudkx+ ne sgd bn,
dffbhdms l]sqhw ne sgd fhudm rxrsdl- Rgnv sg]s sgd bqhshb]k
onhms &/+ /( hr ]
 Z( Mncd he p < / ]mc � ≥ /:
 a( R]cckd onhms he p . /:
 b( Rohq]k onhms he o ≠ / ]mc � . /:
 c( Bdmsdq he o = / ]mc p < /-
Ghms9 Sgdrd bnmbktrhnmr b]m ad nas]hmdc ax rstcxhmf sgd
dhfdmu]ktdr λ0 ]mc λ1- Hs l]x ]krn ad gdkoetk sn drs]akhrg+
]mc sgdm sn trd+ sgd qdk]shnmr λ0λ1 = p ]mc λ0 + λ1 = o-
05- Bnmshmthmf Oqnakdl 04+ rgnv sg]s sgd bqhshb]k onhms
&/+ /( hr
 Z( ?rxlosnshb]kkx rs]akd he p < / ]mc o . /:
 a( Rs]akd he p < / ]mc o = /:
 b( Tmrs]akd he p . / nq o < /-
Sgd qdrtksr ne Oqnakdlr 04 ]mc 05 ]qd rtll]qhydc uhrt]kkx
hm Ehftqd 2-4-6-

p

n

>rxlo-�rs^akd+�rohq^k�onhms Tmrs^akd+�rohq^k�onhms

Tmrs^akd
mncd

>rxlo-�rs^akd
mncd

Δ�<�n1�}�3p�=�/

Δ�<�n1�}�3p�<�/

Rs^akd
bdmsdq

Tmrs^akd+�r^cckd�onhms

Δ�<�n1�}�3p�:�/

���������������������Oqnodq�nq�hl
oqnodq�mncdr������������������������������

������
����

�Oqno
dq

nq
�hl

oq
no

dq
�m

nc
dr

�

EHFTQD 2-4-6 Rs]ahkhsx ch]fq]l-

2-5 ; Aqhde Hmsqnctbshnm sn Mnmkhmd]q
Rxrsdlr
Hm Rdbshnm 2-1 vd hmsqnctbdc sgd fdmdq]k svn,chldmrhnm]k “qrs nqcdq khmd]q rxrsdl

}
cw{cs
cx{cs

(
=

}
o00&s(w + o01&s(x + f0&s(
o10&s(w + o11&s(x + f1&s(

(
&0(
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nq
cw
cs

= O&s(w + f&s(+ &1(
vgdqd

w =

}
w
x

(
+ O&s( =

}
o00&s( o01&s(
o10&s( o11&s(

(
+ ]mc f&s( =

}
f0&s(
f1&s(

(
.

Ne bntqrd+ svn,chldmrhnm]k rxrsdlr sg]s ]qd mns ne sgd enql &0( nq &1( l]x ]krn nbbtq- Rtbg
rxrsdlr ]qd r]hc sn ad mnmkhmdZq-

? fdmdq]k svn,chldmrhnm]k “qrs nqcdq rxrsdl g]r sgd enql
}

cw{cs
cx{cs

(
=

}
e &s+ w+ x(
f&s+ w+ x(

(
+ &2(

vgdqd e ]mc f ]qd drrdmsh]kkx ]qahsq]qx bnmshmtntr etmbshnmr- Trhmf udbsnq mns]shnm+ vd g]ud

cw
cs

= e &s+ w(+ &3(

vgdqd w = wh + xi ]mc e &s+ w( = e &s+ w+ x(h + f&s+ w+ x(i- Eqdptdmskx+ sgdqd vhkk ]krn ad fhudm
hmhsh]k bnmchshnmr

w&s/( = w/+ x&s/( = x/+ &4(

nq

w&s/( = w/+ &5(

vgdqd w/ = w/h + x/i- ?f]hm vd qdedq sn w ]mc x ]r rs]sd u]qh]akdr+ sn w ]r sgd rs]sd udbsnq+
]mc sn sgd wx,ok]md ]r sgd og]rd ok]md- Dpt]shnmr &2( ]mc &4(+ nq hm udbsnq enql Dpr- &3( ]mc
&5(+ enql ]m hmhshZk uZktd oqnakdl-

? rnktshnm ne sgd rxrsdl &2( bnmrhrsr ne svn ch—dqdmsh]akd etmbshnmr w =%&s( ]mc x =&&s(
sg]s r]shrex Dpr- &2( enq ]kk u]ktdr ne s hm rnld hmsdqu]k H- He %&s( ]mc &&s( ]krn r]shrex sgd
hmhsh]k bnmchshnmr &4(+ sgdm sgdx ]qd ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &2(+ &4(- Rhlhk]q
rs]sdldmsr ]ookx sn sgd udbsnq w = !&s( = %&s(h + &&s(i vhsg qdrodbs sn sgd rxrsdl &3( ]mc
hmhsh]k bnmchshnmr &5(-

▶ Dwhrsdmbd ]mc Tmhptdmdrr ne Rnkts hnmr- Sn dmrtqd sgd dwhrsdmbd ]mc tmhptdmdrr ne rnktshnmr
ne sgd hmhsh]k u]ktd oqnakdl &2(+ &4(+ vd ltrs ok]bd rnld qdrsqhbshnmr nm sgd etmbshnmr e ]mc
f- Sgd enkknvhmf sgdnqdl hr ]m]knfntr sn Sgdnqdl 1-3-1 enq “qrs nqcdq mnmkhmd]q rb]k]q
dpt]shnmr-

SGDNQDL
2-5-0

Kds d]bg ne sgd etmbshnmr e ]mc f ]mc sgd o]qsh]k cdqhu]shudr 3e .3w+ 3e .3x+ 3f.3w+ ]mc
3f.3x ad bnmshmtntr hm ] qdfhnm Q ne swx,ro]bd cd“mdc ax � . s . 𝛼+ �0 . w . 𝛼0+
�1 . x . 𝛼1+ ]mc kds sgd onhms &s/+ w/+ x/( ad hm Q- Sgdm sgdqd hr ]m hmsdqu]k ∣s − s/∣ . g hm
vghbg sgdqd dwhrsr ] tmhptd rnktshnm ne sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr &2(}

cw{cs
cx{cs

(
=

}
e &s+ w+ x(
f&s+ w+ x(

(

sg]s ]krn r]shr“dr sgd hmhsh]k bnmchshnmr &4(

w&s/( = w/+ x&s/( = x/.
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Mnsd sg]s hm sgd gxonsgdrdr ne Sgdnqdl 2-5-0+ mnsghmf hr r]hc ]ants sgd o]qsh]k cdqhu]shudr
ne e ]mc f vhsg qdrodbs sn sgd hmcdodmcdms u]qh]akd s- Mnsd ]krn sg]s+ hm sgd bnmbktrhnm+ sgd
kdmfsg 1g ne sgd hmsdqu]k hm vghbg sgd rnktshnm dwhrsr hr mns rodbh“dc dw]bskx+ ]mc hm rnld
b]rdr hs l]x ad udqx rgnqs- ?r enq “qrs nqcdq mnmkhmd]q rb]k]q dpt]shnmr+ sgd hmsdqu]k ne
dwhrsdmbd ne rnktshnmr gdqd l]x ad]q mn nauhntr qdk]shnm sn sgd etmbshnmr e ]mc f+ ]mc nesdm
cdodmcr ]krn nm sgd hmhsh]k bnmchshnmr-

▶ ;tsnmnlntr Rxrsdlr- Hs hr trt]kkx hlonrrhakd sn rnkud mnmkhmd]q rxrsdlr dw]bskx ax ]m]kxshb]k ldsg,
ncr- Sgdqdenqd enq rtbg rxrsdlr fq]oghb]k ldsgncr ]mc mtldqhb]k ]ooqnwhl]shnmr adbnld
dudm lnqd hlonqs]ms- Hm Bg]osdq 7 vd chrbtrr ]ooqnwhl]sd mtldqhb]k ldsgncr enq rtbg svn,
chldmrhnm]k rxrsdlr- Gdqd vd vhkk bnmrhcdq rxrsdlr enq vghbg chqdbshnm “dkcr ]mc og]rd
onqsq]hsr ]qd ne o]qshbtk]q hlonqs]mbd- Sgdrd ]qd rxrsdlr sg]s cn mns cdodmc dwokhbhskx nm
sgd hmcdodmcdms u]qh]akd s- Hm nsgdq vnqcr+ sgd etmbshnmr e ]mc f hm Dpr- &2( cdodmc nmkx nm
w ]mc x ]mc mns nm s- Nq+ hm Dp- &3(+ sgd udbsnq e cdodmcr nmkx nm w ]mc mns s- Rtbg ] rxrsdl
hr b]kkdc Ztsnmnlntr+ ]mc b]m ad vqhssdm hm sgd enql

cw
cs

= e &w+ x(+
cx
cs

= f&w+ x(. &6(

Hm udbsnq mns]shnm vd g]ud

cw
cs

= e &w(. &7(

Hm d]qkhdq rdbshnmr ne sghr bg]osdq+ vd g]ud dw]lhmdc khmd]q ]tsnmnlntr rxrsdlr- Vd mnv
v]ms sn dwsdmc sgd chrbtrrhnm sn mnmkhmd]q ]tsnmnlntr rxrsdlr-

Vd g]ud rddm sg]s dpthkhaqhtl+ nq bnmrs]ms+ rnktshnmr ]qd ne o]qshbtk]q hlonqs]mbd hm sgd
rstcx ne rhmfkd “qrs nqcdq ]tsnmnlntr dpt]shnmr ]mc ne svn,chldmrhnm]k khmd]q ]tsnmnlntr
rxrsdlr- Vd vhkk rdd sg]s sgd r]ld hr sqtd enq mnmkhmd]q ]tsnmnlntr rxrsdlr ne dpt]shnmr-
Sn “mc dpthkhaqhtl+ nq bnmrs]ms+ rnktshnmr ne sgd rxrsdl &6(+ vd rds cw{cs ]mc cx{cs dpt]k
sn ydqn+ ]mc rnkud sgd qdrtkshmf dpt]shnmr

e &w+ x( = /+ f&w+ x( = / &8(

enq w ]mc x- ?mx rnktshnm ne Dpr- &8( hr ] onhms hm sgd og]rd ok]md sg]s hr ] sq]idbsnqx ne
]m dpthkhaqhtl rnktshnm- Rtbg onhmsr ]qd b]kkdc dpthkhaqhtl onhmsr nq bqhshbZk onhmsr- Cd,
odmchmf nm sgd o]qshbtk]q enqlr ne e ]mc f+ sgd mnmkhmd]q rxrsdl &6( b]m g]ud ]mx mtladq
ne bqhshb]k onhmsr+ q]mfhmf eqnl mnmd sn hm“mhsdkx l]mx-

Rnldshldr sgd sq]idbsnqhdr ne ] svn,chldmrhnm]k ]tsnmnlntr rxrsdl b]m ad entmc ax
rnkuhmf ] qdk]sdc “qrs nqcdq ch—dqdmsh]k dpt]shnm- Eqnl Dpr- &6( vd g]ud

cx
cw

=
cx{cs
cw{cs

=
f&w+ x(
e &w+ x(

+ &0/(

vghbg hr ] “qrs nqcdq dpt]shnm hm sgd u]qh]akdr w ]mc x- He Dp- &0/( b]m ad rnkudc ax ]mx ne
sgd ldsgncr hm Bg]osdqr 0 ]mc 1+ ]mc he vd vqhsd rnktshnmr &hlokhbhskx( ]r

G&w+ x( = b+ &00(

sgdm Dp- &00( hr ]m dpt]shnm enq sgd sq]idbsnqhdr ne sgd rxrsdl &6(- Hm nsgdq vnqcr+ sgd sq],
idbsnqhdr khd nm sgd kdudk btqudr ne G&w+ x(- Qdb]kk sg]s sgdqd hr mn fdmdq]k v]x ne rnkuhmf
Dp- &0/( sn nas]hm sgd etmbshnm G+ rn sghr ]ooqn]bg hr ]ookhb]akd nmkx hm rodbh]k b]rdr-

Mnv kds tr knnj ]s rnld dw]lokdr-
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DW;LOKD
0

Bnmrhcdq sgd rxrsdl

cw
cs

= w − x+
cx
cs

= 1w − x − w1. &01(

Ehmc ] etmbshnm G&w+ x( rtbg sg]s sgd sq]idbsnqhdr ne sgd rxrsdl &01( khd nm sgd kdudk btqudr
ne G- Ehmc sgd bqhshb]k onhmsr ]mc cq]v ] og]rd onqsq]hs enq sgd fhudm rxrsdl- Cdrbqhad sgd
adg]uhnq ne hsr sq]idbsnqhdr-

Sn “mc sgd bqhshb]k onhmsr+ vd ltrs rnkud sgd dpt]shnmr

w − x = /+ 1w − x − w1 = /. &02(

Eqnl sgd “qrs dpt]shnm vd g]ud x = w: sgdm sgd rdbnmc dpt]shnm xhdkcr w − w1 = /- Sgtr
w = / nq w = 0+ ]mc hs enkknvr sg]s sgd bqhshb]k onhmsr ]qd &/+ /( ]mc &0+ 0(- Sn cdsdqlhmd sgd
sq]idbsnqhdr+ mnsd sg]s enq sghr rxrsdl+ Dp- &0/( adbnldr

cx
cw

=
1w − x − w1

w − x
. &03(

Dpt]shnm &03( hr ]m dw]bs dpt]shnm+ ]r chrbtrrdc hm Rdbshnm 1-5- Oqnbddchmf ]r cdrbqhadc hm
sg]s rdbshnm+ vd “mc sg]s rnktshnmr r]shrex

G&w+ x( = w1 − wx + 0
1 x1 − 0

2 w2 = b+ &04(

vgdqd b hr ]m ]qahsq]qx bnmrs]ms- Sn bnmrsqtbs ] og]rd onqsq]hs+ xnt b]m dhsgdq cq]v rnld
ne sgd kdudk btqudr ne G&w+ x(+ nq xnt b]m okns rnld rnktshnmr ne sgd rxrsdl &01(- Hm dhsgdq
b]rd+ xnt mddc rnld bnlotsdq ]rrhrs]mbd sn oqnctbd ] okns rtbg ]r sg]s hm Ehftqd 2-5-0- Sgd

x

}0

0

1

}0 0 1 2 w

EHFTQD 2-5-0 ? og]rd onqsq]hs enq sgd rxrsdl &01(-
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chqdbshnm ne lnshnm nm sgd sq]idbsnqhdr b]m ad cdsdqlhmdc ax cq]vhmf ] chqdbshnm “dkc+ nq ax
du]kt]shmf cw{cs ]mc cx{cs ]s nmd nq svn rdkdbsdc onhmsr- Eqnl Ehftqd 2-5-0+ hs hr bkd]q sg]s
sq]idbsnqhdr adg]ud pthsd ch—dqdmskx md]q sgd svn bqhshb]k onhmsr- Nardqud sg]s sgdqd hr nmd
sq]idbsnqx sg]s cdo]qsr eqnl &0+ 0( ]r s hmbqd]rdr eqnl −∞+ knnor ]qntmc sgd nsgdq bqhshb]k
onhms &sgd nqhfhm(+ ]mc qdstqmr sn &0+ 0( ]r s →∞- Hmrhcd sghr knno sgdqd ]qd sq]idbsnqhdr sg]s
khd nm bknrdc btqudr rtqqntmchmf &/+ /(- Sgdrd sq]idbsnqhdr bnqqdronmc sn odqhnchb rnktshnmr
sg]s qdod]sdckx o]rr sgqntfg sgd r]ld onhmsr hm sgd og]rd ok]md- Sq]idbsnqhdr sg]s khd ntsrhcd
sgd knno tkshl]sdkx ]ood]q sn kd]ud sgd okns vhmcnv hm ] rntsgd]rsdqkx chqdbshnm &]r s →∞(
nq hm ] mnqsgd]rsdqkx chqdbshnm &]r s → −∞(-

Hs hr ]krn onrrhakd sn bnmrsqtbs bnlonmdms oknsr ne o]qshbtk]q rnktshnmr+ ]mc svn ]qd rgnvm
hm Ehftqdr 2-5-1 ]mc 2-5-2- Ehftqd 2-5-1 oqnuhcdr ] okns ne w udqrtr s enq sgd rnktshnm sg]s
r]shr“dr sgd hmhsh]k bnmchshnmr

w&/( = 0
1 + x&/( = 0

1 .

Sghr fq]og bnm“qlr sg]s sgd lnshnm hr odqhnchb ]mc dm]akdr xnt sn drshl]sd sgd odqhnc+
vghbg v]r mns onrrhakd eqnl sgd og]rd onqsq]hs- ? okns ne x udqrtr s enq sghr rnktshnm hr
rhlhk]q-

w

}/-4

/-4

4 0/ 04 1/ s

EHFTQD 2-5-1 ? okns ne w udqrtr s enq sgd rnktshnm ne sgd rxrsdl &01( sg]s o]rrdr
sgqntfg sgd onhms & 0

1
+ 0

1
( ]s s = /-

? okns ne ] sxohb]k tmantmcdc rnktshnm ]ood]qr hm Ehftqd 2-5-2+ vghbg rgnvr sgd fq]og
ne w udqrtr s enq sgd rnktshnm sg]s r]shr“dr sgd hmhsh]k bnmchshnmr

w&/( = 2+ x&/( = /.

Hs ]ood]qr eqnl sghr “ftqd sg]s sgdqd l]x ad ] udqshb]k ]rxlosnsd enq ] u]ktd ne s adsvddm
0-4 ]mc 0-5+ ]ksgntfg xnt rgntkc ad b]tshntr ]ants cq]vhmf rtbg ] bnmbktrhnm eqnl ] rhm,
fkd rl]kk okns- Hm Oqnakdl 11 vd ntskhmd gnv xnt b]m rgnv bnmbktrhudkx sg]s sgdqd hr ]m
]rxlosnsd hm sghr o]qshbtk]q b]rd- Sgd dwhrsdmbd ne ] udqshb]k ]rxlosnsd ld]mr sg]s w ad,
bnldr tmantmcdc hm ] “mhsd shld+ q]sgdq sg]m ]r s →∞- ? okns ne x udqrtr s enq sghr rnktshnm
hr rhlhk]q+ dwbdos sg]s x adbnldr tmantmcdc hm sgd mdf]shud chqdbshnm- Sgd qdk]shud l]f,
mhstcdr ne w ]mc x vgdm sgdx ]qd ansg k]qfd b]m ad cdsdqlhmdc ax jddohmf nmkx sgd lnrs
cnlhm]ms sdqlr hm Dp- &04(- Hm sghr v]x+ vd “mc sg]s

x1 ≅ 1
2 w2+

vgdm ansg ∣w∣ ]mc ∣x∣ ]qd udqx k]qfd-
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w

5/+///

7/+///

0//+///

1/+///

3/+///

/-4 0 0-4 1 s

EHFTQD 2-5-2 ? okns ne w udqrtr s enq sgd rnktshnm ne sgd rxrsdl &01( sg]s o]rrdr
sgqntfg sgd onhms &2+ /( ]s s = /-

DW;LOKD
1

Bnmrhcdq sgd rxrsdl

cw
cs

= &1 + w(&x − w(+
cx
cs

= &1 − w(&x + w(. &05(

Ehmc sgd bqhshb]k onhmsr- Cq]v ] og]rd onqsq]hs ]mc cdrbqhad sgd adg]uhnq ne sgd sq]idbsnqhdr
hm sgd mdhfganqgnnc ne d]bg bqhshb]k onhms-

Sn “mc sgd bqhshb]k onhmsr+ vd ltrs rnkud sgd dpt]shnmr

&1 + w(&x − w( = /+ &1 − w(&x + w( = /. &06(

Nmd v]x sn r]shrex sgd “qrs dpt]shnm hr ax bgnnrhmf w = −1: sgdm sn r]shrex sgd rdbnmc
dpt]shnm+ vd ltrs bgnnrd x = 1- Rhlhk]qkx+ sgd rdbnmc dpt]shnm b]m ad r]shr“dc ax bgnnrhmf
w = 1: sgdm sgd “qrs dpt]shnm qdpthqdr sg]s x = 1- He w ≠ 1 ]mc w ≠ −1+ sgdm Dpr- &06( b]m
nmkx ad r]shr“dc he x − w = / ]mc x + w = /- Sgd nmkx rnktshnm ne sghr o]hq ne dpt]shnmr hr
sgd nqhfhm- Sgtr sgd rxrsdl &05( g]r sgqdd bqhshb]k onhmsr9 &−1+ 1(+ &1+ 1(+ ]mc &/+ /(-

? og]rd onqsq]hs enq Dpr- &05( hr rgnvm hm Ehftqd 2-5-3- Sgd bqhshb]k onhms ]s &1+ 1( ]ssq]bsr
nsgdq sq]idbsnqhdr hm sgd toodq,qhfgs,g]mc o]qs ne sgd og]rd ok]md- Sgdrd sq]idbsnqhdr rohq]k
]qntmc sgd bqhshb]k onhms ]r sgdx ]ooqn]bg hs- ?kk sq]idbsnqhdr md]q sgd onhms &−1+ 1(+ dwbdos
sgd bqhshb]k onhms hsrdke+ cdo]qs eqnl sghr mdhfganqgnnc- Rnld ]ooqn]bg sgd onhms &1+ 1(+ ]r
vd g]ud rddm+ vghkd nsgdqr ]ood]q sn fn hm“mhsdkx e]q ]v]x- Md]q sgd nqhfhm+ sgdqd ]qd svn
sq]idbsnqhdr sg]s ]ooqn]bg sgd nqhfhm hm sgd rdbnmc ]mc entqsg pt]cq]msr- Sq]idbsnqhdr sg]s khd
]anud sgdrd svn sq]idbsnqhdr ]ooqn]bg &1+ 1(+ vghkd sgnrd adknv sgdl rddl sn fn hm“mhsdkx
e]q ]v]x hm sgd sghqc pt]cq]ms-
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x

}1

}0

0

1

2

3

4

}3 }1 1 3 w

EHFTQD 2-5-3 ? og]rd onqsq]hs enq sgd rxrsdl &05(-

He xnt knnj lnqd bknrdkx ]s Ehftqdr 2-5-0 ]mc 2-5-3+ xnt vhkk mnshbd sg]s+ hm sgd mdhfganq,
gnnc ne d]bg bqhshb]k onhms+ sgd o]ssdqm ne sq]idbsnqhdr qdrdlakdr nmd ne sgd o]ssdqmr entmc
hm Rdbshnmr 2-2 sgqntfg 2-4 enq khmd]q rxrsdlr vhsg bnmrs]ms bndffbhdmsr- Hm o]qshbtk]q+ hm
Ehftqd 2-5-0 hs ]ood]qr sg]s sgd onhms &0+ 0( hr ] r]cckd onhms ]mc sgd onhms &/+ /( hr ] bdmsdq-
Rhlhk]qkx+ hm Ehftqd 2-5-3 hs ]ood]qr sg]s &1+ 1( hr ] rohq]k onhms+ &−1+ 1( hr ] mncd+ ]mc &/+ /(
hr ] r]cckd onhms- Sghr ]oo]qdms qdk]shnm adsvddm mnmkhmd]q ]tsnmnlntr rxrsdlr ]mc khmd]q
rxrsdlr vhsg bnmrs]ms bndffbhdmsr hr mns ]bbhcdms]k ]mc vd vhkk dwoknqd hs lnqd etkkx hm
Bg]osdq 6- Hm sgd ld]mshld+ l]mx ne sgd oqnakdlr enkknvhmf sghr rdbshnm fhud xnt ] bg]mbd
sn cq]v og]rd onqsq]hsr rhlhk]q sn Ehftqdr 2-5-0 ]mc 2-5-3 ]mc sn cq]v bnmbktrhnmr ]ants sgd
bqhshb]k onhmsr eqnl sgdl-

OQNAKDLR

Enq d]bg ne sgd rxrsdlr hm Oqnakdlr 0 sgqntfg 59
 Z( Ehmc ]m dpt]shnm ne sgd enql G&w+ x( = b r]shr“dc ax sgd
rnktshnmr ne sgd fhudm rxrsdl-
 a( Vhsgnts trhmf ] bnlotsdq+ rjdsbg rnld kdudk btqudr ne
sgd etmbshnm G&w+ x(-
 b( Enq s< /+ rjdsbg sgd sq]idbsnqx bnqqdronmchmf sn sgd fhudm
hmhsh]k bnmchshnm ]mc hmchb]sd sgd chqdbshnm ne lnshnm enq hm,
bqd]rhmf s-

0- cw{cs = −w+ cx{cs = −1x: w&/( = 3+
x&/( = 1

1- cw{cs = −w+ cx{cs = 1x: w&/( = 3+
x&/( = 1

2- cw{cs = −w+ cx{cs = 1x: w&/( = 3+
x&/( = /

3- cw{cs = 1x+ cx{cs = 7w: w&/( = 1+
x&/( = −0
4- cw{cs = 1x+ cx{cs = 7w: w&/( = 0+
x&/( = −2



085 Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

5- cw{cs = 1x+ cx{cs = −7w: w&/( = 0+
x&/( = 1

Enq d]bg ne sgd rxrsdlr hm Oqnakdlr 6 sgqntfg 019
 Z( Ehmc ]kk ne sgd bqhshb]k onhmsr-
 a( Ehmc ]m dpt]shnm ne sgd enql G&w+ x( = b r]shr“dc ax rn,
ktshnmr ne sgd fhudm rxrsdl-
 b( Trhmf ] bnlotsdq+ okns rdudq]k kdudk btqudr ne sgd etmb,
shnm G- Sgdrd ]qd sq]idbsnqhdr ne sgd fhudm rxrsdl- Hmchb]sd
sgd chqdbshnm ne lnshnm nm d]bg sq]idbsnqx-
 c( Cdrbqhad sgd adg]uhnq ne sgd sq]idbsnqhdr md]q d]bg bqhsh,
b]k onhms-

6- cw{cs = 1w − x+ cx{cs = w − 1x

7- cw{cs = −w + x+ cx{cs = w + x

8- cw{cs = 1w − 3x+ cx{cs = 1w − 1x

0.- cw{cs = −w + x + w1+ cx{cs = x − 1wx

00- cw{cs = 1w1x − 2w1 − 3x+ cx{cs = −1wx1 + 5wx
01- cw{cs = 2w − w1+ cx{cs = 1wx − 2x + 1

Enq d]bg ne sgd rxrsdlr hm Oqnakdlr 02 sgqntfg 1/9
 Z( Ehmc ]kk sgd bqhshb]k onhmsr-
 a( Trd ] bnlotsdq sn cq]v ] chqdbshnm “dkc ]mc og]rd onq,
sq]hs enq sgd rxrsdl-
 b( Eqnl sgd oknsr hm o]qs &a(+ cdrbqhad gnv sgd sq]idbsnqhdr
adg]ud hm sgd uhbhmhsx ne d]bg bqhshb]k onhms-

02- cw{cs = w − wx+ cx{cs = x + 1wx
03- cw{cs = 1 − x+ cx{cs = x − w1

04- cw{cs = w − w1 − wx+ cx{cs = 0
1
x − 0

3
x1 − 2

3
wx

05- cw{cs = −&w − x(&0 − w − x(+
cx{cs = w&1 + x(
06- cw{cs = x&1 − w − x(+
cx{cs = −w − x − 1wx
07- cw{cs = &1 + w(&x − w(+ cx{cs = x&1 + w − w1(
08- cw{cs = −w + 1wx+ cx{cs = x − w1 − x1

1.- cw{cs = x+ cx{cs = w − 0
5
w2 − 0

4
x

10-  Z( Bnmrhcdq sgd rxrsdl hm Dw]lokd 0- Cq]v ] bnlon,
mdms okns ne w udqrtr s enq rdudq]k ne sgd odqhnchb rnktshnmr hm
sgd uhbhmhsx ne sgd nqhfhm-
 a( Eqnl sgd oknsr hm o]qs &](+ drshl]sd sgd odqhnc ]mc ]lokh,
stcd ne d]bg ne sgd rnktshnmr- Hr sgd odqhnc sgd r]ld qdf]qc,
kdrr ne sgd ]lokhstcd= He mns+ gnv hr sgd odqhnc qdk]sdc sn sgd
]lokhstcd=
11- Hm sghr oqnakdl+ vd hmchb]sd gnv sn “mc sgd ]rxlosnsd
rtffdrsdc ax Ehftqd 2-5-2-
 Z( Rgnv sg]s he w ]mc x r]shrex sgd hmhsh]k bnmchshnmr
w&/( = 2 ]mc x&/( = /+ sgdm sgd bnmrs]ms b hm Dp- &04( hr ydqn-
Sgdm rgnv sg]s Dp- &04( b]m ad qdvqhssdm hm sgd enql

&w − x(1 + w1 − 1
2
w2 = /. &h(

 a( Eqnl sgd “qrs ne Dpr- &01(+ qdb]kk sg]s w − x = w…- Trd sghr
e]bs vhsg Dp- &h( sn nas]hm sgd ch—dqdmsh]k dpt]shnm

&w…(1 = 1
2
w2 − w1+ &hh(

nq

w… = 0
2
w
√

5w − 8. &hhh(

Vgx ltrs sgd onrhshud rpt]qd qnns ad bgnrdm=
 b( Rgnv sg]s sgd rnktshnm ne Dp- &hhh( sg]s r]shr“dr sgd hmhsh]k
bnmchshnm w&/( = 2 hr

w = 2
1
+ 2

1
s}m1

}
0
1
s + 0

3
2
(
. &hu(

Ghms9 Hm rnkuhmf Dp- &hhh(+ xnt l]x “mc hs gdkoetk sn trd sgd
rtarshstshnm r1 = 5w − 8-
 c( Trd sgd qdrtks ne o]qs &b( sn rgnv sg]s sgd rnktshnm g]r ]
udqshb]k ]rxlosnsd ]s s = 2{1- Bnlo]qd sghr qdrtks vhsg sgd
fq]og hm Ehftqd 2-5-2-
 d( Eqnl Dp- &hu(+ sgdqd hr ]mnsgdq udqshb]k ]rxlosnsd ]s
s = −22{1- Vg]s hr sgd rhfmh“b]mbd ne sghr ]rxlosnsd=
12- ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq ] bdqs]hm svn,
chldmrhnm]k cxm]lhb]k rxrsdl w… = e &w(+ vhsg bqhshb]k onhmsr
]s :&−0+ /(+ A&/+ /(+ ]mc B&0+ /(+ ]qd rgnvm hm Ehftqd 2-5-4-
 Z( Bk]rrhex d]bg bqhshb]k onhms ]bbnqchmf sn sxod &mncd+ r]c,
ckd onhms+ rohq]k onhms+ nq bdmsdq( ]mc rs]ahkhsx &tmrs]akd+ rs],
akd+ nq ]rxlosnshb]kkx rs]akd(-
 a( Cdmnsd sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl w… = e &w(+
w &/( = w/ ax w = !&s(- Enq d]bg ne sgd enkknvhmf rdsr ne
hmhsh]k bnmchshnmr+ cdsdqlhmd ihls→∞ !&s(- &h( w/ = &/+ /-0(S +
&hh( w/ = &/+ −/-0(S + &hhh( w/ = &1+ −0-4(S + &hu( w/ = &−1+ 0-4(S -

10

}1

}0

1

0

w1

w0}1 }0

EHFTQD 2-5-4 Chqdbshnm “dkc ]mc og]rd onqsq]hs enq
Oqnakdl 12-

13- ?m ZrxlosnshbZkkx rsZakd khlhs bxbkd hr ] bknrdc sq]idb,
snqx B hm sgd og]rd ok]md rtbg sg]s ]kk mnmbknrdc sq]idbsnqhdr
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sg]s rs]qs rtffbhdmskx md]q B+ eqnl dhsgdq sgd hmrhcd nq ntsrhcd+
rohq]k snv]qc B ]r s → ∞- Cdlnmrsq]sd mtldqhb]kkx sg]s sgd
u]m cdq Onk dpt]shnm &rdd Rdbshnm 6-4(+

t…… + 2&t1 − 0(t… + t = /+
g]r rtbg ] khlhs bxbkd ax cq]vhmf ] chqdbshnm “dkc ]mc og]rd
onqsq]hs enq sgd dpthu]kdms cxm]lhb]k rxrsdl- Cdrbqhad sgd
roddc ne lnshnm ]qntmc B ax uhdvhmf sgd bnlonmdms oknsr
ne t&s( ]mc t…&s(-

14- ? lncdk enq sgd onotk]shnmr+ w ]mc x+ ne svn rodbhdr sg]s
bnlodsd enq sgd r]ld ennc rtookx &rdd Rdbshnm 6-2( hr

cw{cs = w&0 − w − x(
cx{cs = x&/.64 − x − /.4w(. &h(

Ehmc ]kk sgd bqhshb]k onhmsr ne sgd rxrsdl &h(+ cq]v ] chqdb,
shnm “dkc ]mc og]rd onqsq]hs+ ]mc hmsdqoqds sgd ld]mhmf ne sgd
khlhshmf adg]uhnq+ ]r s →∞+ ne w ]mc x hm sdqlr ne sgd onot,
k]shnmr ne sgd svn rodbhdr-

 BG;OSDQ RTLL;QX

Svn,chldmrhnm]k rxrsdlr ne “qrs nqcdq ch—dqdmsh]k dpt]shnmr g]ud sgd enql

cw
cs

= e &s+ w+ x(+
cx
cs

= f&s+ w+ x(+

nq+ trhmf udbsnq mns]shnm w = wh + xi ]mc e &s+ w( = e &s+ w+ x(h + f&s+ w+ x(i+

cw
cs

= e &s+ w(.

Rdbshnm 2-0 Svn,ChldmrhnmYk KhmdYq ;kfdaqY
▶ L]sqhw mns]shnm enq ] khmd]q ]kfdaq]hb rxrsdl ne svn dpt]shnmr hm svn tmjmnvmr hr

?w = a-
▶ He cds ? ≠ /+ sgd tmhptd rnktshnm ne ?w = a hr w = ?−0a-
▶ He cds ? = /+ ?w = a l]x g]ud &h( mn rnktshnm+ nq &hh( ] rsq]hfgs khmd ne rnktshnmr hm

sgd ok]md: hm o]qshbtk]q+ he a = . ]mc ? ≠ .+ sgd rnktshnm rds hr ] rsq]hfgs khmd o]rrhmf
sgqntfg sgd nqhfhm-

▶ Sgd dhfdmuZktd oqnakdl9 &? − λH(w = .- Sgd dhfdmuZktdr ne ? ]qd rnktshnmr ne sgd
bgZqZbsdqhrshb dptZshnm cds&? − λH( = /- ?m dhfdmudbsnq enq sgd dhfdmu]ktd λ hr ]
mnmydqn rnktshnm ne &? − λH(w = .- Dhfdmu]ktdr l]x ad qd]k ]mc ch—dqdms+ qd]k ]mc
dpt]k+ nq bnlokdw bnmitf]sdr-

Rdbshnm 2-1 Rxrsdlr ne Svn Ehqrs Nqcdq KhmdYq DptYshnmr

U]qh]akd bndffbhdms9 w… = O&s(w + f&s(+ ?tsnmnlntr9 w… = ?w + a

▶ Dwhrsdmbd Zmc tmhptdmdrr ne rnktshnmr- He sgd dmsqhdr ne O&s( ]mc f&s( ]qd bnmshmtntr
nm H+ sgdm ] tmhptd rnktshnm sn sgd hmhsh]k u]ktd oqnakdl w… = O&s(w + f&s(+ w&s/( = w/+
s/ " H dwhrsr enq ]kk s " H-

▶ FqZoghbZk sdbgmhptdr9 &h( bnlonmdms oknsr+ ]mc enq ]tsnmnlntr rxrsdlr+ &hh( chqdbshnm
“dkcr ]mc &hhh( og]rd onqsq]hsr-

▶ BqhshbZk onhmsr  dpthkhaqhtl rnktshnmr( ne khmd]q ]tsnmnlntr rxrsdlr ]qd rnktshnmr ne
?w + a = .-
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▶ Rdbnmc nqcdq khmdZq dptZshnmr x…… + o&s(x… + p&s(x = f&s( b]m ad sq]mrenqldc hmsn rxr,
sdlr ne svn “qrs nqcdq khmd]q dpt]shnmr

w… =

}
/ 0

−p&s( −o&s(

(
w +

}
/

f&s(

(
+

vgdqd w = xh + x…i-

Rdbshnm 2-2 Gnlnfdmdntr Rxrsdlr vhsg BnmrsYms Bndeehbhdmsr9
w= = 9w
▶ Svn rnktshnmr w0&s( ]mc w1&s( sn w… = ?w enql ] etmcZldmsZk rds ne rnktshnmr he sgdhq

VqnmrjhZm

VZw0+ w1[&s( =
|||||
w00&s(
w10&s(

w01&s(
w11&s(

|||||
= w00&s(w11&s( − w01&s(w10&s( ≠ /.

&Hm sghr b]rd+ w0 ]mc w1 ]qd khmdZqkx hmcdodmcdms-(
He w0&s( ]mc w1&s( ]qd ] etmc]ldms]k rds+ sgdm sgd fdmdqZk rnktshnm sn w… = ?w hr w =
b0w0&s( + b1w1&s(+ vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-

▶ Vgdm ? g]r qd]k dhfdmu]ktdr λ0 ≠ λ1 vhsg bnqqdronmchmf dhfdmudbsnqr u0 ]mc u1+
▶ ] fdmdq]k rnktshnm ne w… = ?w hr w = b0dλ0su0 + b1dλ1su1+
▶ he cds&?( ≠ /+ sgd nmkx bqhshb]k onhms &sgd nqhfhm( hr &h( ] mncd he sgd dhfdmu]ktdr g]ud

sgd r]ld ]kfdaq]hb rhfm+ nq &hh( ] rZcckd onhms he sgd dhfdmu]ktdr ]qd ne noonrhsd
rhfm-

Rdbshnm 2-3 Bnlokdw DhfdmuYktdr
▶ He sgd dhfdmu]ktdr ne ? ]qd / + h𝜇+ 𝜇 ≠ /+ vhsg bnqqdronmchmf dhfdmudbsnqr Z + ha+ ]

etmc]ldms]k rds ne qd]k udbsnq rnktshnmr ne w… = ?w bnmrhrsr ne
Qd!dwoZ&/ + h𝜇(s[ZZ + ha[} = dwo&/s(&bnr 𝜇sZ − rhm 𝜇sa( ]mc
Hl!dwoZ&/ + h𝜇(s[ZZ + ha[} = dwo&/s(&rhm 𝜇sZ + bnr 𝜇sa(-

▶ He / ≠ /+ sgdm sgd bqhshb]k onhms &sgd nqhfhm( hr ] rohqZk onhms- He / = /+ sgdm sgd bqhshb]k
onhmsr hr ] bdmsdq-

Rdbshnm 2-4 QdodYsdc DhfdmuYktdr
▶ He ? g]r ] rhmfkd qdod]sdc dhfdmu]ktd λ+ sgdm ] fdmdq]k rnktshnm ne w… = ?w hr

&h( w = b0dλsu0 + b1dλsu1 he u0 ]mc u1 ]qd hmcdodmcdms dhfdmudbsnqr+ nq
&hh( w = b0dλsu + b1dλs&v + su(+ vgdqd &? − λH(v = u he u hr sgd nmkx dhfdmudbsnq ne ?-

▶ Sgd bqhshb]k onhms ]s sgd nqhfhm hr ] oqnodq mncd he sgdqd ]qd svn hmcdodmcdms dhfdmudb,
snqr+ ]mc ]m hloqnodq nq cdfdmdqZsd mncd he sgdqd hr nmkx nmd dhfdmudbsnq-

Rdbshnm 2-5 MnmkhmdYq Rxrsdlr
Mnm]tsnmnlntr9 w… = e &s+ w(+ ?tsnmnlntr9 w… = e &w(

▶ Sgdnqdl 2-5-0 oqnuhcdr bnmchshnmr sg]s ft]q]msdd+ knb]kkx hm shld+ dwhrsdmbd ]mc
tmhptdmdrr ne rnktshnmr sn sgd hmhsh]k u]ktd oqnakdl w… = e &s+ w(+ w&s/( = w/-

▶ Dw]lokdr ne svn,chldmrhnm]k mnmkhmd]q ]tsnmnlntr rxrsdlr rtffdrs sg]s knb]kkx sgdhq
rnktshnmr adg]ud ltbg khjd rnktshnmr ne khmd]q rxrsdlr-
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OQNIDBSR

b} DqWwhnm . hRsnbjognsn

Oqnidbs 0 DrshlYshmf QYsd BnmrsYmsr enq Ym Nodm
Svn,BnloYqsldms Lncdk
Ogxrhnknfhb]k rxrsdlr ]qd nesdm lncdkdc ax chuhchmf sgdl hmsn chrshmbs etmbshnm]k tmhsr nq
bnlo]qsldmsr- ? rhlokd svn,bnlo]qsldms lncdk trdc sn cdrbqhad sgd dunktshnm hm shld ne
] rhmfkd hmsq]udmntr cqtf cnrd &nq ] bgdlhb]k sq]bdq( hr rgnvm hm Ehftqd 2-O-0- Sgd bdmsq]k
bnlo]qsldms+ bnmrhrshmf ne aknnc ]mc dwsq]bdkktk]q v]sdq+ hr q]ohckx ch—trdc vhsg sgd cqtf-

Bdmsq^k
bnlo^qsldms

w0

j10

j01

j/0

Shrrtd
bnlo^qsldms

w1

EHFTQD 2-O-0 ? svn,bnlo]qsldms nodm lncdk ne ] ogxrhnknfhb]k rxrsdl-

Sgd rdbnmc bnlo]qsldms+ jmnvm ]r sgd shrrtd bnlo]qsldms+ bnms]hmr shrrtdr sg]s dpthkha,
qh]sd lnqd rknvkx vhsg sgd cqtf- He w0 hr sgd bnmbdmsq]shnm ne cqtf hm sgd aknnc ]mc w1 hr hsr
bnmbdmsq]shnm hm sgd shrrtd+ sgd bnlo]qsldms lncdk hr cdrbqhadc ax sgd enkknvhmf rxrsdl9

w…0 = −&j/0 + j10(w0 + j01w1
&0(w…1 = j10w0 − j01w1+

nq w… = Jw+ vgdqd

J =

}
J00 J01
J10 J11

(
=

}
−j/0 − j10 j01

j10 −j01

(
. &1(

Gdqd+ sgd q]sd bnmrs]ms j10 hr sgd eq]bshnm odq tmhs shld ne cqtf hm sgd aknnc bnlo]qsldms
sq]mredqqdc sn sgd shrrtd bnlo]qsldms: j01 hr sgd eq]bshnm odq tmhs shld ne cqtf hm sgd shrrtd
bnlo]qsldms sq]mredqqdc sn sgd aknnc: ]mc j/0 hr sgd eq]bshnm odq tmhs shld ne cqtf dkhlhm]sdc
eqnl sgd rxrsdl-

Hm sghr oqnidbs+ vd hkktrsq]sd ] ldsgnc enq drshl]shmf sgd q]sd bnmrs]msr ax trhmf shld,
cdodmcdms ld]rtqdldmsr ne bnmbdmsq]shnmr sn drshl]sd sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne
sgd q]sd l]sqhw J hm Dp- &1( eqnl vghbg drshl]sdr ne ]kk q]sd bnmrs]msr b]m ad bnlotsdc-

Oqnidbs 0 OQNAKDLR

0- ?rrtld sg]s ]kk sgd q]sd bnmrs]msr hm Dp- &0( ]qd onrh,
shud-
 Z( Rgnv sg]s sgd dhfdmu]ktdr ne sgd l]sqhw J ]qd qd]k+ chr,
shmbs+ ]mc mdf]shud-
Ghms9 Rgnv sg]s sgd chrbqhlhm]ms ne sgd bg]q]bsdqhrshb onkx,
mnlh]k ne J hr onrhshud-
 a( He λ0 ]mc λ1 ]qd sgd dhfdmu]ktdr ne J+ rgnv sg]s λ0 + λ1 =
−&j/0 + j01 + j10( ]mc λ0λ1 = j01j/0-

1- DrshlZshmf DhfdmuZktdr Zmc Dhfdmudbsnqr ne J
eqnl SqZmrhdms BnmbdmsqZshnm CZsZ- Cdmnsd ax
w±&sj( = w±0&sj(h + w±1&sj(i+ j = 0+ 1+ 2+ - - - ld]rtqdldmsr ne
sgd bnmbdmsq]shnmr hm d]bg ne sgd bnlo]qsldmsr- Vd ]rrtld
sg]s sgd dhfdmu]ktdr ne J r]shrex λ1 . λ0 . /- Cdmnsd sgd
dhfdmudbsnqr ne λ0 ]mc λ1 ax

u0 =

}
ℏ00

ℏ10

(
]mc u1 =

}
ℏ01

ℏ11

(
+
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qdrodbshudkx- Sgd rnktshnm ne Dp- &0( b]m ad dwoqdrrdc ]r
w&s( = �dλ0 su0 + 𝛼dλ1 su1+ &h(

vgdqd � ]mc 𝛼+ ]rrtldc sn ad mnmydqn+ cdodmc nm hmhsh]k bnm,
chshnmr- Eqnl Dp- &h(+ vd mnsd sg]s

w&s( = dλ0 s [�u0 + 𝛼d&λ1−λ0(su1
]
∼ �dλ0 su0

he d&λ1−λ0(s ∼ /. &hh(

 Z( Enq u]ktdr ne s rtbg sg]s d&λ1−λ0(s ∼ /+ dwok]hm vgx
sgd fq]ogr ne im w0&s( ]mc im w1&s( rgntkc ad ]ooqnwhl]sdkx
rsq]hfgs khmdr vhsg rknodr dpt]k sn λ0 ]mc hmsdqbdosr dpt]k sn
im �ℏ00 ]mc im �ℏ10+ qdrodbshudkx- Sgtr drshl]sdr ne λ0+ �ℏ00+
]mc �ℏ10 l]x ad nas]hmdc ax “sshmf rsq]hfgs khmdr sn sgd c]s]
im w±0&sm( ]mc im w±1&sm( bnqqdronmchmf sn u]ktdr ne sm+ vgdqd
fq]ogr ne sgd knf]qhsglr ne sgd c]s] ]qd ]ooqnwhl]sdkx khm,
d]q+ ]r rgnvm hm Ehftqd 2-O-1-
 a( Fhudm sg]s ansg bnlonmdmsr ne sgd c]s] w±&sm( ]qd ]bbt,
q]sdkx qdoqdrdmsdc ax ] rtl ne dwonmdmsh]k etmbshnmr ne sgd
enql &h(+ dwok]hm gnv sn “mc drshl]sdr ne λ1+ 𝛼ℏ01+ ]mc 𝛼ℏ11
trhmf sgd qdrhct]k c]s] w±q &sm( = w±&sm( − û&�(

0 dλ̂0 sm + vgdqd drsh,
l]sdr ne λ0 ]mc �u0 ]qd cdmnsdc ax λ̂0 ]mc û&�(

0 + qdrodbshudkx-6

x’
0�<�km�w’

0 s(

x’
1�< km w’

1 s(

0/ 1/ 2/ 3/ 4/ 5/ 6/ 7/ 8/

x

s

3-/

2-4

2-/

1-4

1-/

0-4

EHFTQD 2-O-1 Fq]ogr ne sgd c]s] x±0m = im w±0&sm( ]mc
x±1m = im w±1&sm( ]qd ]ooqnwhl]sdkx
rsq]hfgs khmdr enq u]ktdr ne sm rtbg sg]s
d&λ1−λ0(sm ∼ /-

2- Bnlotshmf sgd Dmsqhdr ne J eqnl Hsr DhfdmuZktdr Zmc
Dhfdmudbsnqr- ?rrtld sg]s sgd dhfdmu]ktdr λ0 ]mc λ1 ]mc
bnqqdronmchmf dhfdmudbsnqr u0 ]mc u1 ne J ]qd jmnvm- Rgnv

sg]s sgd dmsqhdr ne sgd l]sqhw J ltrs r]shrex sgd enkknvhmf
rxrsdlr ne dpt]shnmr9

}
ℏ00 ℏ10

ℏ01 ℏ11

(}
J00

J01

(
=

}
λ0ℏ00

λ1ℏ01

(
&hhh(

]mc
}
ℏ00 ℏ10

ℏ01 ℏ11

(}
J10

J11

(
=

}
λ0ℏ10

λ1ℏ11

(
+ &hu(

nq+ trhmf l]sqhw mns]shnm+ JU = U�+ vgdqd

U =

}
ℏ00 ℏ01

ℏ10 ℏ11

(
]mc � =

}
λ0 /
/ λ1

(
.

3- Fhudm drshl]sdr Ĵhi ne sgd dmsqhdr ne J ]mc drshl]sdr λ̂0

]mc λ̂1 ne sgd dhfdmu]ktdr ne J+ rgnv gnv sn nas]hm ]m drsh,
l]sd ĵ/0 ne j/0 trhmf sgd qdk]shnmr hm Oqnakdl 0&a(-
4- S]akd 2-O-0 khrsr cqtf bnmbdmsq]shnm ld]rtqdldmsr l]cd
hm aknnc ]mc shrrtd bnlo]qsldmsr nudq ] odqhnc ne 0// lhm-
Trd sgd ldsgnc cdrbqhadc hm Oqnakdlr 1 sgqntfg 3 sn drsh,
l]sd sgd q]sd bndffbhdmsr j/0+ j01+ ]mc j10 hm sgd rxrsdl lncdk
&0(- Sgdm rnkud sgd qdrtkshmf rxrsdl trhmf hmhsh]k bnmchshnmr
eqnl khmd 0 ne S]akd 2-O-0- Udqhex sgd ]bbtq]bx ne xntq dr,
shl]sdr ax oknsshmf sgd rnktshnm bnlonmdmsr ]mc sgd c]s] hm
S]akd 2-O-0 nm sgd r]ld rds ne bnnqchm]sd ]wdr-

S;AKD 2-O-0 Bnlo]qsldms bnmbdmsq]shnm
ld]rtqdldmsr-

shld &lhm( w0 &lf.lK( w1 &lf.lK(
/-/// /-512 /-///
6-032 /-263 /-002

03-175 /-138 /-040
10-318 /-072 /-046
17-460 /-034 /-04/
24-603 /-01/ /-026
31-746 /-0/2 /-013
4/-/// /-/78 /-00/
46-032 /-/67 /-/87
53-175 /-/57 /-/76
60-318 /-/5/ /-/66
67-460 /-/42 /-/57
74-603 /-/36 /-/5/
81-746 /-/30 /-/42

0//-/// /-/26 /-/36

6Sgd oqnbdctqd ntskhmdc gdqd hr b]kkdc sgd ldsgnc ne dwonmdmshZk oddkhmf- Sgd ldsgnc b]m ad dwsdmcdc sn
b]rdr vgdqd lnqd sg]m svn dwonmdmsh]k etmbshnmr ]qd qdpthqdc sn qdoqdrdms sgd bnlonmdms bnmbdmsq]shnmr-
Sgdqd ltrs ad nmd bnlo]qsldms enq d]bg dwonmdmsh]k cdb]x sdql- Rdd+ enq dw]lokd+ C- U]m Khdv &0856(+
IntqmZk ne SgdnqdshbZk Ahnknfx .1+ 32-



Oqnidbsr 1.0

Oqnidbs 1 ; AknnczAqYhm OgYqlYbnjhmdshb Lncdk
OgZqlZbnjhmdshbr hr sgd rstcx ne sgd shld u]qh]shnm ne cqtf ]mc lds]ankhsd kdudkr hm sgd
u]qhntr fithcr ]mc shrrtdr ne sgd ancx- Sgd chrbhokhmd eqdptdmskx l]jdr trd ne bnlo]qsldms
lncdkr sn hmsdqoqds c]s]- Hm sghr oqnakdl+ vd bnmrhcdq ] rhlokd aknncflaq]hm bnlo]qsldms
lncdk &Ehftqd 2-O-2(+

Bnlo]qsldms 0 ≡ Aknnc+
Bnlo]qsldms 1 ≡ Aq]hm+

sg]s bntkc ad trdc sn gdko drshl]sd cnr]fd rsqdmfsgr ne ]m nq]kkx ]clhmhrsdqdc ]mshcdoqdrr]ms
cqtf- Sgd q]sd ]s vghbg sgd cqtf lnudr eqnl bnlo]qsldms h sn bnlo]qsldms i hr cdmnsdc
ax sgd q]sd bnmrs]ms jih+ vghkd sgd q]sd ]s vghbg sgd cqtf hr qdlnudc eqnl sgd aknnc hr
qdoqdrdmsdc ax sgd q]sd bnmrs]ms J-

? og]ql]bdtshb]k bnlo]mx ltrs vdhfg l]mx e]bsnqr hm cdsdqlhmhmf cqtf cnr]fd o],
q]ldsdqr: ne o]qshbtk]q hlonqs]mbd ]qd cnr]fd rsqdmfsgr sg]s vhkk oqnuhcd fidwhahkhsx sn ]
ogxrhbh]m hm cdsdqlhmhmf hmchuhct]k cnr]fd qdfhldmr sn bnmudmhdmskx l]hms]hm bnmbdmsq],
shnm kdudkr ]s d—dbshud sgdq]odtshb u]ktdr vghkd lhmhlhyhmf knb]k hqqhs]shnm ]mc nsgdq ]cudqrd
rhcd d—dbsr-

Q j10

j01

J

Aknnc
w0+�U0+�b0

Aq^hm
w1+�U1+�b1

Hmots�c s(

Sa

Sn

EHFTQD 2-O-2 ? svn,bnlo]qsldms lncdk enq odqhnchb cqtf cnr]fdr-

?rrtlhmf sg]s sgd cqtf hr q]ohckx ]arnqadc hmsn sgd aknncrsqd]l enkknvhmf hsr hmsqn,
ctbshnm hmsn sgd rsnl]bg+ ] l]sgdl]shb]k hcd]khy]shnm enq sgd cnr]fd qdfhldm hr sg]s ne ]
odqhnchb rpt]qd v]ud

c&s( =
⎧
⎪
⎨
⎪⎩

Q+ / ≤ s ≤ Sa

/+ Sa ≤ s . So+

vgdqd Q hr sgd q]sd ne tos]jd &lhkkhfq]lr.gntq( hmsn sgd aknncrsqd]l+ Sa hr sgd shld odqhnc
ctqhmf vghbg sgd cqtf hr ]arnqadc hmsn sgd aknncrsqd]l enkknvhmf nq]k ]clhmhrsq]shnm+ ]mc
So hr sgd kdmfsg ne shld adsvddm cnrdr-

Oqnidbs 1 OQNAKDLR

0- He wi&s( qdoqdrdmsr sgd ]lntms ne cqtf &lhkkhfq]lr( hm bnl,
o]qsldms i+ i = 0+ 1+ trd Ehftqd 2-O-2 ]mc sgd l]rr a]k]mbd
k]v

cwi

cs
= bnlo]qsldms i hmots q]sd

−bnlo]qsldms i ntsots q]sd+ &h(

sn rgnv sg]s w0 ]mc w1 r]shrex sgd rxrsdl

cw0

cs
= −&J + j10(w0 + j01w1 + c&s(

&hh(cw1

cs
= j10w0 − j01w1.



1.1 Bg]osdq 2 Rxrsdlr ne Svn Ehqrs Nqcdq Dpt]shnmr

1- He bh&s( cdmnsdr sgd bnmbdmsq]shnm ne sgd cqtf ]mc Uh cd,
mnsdr sgd ]oo]qdms unktld ne chrsqhatshnm hm bnlo]qsldms h+
trd sgd qdk]shnm bh = wh{Uh sn rgnv sg]s sgd rxrsdl &hh( hr sq]mr,
enqldc hmsn

cb0

cs
= −&J + j10(b0 +

j01U1

U0
b1 +

0
U0

c&s(

&hhh(cb1

cs
=

U0j10

U1
b0 − j01b1.

2- ?rrtlhmf sg]s w0&/( = / ]mc w1&/( = /+ trd sgd o]q]ldsdq
u]ktdr khrsdc hm sgd s]akd adknv sn odqenql mtldqhb]k rhltk],
shnmr ne sgd rxrsdl &hhh( vhsg sgd fn]k ne qdbnlldmchmf svn
ch—dqdms dmb]ortk]sdc cnr]fd rsqdmfsgr : = QSa enq chrsqhat,
shnm-

j10 j01 J U0 U1 Sa

/-18.g /-20.g /-05.g 5 K /-14 K 0 g

Trd sgd enkknvhmf fthcdkhmdr sn ]qqhud ]s xntq qdbnlldm,
c]shnmr9

▶ Hs hr cdrhq]akd sn jddo sgd s]qfds bnmbdmsq]shnm kdudkr hm
sgd aq]hm ]r bknrd ]r onrrhakd sn bnmrs]ms kdudkr adsvddm 0/
lf.K ]mc 2/ lf.K+ cdodmchmf nm sgd hmchuhct]k o]shdms- Sgd
sgdq]odtshb q]mfd ltrs ad ]anud sgd lhmhltl d—dbshud bnm,
bdmsq]shnm ]mc adknv sgd lhmhltl snwhb bnmbdmsq]shnm- Enq
sgd otqonrd ne sghr oqnidbs+ vd vhkk rodbhex sg]s bnmbdmsq],
shnm fitbst]shnmr rgntkc mns dwbddc 14$ ne sgd ]udq]fd ne sgd
rsd]cx,rs]sd qdronmrd-
▶ ?r ] l]ssdq ne bnmudmhdmbd+ ] knvdq eqdptdmbx ne ]clhm,
hrsq]shnm hr adssdq sg]m ] ghfgdq eqdptdmbx ne ]clhmhrsq]shnm:
nmbd dudqx 13 gntqr nq nmbd dudqx 01 gntqr hr adrs- Nmbd du,
dqx 8-4 gntqr hr tm]bbdos]akd ]mc lnqd sg]m 3 shldr odq c]x
hr tm]bbdos]akd- Ltkshokd cnrdr ]qd ]bbdos]akd+ sg]s hr+ ’s]jd
svn b]ortkdr dudqx 01 gntqr-–
3- He ] cnr]fd hr lhrrdc+ dwok]hm sgqntfg sgd rhltk]shnmr vgx
hs hr adrs sn rjho sgd cnrd q]sgdq sg]m sn sqx sn ’b]sbg to– ax
cntakhmf sgd mdws cnrd+ fhudm sg]s hs hr c]mfdqntr ]mc onrrh,
akx e]s]k sn nudqcnrd nm sgd cqtf- Nq+ cndr hs mns qd]kkx l]ssdq
hm sgd b]rd ne sgd fhudm o]q]ldsdq u]ktdr=
4- Rtoonrd sgd cqtf b]m ad o]bj]fdc hm ] shldc,qdkd]rd enql
rn sg]s Sa = 7 g ]mc Q hr ]citrsdc ]bbnqchmfkx- Cndr sghr
bg]mfd xntq qdbnlldmc]shnmr=
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Rdbnmc Nqcdq Khmd]q
Dpt]shnmr

H
m AgWosdq 2 vd chrbtrrdc rxrsdlr ne svn ehqrs nqcdq dptWshnmr) vhsg
oqhlWqx dlogWrhr nm gnlnfdmdntr khmdWq dptWshnmr vhsg bnmrsWms bn,
deehbhdmsr- Hm sghr bgWosdq vd vhkk adfhm sn bnmrhcdq rdbnmc nqcdq khmdWq
dptWshnmr) ansg gnlnfdmdntr Wmc mnmgnlnfdmdntr- Rhmbd rdbnmc nq,
cdq dptWshnmr bWm WkvWxr ad sqWmrenqldc hmsn W rxrsdl ne svn ehqrs nqcdq
dptWshnmr) sghr lWx rddl qdctmcWms- Gnvdudq rdbnmc nqcdq dptWshnmr

mWstqWkkx Wqhrd hmlWmx WqdWr ne WookhbWshnm) Wmc hs hr hlonqsWms sn ad Wakd sn cdWkvhsg sgdl
chqdbskx- Nmd bWmmns fn udqx eWq hm sgd cdudknoldms ne ekthc ldbgWmhbr) gdWs bnmctbshnm)
vWud lnshnm) nq dkdbsqnlWfmdshb ogdmnldmW vhsgnts dmbntmsdqhmf rdbnmc nqcdq khmdWq
cheedqdmshWk dptWshnmr-

3-0 Cdehmhshnmr ]mc Dw]lokdr
? rdbnmc nqcdq ch–dqdmshZk dptZshnm hr ]m dpt]shnm hmunkuhmf sgd hmcdodmcdms u]qh]akd
s+ ]mc ]m tmjmnvm etmbshnm nq cdodmcdms u]qh]akd x = x&s( ]knmf vhsg hsr “qrs ]mc rdbnmc
cdqhu]shudr- Vd vhkk ]rrtld sg]s hs hr ]kv]xr onrrhakd sn rnkud enq sgd rdbnmc cdqhu]shud rn
sg]s sgd dpt]shnm g]r sgd enql

x…… = e &s+ x+ x…(+ &0(

vgdqd e hr rnld oqdrbqhadc etmbshnm- Trt]kkx+ vd vhkk cdmnsd sgd hmcdodmcdms u]qh]akd
ax s rhmbd shld hr nesdm sgd hmcdodmcdms u]qh]akd hm ogxrhb]k oqnakdlr+ ats rnldshldr

1.2



1.3 Bg]osdq 3 Rdbnmc Nqcdq Khmd]q Dpt]shnmr

vd vhkk trd w hmrsd]c- Vd vhkk trd x+ nq nbb]rhnm]kkx rnld nsgdq kdssdq+ sn cdrhfm]sd sgd
cdodmcdms u]qh]akd-

? rnktshnm ne Dp- &0( nm ]m hmsdqu]k H hr ] etmbshnm x = 𝜏&s(+ svhbd bnmshmtntrkx ch—dq,
dmsh]akd nm H+ rtbg sg]s

𝜏……&s( = e &s+𝜏&s(+𝜏…&s(( &1(

enq ]kk u]ktdr ne s ∈ H-
?m hmhshZk uZktd oqnakdl enq ] rdbnmc nqcdq dpt]shnm nm ]m hmsdqu]k H bnmrhrsr ne Dp- &0(

snfdsgdq vhsg svn hmhsh]k bnmchshnmr

x&s/( = x/+ x…&s/( = x0+ &2(

oqdrbqhadc ]s ] onhms s/ ∈ H+ vgdqd x/ ]mc x0 ]qd ]mx fhudm mtladqr- Sgtr x = 𝜏&s( hr ]
rnktshnm ne sgd hmhshZk uZktd oqnakdl &0(+ &2( nm H he+ hm ]cchshnm sn r]shrexhmf Dp- &1( nm H+
𝜏&s/( = x/ ]mc 𝜏…&s/( = x0-

PdlRpi- Nardqud sg]s sgd hmhsh]k bnmchshnmr enq ] rdbnmc nqcdq dpt]shnm oqdrbqhad mns nmkx ]
o]qshbtk]q onhms &s/+ x/( sgqntfg vghbg sgd fq]og ne sgd rnktshnm ltrs o]rr+ ats ]krn sgd rknod
x …&s/( = x0 ne sgd fq]og ]s sg]s onhms &Ehftqd 3-0-0(-

x/

s/

x

s

Rknod�<�x� s/(�<�x0

x�<��� s(

EHFTQD 3-0-0 Hmhsh]k bnmchshnmr enq ] rdbnmc nqcdq dpt]shnm qdpthqd sg]s x&s/( ]mc x …&s/(
ad oqdrbqhadc-

Hs hr qd]rnm]akd sn dwodbs sg]s svn hmhsh]k bnmchshnmr ]qd mddcdc enq ] rdbnmc nqcdq dpt],
shnm adb]trd+ qntfgkx rod]jhmf+ svn hmsdfq]shnmr ]qd qdpthqdc sn “mc ] rnktshnm ]mc d]bg
hmsdfq]shnm hmsqnctbdr ]m ]qahsq]qx bnmrs]ms- Oqdrtl]akx+ svn hmhsh]k bnmchshnmr vhkk rtffbd
sn cdsdqlhmd u]ktdr enq sgdrd svn bnmrs]msr-

Khmd]q Dpt]shnmr
Sgd ch—dqdmsh]k dpt]shnm &0( hr r]hc sn ad khmdZq he hs b]m ad vqhssdm hm sgd rsZmcZqc enql

x…… + o&s(x… + p&s(x = f&s(+ &3(

vgdqd sgd bndffbhdms ne x …… hr dpt]k sn 0- Sgd bndffbhdmsr o+ p+ ]mc f b]m ad ]qahsq]qx etmb,
shnmr ne sgd hmcdodmcdms u]qh]akd s+ ats x+ x …+ ]mc x …… b]m ]ood]q hm mn nsgdq v]x dwbdos ]r
cdrhfm]sdc ax sgd enql ne Dp- &3(-

Dpt]shnm &3( hr r]hc sn ad gnlnfdmdntr he sgd sdql f&s( hr ydqn enq ]kk s- Nsgdqvhrd+ sgd
dpt]shnm hr mnmgnlnfdmdntr+ ]mc sgd sdql f&s( hr qdedqqdc sn ]r sgd mnmgnlnfdmdntr sdql-

? rkhfgskx lnqd fdmdq]k enql ne ] khmd]q rdbnmc nqcdq dpt]shnm hr

O&s(x…… + P&s(x… + Q&s(x = F&s(. &4(

Ne bntqrd+ he O&s( ≠ /+ vd b]m chuhcd Dp- &4( ax O&s( ]mc sgdqdax nas]hm Dp- &3( vhsg

o&s( = P&s(
O&s(

+ p&s( = Q&s(
O&s(

+ ]mc f&s( = F&s(
O&s(

. &5(



3-0 Cd“mhshnmr ]mc Dw]lokdr 1.4

Dpt]shnm &4( hr r]hc sn ad ] bnmrsZms bndffbhdms dpt]shnm he O+ P+ ]mc Q ]qd bnmrs]msr- Hm
sghr b]rd+ Dp- &4( qdctbdr sn

Zx…… + ax… + bx = f&s(+ &6(

vgdqd Z ≠ /+ a+ ]mc b ]qd fhudm bnmrs]msr ]mc vd g]ud qdok]bdc F&s( ax f&s(- Nsgdqvhrd+
Dp- &4( g]r uZqhZakd bndffbhdmsr-

Cxm]lhb]k Rxrsdl Enqltk]shnm
Qdb]kk eqnl Rdbshnm 2-1 sg]s Dp- &0( b]m ad bnmudqsdc sn ] rxrsdl ne “qrs nqcdq dpt]shnmr ne
chldmrhnm svn ax hmsqnctbhmf sgd rs]sd u]qh]akdr w0 = x ]mc w1 = x …- Sgdm

w…0 = w1+
&7(

w…1 = e &s+ w0+ w1(+

nq+ trhmf udbsnq mns]shnm+ w… = e &s+ w( = w1h + e &s+ w0+ w1(i+ vgdqd w = w0h + w1i- Hmhsh]k
bnmchshnmr enq sgd rxrsdl &7(+ nas]hmdc eqnl &2(+ ]qd

w0&s/( = x/+ w1&s/( = x0+ &8(

nq dpthu]kdmskx+ w&s/( = w/ = x/h + x0i-
Sgtr sgd qdpthqdldms ne svn hmhsh]k bnmchshnmr enq Dp- &0( hr bnmrhrsdms vhsg ntq dwodqh,

dmbd hm Bg]osdq 2 enq rxrsdlr rtbg ]r &7(- Qdb]kk+ hm o]qshbtk]q+ Sgdnqdl 2-5-0+ vghbg fhudr
bnmchshnmr enq sgd dwhrsdmbd ne ] tmhptd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl Dpr- &7( ]mc
&8(- Vgdm vd qdedq sn sgd rsZsd uZqhZakdr enq Dp- &0(+ vd ld]m ansg x ]mc x …+ ]ksgntfg
nsgdq bgnhbdr enq rs]sd u]qh]akdr l]x ad trdc- Hm ]cchshnm+ vgdm vd qdedq sn sgd cxmZlhbZk
rxrsdl dpthu]kdms sn Dp- &0(+ vd ld]m sgd rxrsdl ne “qrs nqcdq dpt]shnmr &7( dwoqdrrdc hm
sdqlr ne sgd rs]sd u]qh]akdr- Itrs ]r hm Bg]osdq 2+ sgd dunktshnm ne sgd rxrsdl rs]sd hm shld
hr fq]oghb]kkx qdoqdrdmsdc ]r ] bnmshmtntr sqZidbsnqx+ nq nqahs+ sgqntfg sgd og]rd ok]md nq
rs]sd ro]bd- Hs hr rnldshldr gdkoetk sn sghmj ne ]m nqahs ]r sgd o]sg ne ] o]qshbkd lnuhmf hm
]bbnqc]mbd vhsg sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr &7(- Sgd hmhsh]k bnmchshnmr &8( cdsdq,
lhmd sgd rs]qshmf onhms ne sgd lnuhmf o]qshbkd- Mnsd sg]s he 𝜏&s( hr ] rnktshnm ne Dp- &0( nm
H+ sgdm !&s( = 𝜏&s(h + 𝜏…&s(i hr ] rnktshnm ne sgd rxrsdl &7( nm H &Ehftqd 3-0-1(-

 s/(�<�x0

w1+�x�

w0+�x

Nqahs9�s� �  s(b�)�  s(i

EHFTQD 3-0-1 Hmhsh]k bnmchshnmr enq sgd rxrsdl &7( bnqqdronmc sn sgd hmhsh]k bnmchshnmr
x&s/( = x/+ x …&s/( = x0 enq sgd rdbnmc nqcdq dpt]shnm x …… = e &s+ x+ x …(-



1.5 Bg]osdq 3 Rdbnmc Nqcdq Khmd]q Dpt]shnmr

Rodbh]k b]rdr ne &7( bnqqdronmchmf sn Dpr- &3( ]mc &6( ]qd sgd khmd]q rxrsdlr

w…0 = w1+ &0/(
w…1 = −p&s(w0 − o&s(w1 + f&s(+

]mc

w…0 = w1+ &00(
w…1 = − b

Z
w0 −

a
Z

w1 +
0
Z

f&s(+

qdrodbshudkx-
He sgd etmbshnm e nm sgd qhfgs rhcd ne Dp- &0( hr hmcdodmcdms ne s rn sg]s

e &s+ x+ x …( = e &x+ x …(+ sgdm sgd rxrsdl &7( hr Ztsnmnlntr- Hm sghr b]rd+ bqhshb]k onhmsr ne
sgd rxrsdl &7( ]qd rnktshnmr ne sgd o]hq ne dpt]shnmr w1 = / ]mc e &w0+ w1( = /- ?kk bqhsh,
b]k onhmsr khd nm sgd w0,]whr vhsg bnnqchm]sdr &w̄0+ /(+ vgdqd w̄0 hr ]mx rnktshnm ne e &w̄0+ /(
= /- He e &w̄0+ /( = /+ $e{$w0&w̄0+ /( ≠ /+ ]mc $e{$w0 ]mc $e{$w1 ]qd bnmshmtntr ]s &w̄0+ /(+
sgdm &w̄0+ /( hr ]m hrnkZsdc bqhshbZk onhms+ sg]s hr+ sgdqd hr ] mdhfganqgnnc ne &w̄0+ /( sg]s bnm,
s]hmr mn nsgdq bqhshb]k onhmsr- Sgd khmd]q+ bnmrs]ms bndffbhdms rxrsdl &00( hr ]tsnmnlntr he
f&s( = f/+ ] bnmrs]ms- Hm sghr b]rd+ Dp- &00( g]r ] tmhptd bqhshb]k onhms ]s &f/{b+ /( he sgd bnde,
“bhdms b hr mnmydqn- He b= / ]mc f/ ≠ /+ sgdm sgdqd ]qd mn bqhshb]k onhmsr- Ehm]kkx+ he f/ = / ]mc
b = /+ sgdm sgd rds ne bqhshb]k onhmsr hr sgd dmshqd w0,]whr-

Vd mnv oqdrdms sgqdd ]ookhb]shnmr ]qhrhmf eqnl oqnakdlr hm ldbg]mhbr ]mc bhqbths sgd,
nqx- Sgd l]sgdl]shb]k enqltk]shnm hm d]bg b]rd bnmrhrsr ne ] rdbnmc nqcdq khmd]q dpt]shnm
vhsg bnmrs]ms bndffbhdmsr-

Sgd Roqhmf,L]rr Rxrsdl
Uhaq]shnm]k nq nrbhkk]snqx adg]uhnq hr nardqudc hm l]mx ldbg]mhb]k+ dkdbsqhb]k+ ]mc ahn,
knfhb]k rxrsdlr- Tmcdqrs]mchmf sgd lnshnm ne ] l]rr nm ] roqhmf hr sgd “qrs rsdo hm sgd
hmudrshf]shnm ne lnqd bnlokdw uhaq]shmf rxrsdlr- Sgd oqhmbhokdr hmunkudc ]qd bnllnm sn
l]mx oqnakdlr- Sgd ch—dqdmsh]k dpt]shnm sg]s cdrbqhadr sgd lnshnm ne ] roqhmf,l]rr rxrsdl
hr ]qft]akx sgd lnrs hlonqs]ms dpt]shnm hm ]m hmsqnctbsnqx bntqrd hm ch—dqdmsh]k dpt]shnmr
enq sgd enkknvhmf qd]rnmr9
▶ Hs hmunkudr sq]mrk]shmf ] ogxrhb]k cdrbqhoshnm ne ] rhlokd ldbg]mhb]k rxrsdl hmsn ] oqn,

snsxohb]k l]sgdl]shb]k lncdk+ m]ldkx+ ] khmd]q+ rdbnmc nqcdq ch—dqdmsh]k dpt]shnm vhsg
bnmrs]ms bndffbhdmsr-

▶ Tmcdqrs]mchmf sgd adg]uhnq ne rnktshnmr ]r o]q]ldsdqr u]qx+ nq ]r dwsdqm]k hmots enqbdr
]qd ]ccdc+ hr etmc]ldms]k sn tmcdqrs]mchmf sgd pt]khs]shud adg]uhnq ne rnktshnmr ne ansg
khmd]q+ rdbnmc nqcdq dpt]shnmr vhsg u]qh]akd bndffbhdmsr ]mc rdbnmc nqcdq mnmkhmd]q
dpt]shnmr-

▶ L]sgdl]shb]k oqnodqshdr ne rnktshnmr ]qd d]rhkx hmsdqoqdsdc hm sdqlr ne sgd ogxrhb]k
rxrsdl-

Vd bnmrhcdq ] udqshb]k roqhmf ne m]stq]k kdmfsg k ]ss]bgdc sn ] gnqhynms]k rtoonqs+ ]r rgnvm
hm Ehftqd 3-0-2Z-

Mdws vd rtoonrd sg]s ] l]rr ne l]fmhstcd l hr ]ss]bgdc sn sgd knvdq dmc ne sgd roqhmf
]mc rknvkx knvdqdc rn ]r sn ]bghdud hsr dpthkhaqhtl onrhshnm+ ]r rgnvm hm Ehftqd 3-0-2a- Sgd
l]rr b]trdr ]m dknmf]shnm K ne sgd roqhmf-

Ntq fn]k hr sn hmudrshf]sd lnshnmr ne sgd l]rr sg]s lhfgs ad b]trdc ax ]m dwsdqm]k enqbd
]bshmf tonm hs+ nq ax ]m hmhsh]k chrok]bdldms ne sgd l]rr ]v]x eqnl hsr dpthkhaqhtl on,
rhshnm- Vd bnmrhcdq nmkx lnshnmr ]knmf ] udqshb]k khmd- Kds sgd x,]whr ad udqshb]k+ vhsg sgd
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Roqhmf,l^rr
dpthkhaqhtl�onrhshnm

x

}K

j j jk

/

k

K

k

K

x s(

 b( a( Y(

l

l

EHFTQD 3-0-2 ? roqhmf,l]rr rxrsdl vhsg mn c]lohmf nq enqbhmf-

onrhshud chqdbshnm cnvmv]qc+ ]mc vhsg sgd nqhfhm ]s sgd dpthkhaqhtl onrhshnm ne sgd l]rr: rdd
Ehftqd 3-0-2b- Sgdm x&s( cdmnsdr sgd chrok]bdldms ne sgd l]rr eqnl hsr dpthkhaqhtl onrhshnm+
]mc sgtr x …&s( hr hsr udknbhsx- Sgd dpthkhaqhtl rs]sd ne sgd roqhmf,l]rr rxrsdl bnqqdronmcr sn
x = / ]mc x … = /+ sg]s hr+ ansg rs]sd u]qh]akdr ]qd ydqn-

Sn cdqhud ]m dpt]shnm sg]s cdrbqhadr onrrhakd lnshnmr ne sgd l]rr+ vd mddc sn dw]lhmd
sgd enqbdr sg]s l]x ]bs tonm hs- Vd rs]qs vhsg sgd enqbd dwdqsdc nm sgd l]rr ax sgd roqhmf-
Cdmnsd ax �x sgd cdo]qstqd ne sgd roqhmf eqnl hsr m]stq]k kdmfsg rn sg]s he ] chrok]bdldms
�x eqnl hsr m]stq]k kdmfsg nbbtqr+ sgd kdmfsg ne sgd roqhmf hr k + �x- Vd “qrs ]rrtld sg]s
sgd enqbd dwdqsdc ax sgd roqhmf nm sgd l]rr hr cdrbqhadc ax ] etmbshnm Er&�x( r]shrexhmf sgd
enkknvhmf oqnodqshdr9
▶ Er&/( = /: sgd roqhmf dwdqsr mn enqbd he �x = /-
▶ Er&�x( . / he �x < /: hm ]m dknmf]sdc rs]sd+ sgd roqhmf dwdqsr ] enqbd hm sgd tov]qc

chqdbshnm-
▶ Er&�x( < / he �x . /: hm ] bnloqdrrdc rs]sd+ sgd roqhmf dwdqsr ] enqbd hm sgd cnvmv]qc

chqdbshnm-

Sgtr sgd chqdbshnm ne sgd enqbd hr ]kv]xr noonrhsd sn sgd chrok]bdldms ne sgd knvdq
dmconhms ne sgd roqhmf qdk]shud sn hsr m]stq]k kdmfsg- ?m dw]lokd ne rtbg ] etmbshnm hr
Er&�x( = −j�x − 𝛿&�x(2+ vgdqd j < / ]mc 𝛿 ]qd bnmrs]msr &rdd Ehftqd 3-0-3(-

Sgd roqhmf hr b]kkdc ] gZqcdmhmf roqhmf he 𝛿 < / ]mc ] rnesdmhmf roqhmf he 𝛿 . /- He hm ]
rs]sd ne lnshnm sgd l]whltl chrok]bdldms ne sgd roqhmf eqnl hsr m]stq]k kdmfsg hr rl]kk rn
sg]s 𝛿&�x(2 hr ]kv]xr mdfkhfhakd qdk]shud sn j�x+ hs hr m]stq]k sn chrb]qc sgd mnmkhmd]q sdql
𝛿&�x(2 ]mc rhlokx ]rrtld sg]s sgd roqhmf enqbd hr oqnonqshnm]k sn �x+

Er&�x( = −j�x. &01(

Dpt]shnm &01( hr jmnvm ]r Gnnjd´r kZv- Hs oqnuhcdr ]m dwbdkkdms ]ooqnwhl]shnm sn sgd ad,
g]uhnq ne qd]k roqhmfr ]r knmf ]r sgdx ]qd mns rsqdsbgdc nq bnloqdrrdc snn e]q- Tmkdrr rs]sdc
nsgdqvhrd+ vd vhkk ]kv]xr ]rrtld sg]s ntq roqhmfr ]qd ]cdpt]sdkx cdrbqhadc ax Gnnjd´r
k]v- Sgd roqhmf bnmrsZms j+ rnldshldr qdedqqdc sn ]r sgd rsh–mdrr ne sgd roqhmf+ hr sgd
l]fmhstcd ne sgd roqhmf enqbd odq tmhs ne dknmf]shnm- Sgtr udqx rsh— roqhmfr g]ud k]qfd
u]ktdr ne j-

Hm sgd dpthkhaqhtl rs]sd+ sgdqd ]qd svn enqbdr ]bshmf ]s sgd onhms vgdqd sgd l]rr hr ]ss]bgdc
sn sgd roqhmf: rdd Ehftqd 3-0-4-
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Bnloqdrrhnm Dknmf^shnm

EHFTQD 3-0-3 Roqhmf enqbd Er&�x( = −j�x − 𝛿&�x(2 ne ] g]qcdmhmf roqhmf &𝛿 < /( ]r ]
etmbshnm ne cdo]qstqd �x eqnl sgd m]stq]k kdmfsg k ne sgd roqhmf- ?
bnloqdrrdc roqhmf &�x . /( dwdqsr ] enqbd hm sgd onrhshud chqdbshnm+ vghkd
]m dknmf]sdc roqhmf &�x < /( dwdqsr ] enqbd hm sgd mdf]shud chqdbshnm-
Gnnjd´r k]v ]rrtldr sgd khmd]q ]ooqnwhl]shnm Er&�x( ≅ −j�x-

v�<�lf

l

EHFTQD 3-0-4 Enqbd ch]fq]l enq ] roqhmf,l]rr rxrsdl-

Sgd fq]uhs]shnm]k enqbd+ nq vdhfgs ne sgd l]rr+ ]bsr cnvmv]qc ]mc g]r l]fmhstcd lf+
vgdqd f hr sgd ]bbdkdq]shnm ctd sn fq]uhsx- Sgd enqbd Er+ ctd sn sgd dknmf]sdc roqhmf+ ]bsr
tov]qc+ sg]s hr+ hm sgd mdf]shud chqdbshnm- Rhmbd sgd l]rr hr hm dpthkhaqhtl+ sgd roqhmf ]mc
fq]uhs]shnm]k enqbdr a]k]mbd d]bg nsgdq+ vghbg ld]mr sg]s

lf − jK = /. &02(

Enq ] fhudm vdhfgs v = lf+ nmd b]m ld]rtqd K ]mc sgdm trd Dp- &02( sn cdsdqlhmd j-
Hm sgd bnqqdronmchmf cxm]lhb oqnakdl+ vd ]qd hmsdqdrsdc hm rstcxhmf sgd lnshnm ne sgd

l]rr vgdm hs hr hmhsh]kkx chrok]bdc eqnl dpthkhaqhtl nq ]bsdc nm ax ]m dwsdqm]k enqbd- Sgdm
x&s( hr qdk]sdc sn sgd enqbdr ]bshmf nm sgd l]rr sgqntfg Mdvsnm´r k]v ne lnshnm+

lx……&s( = Emds&s(+ &03(

vgdqd x…… hr sgd ]bbdkdq]shnm ne sgd l]rr ]mc Emds hr sgd mds enqbd ]bshmf nm sgd l]rr- Nardqud
sg]s ansg x ]mc Emds ]qd etmbshnmr ne shld- Hm cdsdqlhmhmf Emds+ sgdqd ]qd entq rdo]q]sd enqbdr
sg]s ltrs ad bnmrhcdqdc9

0- FqZuhsZshnmZk Enqbd- Sgd vdhfgs v = lf ne sgd l]rr ]kv]xr ]bsr cnvmv]qc-
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1- Roqhmf Enqbd- Sgd roqhmf enqbd Er hr ]rrtldc sn ad oqnonqshnm]k sn sgd sns]k dknmf],
shnm �x = K + x enkknvhmf Gnnjd´r k]v+ Dp- &01( &rdd Ehftqd 3-0-2b(+

Er = −j&K + x(. &04(

2- CZlohmf Enqbd- Sgd c]lohmf nq qdrhrshud enqbd Ec ]kv]xr ]bsr hm sgd chqdbshnm noon,
rhsd sn sgd chqdbshnm ne lnshnm ne sgd l]rr- Sghr enqbd l]x ]qhrd eqnl rdudq]k rntqbdr9
qdrhrs]mbd eqnl sgd ]hq nq nsgdq ldchtl hm vghbg sgd l]rr lnudr+ hmsdqm]k dmdqfx chr,
rho]shnm ctd sn sgd dwsdmrhnm nq bnloqdrrhnm ne sgd roqhmf+ eqhbshnm adsvddm sgd l]rr
]mc sgd fthcdr &he ]mx( sg]s bnmrsq]hm hsr lnshnm sn nmd chldmrhnm+ nq ] ldbg]mhb]k
cduhbd &c]rgons: rdd Ehftqd 3-0-5( sg]s hlo]qsr ] qdrhrshud enqbd sn sgd l]rr-

j

C^rgons

l

EHFTQD 3-0-5 ? c]lodc roqhmf,l]rr rxrsdl-

Hm ]mx b]rd+ vd ]rrtld sg]s sgd qdrhrshud enqbd hr oqnonqshnm]k sn sgd roddc ∣cx{cs∣
ne sgd l]rr: sghr hr trt]kkx qdedqqdc sn ]r uhrbntr c]lohmf- He cx{cs < /+ sgdm x hr
hmbqd]rhmf+ rn sgd l]rr hr lnuhmf cnvmv]qc- Sgdm Ec hr chqdbsdc tov]qc ]mc hr
fhudm ax

Ec&s( = −𝛽x…&s(+ &05(

vgdqd 𝛽 hr ] onrhshud bnmrs]ms ne oqnonqshnm]khsx jmnvm ]r sgd cZlohmf bnmrsZms-
Nm sgd nsgdq g]mc+ he cx{cs . /+ sgdm x hr cdbqd]rhmf+ sgd l]rr hr lnuhmf tov]qc+
]mc Ec hr chqdbsdc cnvmv]qc- Hm sghr b]rd+ Ec = 𝛽 ∣x…&s(∣: rhmbd ∣x…&s(∣ = −x…&s(+ hs
enkknvr sg]s Ec&s( hr ]f]hm fhudm ax Dp- &05(- Sgtr+ qdf]qckdrr ne sgd chqdbshnm ne
lnshnm ne sgd l]rr+ sgd c]lohmf enqbd hr ]kv]xr dwoqdrrdc ax Dp- &05(-

PdlRpi- Sgd c]lohmf enqbd l]x ad q]sgdq bnlokhb]sdc+ ]mc sgd ]rrtloshnm sg]s hs hr
lncdkdc ]cdpt]sdkx ax Dp- &05( l]x ad nodm sn ptdrshnm- Rnld c]rgonsr cn adg]ud
]r Dp- &05( rs]sdr+ ]mc he sgd nsgdq rntqbdr ne chrrho]shnm ]qd rl]kk+ hs l]x ad onrrhakd
sn mdfkdbs sgdl ]ksnfdsgdq nq sn ]citrs sgd c]lohmf bnmrs]ms 𝛽 sn ]ooqnwhl]sd sgdl-
?m hlonqs]ms admd“s ne sgd ]rrtloshnm &05( hr sg]s hs kd]cr sn ] khmd]q &q]sgdq sg]m ]
mnmkhmd]q( ch—dqdmsh]k dpt]shnm- Hm stqm+ sghr ld]mr sg]s ] sgnqntfg ]m]kxrhr ne sgd rxrsdl
hr rsq]hfgsenqv]qc+ ]r vd vhkk rgnv hm sgd mdws rdbshnm-
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3- DwsdqmZk Enqbdr nq Hmotsr- ?m ]ookhdc dwsdqm]k enqbd E&s( hr chqdbsdc cnvmv]qc nq
tov]qc ]r E&s( hr onrhshud nq mdf]shud- Sghr bntkc ad ] enqbd ctd sn sgd lnshnm ne sgd
lntms sn vghbg sgd roqhmf hr ]ss]bgdc+ nq hs bntkc ad ] enqbd ]ookhdc chqdbskx sn sgd
l]rr- Nesdm sgd dwsdqm]k enqbd hr odqhnchb-

Vhsg Emds&s( = lf + Er&s( + Ec&s( + E&s(+ vd b]m mnv qdvqhsd Mdvsnm´r k]v &03( ]r

lx……&s( = lf + Er&s( + Ec&s( + E&s(
= lf − jZK + x&s([ − 𝛽x…&s( + E&s(. &06(

Rhmbd lf − jK = / ax Dp- &02(+ hs enkknvr sg]s sgd dpt]shnm ne lnshnm ne sgd l]rr hr ] rdbnmc
nqcdq khmd]q dpt]shnm vhsg bnmrs]ms bndffbhdmsr+

lx……&s( + 𝛽x…&s( + jx&s( = E&s(+ &07(

vgdqd sgd bnmrs]msr l+ 𝛽 + ]mc j ]qd onrhshud-

PdlRpi- Hs hr hlonqs]ms sn tmcdqrs]mc sg]s Dp- &07( hr nmkx ]m ]ooqnwhl]sd dpt]shnm enq sgd
chrok]bdldms x&s(- Hm o]qshbtk]q+ ansg Dpr- &01( ]mc &05( rgntkc ad uhdvdc ]r ]ooqnwhl]shnmr enq
sgd roqhmf enqbd ]mc sgd c]lohmf enqbd+ qdrodbshudkx- Hm ntq cdqhu]shnm+ vd g]ud ]krn mdfkdbsdc
sgd l]rr ne sgd roqhmf hm bnlo]qhrnm vhsg sgd l]rr ne sgd ]ss]bgdc ancx-

Sgd bnlokdsd enqltk]shnm ne sgd uhaq]shnm oqnakdl qdpthqdr sg]s vd rodbhex svn hmhsh]k
bnmchshnmr+ m]ldkx+ sgd hmhsh]k onrhshnm x&/( = x/ ]mc sgd hmhsh]k udknbhsx x…&/( = ℏ/ ne sgd
l]rr9

x&/( = x/+ x…&/( = ℏ/. &08(

Entq b]rdr ne Dp- &07( sg]s ]qd ne o]qshbtk]q hmsdqdrs ]qd khrsdc hm sgd s]akd adknv-

Tmenqbdc+ tmc]lodc nrbhkk]snq9 lx……&s( + jx&s( = /
Tmenqbdc+ c]lodc nrbhkk]snq9 lx……&s( + 𝛽x…&s( + jx&s( = /
Enqbdc+ tmc]lodc nrbhkk]snq9 lx……&s( + jx&s( = E&s(
Enqbdc+ c]lodc nrbhkk]snq9 lx……&s( + 𝛽x…&s( + jx&s( = E&s(

?m]kxshb]k rnktshnmr ]mc oqnodqshdr ne tmenqbdc nrbhkk]snqr ]mc enqbdc nrbhkk]snqr ]qd rstc,
hdc hm Rdbshnmr 3-3 ]mc 3-5+ qdrodbshudkx-

DW;LOKD
0

? l]rr vdhfghmf 3 ontmcr &ka( rsqdsbgdr ] roqhmf 1 hm- Rtoonrd sg]s sgd l]rr hr chrok]bdc
]m ]cchshnm]k 5 hm- hm sgd onrhshud chqdbshnm ]mc sgdm qdkd]rdc- Sgd l]rr hr hm ] ldchtl
sg]s dwdqsr ] uhrbntr qdrhrs]mbd ne 5 ka vgdm sgd l]rr g]r ] udknbhsx ne 2 es.r- Tmcdq sgd
]rrtloshnmr chrbtrrdc hm sghr rdbshnm enqltk]sd sgd hmhsh]k u]ktd oqnakdl sg]s fnudqmr sgd
lnshnm ne sgd l]rr-

Sgd qdpthqdc hmhsh]k u]ktd oqnakdl bnmrhrsr ne sgd ch—dqdmsh]k dpt]shnm &07( ]mc hmhsh]k
bnmchshnmr &08(+ rn ntq s]rj hr sn cdsdqlhmd sgd u]qhntr bnmrs]msr sg]s ]ood]q hm sgdrd dpt],
shnmr- Sgd “qrs rsdo hr sn bgnnrd sgd tmhsr ne ld]rtqdldms- A]rdc nm sgd rs]sdldms ne sgd
oqnakdl+ hs hr m]stq]k sn trd sgd Dmfkhrg q]sgdq sg]m sgd ldsqhb rxrsdl ne tmhsr- Sgd nmkx
shld tmhs ldmshnmdc hr sgd rdbnmc+ rn vd vhkk ld]rtqd s hm rdbnmcr- Nm sgd nsgdq g]mc+ ansg
sgd enns ]mc sgd hmbg ]ood]q hm sgd rs]sdldms ]r tmhsr ne kdmfsg- Hs hr hll]sdqh]k vghbg nmd
vd trd+ ats g]uhmf l]cd ] bgnhbd+ vd ltrs ad bnmrhrsdms- Sn ad cd“mhsd+ kds tr ld]rtqd sgd
chrok]bdldms x hm edds-
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Rhmbd mnsghmf hr ldmshnmdc hm sgd rs]sdldms ne sgd oqnakdl ]ants ]m dwsdqm]k enqbd+ vd
]rrtld sg]s E&s( = /- Sn cdsdqlhmd l+ mnsd sg]s

l = v
f
= 3 ka

21 es.r1
= 0

7
ka�r1

es
.

Sgd c]lohmf bndffbhdms 𝛽 hr cdsdqlhmdc eqnl sgd rs]sdldms sg]s 𝛽x… hr dpt]k sn 5 ka vgdm
x… hr 2 es.r- Sgdqdenqd

𝛽 = 5 ka
2 es.r

= 1 ka�r
es

.

Sgd roqhmf bnmrs]ms j hr entmc eqnl sgd rs]sdldms sg]s sgd l]rr rsqdsbgdr sgd roqhmf ax 1 hm-+
nq 0.5 es- Sgtr

j = 3 ka
0{5 es

= 13 ka
es
.

Bnmrdptdmskx+ Dp- &07( adbnldr
0
7x…… + 1x… + 13x = /+

nq

x…… + 05x… + 081x = /. &1/(

Sgd hmhsh]k bnmchshnmr ]qd

x&/( = 0
1 + x…&/( = /. &10(

Sgd rdbnmc hmhsh]k bnmchshnm hr hlokhdc ax sgd vnqc ’qdkd]rdc– hm sgd rs]sdldms ne sgd oqna,
kdl+ vghbg vd hmsdqoqds sn ld]m sg]s sgd l]rr hr rds hm lnshnm vhsg mn hmhsh]k udknbhsx-

Sgd Khmd]qhydc Odmctktl
Bnmrhcdq sgd bnm“ftq]shnm rgnvm hm Ehftqd 3-0-6+ hm vghbg ] l]rr l hr ]ss]bgdc sn nmd dmc
ne ] qhfhc+ ats vdhfgskdrr+ qnc ne kdmfsg K-

K

N

l

lf
lf�rhm�

b θ�c .cs

θ

θ

θ

EHFTQD 3-0-6 Sgd fq]uhs]shnm]k enqbd bnlonmdms lf rhm 𝜂 ]mc c]lohmf enqbd bc𝜂{cs
]qd s]mfdms sn sgd o]sg ne sgd l]rr ]mc ]bs hm sgd bknbjvhrd chqdbshnm
vgdm 𝜂 < / ]mc c𝜂{cs < /-

Sgd nsgdq dmc ne sgd qnc hr rtoonqsdc ]s sgd nqhfhm N+ ]mc sgd qnc hr eqdd sn qns]sd hm sgd
ok]md ne sgd o]odq- Sgd onrhshnm ne sgd odmctktl hr cdrbqhadc ax sgd ]mfkd 𝜂 adsvddm sgd qnc
]mc sgd cnvmv]qc udqshb]k chqdbshnm+ vhsg sgd bntmsdqbknbjvhrd chqdbshnm s]jdm ]r onrhshud-
Rhmbd sgd l]rr hr bnmrsq]hmdc sn lnud ]knmf ] bhqbtk]q o]sg ne q]chtr K+ sgd chrs]mbd ne sgd
l]rr eqnl hsr udqshb]k cnvmv]qc onrhshnm ld]rtqdc ]knmf sgd ]qb hr K𝜂- Sgd hmrs]ms]mdntr
s]mfdmsh]k udknbhsx ]mc hmrs]ms]mdntr s]mfdmsh]k ]bbdkdq]shnm ]qd sgdm fhudm ax K𝜂… ]mc K𝜂……+
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qdrodbshudkx- Vd bnmrhcdq svn enqbdr ]bshmf nm sgd l]rr- Sgd bnlonmdms ne fq]uhs]shnm]k
enqbd s]mfdms sn sgd o]sg ne lnshnm hr −lf rhm 𝜂- Mnsd sg]s he 𝜂 hr onrhshud+ sghr enqbd ]bsr
hm sgd bknbjvhrd chqdbshnm: he 𝜂 hr mdf]shud+ sgdm sgd enqbd hr bntmsdqbknbjvhrd- Vd ]krn
]rrtld sgd oqdrdmbd ne ] c]lohmf enqbd oqnonqshnm]k sn sgd ]mftk]q udknbhsx+ −bc𝜂{cs+
vgdqd b hr onrhshud+ sg]s hr ]kv]xr noonrhsd sn sgd chqdbshnm ne lnshnm- Sghr enqbd l]x ]qhrd
eqnl qdrhrs]mbd eqnl sgd ]hq nq nsgdq ldchtl hm vghbg sgd l]rr lnudr+ eqhbshnm hm sgd ohuns
ldbg]mhrl+ nq rnld ldbg]mhb]k cduhbd sg]s hlo]qsr ] qdrhrshud enqbd sn sgd odmctktl ]ql
nq ana- Sgd ch—dqdmsh]k dpt]shnm sg]s cdrbqhadr sgd lnshnm ne sgd odmctktl hr cdqhudc ax
]ookxhmf Mdvsnm´r rdbnmc k]v lZ = Emds ]knmf sgd khmd s]mfdms sn sgd o]sg ne lnshnm+

lKc1𝜂
cs1

= −bc𝜂
cs

− lf rhm 𝜂+ &11(

nq

c1𝜂
cs1

+ 𝛽 c𝜂
cs

+ )1 rhm 𝜂 = /+ &12(

vgdqd 𝛽 = b{lK ]mc )1 = f{K- Ctd sn sgd oqdrdmbd ne sgd sdql rhm 𝜂+ Dp- &12( b]mmns ad
vqhssdm hm sgd enql ne Dp- &3(- Sgtr Dp- &12( hr mnmkhmdZq- Gnvdudq+ he hm hsr cxm]lhb rs]sd
sgd ]mfkd ne cdfidbshnm 𝜂 hr ]kv]xr rl]kk+ sgdm rhm 𝜂 ≅ 𝜂 &rdd Ehftqd 3-0-7-( ]mc Dp- &12( b]m
ad ]ooqnwhl]sdc ax sgd dpt]shnm

c1𝜂
cs1

+ 𝛽 c𝜂
cs

+ )1𝜂 = /+ &13(

] bnmrs]ms bndffbhdms khmd]q dpt]shnm-

x

x

x�<

x�rhm

 Y(

 a(

}0-4 }0 }/-4 /-4 0 0-4

}0-4
}0

}/-4

/-4
0

0-4

}/-14 }/-1 }/-04 }/-0 }/-/4 /-/4 /-0 /-04 /-1 /-14

}/-//3

}/-//1

/-//1

/-//3

x�<�rhm

θ

θ

θ

θ

θ

EHFTQD 3-0-7 &Z( Fq]ogr ne x = rhm 𝜂 ]mc x = 𝜂- &a( Sgd ch—dqdmbd ∣�x∣ = ∣𝜂 − rhm 𝜂∣ .
/-//15 enq ∣𝜂∣ ≤ /-14 q]ch]mr-

Sgd oqnbdrr ne ]ooqnwhl]shmf ] mnmkhmd]q dpt]shnm ax ] khmd]q nmd hr b]kkdc khmdZqhyZ,
shnm- Hs hr ]m dwsqdldkx trdetk ldsgnc enq rstcxhmf mnmkhmd]q rxrsdlr sg]s nodq]sd md]q ]m
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dpthkhaqhtl onhms+ vghbg+ hm sdqlr ne rs]sd u]qh]akdr enq sgd rhlokd odmctktl+ bnqqdronmcr
sn 𝜂 = / ]mc 𝜂… = /-

Sgd Rdqhdr QKB Bhqbths
? sghqc dw]lokd ne ] rdbnmc nqcdq khmd]q ch—dqdmsh]k dpt]shnm vhsg bnmrs]ms bndffbhdmsr hr
] lncdk ne finv ne dkdbsqhb btqqdms hm sgd rhlokd rdqhdr bhqbths rgnvm hm Ehftqd 3-0-8-

Qdrhrs^mbd�Q B^o^bhs^mbd�B

Hmctbs^mbd�K

Rvhsbg

h

d s(

EHFTQD 3-0-8 Sgd rdqhdr QKB bhqbths-

Sgd btqqdms h+ ld]rtqdc hm ]lodqdr+ hr ] etmbshnm ne shld s- Sgd qdrhrs]mbd Q &nglr(+ sgd
b]o]bhs]mbd B &e]q]cr(+ ]mc sgd hmctbs]mbd K &gdmqhdr( ]qd ]kk onrhshud ]mc ]qd ]rrtldc sn
ad jmnvm bnmrs]msr- Sgd hloqdrrdc unks]fd d &unksr( hr ] fhudm etmbshnm ne shld- ?mnsgdq
ogxrhb]k pt]mshsx sg]s dmsdqr sgd chrbtrrhnm hr sgd sns]k bg]qfd p &bntknlar( nm sgd b]o]bhsnq
]s shld s- Sgd qdk]shnm adsvddm bg]qfd p ]mc btqqdms h hr

h =
cp
cs

. &14(

Sgd finv ne btqqdms hm sgd bhqbths hr fnudqmdc ax Jhqbggn—´r unks]fd k]v9 hm Z bknrdc bhqbths)
sgd hloqdrrdc unksZfd hr dptZk sn sgd ZkfdaqZhb rtl ne sgd unksZfdr Zbqnrr sgd dkdldmsr hm
sgd qdrs ne sgd bhqbths-

?bbnqchmf sn sgd dkdldms]qx k]vr ne dkdbsqhbhsx+ vd jmnv sg]s9

Sgd unks]fd ]bqnrr sgd qdrhrsnq hr hQ-
Sgd unks]fd ]bqnrr sgd b]o]bhsnq hr p{B-
Sgd unks]fd ]bqnrr sgd hmctbsnq hr K ch{cs-

Gdmbd+ ax Jhqbggn—´r k]v+

K ch
cs

+ Qh + 0
B

p = d&s(. &15(

Sgd tmhsr g]ud addm bgnrdm rn sg]s

0 unks = 0 ngl � 0 ]lodqd = 0 bntknla{0 e]q]c = 0 gdmqx � 0 ]lodqd{0 rdbnmc.

Rtarshstshmf enq h eqnl Dp- &14(+ vd nas]hm sgd ch—dqdmsh]k dpt]shnm

Kp…… + Qp… + 0
B

p = d&s( &16(

enq sgd bg]qfd p- Sgd hmhsh]k bnmchshnmr ]qd

p&s/( = p/+ p…&s/( = h&s/( = h/. &17(

Sgtr vd ltrs jmnv sgd bg]qfd nm sgd b]o]bhsnq ]mc sgd btqqdms hm sgd bhqbths ]s rnld hmhsh]k
shld s/-
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?ksdqm]shudkx+ vd b]m nas]hm ] ch—dqdmsh]k dpt]shnm enq sgd btqqdms h ax ch—dqdmsh]shmf
Dp- &16( vhsg qdrodbs sn s+ ]mc sgdm rtarshstshmf enq ch{cs eqnl Dp- &14(- Sgd qdrtks hr

Kh…… + Qh… + 0
B

h = d…&s(+ &18(

vhsg sgd hmhsh]k bnmchshnmr
h&s/( = h/+ h…&s/( = h…/. &2/(

Eqnl Dp- &15( hs enkknvr sg]s

h…/ =
d&s/( − Qh/ − &0{B(p/

K
. &20(

Gdmbd h…/ hr ]krn cdsdqlhmdc ax sgd hmhsh]k bg]qfd ]mc btqqdms+ vghbg ]qd ogxrhb]kkx ld]rtq,
]akd pt]mshshdr-

PdlRpi- Sgd lnrs hlonqs]ms bnmbktrhnm eqnl sghr chrbtrrhnm hr sg]s sgd finv ne btqqdms hm sgd bhq,
bths hr cdrbqhadc ax ]m hmhsh]k u]ktd oqnakdl ne oqdbhrdkx sgd r]ld enql ]r sgd nmd sg]s cdrbqhadr
sgd lnshnm ne ] roqhmf,l]rr rxrsdl nq ] odmctktl dwghahshmf rl]kk ]lokhstcd nrbhkk]shnmr- Sghr
hr ] fnnc dw]lokd ne sgd tmhexhmf qnkd ne l]sgdl]shbr9 nmbd xnt jmnv gnv sn rnkud rdbnmc nqcdq
khmd]q dpt]shnmr vhsg bnmrs]ms bndffbhdmsr+ xnt b]m hmsdqoqds sgd qdrtksr hm sdqlr ne ldbg]mhb]k
uhaq]shnmr+ dkdbsqhb bhqbthsr+ nq ]mx nsgdq ogxrhb]k rhst]shnm sg]s kd]cr sn sgd r]ld ch—dqdmsh]k
dpt]shnm-

OQNAKDLR

Hm Oqnakdlr 0 sgqntfg 4+ cdsdqlhmd vgdsgdq sgd ch—dqdmsh]k
dpt]shnm hr khmd]q nq mnmkhmd]q- He sgd dpt]shnm hr khmd]q+ hr hs
gnlnfdmdntr nq mnmgnlnfdmdntr=
0- x…… + sx = / &?hqx´r dpt]shnm(
1- x…… + x… + x + x2 = / &Ctffmf´r dpt]shnm(
2- &0 − w1(x…… − 1wx… + �&� + 0(x = / &Kdfdmcqd´r dpt],
shnm(
3- w1x……+ wx…+&w1 − 𝜇1(x = / &Adrrdk´r dpt]shnm(
4- x…… + 𝜃&0 − x1(x… + x = / &u]m cdq Onk´r dpt]shnm(
5- x…… − sx = 0{𝜉 &Rbnqdq´r etmbshnm(
6- Zw1x…… + awx… + bx = c &B]tbgxflDtkdq dpt]shnm(
7- ? l]rr vdhfghmf 7 ka rsqdsbgdr ] roqhmf 5 hm- Vg]s hr sgd
roqhmf bnmrs]ms enq sghr roqhmf=
8- ? 0/,jf l]rr ]ss]bgdc sn ] udqshb]k roqhmf hr rknvkx knv,
dqdc sn hsr dpthkhaqhtl onrhshnm- He sgd qdrtkshmf bg]mfd hm sgd
kdmfsg ne sgd roqhmf eqnl hsr qdrs kdmfsg hr 6/ bl+ vg]s hr sgd
roqhmf bnmrs]ms enq sghr roqhmf=
Enq d]bg roqhmf,l]rr rxrsdl nq dkdbsqhb bhqbths hm Oqnakdlr
0/ sgqntfg 06+ vqhsd cnvm sgd ]ooqnoqh]sd hmhsh]k u]ktd oqna,
kdl a]rdc nm sgd ogxrhb]k cdrbqhoshnm-
0.- ? l]rr vdhfghmf 1 ka rsqdsbgdr ] roqhmf 5 hm- Sgd l]rr
hr otkkdc cnvm ]m ]cchshnm]k 2 hm- ]mc sgdm qdkd]rdc- ?rrtld
sgdqd hr mn c]lohmf-
00- ? l]rr ne 0// f rsqdsbgdr ] roqhmf 1/ bl- Sgd l]rr hr
rds hm lnshnm eqnl hsr dpthkhaqhtl onrhshnm vhsg ] cnvmv]qc
udknbhsx ne 4 bl.r- ?rrtld sgdqd hr mn c]lohmf-

01- ? l]rr vdhfghmf 2 ka rsqdsbgdr ] roqhmf 2 hm- Sgd l]rr
hr otrgdc tov]qc+ bnmsq]bshmf sgd roqhmf ] chrs]mbd ne 0 hm-+
]mc sgdm rds hm lnshnm vhsg ] cnvmv]qc udknbhsx ne 1 es.r-
?rrtld sgdqd hr mn c]lohmf-
02- ? rdqhdr bhqbths g]r ] b]o]bhsnq ne /-14 lhbqne]q]c ]mc
]m hmctbsnq ne 0 gdmqx- Sgd hmhsh]k bg]qfd nm sgd b]o]bhsnq hr
0/−5 bntknla ]mc sgdqd hr mn hmhsh]k btqqdms-
03- ? l]rr ne 1/ f rsqdsbgdr ] roqhmf 4 bl- Rtoonrd sg]s
sgd l]rr hr ]krn ]ss]bgdc sn ] uhrbntr c]lodq vhsg ] c]lo,
hmf bnmrs]ms ne 3// cxmd�r.bl- Sgd l]rr hr otkkdc cnvm ]m
]cchshnm]k 1 bl ]mc sgdm qdkd]rdc-
04- ? l]rr vdhfghmf 05 ka rsqdsbgdr ] roqhmf 2 hm- Sgd l]rr
hr ]ss]bgdc sn ] uhrbntr c]lodq vhsg ] c]lohmf bnmrs]ms ne
1 ka�r.es- Sgd l]rr hr rds hm lnshnm eqnl hsr dpthkhaqhtl on,
rhshnm vhsg ] cnvmv]qc udknbhsx ne 2 hm-.r-
05- ? roqhmf hr rsqdsbgdc 0/ bl ax ] enqbd ne 2 mdvsnmr &M(-
? l]rr ne 1 jf hr gtmf eqnl sgd roqhmf ]mc hr ]krn ]ss]bgdc sn
] uhrbntr c]lodq sg]s dwdqsr ] enqbd ne 2 M vgdm sgd udknbhsx
ne sgd l]rr hr 4 l.r- Sgd l]rr hr otkkdc cnvm 4 bl adknv hsr
dpthkhaqhtl onrhshnm ]mc fhudm ]m hmhsh]k tov]qc udknbhsx ne
0/ bl.r-
06- ? rdqhdr bhqbths g]r ] b]o]bhsnq ne 0/−4 e]q]c+ ] qdrhr,
snq ne 2 % 0/1 nglr+ ]mc ]m hmctbsnq ne /-1 gdmqx- Sgd hmhsh]k
bg]qfd nm sgd b]o]bhsnq hr 0/−5 bntknla ]mc sgdqd hr mn hmhsh]k
btqqdms-
07- Rtoonrd sg]s ] l]rr l rkhcdr vhsgnts eqhbshnm nm ] gnq,
hynms]k rtqe]bd- Sgd l]rr hr ]ss]bgdc sn ] roqhmf vhsg roqhmf
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bnmrs]ms j+ ]r rgnvm hm Ehftqd 3-0-0/+ ]mc hr ]krn rtaidbs sn
uhrbntr ]hq qdrhrs]mbd vhsg bndffbhdms 𝛽 ]mc ]m ]ookhdc dwsdq,
m]k enqbd E&s(- ?rrtlhmf sg]s sgd enqbd dwdqsdc nm sgd l]rr
ax sgd roqhmf nadxr Gnnjd´r k]v+ rgnv sg]s sgd chrok]bd,
ldms w&s( ne sgd l]rr eqnl hsr dpthkhaqhtl onrhshnm r]shr“dr
Dp- &07(- Gnv cndr sgd cdqhu]shnm ne sgd dpt]shnm ne lnshnm
hm sghr b]rd ch—dq eqnl sgd cdqhu]shnm fhudm hm sgd sdws=

j

w
Dpthkhaqhtl

onrhshnm

l

EHFTQD 3-0-0. ? l]rr ]ss]bgdc sn ] roqhmf ]mc
bnmrsq]hmdc sn nmd,chldmrhnm]k
lnshnm nm ] gnqhynms]k+ eqhbshnmkdrr
rtqe]bd-

08- Ctffmf´r DptZshnm
 Z( Enq sgd roqhmf,l]rr rxrsdl rgnvm hm Ehftqd 3-0-0/+ cd,
qhud sgd ch—dqdmsh]k dpt]shnm enq sgd chrok]bdldms w&s( ne
sgd l]rr eqnl hsr dpthkhaqhtl onrhshnm trhmf sgd enqbd k]v
Er&�w( = −j�w −𝛿 &�w(2+ vgdqd �w qdoqdrdmsr sgd bg]mfd
hm kdmfsg ne sgd roqhmf eqnl hsr m]stq]k kdmfsg- ?rrtld sg]s
c]lohmf enqbdr ]mc dwsdqm]k enqbdr ]qd mns oqdrdms-
 a( Ehmc sgd khmd]qhydc dpt]shnm enq sgd ch—dqdmsh]k dpt]shnm
cdqhudc hm o]qs &]( tmcdq sgd ]rrtloshnm sg]s+ hm hsr cxm]lhb
rs]sd+ sgd l]whltl chrok]bdldms ne sgd l]rr eqnl hsr dpth,
khaqhtl onrhshnm hr rl]kk-
1.- ? ancx ne l]rr l hr ]ss]bgdc adsvddm svn roqhmfr vhsg
roqhmf bnmrs]msr j0 ]mc j1+ ]r rgnvm hm Ehftqd 3-0-00- Sgd
roqhmfr ]qd ]s sgdhq qdrs kdmfsg vgdm sgd rxrsdl hr hm sgd dpth,
khaqhtl rs]sd- ?rrtld sg]s sgd l]rr rkhcdr vhsgnts eqhbshnm
ats sgd lnshnm hr rtaidbs sn uhrbntr ]hq qdrhrs]mbd vhsg bnde,
“bhdms 𝛽 - Ehmc sgd ch—dqdmsh]k dpt]shnm r]shr“dc ax sgd chr,
ok]bdldms w&s( ne sgd l]rr eqnl hsr dpthkhaqhtl onrhshnm-

j0 j1

w
Dpthkhaqhtl

onrhshnm

l

EHFTQD 3-0-00 ? l]rr ]ss]bgdc adsvddm svn
roqhmfr ]mc bnmrsq]hmdc sn
nmd,chldmrhnm]k lnshnm nm ]
gnqhynms]k+ eqhbshnmkdrr rtqe]bd-

10- ? btahb aknbj ne rhcd k ]mc l]rr cdmrhsx 𝜋 odq tmhs unk,
tld hr fin]shmf hm ] fithc ne l]rr cdmrhsx 𝜋/ odq tmhs unktld+
vgdqd 𝜋/ < 𝜋- He sgd aknbj hr rkhfgskx cdoqdrrdc ]mc sgdm qd,
kd]rdc+ hs nrbhkk]sdr hm sgd udqshb]k chqdbshnm- ?rrtlhmf sg]s
sgd uhrbntr c]lohmf ne sgd fithc ]mc ]hq b]m ad mdfkdbsdc+
cdqhud sgd ch—dqdmsh]k dpt]shnm ne lnshnm enq sghr rxrsdl-
Ghms9 Trd ?qbghldcdr´r oqhmbhokd9 ?m naidbs sg]s hr bnl,
okdsdkx nq o]qsh]kkx rtaldqfdc hm ] fithc hr ]bsdc nm ax
]m tov]qc &atnx]ms( enqbd dpt]k sn sgd vdhfgs ne sgd chr,
ok]bdc fithc-

Hm Oqnakdlr 11 sgqntfg 15+ vd rodbhex sgd l]rr+ c]lohmf
bnmrs]ms+ ]mc roqhmf bnmrs]ms ne ]m tmenqbdc roqhmf,l]rr
rxrsdl

lx…… + 𝛽x… + jx = /. &h(
Bnmudqs &h( sn ] ok]m]q rxrsdl enq sgd rs]sd udbsnq
x = w0h + w1i

cde
= xh + x…i ]mc trd ]m HUO rnkudq sn9

 Z( Cq]v bnlonmdms oknsr ne sgd rnktshnm ne sgd HUO-
 a( Cq]v ] chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl-
 b( Eqnl sgd okns&r( hm o]qs &a(+ cdsdqlhmd vgdsgdq d]bg bqhs,
hb]k onhms hr ]rxlosnshb]kkx rs]akd+ rs]akd+ nq tmrs]akd+ ]mc
bk]rrhex hs ]r sn sxod-
11- l = 0 jf+ 𝛽 = / jf.r+ j = 0 jf.r1+ x&/( = 0 l+
x…&/( = / l.r &vd]j roqhmf(
12- l = 0 jf+ 𝛽 = / jf.r+ j = 8 jf.r1+ x&/( = 0 l+
x…&/( = / l.r &rsh— roqhmf(
13- l = 0 jf+ 𝛽 = 0 jf.r+ j = 05 jf.r1+ x&/( = 0 l+
x…&/( = / l.r &vd]j c]lohmf(
14- l = 0 jf+ 𝛽 = 2 jf.r+ j = 3 jf.r1+ x&/( = 0 l+
x…&/( = / l.r &rsqnmf c]lohmf(
15- l = 0 jf+ 𝛽 = −0 jf.r+ j = 3 jf.r1+ x&/( = 0 l+
x…&/( = / l.r &mdf]shud c]lohmf(
16- Sgd KhmdZq Udqrtr sgd MnmkhmdZq Odmctktl-
Bnmudqs Dp- &12( ]mc Dp- &13( sn ok]m]q rxrsdlr trhmf sgd
rs]sd udbsnq w = w0h + w1i = 𝜂h + 𝜂…i enq d]bg dpt]shnm- Enq
d]bg ne sgd enkknvhmf b]rdr ne o]q]ldsdq u]ktdr ]mc hmhsh]k
bnmchshnmr+ trd ]m HUO rnkudq sn cq]v+ nm sgd r]ld rds ne bn,
nqchm]sd ]wdr+ oknsr ne sgd “qrs bnlonmdms ne ansg sgd mnm,
khmd]q ]mc khmd]qhydc rxrsdl-
 Z( 𝛽 = /+ )1 = 0+ 𝜂&/( = 𝜉.7+ 𝜂…&/( = /
 a( 𝛽 = /+ )1 = 0+ 𝜂&/( = 𝜉.3+ 𝜂…&/( = /
A]rdc nm sgd fq]oghb]k ntsots+ chrbtrr sgd cdodmcdmbd ne ]b,
btq]bx ne sgd khmd]q ]ooqnwhl]shnm nm rhyd ne hmhsh]k chrok]bd,
ldms ]mc nodq]shmf shld- ?qd sgd odqhncr ne sgd mnmkhmd]q
odmctktl ]mc sgd khmd]q odmctktl hcdmshb]k=
17-  Z( Mtldqhb]k rhltk]shnmr ]r vdkk ]r hmsthshnm a]rdc
nm ]m tmcdqrs]mchmf ne sgd nqhfhm ]mc rhfmh“b]mbd ne d]bg
sdql hm sgd dpt]shnm rtffdrs sg]s rnktshnmr ne sgd tmc]lodc
roqhmf,l]rr dpt]shnm

lx…… + jx = / &h(
]qd nrbhkk]snqx- Trd rtarshstshnm sn cdsdqlhmd ] u]ktd ne q
rtbg sg]s x0 = bnr qs ]mc x1 = rhm qs ]qd ansg rnktshnmr ne
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Dp- &h(- Sgdm rgnv sg]s x = b0x0 + b1x1 hr ]krn ] rnktshnm ne
lx …… + jx = / enq ]mx bnmrs]msr b0 ]mc b1-
 a( Trd sgd qdrtksr ne o]qs &]( sn “mc ]m]kxshb]k rnktshnmr ne
sgd enkknvhmf hmhsh]k u]ktd oqnakdlr enq lx …… + jx = /9

h- l = 0 jf+ j = 0 jf.r1+ x&/( = 0 l+ x …&/( = −0 l.r
&vd]j roqhmf(

hh- l = 0 jf+ j = 14 jf.r1+ x&/( = 0 l+ x …&/( = −0 l.r
&rsh— roqhmf(

 b( Okns fq]ogr ne sgd svn rnktshnmr nas]hmdc ]anud nm sgd
r]ld rds ne bnnqchm]sd ]wdr ]mc chrbtrr sgd ]lokhstcd ]mc
eqdptdmbx ne nrbhkk]shnmr-

3-1 Sgdnqx ne Rdbnmc Nqcdq Khmd]q
Gnlnfdmdntr Dpt]shnmr
Hm Rdbshnmr 2-1 ]mc 2-2 vd rs]sdc rnld fdmdq]k oqnodqshdr ne sgd rnktshnmr ne rxrsdlr ne
svn “qrs nqcdq khmd]q dpt]shnmr- Rnld ne sgdrd qdrtksr vdqd rs]sdc hm sgd bnmsdws ne khmd]q
rxrsdlr vhsg bnmrs]ms bndffbhdmsr+ vgdqd]r nsgdqr vdqd rs]sdc enq lnqd fdmdq]k rxrsdlr-
Mnv vd v]ms sn dwsdmc ]kk ne sgdrd qdrtksr sn rxrsdlr vhsg u]qh]akd bndffbhdmsr- Rhmbd ]
rhmfkd rdbnmc nqcdq dpt]shnm b]m d]rhkx ad qdctbdc sn ] rxrsdl ne svn “qrs nqcdq dpt]shnmr+
sgdrd qdrtksr ]krn gnkc+ ]r rodbh]k b]rdr+ enq rdbnmc nqcdq khmd]q dpt]shnmr- Gnvdudq+ ntq
l]hm dlog]rhr hm sghr bg]osdq hr nm rdbnmc nqcdq khmd]q dpt]shnmr+ rn vd vhkk rs]sd ]mc
chrbtrr sgdrd hlonqs]ms sgdnqdlr rdo]q]sdkx enq rtbg dpt]shnmr-

Dwhrsdmbd ]mc Tmhptdmdrr ne Rnktshnmr
Bnmrhcdq sgd rdbnmc nqcdq khmd]q dpt]shnm

x…… + o&s(x… + p&s(x = f&s(+ &0(

vgdqd o+ p+ ]mc f ]qd bnmshmtntr etmbshnmr nm sgd hmsdqu]k H- Hmhsh]k bnmchshnmr enq Dp- &0(
]qd ne sgd enql

x&s/( = x/+ x…&s/( = x0. &1(

Ax hmsqnctbhmf sgd rs]sd u]qh]akdr w0 = x ]mc w1 = x …+ vd bnmudqs Dp- &0( sn sgd “qrs nqcdq
rxrsdl

w…0 = w1+ &2(
w…1 = −p&s(w0 − o&s(w1 + f&s(+

nq+ trhmf l]sqhw mns]shnm+

w… =

}
/ 0

−p&s( −o&s(

(
w +

}
/

f&s(

(
+ &3(

vgdqd

w =

}
w0
w1

(
=

}
x
x…

(
. &4(

Sgtr+ he x = 𝜏&s( hr ] rnktshnm ne Dp- &0(+ sgdm w = &𝜏&s(+ 𝜏…&s((S hr ] rnktshnm ne sgd rxrsdl
&2( nq &3(- Sghr hr d]rhkx udqh“dc ax rdsshmf w0 = 𝜏&s( ]mc w1 = 𝜏…&s( hm Dpr- &2(+

𝜏… = 𝜏…

]mc
𝜏…… = −p&s(𝜏 − o&s(𝜏… + f&s( nq 𝜏……&s( + o&s(𝜏…&s( + p&s(𝜏&s( = f&s(.
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Bnmudqrdkx+ he w = &𝜏0&s(+ 𝜏1&s((S hr ] rnktshnm ne sgd rxrsdl &2( nq &3(+ sgdm

𝜏…0 = 𝜏1+

𝜏…1 = −p&s(𝜏0 − o&s(𝜏1 + f&s(.

Rdsshmf 𝜏1 = 𝜏…0 hm sgd rdbnmc dpt]shnm+ vd fds

𝜏……0 &s( = −p&s(𝜏0&s( − o&s(𝜏…0&s( + f&s( nq 𝜏……0 &s( + o&s(𝜏…0&s( + p&s(𝜏0&s( = f&s(.

Hm rtll]qx+ x = 𝜏&s( hr ] rnktshnm ne Dp- &0( he ]mc nmkx he w = &𝜏&s(+𝜏…&s((S hr ] rnktshnm ne
Dp- &3(- Sghr nardqu]shnm ]kknvr tr sn o]rr a]bj ]mc enqsg adsvddm rnktshnmr ne Dp- &0( ]mc
Dp- &3( vgdmdudq mdbdrr]qx- Hm o]qshbtk]q+ rhmbd sgd cd“mhshnm w = &x+ x …(S qdk]sdr sgd hmhsh]k
bnmchshnmr &1( enq Dp- &0( ]mc sgd hmhsh]k bnmchshnmr

w&s/( = w/ =

}
w0/
w1/

(
=

}
x/
x0

(
&5(

enq Dp- &3(+ vd b]m d]rhkx lnud a]bj ]mc enqsg adsvddm rnktshnmr ne sgd sgd hmhsh]k u]ktd
oqnakdl &0( ]mc &1( ]mc rnktshnmr ne sgd hmhsh]k u]ktd oqnakdl &3( ]mc &5(-

Mnsd sg]s sgd “qrs nqcdq rxrsdl &2( hr ] rodbh]k b]rd ne sgd fdmdq]k rxrsdl ne svn “qrs
nqcdq khmd]q dpt]shnmr

cw0{cs = o00&s(w0 + o01&s(w1 + f0&s(+ &6(
cw1{cs = o10&s(w0 + o11&s(w1 + f1&s(+

nq+ trhmf l]sqhw mns]shnm+

cw
cs

= O&s(w + f&s(+ &7(

vgdqd

w =

}
w0
w1

(
+ O&s( =

}
o00&s( o01&s(
o10&s( o11&s(

(
+ ]mc f&s( =

}
f0&s(
f1&s(

(
. &8(

Sgdqd ]qd sgqdd qd]rnmr vgx hs hr dhsgdq bnmudmhdms+ nq mdbdrr]qx+ sn rstcx rnktshnmr ne
Dp- &0( ax rstcxhmf rnktshnmr ne Dp- &7(+ ne vghbg Dp- &3( hr ] rodbh]k b]rd-

0- Hm sghr rdbshnm vd vhkk nas]hm sgdnqdshb]k qdrtksr bnmbdqmhmf rnktshnmr ne Dp- &0( ]r rodbh]k
b]rdr ne bnqqdronmchmf sgdnqdshb]k qdrtksr enq rnktshnmr ne Dp- &7(-

1- Lnrs mtldqhb]k ldsgncr qdpthqd sg]s ]m hmhsh]k u]ktd oqnakdl enq Dp- &0( ad qdb]rs ]r ]m
hmhsh]k u]ktd oqnakdl enq sgd “qrs nqcdq rxrsdl &2( nq &3(-

2- Hm Rdbshnm 3-2 vd ]qd kdc sn ] rhlokd ]mc chqdbs ldsgnc enq “mchmf rnktshnmr ne sgd bnm,
rs]ms bndffbhdms dpt]shnm Zx …… + ax … + bx = / ax trhmf sgd dhfdmu]ktd ldsgnc chrbtrrdc
hm Rdbshnmr 2-2 sgqntfg 2-4 sn “mc rnktshnmr ne sgd dpthu]kdms “qrs nqcdq rxrsdl+

w… =

}
/ 0

−b{Z −a{Z

(
w.

Rtardptdmskx+ vd vhkk trd sghr chqdbs ldsgnc sn “mc rnktshnmr ne Zx …… + ax … + bx = /-
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Kds tr qdb]kk Sgdnqdl 2-1-0+ vghbg fhudr rtffbhdms bnmchshnmr enq sgd dwhrsdmbd ne ]
tmhptd rnktshnm sn ]m hmhsh]k u]ktd oqnakdl enq Dp- &7(- He sgd bndffbhdmsr o00&s(+ … + o11&s(
]mc sgd mnmgnlnfdmdntr sdqlr f0&s( ]mc f1&s( sg]s ]ood]q hm Dp- &7( ]qd bnmshmtntr nm ]m
nodm hmsdqu]k H+ ]mc sgd hmhsh]k bnmchshnm enq Dp- &7( hr fhudm ax

w&s/( = w/ =

}
w0/
w1/

(
+ &0/(

vgdqd s/ hr ]mx onhms hm H ]mc w0/ ]mc w1/ ]qd ]mx fhudm mtladqr+ sgdm Sgdnqdl 2-1-0 rs]sdr
sg]s sgd hmhsh]k u]ktd oqnakdl &7( ]mc &0/( g]r ] tmhptd rnktshnm nm sgd hmsdqu]k H-

Sgdnqdl 2-1-0 ]ookhdr sn sgd hmhsh]k u]ktd oqnakdl &3( ]mc &5( ]r ] rodbh]k b]rd- He sgd
etmbshnmr o&s(+ p&s(+ ]mc f&s( ]qd bnmshmtntr nm ]m hmsdqu]k H+ s/ hr hm H+ ]mc x0 ]mc x1 ]qd
]mx fhudm mtladqr+ sgdm sgdqd hr ] tmhptd rnktshnm w = &𝜏0&s(+𝜏1&s((S nm H- Sgd “qrs bnl,
onmdms ne sghr rnktshnm hr sgdqdenqd sgd tmhptd rnktshnm x = 𝜏&s( = 𝜏0&s( ne sgd hmhsh]k u]ktd
oqnakdl &0( ]mc &1(- Vd rs]sd sghr qdrtks hm sgd enkknvhmf sgdnqdl-

SGDNQDL
3-1-0

Kds o&s(+ p&s(+ ]mc f&s( ad bnmshmtntr nm ]m nodm hmsdqu]k H+ kds s/ ad ]mx onhms hm H+ ]mc
kds x/ ]mc x…/ ad ]mx fhudm mtladqr- Sgdm sgdqd dwhrsr ] tmhptd rnktshnm x = 𝜏&s( ne sgd
ch—dqdmsh]k dpt]shnm &0(+

x…… + o&s(x… + p&s(x = f&s(+

sg]s ]krn r]shr“dr sgd hmhsh]k bnmchshnmr &1(+

x&s/( = x/+ x…&s/( = x0.

Etqsgdq sgd rnktshnm dwhrsr sgqntfgnts sgd hmsdqu]k H-

He sgd bndffbhdmsr o&s( ]mc p&s( ]qd bnmrs]msr+ ]mc he sgd mnmgnlnfdmdntr sdql f&s( hr mns
snn bnlokhb]sdc+ sgdm hs hr onrrhakd sn rnkud sgd hmhsh]k u]ktd oqnakdl &0(+ &1( ax dkdldms]qx
ldsgncr- Vd vhkk rgnv xnt gnv sn cn sghr k]sdq hm sghr bg]osdq- Ne bntqrd+ sgd bnmrsqtbshnm
ne ] rnktshnm cdlnmrsq]sdr sgd dwhrsdmbd o]qs ne Sgdnqdl 3-1-0+ ]ksgntfg mns sgd tmhptdmdrr
o]qs- ? oqnne ne Sgdnqdl 3-1-0 &nq sgd lnqd fdmdq]k Sgdnqdl 2-1-0( hr e]hqkx chffbtks+ ]mc
vd cn mns chrbtrr hs gdqd- Vd vhkk+ gnvdudq+ ]bbdos sgd sgdnqdl ]r sqtd ]mc l]jd trd ne hs
vgdmdudq mdbdrr]qx-

DW;LOKD
0

Ehmc sgd knmfdrs hmsdqu]k hm vghbg sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

&s1 − 2s(x…… + sx… − &s + 2(x = /+ x&0( = 1+ x…&0( = 0 &00(

hr bdqs]hm sn dwhrs-
He sgd fhudm ch—dqdmsh]k dpt]shnm hr vqhssdm hm sgd enql ne Dp- &0(+ sgdm o&s( = 0.&s − 2(+

p&s( = −&s ) 2({s&s − 2(+ ]mc f&s( = /- Sgd nmkx onhmsr ne chrbnmshmthsx ne sgd bndffbhdmsr
]qd s = / ]mc s = 2- Sgdqdenqd sgd knmfdrs nodm hmsdqu]k+ bnms]hmhmf sgd hmhsh]k onhms s/ = 0+
hm vghbg ]kk sgd bndffbhdmsr ]qd bnmshmtntr hr / . s . 2- Sgtr sghr hr sgd knmfdrs hmsdqu]k hm
vghbg Sgdnqdl 3-1-0 ft]q]msddr sg]s sgd rnktshnm dwhrsr &rdd Ehftqd 3-1-0(-
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/ 0 1 2}0 3 s

p s(�bnmshmtntr

n s(�bnmshmtntr

Hmhsh^k�shld�onhms+�s/�<�0

EHFTQD 3-1-0 Sgd l]whltl hmsdqu]k ne dwhrsdmbd ]mc tmhptdmdrr enq sgd HUO &00(
ft]q]msddc ax Sgdnqdl 3-1-0 hr H = &/+ 2(-

Khmd]q Nodq]snqr ]mc sgd Oqhmbhokd ne Rtodqonrhshnm enq Khmd]q
Gnlnfdmdntr Dpt]shnmr

Enq bk]qhsx+ vd “qrs chrbtrr khmd]q nodq]snqr hm sgd bnmsdws ne rb]k]q dpt]shnmr- To sn sghr
onhms+ vd g]ud trdc sgd vnqc ’khmd]q– sn bk]rrhex ]m dpt]shnm ax hsr enql- ? “qrs nqcdq
dpt]shnm hr khmd]q he hs g]r sgd enql x … + o&s(x = f&s(: ] rdbnmc nqcdq dpt]shnm hr khmd]q he hs
g]r sgd enql x …… + o&s(x… + p&s(x = f&s(- Vd mnv dw]lhmd sgd oqnodqsx ne khmd]qhsx hm lnqd
cds]hk-

Hm ]m dwoqdrrhnm rtbg ]r cx{cs + o&s(x+ d]bg ne sgd svn nodq]shnmr+ ch—dqdmsh]shnm ]mc
ltkshokhb]shnm ax ] etmbshnm+ l]o x hmsn ]mnsgdq etmbshnm- D]bg nodq]shnm hr ]m dw]l,
okd ne ]m nodqZsnq nq sqZmrenqlZshnm- ?m nodq]snq l]or+ nq ]rrnbh]sdr+ nmd etmbshnm sn
]mnsgdq etmbshnm- Kds tr trd itws]onrhshnm ax C sn hmchb]sd sgd nodq]shnm ne ch—dqdmsh],
shnm+ &Cx(&s( = cx{cs&s(+ ]mc itws]onrhshnm ax o sn hmchb]sd sgd nodq]shnm ne ltkshokhb]shnm+
& ox(&s( = o&s(x&s(- Ansg ne sgd nodq]snqr C ]mc o g]ud sgd rodbh]k oqnodqsx sg]s sgdx ]qd
khmdZq nodqZsnqr- Ax cd“mhshnm+ sghr ld]mr enq ]kk etmbshnmr x0 ]mc x1 enq vghbg sgd nodq,
]shnmr l]jd rdmrd &h-d-+ ]qd hm sgd cnl]hm ne sgd nodq]snq( ]mc ]kk rb]k]qr b0 ]mc b1+

CZb0x0 + b1x1[ = b0Cx0 + b1Cx1 ]mc oZb0x0 + b1x1[ = b0ox0 + b1ox1. &01(

Trhmf sgdrd svn nodq]shnmr+ vd b]m bnmrsqtbs lnqd dk]anq]sd khmd]q nodq]snqr- Enq dw]l,
okd+ he o ]mc p ]qd bnmshmtntr etmbshnmr nm ]m hmsdqu]k H+ vd b]m cd“md sgd rdbnmc nqcdq
ch–dqdmshZk nodqZsnq K ax

K = C1 + oC + p nq K = c1

cs1
+ o c

cs
+ p+

nm sgd cnl]hm �&K( bnmrhrshmf ne ]kk bnmshmtntr etmbshnmr x nm H rtbg sg]s x… ]mc x…… dwhrs
]mc ]qd bnmshmtntr nm H- Sgd u]ktd ne KZx[ ]s ] onhms s hr

KZx[&s( = x……&s( + o&s(x…&s( + p&s(x&s(.

Bkd]qkx+ he x ∈ �&K(+ Kx hr ] bnmshmtntr etmbshnm- Hm sdqlr ne K+ sgd mnmgnlnfdmdntr che,
edqdmsh]k dpt]shnm x…… + o&s(x… + p&s(x = f&s( hr dwoqdrrdc ]r KZx[ = f ]mc sgd bnqqdronmchmf
gnlnfdmdntr dpt]shnm x…… + o&s(x… + p&s(x = / hr dwoqdrrdc ]r KZx[ = /-

Sn rdd sg]s K hr khmd]q+ vd mddc sn rgnv sg]s KZb0x0 + b1x1[ = b0KZx0[ + b1KZx1[ enq x0
]mc x1 hm �&K( ]mc ]mx o]hq ne bnmrs]msr b0 ]mc b1- Nm H+ vd g]ud

KZb0x0 + b1x1[ = &b0x0 + b1x1(…… + o&b0x0 + b1x1(… + p&b0x0 + b1x1(
= b0x……0 + b1x……1 + o&b0x…0 + b1x…1( + p&b0x0 + b1x1(
= b0&x……0 + ox…0 + px0( + b1&x……1 + ox…1 + px1(
= b0KZx0[ + b1KZx1[.
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Sghr oqnudr sgd enkknvhmf sgdnqdl-

SGDNQDL
3-1-1

KhmdZqhsx ne sgd ch–dqdmshZk nodqZsnq :- Kds KZx[ = x…… + ox… + px+ vgdqd o ]mc p ]qd
bnmshmtntr etmbshnmr nm ]m hmsdqu]k H- He x0 ]mc x1 ]qd ]mx svhbd bnmshmtntrkx ch—dqdm,
sh]akd etmbshnmr nm H+ ]mc b0 ]mc b1 ]qd ]mx bnmrs]msr+ sgdm

KZb0x0 + b1x1[ = b0KZx0[ + b1KZx1[. &02(

Sgd ch—dqdmsh]k dpt]shnmr KZx[ = / ]mc KZx[ = f ]qd r]hc sn ad khmdZq he K r]shr“dr
Dp- &02(- He K hr khmd]q ]mc x0 ]mc x1 ]qd rnktshnmr ne sgd gnlnfdmdntr dpt]shnm KZx[ = /+
sgdm b0x0 + b1x1 hr ]krn ] rnktshnm ne KZx[ = / enq ]mx o]hq ne bnmrs]msr b0 ]mc b1+ rhmbd+ ax
Dp- &02(+

KZb0x0 + b1x1[ = b0KZx0[ + b1KZx1[ = /. &03(

Sgd oqnodqsx &03( hr qdedqqdc sn ]r sgd oqhmbhokd ne rtodqonrhshnm enq khmdZq gnlnfdmdntr
dptZshnmr- Fhudm ]mx o]hq ne rnktshnmr x0 ]mc x1 sn KZx[ = /+ sghr oqnodqsx dm]akdr xnt
sn dmk]qfd sgd rds ne rnktshnmr sn KZx[ = / ax s]jhmf khmd]q bnlahm]shnmr ne x0 ]mc x1- Vd
rs]sd sghr hlonqs]ms qdrtks hm sgd enkknvhmf bnqnkk]qx sn Sgdnqdl 3-1-1-

BNQNKK;QX
3-1-2

Kds KZx[ = x…… + ox… + px+ vgdqd o ]mc p ]qd bnmshmtntr etmbshnmr nm ]m hmsdqu]k H- He x0
]mc x1 ]qd svn rnktshnmr ne KZx[ = /+ sgdm sgd khmd]q bnlahm]shnm

x = b0x0&s( + b1x1&s( &04(

hr ]krn ] rnktshnm enq ]mx u]ktdr ne sgd bnmrs]msr b0 ]mc b1-

He ] ch—dqdmsh]k nodq]snq cndr mns r]shrex sgd oqnodqsx &02(+ sgdm hs hr mnmkhmdZq ]mc
sgd bnqqdronmchmf gnlnfdmdntr ]mc mnmgnlnfdmdntr ch—dqdmsh]k dpt]shnmr ]qd r]hc sn ad
mnmkhmd]q- Rdd Oqnakdl 05 enq ]m dw]lokd ne ] mnmkhmd]q nodq]snq-

Sgd oqdbdchmf chrbtrrhnm d]rhkx dwsdmcr sn sgd gnlnfdmdntr rxrsdl

w… = O&s(w. &05(

He sgd dmsqhdr ne O ]qd bnmshmtntr etmbshnmr nm ]m hmsdqu]k H ]mc sgd bnlonmdmsr ne w ]qd
bnmshmtntrkx ch—dqdmsh]akd nm H+ vd cd“md sgd nodq]snq J ax

JZw[ = w… − O&s(w. &06(

Sgd enkknvhmf sgdnqdl ]mc bnqnkk]qx ]qd o]q]kkdkr sn Sgdnqdl 3-1-1 ]mc Bnqnkk]qx 3-1-2-
Sgdhq oqnner ]qd kdes ]r dwdqbhrdr &rdd Oqnakdl 16(-

SGDNQDL
3-1-3

Kds JZw[ = w… − O&s(w+ vgdqd sgd dmsqhdr ne O ]qd bnmshmtntr etmbshnmr nm ]m hmsdqu]k H-
He w0 ]mc w1 ]qd bnmshmtntrkx ch—dqdmsh]akd udbsnq etmbshnmr nm H+ ]mc b0 ]mc b1 ]qd ]mx
bnmrs]msr+ sgdm

JZb0w0 + b1w1[ = b0JZw0[ + b1JZw1[. &07(
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Sgd “qrs nqcdq rxrsdlr JZw[ = . ]mc JZw[ = f ]qd r]hc sn ad khmd]q he J r]shr“dr Dp- &07(-
He J cndr mns r]shrex Dp- &07(+ sgd rxrsdlr ]qd mnmkhmd]q-

BNQNKK;QX
3-1-4

Kds JZw[ = w… − O&s(w ]mc rtoonrd sgd dmsqhdr ne O ]qd bnmshmtntr etmbshnmr nm ]m hmsdq,
u]k H- He w0 ]mc w1 ]qd svn rnktshnmr ne JZw[ = .+ sgdm sgd khmd]q bnlahm]shnm

w = b0w0&s( + b1w1&s( &08(

hr ]krn ] rnktshnm enq ]mx u]ktdr ne sgd bnmrs]msr b0 ]mc b1-

Vqnmrjh]mr ]mc Etmc]ldms]k Rdsr ne Rnktshnmr
Bnqnkk]qhdr 3-1-2 ]mc 3-1-4 dm]akd xnt sn dmk]qfd sgd rds ne rnktshnmr sg]s xnt g]ud+ oqnuhcdc
sg]s xnt ]qd ]akd sn “mc svn rnktshnmr sn rs]qs vhsg- Sgd mdws ptdrshnm hr vgdsgdq sgd dmk]qfdc
rnktshnm rds hr rtffbhdms enq tr sn r]shrex ] fhudm rds ne hmhsh]k bnmchshnmr ax ]m ]ooqnoqh]sd
bgnhbd ne sgd bnmrs]msr b0 ]mc b1- Enq sgd bnmrs]ms bndffbhdms rxrsdl w… = ?w+ sghr ptdrshnm
v]r ]mrvdqdc hm Rdbshnm 2-2- Sgd r]ld qdrtks ]krn gnkcr enq sgd rxrsdl w… = O&s(w vgnrd
bndffbhdmsr ]qd etmbshnmr ne s+ ]mc hs b]m ad drs]akhrgdc ax sgd r]ld ]qftldms- Vd aqhdfix
qdod]s sgd cdudknoldms gdqd-

Kds tr rtoonrd sg]s w0 ]mc w1 ]qd rnktshnmr ne Dp- &05(- Ax Bnqnkk]qx 3-1-4+ sgd khmd]q
bnlahm]shnm

w = b0w0&s( + b1w1&s(

hr ]krn ] rnktshnm enq ]mx u]ktdr ne b0 ]mc b1- Sn r]shrex sgd hmhsh]k bnmchshnm &0/(+

w&s/( = w/+

vgdqd w/ hr ]mx fhudm udbsnq+ vd ltrs bgnnrd b0 ]mc b1 sn r]shrex

b0w0&s/( + b1w1&s/( = w/. &1/(

Vqhshmf nts Dp- &1/( lnqd etkkx+ vd g]ud
}

w00&s/( w01&s/(
w10&s/( w11&s/(

(}
b0
b1

(
=

}
w0/
w1/

(
. &10(

Qdb]kk sg]s sgd “qrs rtarbqhos qdedqr sn sgd bnlonmdms ne ] udbsnq+ vgdqd]r sgd rdbnmc rta,
rbqhos hcdmsh“dr sgd udbsnq hsrdke: sgtr+ enq dw]lokd+ w10 hr sgd rdbnmc bnlonmdms ne sgd
udbsnq w0- Dpt]shnm &10( g]r ] tmhptd rnktshnm enq b0 ]mc b1 qdf]qckdrr ne sgd u]ktdr ne w0/
]mc w1/ he ]mc nmkx he sgd bndffbhdms l]sqhw hm Dp- &10( hr mnmrhmftk]q+ sg]s hr+ he ]mc nmkx
he sgd cdsdqlhm]ms ne sghr l]sqhw hr mnmydqn- Rhmbd s/ b]m ad ]mx onhms hm H+ sgd cdsdqlhm]ms
ltrs ad mnmydqn sgqntfgnts H-

?r hm Rdbshnm 2-2+ sgd cdsdqlhm]ms

VZw0+ w1[&s( =
‖‖‖‖‖‖‖

w00&s( w01&s(

w10&s( w11&s(

‖‖‖‖‖‖‖
&11(

hr b]kkdc sgd Vqnmrjh]m ne w0 ]mc w1- Svn rnktshnmr w0 ]mc w1 vgnrd Vqnmrjh]m hr mns ydqn
enql ] etmc]ldms]k rds ne rnktshnmr- ? khmd]q bnlahm]shnm ne ] etmc]ldms]k rds ne rnktshnmr
vhsg ]qahsq]qx bndffbhdmsr bnmrshstsdr sgd fdmdqZk rnktshnm ne sgd rxrsdl &05(- Rhmbd dudqx
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onrrhakd rds ne hmhsh]k bnmchshnmr b]m ad r]shr“dc ax ] oqnodq bgnhbd ne b0 ]mc b1+ sgd fdmdq]k
rnktshnm hmbktcdr ]kk rnktshnmr ne sgd rxrsdl &05(- Sghr k]rs rs]sdldms qdrsr nm sgd tmhptdmdrr
o]qs ne Sgdnqdl 2-1-0+ vghbg ]rrdqsr sg]s nmkx nmd rnktshnm b]m r]shrex ] fhudm rds ne hmhsh]k
bnmchshnmr- Vd g]ud sgtr oqnudc sgd enkknvhmf sgdnqdl-

SGDNQDL
3-1-5

Rtoonrd sg]s w0 ]mc w1 ]qd svn rnktshnmr ne Dp- &05(+

w… = O&s(w+

]mc sg]s sgdhq Vqnmrjh]m hr mns ydqn nm H- Sgdm w0 ]mc w1 enql ] etmc]ldms]k rds ne
rnktshnmr ne Dp- &05(+ ]mc sgd fdmdq]k rnktshnm hr fhudm ax Dp- &08(+

w = b0w0&s( + b1w1&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr- He sgdqd hr ] fhudm hmhsh]k bnmchshnm w&s/( = w/+
sgdm sghr bnmchshnm cdsdqlhmdr sgd bnmrs]msr b0 ]mc b1 tmhptdkx-

Hs hr bnmudmhdms sn ]ookx Sgdnqdl 3-1-5 sn sgd rxrsdl

cw
cs

=

}
/ 0

−p&s( −o&s(

(
w &12(

hm nqcdq sn chrbtrr vg]s bnmrshstsdr ] fdmdq]k rnktshnm enq sgd dpt]shnm

KZx[ = x…… + o&s(x… + p&s(x = /. &13(

Rtoonrd sg]s o&s( ]mc p&s( ]qd bnmshmtntr nm ]m hmsdqu]k H ]mc sg]s hmhsh]k bnmchshnmr
x&s/( = a/ ]mc x …&s/( = a0+ s/ ∈ H+ ]qd oqdrbqhadc- Sgdm Sgdnqdl 3-1-5 ]ookhdr sn sgd rxrsdl
&12( nm H- He x0 ]mc x1 ]qd svn rnktshnmr ne Dp- &13(+ sgdm sgd udbsnq etmbshnmr

w0 =

}
x0
x…0

(
]mc w1 =

}
x1
x…1

(

bnmrshstsd ] etmc]ldms]k rds ne rnktshnmr enq Dp- &12( he

VZw0+ w1[&s( =
‖‖‖‖‖‖‖

x0&s( x1&s(

x…0&s( x…1&s(

‖‖‖‖‖‖‖
= x0&s(x…1&s( − x…0&s(x1&s( &14(

hr mns ydqn nm H- He x0 ]mc x1 ]qd rnktshnmr ne Dp- &13(+ sgdm hs hr m]stq]k sn cd“md sgd Vqnm,
rjh]m ne x0 ]mc x1 ax sgd qhfgs,g]mc rhcd ne Dp- &14(+

VZx0+ x1[&s( =
‖‖‖‖‖‖‖

x0&s( x1&s(

x…0&s( x…1&s(

‖‖‖‖‖‖‖
= x0&s(x…1&s( − x…0&s(x1&s(. &15(

He VZx0+ x1[&s( hr mns ydqn nm H+ vd qdedq sn sgd “qrs bnlonmdms ne w = b0w0 + b1w1+ m]ldkx+

x = b0x0&s( + b1x1&s(+

]r sgd fdmdq]k rnktshnm ne Dp- &13(- Sgd enkknvhmf sgdnqdl hr ] o]q]kkdk sn Sgdnqdl 3-1-5-
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SGDNQDL
3-1-6

Kds x0 ]mc x1 ad svn rnktshnmr ne Dp- &14(+

x…… + o&s(x… + p&s(x = /+

]mc ]rrtld sg]s sgdhq Vqnmrjh]m+ cd“mdc ax Dp- &15(+ hr mns ydqn nm H- Sgdm x0 ]mc x1
enql ] etmc]ldms]k rds ne rnktshnmr+ ]mc sgd fdmdq]k rnktshnm hr fhudm ax

x = b0x0&s( + b1x1&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr- He sgdqd ]qd fhudm hmhsh]k bnmchshnmr x&s/( = x/
]mc x…&s/( = x0+ sgdm sgdrd bnmchshnmr cdsdqlhmd b0 ]mc b1 tmhptdkx-

Sgdnqdlr 3-1-5 ]mc 3-1-6 bk]qhex sgd rsqtbstqd ne sgd rnktshnmr ne ]kk rxrsdlr ne svn khmd]q
gnlnfdmdntr “qrs nqcdq dpt]shnmr+ ]mc ne ]kk rdbnmc nqcdq khmd]q gnlnfdmdntr dpt]shnmr+
qdrodbshudkx- ?rrtlhmf sg]s sgd bndffbhdmsr ]qd bnmshmtntr hm d]bg b]rd+ sgd fdmdq]k rnktshnm
hr itrs ] khmd]q bnlahm]shnm ne rnld o]hq ne rnktshnmr vgnrd Vqnmrjh]m cdsdqlhm]ms hr mns
ydqn-

Hm o]qshbtk]q+ rhmbd sgd Vqnmrjh]mr enq rdsr ne rnktshnmr ne Dp- &12( ]mc Dp- &13( ]qd
hcdmshb]k+ vd b]m d]rhkx o]rr a]bj ]mc enqsg adsvddm etmc]ldms]k rdsr ne rnktshnmr enq ansg
dpt]shnmr- He x0&s( ]mc x1&s( enql ] etmc]ldms]k rds ne rnktshnmr enq Dp- &13(+ sgdm

w0&s( =

}
x0&s(
x…0&s(

(
]mc w1&s( =

}
x1&s(
x…1&s(

(

enql ] etmc]ldms]k rds ne rnktshnmr enq Dp- &12(- He x = b0x0&s(+ b1x1&s( hr ] fdmdq]k rnktshnm
ne Dp- &13(+ sgdm

w = b0

}
x0&s(
x…0&s(

(
+ b1

}
x1&s(
x…1&s(

(

hr ] fdmdq]k rnktshnm ne Dp- &12(-
Bnmudqrdkx+ he

w0&s( =

}
w00&s(
w10&s(

(
]mc w1&s( =

}
w01&s(
w11&s(

(

enql ] etmc]ldms]k rds ne rnktshnmr enq Dp- &12(+ sgdm sgd “qrs bnlonmdmsr ne sgd rnkt,
shnm udbsnqr+ x0&s( = w00&s( ]mc x1&s( = w01&s(+ bnloqhrd ] etmc]ldms]k rds ne rnktshnmr enq
Dp- &13( ]mc sgd rdbnmc bnlonmdmsr r]shrex w10&s( = w…00&s( ]mc w11&s( = w…10&s(- Sgtr+ fhudm
sgd fdmdq]k rnktshnm

w = b0

}
w00&s(
w10&s(

(
+ b1

}
w01&s(
w11&s(

(

ne Dp- &12(+ sgd fdmdq]k rnktshnm ne Dp- &13( hr x = b0w00&s( + b1w01&s(- Hm ]cchshnm vd jmnv
sg]s x… = b0w10&s( + b0w11&s(-

Vd g]ud rddm sg]s hs hr qdk]shudkx d]rx sn “mc ] etmc]ldms]k rnktshnm rds enq ] rxrsdl
ne svn “qrs nqcdq dpt]shnmr vhsg bnmrs]ms bndffbhdmsr ax trhmf sgd dhfdmu]ktd ldsgnc chr,
btrrdc hm Rdbshnmr 2-2 sgqntfg 2-4- Hm Rdbshnm 3-2 vd vhkk trd sgd qdk]shnmrgho adsvddm
rnktshnmr ne Dp- &12( ]mc Dp- &13( sn qdud]k ] rhlokd ]mc chqdbs ldsgnc enq “mchmf etmc],
ldms]k rdsr ne rnktshnmr enq rdbnmc nqcdq khmd]q dpt]shnmr vhsg bnmrs]ms bndffbhdmsr- Gnv,
dudq+ enq rxrsdlr nq dpt]shnmr vhsg u]qh]akd bndffbhdmsr+ sgd s]rj ne “mchmf ] rths]akd o]hq
ne rnktshnmr hr trt]kkx ltbg lnqd bg]kkdmfhmf-
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;adk&r Dpt]shnm enq sgd Vqnmrjh]m
Sgd Vqnmrjh]m+ ]r cd“mdc ax Dp- &11( enq ] rxrsdl ne “qrs nqcdq dpt]shnmr nq ax Dp- &15( enq
] rdbnmc nqcdq dpt]shnm+ b]m ad b]kbtk]sdc nmbd vd jmnv svn rnktshnmr- Gnvdudq hs stqmr
nts sg]s sgd Vqnmrjh]m b]m ]krn ad cdsdqlhmdc chqdbskx eqnl sgd ch—dqdmsh]k dpt]shnm&r(+
vhsgnts jmnvhmf ]mx rnktshnmr- Sgd enkknvhmf sgdnqdl rtll]qhydr sgd lnrs hlonqs]ms
oqnodqshdr ne sgd Vqnmrjh]m ne svn rnktshnmr ne Dp- &05(-

SGDNQDL
3-1-7

?adk´r Sgdnqdl- Sgd Vqnmrjh]m ne svn rnktshnmr ne sgd rxrsdl &05(+

w… = O&s(w+

hr fhudm ax

V&s( = b
)
dto∫ sq&O(&s( cs

[
= b dto∫ Zo00&s( + o11&s([ cs+ &16(

vgdqd b hr ] bnmrs]ms sg]s cdodmcr nm sgd o]hq ne rnktshnmr- Sgd Vqnmrjh]m ne svn rnkt,
shnmr ne sgd rdbnmc nqcdq dpt]shnm &13(+

x…… + o&s(x… + p&s(x = /+

hr fhudm ax

V&s( = b dto
)
−∫ o&s( cs

[
+ &17(

vgdqd ]f]hm b hr ] bnmrs]ms sg]s cdodmcr nm sgd o]hq ne rnktshnmr-

Oqnne Sgd oqnne ne sghr sgdnqdl hmunkudr sgd bnmrsqtbshnm ]mc rnktshnm ne ] ch—dqdmsh]k dpt],
shnm r]shr“dc ax sgd Vqnmrjh]m- Vd rs]qs vhsg sgd Vqnmrjh]m enq sgd rxrsdl &05(: eqnl
Dp- &11( vd g]ud

V&s( =
‖‖‖‖‖‖‖

w00&s( w01&s(

w10&s( w11&s(

‖‖‖‖‖‖‖
= w00&s(w11&s( − w01&s(w10&s(. &18(

Gdmbd sgd cdqhu]shud ne V&s( hr

V…&s( = w…00&s(w11&s( + w00&s(w…11&s( − w…01&s(w10&s( − w01&s(w…10&s(. &2/(

Sgd mdws rsdo hr sn qdok]bd ]kk ne sgd ch—dqdmsh]sdc e]bsnqr nm sgd qhfgs rhcd ne Dp- &2/( ax
sgd bnqqdronmchmf dpt]shnm eqnl sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr- Enq dw]lokd+ vd
g]ud

w…00&s( = o00&s(w00&s( + o01&s(w10&s(

]mc rhlhk]qkx enq w…11&s(+ w…01&s(+ ]mc w…10&s(- Ax l]jhmf sgdrd rtarshstshnmr+ vd nas]hm

V… = &o00w00 + o01w10(w11 + w00&o10w01 + o11w11(
− &o00w01 + o01w11(w10 − w01&o10w00 + o11w10(+ &20(

vgdqd enq aqduhsx vd g]ud nlhssdc sgd hmcdodmcdms u]qh]akd s hm d]bg sdql- Nm dw]lhmhmf
sgd sdqlr hm Dp- &20(+ vd nardqud sg]s sgnrd hmunkuhmf o01 ]mc o10 b]mbdk- Ax qd]qq]mfhmf
sgd qdl]hmhmf sdqlr+ vd “mc sg]s

V… = &o00 + o11(&w00w11 − w01w10(+
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nq
cV
cs

= Zo00&s( + o11&s([ V = sq&O(&s( V . &21(

Dpt]shnm &21( hr ] “qrs nqcdq rdo]q]akd nq khmd]q ch—dqdmsh]k dpt]shnm sg]s hr r]shr“dc ax
sgd Vqnmrjh]m- Hsr rnktshnm hr qd]chkx entmc ]mc hr fhudm ax Dp- &16( hm Sgdnqdl 3-1-7-

Sn drs]akhrg Dp- &17(+ vd b]m ]ookx sgd qdrtks &16( sn sgd rxrsdl &12( sg]s bnqqdronmcr
sn sgd rdbnmc nqcdq dpt]shnm- Enq sghr rxrsdl+ o00&s(+ o11&s(=−o&s(: l]jhmf sghr rtarsh,
stshnm hm Dp- &16( hlldch]sdkx xhdkcr Dp- &17(- Dpt]shnm &17( b]m ]krn ad cdqhudc chqdbskx
eqnl Dp- &13( ax ] oqnbdrr rhlhk]q sn sgd cdqhu]shnm ne Dp- &16( sg]s hr fhudm ]anud-

DW;LOKD
1

Ehmc sgd Vqnmrjh]m ne ]mx o]hq ne rnktshnmr ne sgd rxrsdl

w… =

}
0 0

3 0

(
w. &22(

Sgd sq]bd ne sgd bndffbhdms l]sqhw hr 1: sgdqdenqd ax Dp- &16( sgd Vqnmrjh]m ne ]mx o]hq
ne rnktshnmr hr

V&s( = bd1s. &23(

Hm Dw]lokd 3 ne Rdbshnm 2-2+ vd entmc svn rnktshnmr ne sgd rxrsdl &22( sn ad

w0&s( =

}
0

1

(
d2s+ w1&s( =

}
0

−1

(
d−s.

Sgd Vqnmrjh]m ne sgdrd svn rnktshnmr hr

V&s( =
‖‖‖‖‖‖

d2s d−s

1d2s −1d−s

‖‖‖‖‖‖
= −3d1s.

Sgtr enq sghr o]hq ne rnktshnmr+ sgd ltkshokhb]shud bnmrs]ms hm Dp- &2/( hr−3- Enq nsgdq o]hqr ne
rnktshnmr+ sgd ltkshokhb]shud bnmrs]ms hm sgd Vqnmrjh]m l]x ad ch—dqdms+ ats sgd dwonmdmsh]k
o]qs vhkk ]kv]xr ad sgd r]ld-

DW;LOKD
2

Ehmc sgd Vqnmrjh]m ne ]mx o]hq ne rnktshnmr ne

&0 − s(x…… + sx… − x = /. &24(

Ehqrs vd qdvqhsd Dp- &24( hm sgd rs]mc]qc enql &13(9

x…… + s
0 − s

x… − 0
0 − s

x = /. &25(

Sgtr o&s( = s{&0 − s( ]mc+ nlhsshmf sgd bnmrs]ms ne hmsdfq]shnm+ vd fds

−∫ o&s( cs = ∫ s
s − 0

cs = ∫
}
0 + 0

s − 0

(
cs = s + im |s − 0|.
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Bnmrdptdmskx+

dto
)
−∫ o&s( cs

[
= |s − 0|ds

]mc Sgdnqdl 3-1-7 fhudr
V&s( = b&s − 0(ds. &26(

Mnsd sg]s |s − 0| = +&s − 0( ]mc sg]s sgd + rhfm g]r addm hmbnqonq]sdc hmsn sgd ]qahsq]qx
bnmrs]ms b hm Dp- &26(-

Xnt b]m udqhex sg]s x0&s( = s ]mc x1&s( = ds ]qd svn rnktshnmr ne Dp- &24( ax rtarshstshmf
sgdrd svn etmbshnmr hmsn sgd ch—dqdmsh]k dpt]shnm- Sgd Vqnmrjh]m ne sgdrd svn rnktshnmr hr

V&s( =
‖‖‖‖‖‖

s ds

0 ds

‖‖‖‖‖‖
= &s − 0(ds. &27(

Sgtr+ enq sgdrd svn rnktshnmr+ sgd bnmrs]ms hm Dp- &26( hr 0-

?m hlonqs]ms oqnodqsx ne sgd Vqnmrjh]m enkknvr hlldch]sdkx eqnl Sgdnqdl 3-1-7- He
o00&s( ]mc o11&s( hm Dp- &16( nq o&s( hm Dp- &17( ]qd bnmshmtntr nm H+ sgdm sgd dwonmdmsh]k
etmbshnmr hm sgdrd dpt]shnmr ]qd ]kv]xr onrhshud- He sgd bnmrs]ms b hr mnmydqn+ sgdm sgd Vqnm,
rjh]m hr mdudq ydqn nm H- Nm sgd nsgdq g]mc+ he b = /+ sgdm sgd Vqnmrjh]m hr ydqn enq ]kk s hm
H- Sgtr sgd Vqnmrjh]m hr dhsgdq mdudq ydqn nq ]kv]xr ydqn- Hm ] o]qshbtk]q oqnakdl+ xnt b]m
cdsdqlhmd vghbg ]ksdqm]shud hr sgd ]bst]k nmd ax du]kt]shmf sgd Vqnmrjh]m ]s rnld rhmfkd
bnmudmhdms onhms- Vd rs]sd sgdrd bnmbktrhnmr hm sgd enkknvhmf bnqnkk]qx sn Sgdnqdl 3-1-7-

BNQNKK;QX
3-1-8

He w0&s( ]mc w1&s( ]qd svn rnktshnmr ne sgd rxrsdl &05( w… = O&s(w+ ]mc ]kk dmsqhdr ne O&s(
]qd bnmshmtntr nm ]m nodm hmsdqu]k H+ sgdm sgd Vqnmrjh]m VZw0+ w1[&s( hr dhsgdq mdudq
ydqn nq ]kv]xr ydqn hm H-

He x0&s( ]mc x1&s( ]qd svn rnktshnmr ne sgd rdbnmc nqcdq dpt]shnm &13(
x…… + o&s(x… + p&s(x = /+

vgdqd o ]mc p ]qd bnmshmtntr nm ]m nodm hmsdqu]k H+ sgdm sgd Vqnmrjh]m VZx0+ x1[&s( hr
dhsgdq mdudq ydqn nq ]kv]xr ydqn hm H-

Hs l]x rddl ]s “qrs sg]s Dp- &27( hm Dw]lokd 2 hr ] bntmsdqdw]lokd sn sghr ]rrdqshnm
]ants sgd Vqnmrjh]m adb]trd V&s( fhudm ax Dp- &27( hr nauhntrkx ydqn enq s = 0 ]mc mnmydqn
nsgdqvhrd- Gnvdudq+ ax vqhshmf Dp- &24( hm sgd enql &25(+ vd rdd sg]s sgd bndffbhdmsr o&s(
]mc p&s( adbnld tmantmcdc ]r s → 0 ]mc gdmbd ]qd chrbnmshmtntr sgdqd- Hm ]mx hmsdqu]k H mns
hmbktchmf s = 0+ sgd bndffbhdmsr ]qd bnmshmtntr ]mc sgd Vqnmrjh]m hr mnmydqn+ ]r bk]hldc-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 7+ cdsdqlhmd sgd knmfdrs hmsdq,
u]k hm vghbg sgd fhudm hmhsh]k u]ktd oqnakdl hr bdqs]hm sn g]ud
] tmhptd svhbd ch—dqdmsh]akd rnktshnm- Cn mns ]ssdlos sn “mc
sgd rnktshnm-

0- sx…… + 2x = s+ x&0( = 0+ x…&0( = 1
1- &s − 0(x…… − 2sx… + 3x = rhm s+ x&−1( = 1+ x…&−1( = 0
2- s&s − 3(x…… + 2sx… + 3x = 1+ x&2( = /+ x…&2( = −0

3- x…… + &anr s(x… + 2&im |s|(x = /+ x&1( = 2+ x…&1( = 0
4- &w + 2(x…… + wx… + &im |w|(x = /+ x&0( = /+ x…&0( = 0
5- &w − 1(x…… + x… + &w − 1(&s}m w(x = /+ x&2( = 0+
x…&2( = 1
6- &0 − w1(x…… − 1wx… + &�&� + 0( + 𝜃1{&0 − w1((x = /+
x&/( = x/+ x…&/( = x0

7- x…… − s{x = 0{𝜉+ x&/( = x/+ x…&/( = x0
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Hm d]bg ne Oqnakdlr 8 sgqntfg 03+ “mc sgd Vqnmrjh]m ne sgd
fhudm o]hq ne etmbshnmr-
8- d1s+ d−2s{1

0.- anr s+ rhm s

00- d−1s+ sd−1s

01- w+ wdw

02- ds rhm s+ ds anr s

03- anr1 𝜂+ 0 + anr 1𝜂

04- Udqhex sg]s x0&s( = s1 ]mc x1&s( = s−0 ]qd svn rnktshnmr ne
sgd ch—dqdmsh]k dpt]shnm s1x…… − 1x = / enq s < /- Sgdm rgnv
sg]s b0s1 ) b1s−0 hr ]krn ] rnktshnm ne sghr dpt]shnm enq ]mx b0
]mc b1-

05- Bnmrhcdq sgd ch—dqdmsh]k nodq]snq S cd“mdc ax
SZx[ = xx…… + &x…(1- Rgnv sg]s SZx[ = / hr ] mnmkhmd]q dpt],
shnm ax sgqdd ldsgncr adknv-

 Z( Dwok]hm vgx SZx[ = / b]mmns ad ots hm sgd enql ne ] khm,
d]q dpt]shnm KZx[ = x…… + ox… + px = /-
 a( Rgnv sg]s S e]hkr sn r]shrex sgd cd“mhshnm ne ] khmd]q no,
dq]snq ]mc sgdqdenqd sgd dpt]shnm SZx[ = / hr ] mnmkhmd]q
dpt]shnm-
 b( Udqhex sg]s x0&s( = 0 ]mc x1&s( = s0{1 ]qd rnktshnmr ne sgd
ch—dqdmsh]k dpt]shnm SZx[ = / enq s < /+ ats b0 + b1s0{1 hr mns+
hm fdmdq]k+ ] rnktshnm ne sghr dpt]shnm-

06- B]m ]m dpt]shnm x…… + o&s(x… + p&s(x = /+ vhsg bnmshmt,
ntr bndffbhdmsr+ g]ud x = rhm&s1( ]r ] rnktshnm nm ]m hmsdqu]k
bnms]hmhmf s = /= Dwok]hm xntq ]mrvdq-

07- He sgd Vqnmrjh]m V ne e ]mc f hr 2d1s+ ]mc he e &s( = d3s+
“mc f&s(-

08- He sgd Vqnmrjh]m V ne e ]mc f hr s1ds+ ]mc he e &s( = s+ “mc
f&s(-

1.- He V Z e + f[ hr sgd Vqnmrjh]m ne e ]mc f+ ]mc he
t = 1e − f+ ℏ = e + 1f+ “mc sgd Vqnmrjh]m V Zt+ ℏ[ ne t
]mc ℏ hm sdqlr ne V Z e + f[-
10- He sgd Vqnmrjh]m ne e ]mc f hr s anr s − rhm s+ ]mc he
t = e + 2f+ ℏ = e − f+ “mc sgd Vqnmrjh]m ne t ]mc ℏ-
Hm d]bg ne Oqnakdlr 11 sgqntfg 14+ udqhex sg]s sgd etmbshnmr
x0 ]mc x1 ]qd rnktshnmr ne sgd fhudm ch—dqdmsh]k dpt]shnm- Cn
sgdx bnmrshstsd ] etmc]ldms]k rds ne rnktshnmr=
11- x…… + 3x = /: x0&s( = anr 1s+ x1&s( = rhm 1s
12- x…… − 1x… + x = /: x0&s( = ds+ x1&s( = sds

13- w1x…… − w&w + 1(x… + &w + 1(x = /+ w < /:
x0&w( = w+ x1&w( = wdw

14- &0 − w ans w(x…… − wx… + x = /+ / . w . 𝜉:
x0&w( = w+ x1&w( = rhm w
15- Bnmrhcdq sgd dpt]shnm x…… − x… − 1x = /-
 Z( Rgnv sg]s x0&s( = d−s ]mc x1&s( = d1s enql ] etmc]ldms]k
rds ne rnktshnmr-

 a( Kds x2&s( = −1d1s+ x3&s( = x0&s( + 1x1&s(+ ]mc
x4&s( = 1x0&s( − 1x2&s(- ?qd x2&s(+ x3&s(+ ]mc x4&s( ]krn rnkt,
shnmr ne sgd fhudm ch—dqdmsh]k dpt]shnm=
 b( Cdsdqlhmd vgdsgdq d]bg ne sgd enkknvhmf o]hqr enqlr
] etmc]ldms]k rds ne rnktshnmr9 Zx0&s(+ x2&s([: Zx1&s(+ x2&s([:
Zx0&s(+ x3&s([: Zx3&s(+ x4&s([-
16- Oqnud Sgdnqdl 3-1-3 ]mc Bnqnkk]qx 3-1-4-
Qdctbshnm ne Nqcdq- Fhudm nmd rnktshnm x0 ne ] rdbnmc nqcdq
khmd]q gnlnfdmdntr dpt]shnm+

x…… + o&s(x… + p&s(x = /+ &h(

] rxrsdl]shb oqnbdctqd enq cdqhuhmf ] rdbnmc rnktshnm x1 rtbg
sg]s �x0+ x1{ hr ] etmc]ldms]k rds hr jmnvm ]r sgd ldsgnc ne
qdctbshnm ne nqcdq-

Sn “mc ] rdbnmc rnktshnm+ ]rrtld ] rnktshnm ne
sgd enql x = ℏ&s(x0&s(- Rtarshstshmf x = ℏ&s(x0&s(+
x… = ℏ…&s(x0&s( + ℏ&s(x…0&s(+ ]mc x…… = ℏ……&s(x0&s( + 1ℏ…&s(x…0&s( +
ℏ&s(x……0 &s( hm Dp- &h( ]mc bnkkdbshmf sdqlr fhud

x0ℏ
…… + &1x…0 + ox0(ℏ… + &x……0 + ox…0 + px0(ℏ = /. &hh(

Rhmbd x0 hr ] rnktshnm ne Dp- &h(+ sgd bndffbhdms ne ℏ hm
Dp- &hh( hr ydqn+ rn sg]s Dp- &hh( qdctbdr sn

x0ℏ
…… + &1x…0 + ox0(ℏ… = /+ &hhh(

] “qrs nqcdq dpt]shnm enq sgd etmbshnm v= ℏ… sg]s b]m ad rnkudc
dhsgdq ]r ] “qrs nqcdq khmd]q dpt]shnm nq ]r ] rdo]q]akd dpt],
shnm- Nmbd ℏ… g]r addm entmc+ sgdm ℏ hr nas]hmdc ax hmsdfq]shmf
v ]mc sgdm x hr cdsdqlhmdc eqnl x = ℏ&s(x0&s(-

Sghr oqnbdctqd hr b]kkdc sgd ldsgnc ne qdctbshnm ne nqcdq+
adb]trd sgd bqtbh]k rsdo hr sgd rnktshnm ne ] “qrs nqcdq ch—dq,
dmsh]k dpt]shnm enq ℏ… q]sgdq sg]m sgd nqhfhm]k rdbnmc nqcdq
dpt]shnm enq x-

Hm d]bg ne Oqnakdlr 17 sgqntfg 27+ trd sgd ldsgnc ne
qdctbshnm ne nqcdq sn “mc ] rdbnmc rnktshnm x1 ne sgd fhudm
ch—dqdmsh]k dpt]shnm rtbg sg]s �x0+ x1{ hr ] etmc]ldms]k rds
ne rnktshnmr nm sgd fhudm hmsdqu]k-
17- Zx…… + ax… + bx = /+ vgdqd a1 − 3Zb = /:
x0&s( = d−as{&1Z(

18- s1x…… − 3sx… + 5x = /+ s < /: x0&s( = s1

2.- s1x…… + 1sx… − 1x = /+ s < /: x0&s( = s
20- s1x…… + 2sx… + x = /+ s < /: x0&s( = s−0

21- s1x…… − s&s + 1(x… + &s + 1(x = /+ s < /:
x0&s( = s
22- wx…… − x… + 3w2x = /+ w < /: x0&w( = rhm w1

23- &w − 0(x…… − wx… + x = /+ w < 0: x0&w( = dw

24- w1x…… − &w − /.0764(x = /+ w < /:
x0&w( = w0{3d1

|
w

25- w1x…… + wx… + &w1 − /.14(x = /+ w < /:
x0&w( = w−0{1 rhm w
26- Sgd ch—dqdmsh]k dpt]shnm

wx…… − &w + M(x… + Mx = /+
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vgdqd M hr ] mnmmdf]shud hmsdfdq+ g]r addm chrbtrrdc ax rdu,
dq]k ]tsgnqr-0 Nmd qd]rnm vgx hs hr hmsdqdrshmf hr sg]s hs g]r
]m dwonmdmsh]k rnktshnm ]mc ] onkxmnlh]k rnktshnm-
 Z( Udqhex sg]s nmd rnktshnm hr x0&w( = dw-
 a( Rgnv sg]s ] rdbnmc rnktshnm g]r sgd enql
x1&w( = bdw ∫ wMd−w cw- B]kbtk]sd x1&w( enq M = 0 ]mc
M = 1: bnmuhmbd xntqrdke sg]s+ vhsg b = −0{M +

x1&w( = 0 + w
0=

+ w1

1=
+⋯ + wM

M=
.

Mnsd sg]s x1&w( hr dw]bskx sgd “qrs M + 0 sdqlr hm sgd S]xknq
rdqhdr ]ants w = / enq dw+ sg]s hr+ enq x0&w(-
27- Sgd ch—dqdmsh]k dpt]shnm

x…… + 𝛾&wx… + x( = /
]qhrdr hm sgd rstcx ne sgd stqatkdms finv ne ] tmhenql rsqd]l
o]rs ] bhqbtk]q bxkhmcdq- Udqhex sg]s x0&w( = dto&−𝛾w1{1( hr
nmd rnktshnm ]mc sgdm “mc sgd fdmdq]k rnktshnm hm sgd enql ne
]m hmsdfq]k-

3-2 Khmd]q Gnlnfdmdntr Dpt]shnmr
vhsg Bnmrs]ms Bndeehbhdmsr
Hm sghr rdbshnm vd rstcx sgd oqnakdl ne “mchmf ] etmc]ldms]k rds ne rnktshnmr ne sgd khmd]q
gnlnfdmdntr rdbnmc nqcdq ch—dqdmsh]k dpt]shnm vhsg bnmrs]ms bndffbhdmsr

Zx…… + ax… + bx = /+ &0(

vgdqd Z+ a+ ]mc b ]qd fhudm qd]k mtladqr- Vd ]rrtld sg]s Z ≠ /+ rhmbd nsgdqvhrd Dp- &0(
hr nmkx ne “qrs nqcdq- Qdb]kk sg]s sgd l]sgdl]shb]k lncdkr cdqhudc hm Rdbshnm 3-0 enq sgd
tmenqbdc roqhmf,l]rr rxrsdl+ sgd khmd]qhydc odmctktl+ ]mc sgd rdqhdr QKB bhqbths vdqd
dpt]shnmr ne sghr sxod-

Trhmf sgd rs]sd u]qh]akdr w0 = x ]mc w1 = x…+ vd bnmudqs Dp- &0( hmsn sgd “qrs nqcdq rxrsdl

w… = ?w =

}
/ 0

−b{Z −a{Z

(
w+ &1(

vgdqd

w =

}
w0
w1

(
=

}
x
x…

(
.

?r chrbtrrdc hm Rdbshnm 3-1+ x = b0x0&s( + b1x1&s( hr sgd fdmdq]k rnktshnm ne Dp- &0( he ]mc
nmkx he

w = b0

}
x0&s(
x…0&s(

(
+ b1

}
x1&s(
x…1&s(

(

hr sgd fdmdq]k rnktshnm ne Dp- &1(- Vd b]m “mc ] etmc]ldms]k rds ne udbsnq rnktshnmr ne
Dp- &1( ax trhmf sgd dhfdmu]ktd ldsgnc hmsqnctbdc hm Rdbshnmr 2-2 sgqntfg 2-4- S]jhmf sgd
“qrs bnlonmdms ne d]bg ne sgdrd udbsnq rnktshnmr sgdm oqnuhcdr tr vhsg ] etmc]ldms]k rds ne
rnktshnmr ne Dp- &0(- ?r ] bnmrdptdmbd+ vd ]qd kdc sn ] lnqd bnllnmkx trdc+ rhlokd+ ]mc
chqdbs ldsgnc enq “mchmf rnktshnmr ne Dp- &0(-

PdlRpi- Sgd ldsgnc cdrbqhadc hm sghr rdbshnm enq rnkuhmf Dp- &0( cndr mns ]ookx sn sgd khm,
d]q dpt]shnmr x…… + ox… + px = / nq Ox…… + Px… + Qx = / he sgd bndffbhdmsr ]qd mns bnmrs]msr- Hm
rtbg b]rdr hm“mhsd rdqhdr ldsgncr nq mtldqhb]k ldsgncr ]qd trt]kkx qdpthqdc sn “mc dhsgdq dw]bs
rnktshnmr nq ]ooqnwhl]shnmr ne rnktshnmr-

0S- ?- Mdvsnm+ ’Nm Trhmf ] Ch—dqdmsh]k Dpt]shnm sn Fdmdq]sd Onkxmnlh]kr+– :ldqhbZm LZsgdlZshbZk
Lnmsgkx 70 &0863(+ oo- 481fl5/0- ?krn rdd sgd qdedqdmbdr fhudm sgdqd-
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Sgd Bg]q]bsdqhrshb Dpt]shnm ne Px …… + ax … + bx = /
Sn “mc rnktshnmr ne Dp- &1( trhmf sgd dhfdmu]ktd ldsgnc ne Bg]osdq 2+ vd ]rrtld sg]s
w = dλsu ]mc rtarshstsd enq w hm Dp- &1(- Sghr fhudr sgd ]kfdaq]hb rxrsdl

&? − λH( u =

}
−λ 0
−b{Z −a{Z − λ

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &2(

Rhmbd

cds &? − λH( =
‖‖‖‖‖
−λ 0
−b{Z −a{Z − λ

‖‖‖‖‖
= λ1 + a

Z
λ + b

Z
= 0

Z
√
Zλ1 + aλ + b

�
+ &3(

sgd dhfdmu]ktdr ne ? ]qd sgd qnnsr ne

Y&λ( = Zλ1 + aλ + b = /. &4(
He λ hr ]m dhfdmu]ktd ne ?+ sgdm sgd “qrs dpt]shnm hm rxrsdl &2( hr −λℏ0 + ℏ1 = /. Sgd bnq,
qdronmchmf dhfdmudbsnq hr

u =

}
0
λ

(
.

He λ hr ] qnns ne Dp- &4(+ sgdm

w = dλsu =

}
dλs

λdλs

(

hr ] rnktshnm ne Dp- &1(- Bnmrdptdmskx+ sgd “qrs bnlonmdms ne w+ m]ldkx x = dλs+ hr ] rnktshnm
ne Dp- &0(- Vd rtll]qhyd sgd oqdbdchmf chrbtrrhnm hm sgd enkknvhmf sgdnqdl-

SGDNQDL
3-2-0

He λ hr ] qnns ne Dp- &4(+ Zλ1 + aλ + b = /+ sgdm

h- x = dλs hr ] rnktshnm ne Dp- &0(+ ]mc
hh- λ hr ]m dhfdmu]ktd ne sgd bndffbhdms l]sqhw ? hm Dp- &1( ]mc sgd udbsnq etmbshnm

w =

}
dλs

λdλs

(

hr ] rnktshnm ne Dp- &1(-

Vd b]m ]qqhud ]s Dp- &4( ]mc bnmbktrhnm &h( hm Sgdnqdl 3-2-0 lnqd chqdbskx ax rhlokx
rtarshstshmf x = dλs hmsn Dp- &0(- Rhmbd x… = λdλs ]mc x…… = λ1dλs+ vd “mc sg]s

Zλ1dλs + aλdλs + bdλs = &Zλ1 + aλ + b(dλs = /.

Rhmbd dλs b]m mdudq s]jd nm sgd u]ktd ydqn+ vd ]qd kdc sn bnmbktcd sg]s x = dλs hr ] mnmydqn
rnktshnm ne Dp- &0( he ]mc nmkx he λ r]shr“dr Dp- &4(- Ax ]m]knfx vhsg sgd sdqlhmnknfx trdc
hm rnkuhmf enq sgd dhfdmu]ktdr ne ?+ Dp- &4( hr b]kkdc sgd bgZqZbsdqhrshb dptZshnm &]krn
jmnvm ]r sgd ZtwhkhZqx dptZshnm( enq sgd ch—dqdmsh]k dpt]shnm &0(+ ]mc sgd onkxmnlh]k
Y&λ( = Zλ1 + aλ + b hr b]kkdc sgd bgZqZbsdqhrshb onkxmnlhZk enq Dp- &0(-

Rhmbd Dp- &4( hr ] pt]cq]shb dpt]shnm vhsg qd]k bndffbhdmsr+ hs g]r svn qnnsr

λ0 = −a +
|

a1 − 3Zb
1Z

]mc λ1 = −a −
|

a1 − 3Zb
1Z

. &5(
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Sgdqd vhkk ad sgqdd enqlr ne sgd fdmdq]k rnktshnm ne Dp- &1(+ ]mc gdmbd Dp- &0(+ cdodmchmf
nm vgdsgdq sgd chrbqhlhm]ms a1 − 3Zb hr onrhshud+ mdf]shud+ nq ydqn9

0- He a1 − 3Zb < /+ sgd qnnsr ]qd qd]k ]mc chrshmbs+ λ0 ≠ λ1-
1- He a1 − 3Zb = /+ sgd qnnsr ]qd qd]k ]mc dpt]k+ λ0 = λ1-
2- He a1 − 3Zb . /+ sgd qnnsr ]qd bnlokdw bnmitf]sdr+ λ0 = 𝜃 + h𝜇+ λ1 = 𝜃 − h𝜇-

BZrd 09 Chrshmbs QdZk Qnnsr- Rhmbd sgd dhfdmudbsnqr bnqqdronmchmf sn sgd dhfdmu]ktdr λ0
]mc λ1 ]qd

u0 =

}
0
λ0

(
]mc u1 =

}
0
λ1

(
+ &6(

qdrodbshudkx+ sgd fdmdq]k rnktshnm ne Dp- &1( hr

w = b0dλ0s

}
0
λ0

(
+ b1dλ1s

}
0
λ1

(
. &7(

Sgdqdenqd sgd fdmdq]k rnktshnm ne Dp- &0( hr

x = b0dλ0s + b1dλ1s. &8(

BZrd 19 QdodZsdc Qnnsr- Qdb]kk eqnl Rdbshnm 2-4 sg]s sgd fdmdq]k rnktshnm ne Dp- &1(+ hm
sgd b]rd ne qdod]sdc qnnsr+ hr

w = b0dλ0su0 + b1dλ0s&su0 + v0(+

vgdqd u0 hr sgd dhfdmudbsnq adknmfhmf sn λ0 = λ1 = −a{1Z ]mc v0 hr ]mx rnktshnm ne
&? − λ0H(v = u0- ?r hm sgd oqduhntr b]rd+ rdsshmf λ = λ0 hm Dp- &2( fhudr sgd dhfdmudbsnq

u0 =

}
0
λ0

(
. &0/(

Rhmbd ] rnktshnm ne
}

−λ0 0
−b{Z −a{Z − λ0

(}
v0
v1

(
=

}
0
λ0

(
&00(

hr

v0 =

}
/
0

(
+

sgd fdmdq]k rnktshnm ne Dp- &1( hr

w = b0dλ0s

}
0
λ0

(
+ b1dλ0s

}
s

0 + λ0s

(
. &01(

Gdmbd sgd fdmdq]k rnktshnm ne Dp- &0( hr

x = b0dλ0s + b1sdλ0s. &02(



3-2 Khmd]q Gnlnfdmdntr Dpt]shnmr vhsg Bnmrs]ms Bndffbhdmsr 120

BZrd 29 Bnlokdw BnmitfZsd Qnnsr- Hm sghr b]rd+ sgd qnnsr ne Dp- &4( ]qd bnmitf]sd bnlokdw
mtladqr

λ0 = 𝜃 + h𝜇 ]mc λ1 = 𝜃 − h𝜇+ &03(

vgdqd

𝜃 = − a
1Z

]mc 𝜇 =
|

3Zb − a1

1Z
&04(

]qd qd]k- ?r hm B]rd 0+ sgd bnqqdronmchmf dhfdmudbsnqr ]qd

u0 =

}
0
λ0

(
=

}
0

𝜃 + h𝜇

(
+ u1 =

}
0
λ1

(
=

}
0

𝜃 − h𝜇

(
. &05(

Gdmbd svn bnlokdw,u]ktdc rnktshnmr ne Dp- &1( ]qd

w0&s( = d&𝜃+h𝜇(s

}
0

𝜃 + h𝜇

(
+ w1&s( = d&𝜃−h𝜇(s

}
0

𝜃 − h𝜇

(
. &06(

Vd “mc qd]k,u]ktdc rnktshnmr ax rdo]q]shmf w0&s( hmsn hsr qd]k ]mc hl]fhm]qx o]qsr- Trhmf
Dtkdq´r enqltk]+ vd g]ud

w0&s( = d𝜃s Zanr 𝜇s + h rhm 𝜇s[

}
0

𝜃 + h𝜇

(

= d𝜃s

}
anr 𝜇s

𝜃 anr 𝜇s − 𝜇 rhm 𝜇s

(
+ hd𝜃s

}
rhm 𝜇s

𝜃 rhm 𝜇s + 𝜇 anr 𝜇s

(
. &07(

Sgtr sgd fdmdq]k rnktshnm ne Dp- &1(+ dwoqdrrdc hm sdqlr ne qd]k,u]ktdc etmbshnmr+ hr

w = b0d𝜃s

}
anr 𝜇s

𝜃 anr 𝜇s − 𝜇 rhm 𝜇s

(
+ b1d𝜃s

}
rhm 𝜇s

𝜃 rhm 𝜇s + 𝜇 anr 𝜇s

(
. &08(

S]jhmf sgd “qrs bnlonmdms ne w fhudr sgd fdmdq]k rnktshnm ne Dp- &0(+

x = b0d𝜃s anr 𝜇s + b1d𝜃s rhm 𝜇s. &1/(

Vd rtll]qhyd sgd oqdbdchmf chrbtrrhnm qdk]shmf sgd fdmdq]k rnktshnm ne Dp- &0( sn sgd
fdmdq]k rnktshnm ne sgd rxrsdl &1( hm sgd enkknvhmf sgdnqdl-

SGDNQDL
3-2-1

Kds λ0 ]mc λ1 ad sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm

Zλ1 + aλ + b = /.

Sgdm sgd fdmdq]k rnktshnm ne Dp- &0(+ Zx…… + ax… + bx = /+ hr

x = b0dλ0s + b1dλ1s+ he λ0 ]mc λ1 ]qd qd]k+ λ0 ≠ λ1+ &10(

x = b0dλ0s + b1sdλ0s+ he λ0 = λ1+ &11(

x = b0d𝜃s anr 𝜇s + b1d𝜃s rhm 𝜇s+ he λ0 = 𝜃 + h𝜇 ]mc λ1 = 𝜃 − h𝜇. &12(
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Hm d]bg b]rd+ sgd bnqqdronmchmf fdmdq]k rnktshnm ne Dp- &1(+ w… =

}
/ 0

−b{Z −a{Z

(
w+ hr

w =

}
w0
w1

(
=

}
x
x…

(
.

Sgtr

w = b0dλ0s

}
0
λ0

(
+ b1dλ1s

}
0
λ1

(
+ he λ0 ]mc λ1 ]qd qd]k+ λ0 ≠ λ1+ &13(

w = b0dλ0s

}
0
λ0

(
+ b1dλ0s

}
s

0 + λ0s

(
+ he λ0 = λ1+ &14(

w = b0d𝜃s

}
anr 𝜇s

𝜃 anr 𝜇s − 𝜇 rhm 𝜇s

(
+ b1d𝜃s

}
rhm 𝜇s

𝜃 rhm 𝜇s + 𝜇 anr 𝜇s

(
+

he λ0 = 𝜃 + h𝜇 ]mc λ1 = 𝜃 − h𝜇.
&15(

Sgd bg]q]bsdqhrshb dpt]shnm b]m ad vqhssdm cnvm vhsgnts b]kbtk]shnm+ rhmbd sgd bndff,
bhdmsr Z+ a+ ]mc b ]qd sgd r]ld ]r sgd bndffbhdmsr hm sgd ch—dqdmsh]k dpt]shnm- Nmbd xnt
jmnv sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm+ trhmf sgd pt]cq]shb enqltk] he mdbdrr]qx+ xnt
b]m hlldch]sdkx vqhsd cnvm sgd fdmdq]k rnktshnm ne sgd ch—dqdmsh]k dpt]shnm trhmf nmd ne
Dpr- &10(fl&12(- Rhmbd sgdrd ch—dqdmsh]k dpt]shnmr nbbtq eqdptdmskx+ hs hr hlonqs]ms sn ad
]akd sn rnkud sgdl pthbjkx ]mc dffbhdmskx-

DW;LOKD
0

Ehmc fdmdq]k rnktshnmr enq d]bg ne sgd enkknvhmf ch—dqdmsh]k dpt]shnmr9

 Z( x…… + 4x… + 5x = /  a( x…… − x… + 0
3x = /

 b( x…… + x… + x = /  c( x…… + 8x = /

Vd fhud sgd bg]q]bsdqhrshb dpt]shnmr+ sgd qnnsr+ ]mc sgd bnqqdronmchmf fdmdq]k rnktshnmr-

 Z( λ1 + 4λ + 5 = &λ + 1(&λ + 2( = /+ λ0 = −1+ λ1 = −2

Eqnl Dp- &10( hm Sgdnqdl 3-2-1+

x = b0d−1s + b1d−2s. &16(

 a( λ1 − λ + 0
3 = &λ − 0

1 (1+ λ0 = λ1 = 0
1

Eqnl Dp- &11( hm Sgdnqdl 3-2-1+

x = b0ds{1 + b1sds{1. &17(
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 b( λ1 + λ + 0 = /+ λ = −0 + &0 − 3(0{1

1
= −0

1
+ h
|

2
1

Sgtr 𝜃 = − 0
1 ]mc 𝜇 =

|
2{1- Eqnl Dp- &12( hm Sgdnqdl 3-2-1+

x = b0d−s{1 anr&
|

2s{1( + b1d−s{1 rhm&
|

2s{1( . &18(

 c( λ1 + 8 = /+ λ = +2h

Rhmbd 𝜃 = / ]mc 𝜇 = 2+ eqnl Dp- &12( hm Sgdnqdl 3-2-1+

x = b0 anr 2s + b1 rhm 2s. &2/(

Rhmbd sgd qd]k o]qs ne sgd bnmitf]sd bnlokdw qnnsr hr ydqn+ mn qd]k dwonmdmsh]k e]bsnq ]ood]qr
hm sgd rnktshnm-

Hmhsh]k U]ktd Oqnakdlr ]mc Og]rd Onqsq]hsr
Fhudm sgd fdmdq]k rnktshnm+ vd b]m d]rhkx rnkud hmhsh]k u]ktd oqnakdlr ]rrnbh]sdc vhsg
Dp- &0(+ ]mc rjdsbg og]rd onqsq]hsr ne sgd bnqqdronmchmf cxm]lhb]k rxrsdl &1(- He b ≠ /+
sgdm sgd cdsdqlhm]ms ne sgd l]sqhw ne bndffbhdmsr hm Dp- &1( hr cds ? = b{Z ≠ /- Hm sghr
b]rd+ &/+ /(S hr sgd nmkx bqhshb]k onhms+ nq dpthkhaqhtl rnktshnm+ ne Dp- &1(- Rhmbd sgd qnnsr
ne sgd bg]q]bsdqhrshb dpt]shnm Zλ1 + aλ + b = / ]qd ]krn sgd dhfdmu]ktdr ne ?+ jmnvkdcfd
ne sgdrd qnnsr dm]akdr tr sn cdsdqlhmd hlldch]sdkx sgd sxod ]mc rs]ahkhsx oqnodqshdr ne sgd
dpthkhaqhtl rnktshnm &rdd S]akd 2-4-0(- Aqhdfix+
▶ He sgd qnnsr ]qd qd]k ]mc mdf]shud+ sgd nqhfhm hr ]m ]rxlosnshb]kkx rs]akd mncd- He sgd qnnsr

]qd qd]k ]mc onrhshud+ sgd nqhfhm hr ]m tmrs]akd mncd-
▶ He sgd qnnsr ]qd qd]k ]mc ne noonrhsd rhfm+ sgd nqhfhm hr ] r]cckd onhms ]mc tmrs]akd-
▶ He sgd qnnsr ]qd bnlokdw vhsg mnmydqn hl]fhm]qx o]qs+ sgd nqhfhm hr ]m ]rxlosnshb]kkx

rs]akd rohq]k onhms &sq]idbsnqhdr rohq]k hm( he sgd qd]k o]qs hr mdf]shud- He sgd qd]k o]qs hr
onrhshud+ sgd nqhfhm hr ]m tmrs]akd rohq]k onhms &sq]idbsnqhdr rohq]k nts(-

▶ He sgd qd]k o]qs ne ] o]hq ne bnlokdw qnnsr hr ydqn+ sgd nqhfhm hr ] bdmsdq &sq]idbsnqhdr ]qd
bknrdc btqudr( ]mc hr rs]akd+ ats mns ]rxlosnshb]kkx rs]akd-

▶ Sgd chqdbshnm ne qns]shnm enq rohq]k onhmsr ]mc bdmsdqr enq Dp- &1( hr ]kv]xr bknbjvhrd- Sn
rdd sghr+ vd mnsd sg]s hm nqcdq sn g]ud qnnsr vhsg ] mnmydqn hl]fhm]qx o]qs+ hs hr mdbdrr]qx
sg]s a1 − 3Zb . /+ nq Zb < a1{3≥ /- Sgtr Z ]mc b ltrs g]ud sgd r]ld rhfm- Sgd chqdbshnm
“dkc udbsnq enq Dp- &1( ]s sgd onhms &0+ /( hr /h − &b{Z( i- Rhmbd sgd rdbnmc bnlonmdms hr
mdf]shud+ sgd chqdbshnm ne qns]shnm ltrs ad bknbjvhrd-

DW;LOKD
1

Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

x…… + 4x… + 5x = /+ x&/( = 1+ x…&/( = 2. &20(

Enqltk]sd sgd ch—dqdmsh]k dpt]shnm ]r ] cxm]lhb]k rxrsdl+ chrbtrr sgd bnqqdronmchmf og]rd
onqsq]hs+ ]mc cq]v sgd sq]idbsnqx ]rrnbh]sdc vhsg sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl-

Sgd fdmdq]k rnktshnm ne sgd ch—dqdmsh]k dpt]shnm hr fhudm ax Dp- &16( hm o]qs &]( ne Dw,
]lokd 0- Sn r]shrex sgd “qrs hmhsh]k bnmchshnm+ vd rds s = / ]mc x = 1 hm Dp- &16(: sgtr b0 ]mc
b1 ltrs r]shrex

b0 + b1 = 1. &21(
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Sn trd sgd rdbnmc hmhsh]k bnmchshnm+ vd ltrs “qrs ch—dqdmsh]sd Dp- &16(- Sghr fhudr

x… = −1b0d−1s − 2b1d−2s. &22(

Rdsshmf s = / ]mc x… = 2 hm Dp- &22(+ vd nas]hm

−1b0 − 2b1 = 2. &23(

Ax rnkuhmf Dpr- &21( ]mc &23(+ vd “mc sg]s b0 = 8 ]mc b1 = −6- Trhmf sgdrd u]ktdr hm
Dp- &16(+ vd nas]hm sgd rnktshnm

x = 8d−1s − 6d−2s &24(

ne sgd hmhsh]k u]ktd oqnakdl &20(- Sgd fq]og ne sgd rnktshnm hr rgnvm hm Ehftqd 3-2-0-

/-4

0

0-4

1

1-4

/-4 0 0-4 1 1-4

x�<�8d}1s�}�6d}2s�

s

x

EHFTQD 3-2-0 Rnktshnm ne x…… + 4x… + 5x = /+ x&/( = 1+ x …&/( = 2-

Sgd cxm]lhb]k rxrsdl bnqqdronmchmf sn sgd rs]sd udbsnq w = w0h + w1i = xh + x…i hr

w… =

}
/ 0

−5 −4

(
w. &25(

Eqnl Dp- &13( hm Sgdnqdl 3-2-1+ sgd fdmdq]k rnktshnm ne Dp- &25( hr

w = b0d−1s

}
0

−1

(
+ b1d−2s

}
0

−2

(
= b0w0&s( + b1w1&s(+ &26(

hm vghbg sgd “qrs bnlonmdms hr sgd fdmdq]k rnktshnm &16( ]mc sgd rdbnmc bnlonmdms hr rhlokx
sgd cdqhu]shud ne sgd “qrs bnlonmdms+ fhudm ax Dp- &22(-

Sgd pt]khs]shud m]stqd ne sgd og]rd onqsq]hs enq sgd rxrsdl &25(+ cq]vm hm Ehftqd 3-2-1+
hr qd]chkx ]oo]qdms eqnl Dp- &26(- Sgd mdf]shud dhfdmu]ktdr λ0 = −1 ]mc λ1 = −2 ne sgd
bndffbhdms l]sqhw hm Dp- &25( hlokx sg]s sgd nqhfhm hr ] mnc]k rhmj+ sg]s sq]idbsnqhdr ]ooqn]bg
sgd nqhfhm s]mfdms sn sgd khmd vhsg chqdbshnm udbsnq &0+ −1(S ]r s → ∞- Sgd rknodr ne sgd
sq]idbsnqhdr ]ooqn]bg sgd khlhs −2 ]r s sdmcr sn mdf]shud hm“mhsx+ ats sgd sq]idbsnqhdr ]qd
mns o]q]kkdk sn ]mx o]qshbtk]q khmd ne rknod mdf]shud sgqdd- Bgnnrhmf b0 = 8 ]mc b1 = −6 hm
Dp- &26( fhudr sgd sq]idbsnqx ]rrnbh]sdc vhsg sgd rnktshnm &24( &sgd gd]ux aktd sq]idbsnqx hm
Ehftqd 3-2-1(-



3-2 Khmd]q Gnlnfdmdntr Dpt]shnmr vhsg Bnmrs]ms Bndffbhdmsr 124

}3
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}0

0

1
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3

}3 }2 }1 }0 0 1 2 3

w1

w0

EHFTQD 3-2-1 Og]rd onqsq]hs enq sgd cxm]lhb]k rxrsdl &25( ]rrnbh]sdc vhsg Dp- &20(-
Sgd gd]ux aktd btqud hr sgd rnktshnm &24( vhsg x&/( = 1 ]mc x…&/( = 2-
?kk rnktshnmr ]ooqn]bg sgd nqhfhm s]qfds sn sgd c]rgdc khmd vhsg chqdbshnm
udbsnq &0+ −1(S ]r s → ∞- ?r s → −∞ sgd rknodr ne sgd sq]idbsnqhdr
]ooqn]bg sgd khlhs −2-

DW;LOKD
2

Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

x…… − x… + 0
3

x = /+ x&/( = 1+ x…&/( = 0
2 . &27(

Sgdm cq]v ]mc chrbtrr sgd og]rd onqsq]hs ne x…… − x… + /.14x = /-
Sgd fdmdq]k rnktshnm ne sgd ch—dqdmsh]k dpt]shnm hr fhudm ax Dp- &17( hm Dw]lokd 0- Sgd

“qrs hmhsh]k bnmchshnm qdpthqdr sg]s

x&/( = b0 = 1.

Sgd rdbnmc hmhsh]k bnmchshnm hr r]shr“dc ax ch—dqdmsh]shmf Dp- &17( ]mc sgdm rdsshmf s = /+

x…&/( = 0
1b0 + b1 = 0

2 +

rn b1 = − 1
2 - Sgtr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl hr

x = 1ds{1 − 1
2 sds{1. &28(

Sgd fq]og ne sghr rnktshnm hr rgnvm hm Ehftqd 3-2-2-
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x

s/-4

0

1

2

3

4

5

0 0-4 1 1-4 2 2-4 3

}0

}1

x� /(�<�19�x�<�1ds�1�)�sds�1

�sds�1x� /(�<���9�x�<�1ds�1�} 1
2

0
2

EHFTQD 3-2-2 Rnktshnmr ne x…… − x… + 0
3
x = /+ x&/( = 1+ vhsg x…&/( = 0

2
]mc x…&/( = 1+

qdrodbshudkx-

Kds tr mnv lnchex sgd hmhsh]k u]ktd oqnakdl &27( ax bg]mfhmf sgd hmhsh]k rknod: sn ad
rodbh“b+ kds sgd rdbnmc hmhsh]k bnmchshnm ad x…&/(= 1- Sgd rnktshnm ne sghr lnch“dc oqnakdl hr

x = 1ds{1 + sds{1+ &3/(

]mc hsr fq]og hr ]krn rgnvm hm Ehftqd 3-2-2- Sgd fq]ogr rgnvm hm sghr “ftqd rtffdrs sg]s
sgdqd hr ] bqhshb]k hmhsh]k rknod+ vhsg ] u]ktd adsvddm 0

2 ]mc 1+ sg]s rdo]q]sdr rnktshnmr sg]s
fqnv onrhshudkx eqnl sgnrd sg]s tkshl]sdkx fqnv mdf]shudkx- Ax uhdvhmf sgd og]rd onqsq]hs ne
sgd cxm]lhb]k rxrsdl bnqqdronmchmf sn x…… − x… + 0

3x = /+ mns nmkx b]m vd d]rhkx cdsdqlhmd
sghr bqhshb]k rknod+ vd b]m ]krn ]rbdqs]hm sgd knmf,shld pt]khs]shud adg]uhnq ne ]kk rnktshnmr
ne sgd ch—dqdmsh]k dpt]shnm-

Kdsshmf w0 = x ]mc w1 = x…+ ]r trt]k+ vd nas]hm

w… =

}
/ 0

−0{3 0

(
w. &30(

?r hmchb]sdc hm Dp- &14( ne Sgdnqdl 3-2-1+ sgd “qrs bnlonmdms ne sgd fdmdq]k rnktshnm ne
sgd rxrsdl &30( hr fhudm ax Dp- &17( hm o]qs &a( ne Dw]lokd- Sgd rdbnmc bnlonmdms ne sgd
fdmdq]k rnktshnm ne &30( hr fhudm ax sgd cdqhu]shud ne Dp- &17(- Sgtr+ sgd fdmdq]k rnktshnm ne
sgd rxrsdl &30( hr

w = b0

}
0

0{1

(
ds{1 + b1

)}
/
0

(
+

}
0

0{1

(
s

[
ds{1. &31(

Enq d]bg bgnhbd ne b0 ]mc b1+ ] okns ne sgd btqud s → ⟨w0&s(+ w1&s(⟩ xhdkcr ] bnqqdronmchmf
og]rd ok]md sq]idbsnqx- Sgd og]rd onqsq]hs hr cq]vm hm Ehftqd 3-2-3- Sgd bgnhbd b1 = / xhdkcr
w0 = b0ds{1+ w1 = b0ds{1{1 bnqqdronmchmf sn sq]idbsnqhdr sg]s khd nm sgd khmd w1 = w0{1 &sgd
ak]bj btqud hm Ehftqd 3-2-3(-

Sgd rnkhc ]mc c]rgdc gd]ux sq]idbsnqhdr hm Ehftqd 3-2-3 bnqqdronmc sn sgd rnktshnmr
&28( ]mc &3/( ne x…… − x… + 0

3x = /+ qdrodbshudkx- Rhmbd sgd rknod ne sgd rsq]hfgs,khmd
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w1

EHFTQD 3-2-3 Og]rd onqsq]hs enq sgd cxm]lhb]k rxrsdl ]rrnbh]sdc vhsg
x…… − x… + 0

3
x = /- Sgd rnkhc gd]ux aktd btqud bnqqdronmcr sn sgd

rnktshnm &28( vhsg x&/( = 1 ]mc x…&/( = 0
2
- Sgd c]rgdc gd]ux aktd btqud

bnqqdronmcr sn sgd rnktshnm &3/( vhsg x&/( = 1 ]mc x…&/( = 1-

sq]idbsnqhdr hm Ehftqd 3-2-3 hr 0
1 + hs enkknvr sg]s ihls→∞ x&s( = ∞ enq ]mx rnktshnm ne

x…… − x… + 0
3x = / rtbg sg]s x…&/( < x&/({1 ]mc sg]s ihls→∞ x&s( = −∞ enq ]mx rnktshnm rtbg

sg]s x…&/(. x&/({1- Hs enkknvr sg]s he x&/(= 1+ sgdm x…&/(= 0 hr ] bqhshb]k hmhsh]k rknod rtbg sg]s
rnktshnmr vhsg rknodr fqd]sdq sg]m nq dpt]k sn 0 fqnv onrhshudkx ]mc rnktshnmr vhsg rknodr
kdrr sg]m 0 fqnv mdf]shudkx- Sgd bqhshb]k onhms &/+ /( hr bkd]qkx ]m tmrs]akd mncd-

?r vd r]v hm Rdbshnm 2-4+ sgd fdnldsqhb]k adg]uhnq ne rnktshnmr hm sgd b]rd ne qdod]sdc
qnnsr hr rhlhk]q sn sg]s vgdm sgd qnnsr ]qd qd]k ]mc ch—dqdms- He sgd dwonmdmsr ]qd dhsgdq
onrhshud nq mdf]shud+ sgdm sgd l]fmhstcd ne sgd rnktshnm fqnvr nq cdb]xr ]bbnqchmfkx: sgd
khmd]q e]bsnq s g]r khsskd hmfitdmbd- Gnvdudq+ he sgd qdod]sdc qnns hr ydqn+ sgdm sgd ch—dqdmsh]k
dpt]shnm hr x…… = / ]mc sgd fdmdq]k rnktshnm hr x = b0 + b1s- Hm sghr b]rd+ ]kk onhmsr nm sgd
w0,]whr ]qd bqhshb]k onhmsr ne sgd ]rrnbh]sdc cxm]lhb]k rxrsdl-

DW;LOKD
3

Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

05x…… − 7x… + 034x = /+ x&/( = −1+ x…&/( = 0. &32(

Sgd bg]q]bsdqhrshb dpt]shnm hr 05λ1 − 7λ + 034 = / ]mc hsr qnnsr ]qd λ = 0
3 + 2h- Sgtr

sgd fdmdq]k rnktshnm ne sgd ch—dqdmsh]k dpt]shnm hr

x = b0ds{3 anr 2s + b1ds{3 rhm 2s. &33(
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Sn ]ookx sgd “qrs hmhsh]k bnmchshnm+ vd rds s = / hm Dp- &33(: sghr fhudr

x&/( = b0 = −1.

Enq sgd rdbnmc hmhsh]k bnmchshnm+ vd ltrs ch—dqdmsh]sd Dp- &33( ]mc sgdm rds s = /- Hm sghr
v]x vd “mc sg]s

x…&/( = 0
3b0 + 2b1 = 0+

eqnl vghbg b1 =
0
1 - Trhmf sgdrd u]ktdr ne b0 ]mc b1 hm Dp- &33(+ vd nas]hm

x = −1ds{3 anr 2s + 0
1ds{3 rhm 2s &34(

]r sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &32(-

D]bg ne sgd rnktshnmr x0 ]mc x1 hm o]qsr &b( ]mc &c( ne Dw]lokd 0 ]mc hm Dp- &33( qdoqd,
rdmsr ]m nrbhkk]shnm+ adb]trd ne sgd sqhfnmnldsqhb e]bsnqr+ ]mc ]krn dhsgdq fqnvr nq cdb]xr
dwonmdmsh]kkx+ cdodmchmf nm sgd rhfm ne 𝜃 &tmkdrr 𝜃 = /(-

Hm o]qs &b( ne Dw]lokd 0+ vd g]ud 𝜃 = − 0
1 . /+ rn rnktshnmr ]qd cdb]xhmf nrbhkk],

shnmr- Sgd fq]og ne ] sxohb]k rnktshnm &2/( hr rgnvm hm Ehftqd 3-2-4Z- Sgd bqhshb]k onhms
&/+ /( hm sgd bnqqdronmchmf og]rd onqsq]hs hr ] rohq]k rhmj: sq]idbsnqhdr qns]sd bknbjvhrd
&Ehftqd 3-2-4a(-

w1

}/-3

}/-1

/-1

/-3

/-5

/-7

0

0-1

0-3

}04 }0/ }4 044 0/

 Y(�Rnktshnm�btqud  a(�Og^rd�onqsq^hs

}04

}0/

}4

4

0/

04

w
0

1 3 5 7 0/ s

x

EHFTQD 3-2-4 &Z( Rnktshnmr ne x…… + x… + x = /+ x&/( = 0+ x…&/( = 1- &a( Og]rd ok]md
sq]idbsnqhdr s → w = w0h + w1i = xh + x…i ne sgd cxm]lhb]k rxrsdl
dpthu]kdms sn x…… + x… + x = /-

He 𝜃 = / ]r hm o]qs &c( ne Dw]lokd 0+ sgd rnktshnmr ]qd otqd nrbhkk]shnmr vhsgnts fqnvsg nq
cdb]x &Ehftqd 3-2-5Z(- Sgd nqhfhm hm sgd og]rd onqsq]hs hr ] rs]akd bdmsdq: sq]idbsnqhdr qns]sd
bknbjvhrd &Ehftqd 3-2-5a(-

Hm Dw]lokd 3+ 𝜃 = 0
3 < /+ rn rnktshnmr ne sgd ch—dqdmsh]k dpt]shnm hm sgd hmhsh]k u]ktd

oqnakdl &34( ]qd nrbhkk]shnmr vhsg dwonmdmsh]kkx fqnvhmf ]lokhstcdr- Sgd fq]og ne sgd rn,
ktshnm &35( ne sgd fhudm hmhsh]k u]ktd oqnakdl hr rgnvm hm Ehftqd 3-2-6Z- Sgd nqhfhm hm sgd
og]rd onqsq]hs hr ] rohq]k rntqbd: sq]idbsnqhdr mdbdrr]qhkx qns]sd bknbjvhrd &Ehftqd 3-2-6a(-
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EHFTQD 3-2-5 &Z( Rnktshnm ne x…… + 8x = /+ x&/( =
|

2{1+ x…&/( = −2{1- &a( Og]rd
ok]md sq]idbsnqhdr s → w = w0h + w1i = xh + x…i ne sgd cxm]lhb]k rxrsdl
dpthu]kdms sn x…… + 8x = /-

w1

}1/

}04

}0/

}4

4

0/

04

1/

14

}4 4

 Y(�Rnktshnm�btqud  a(�Og^rd�onqsq^hs
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}04

}0/
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EHFTQD 3-2-6 &Z( Rnktshnm ne 05x…… − 7x… + 034x = /+ x&/( = −1+ x…&/( = 0- &a( Og]rd
ok]md sq]idbsnqhdr s → w = w0h + w1i = xh + x…i ne sgd cxm]lhb]k rxrsdl
dpthu]kdms sn 05x…… − 7x… + 034x = /-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 159
 Z( Ehmc sgd fdmdq]k rnktshnm hm sdqlr ne qd]k etmbshnmr-
 a( Eqnl sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm+ cdsdqlhmd
vgdsgdq d]bg bqhshb]k onhms ne sgd bnqqdronmchmf cxm]lhb]k
rxrsdl hr ]rxlosnshb]kkx rs]akd+ rs]akd+ nq tmrs]akd+ ]mc bk]r,
rhex hs ]r sn sxod-
 b( Trd sgd fdmdq]k rnktshnm nas]hmdc hm o]qs &]( sn “mc ] svn,
o]q]ldsdq e]lhkx ne sq]idbsnqhdr w = w0h + w1i = xh + x…i ne
sgd bnqqdronmchmf cxm]lhb]k rxrsdl- Sgdm rjdsbg ax g]mc+

nq trd ] bnlotsdq+ sn cq]v ] og]rd onqsq]hs+ hmbktchmf ]mx
rsq]hfgs,khmd nqahsr+ eqnl sghr e]lhkx ne sq]idbsnqhdr-

0- x…… + 1x… − 2x = / 1- x…… + 2x… + 1x = /

2- x…… − 3x… + 3x = / 3- 8x…… + 5x… + x = /

4- x…… − 1x… + 1x = / 5- x…… − 1x… + 5x = /

6- 3x…… − 3x… + x = / 7- 1x…… − 2x… + x = /
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8- 5x…… − x… − x = / 0.- 8x…… + 01x… + 3x = /

00- x…… + 1x… − 7x = / 01- x…… + 1x… + 1x = /

02- x…… + 4x… = / 03- 3x…… − 8x = /

04- 14x…… − 1/x… + 3x = / 05- x…… − 3x… + 05x = /

06- x…… + 5x… + 02x = / 07- x…… + 1x… + 0.14x = /

08- x…… − 8x… + 8x = / 1.- x…… − 1x… − 1x = /

10- x…… + 3x… + 3x = / 11- 8x…… − 13x… + 05x = /

12- 3x…… + 8x = / 13- 3x…… + 8x… − 8x = /

14- x…… + x… + 0.14x = / 15- x…… + 3x… + 5.14x = /

Hm d]bg ne Oqnakdlr 16 sgqntfg 32+ rnkud sgd fhudm hmhsh]k
u]ktd oqnakdl- Rjdsbg sgd fq]og ne hsr rnktshnm ]mc cdrbqhad
hsr adg]uhnq enq hmbqd]rhmf s-
16- x…… + x… − 1x = /+ x&/( = 0+ x…&/( = 0
17- x…… + 05x = /+ x&/( = /+ x…&/( = 0
18- 8x…… − 01x… + 3x = /+ x&/( = 1+ x…&/( = −0
2.- x…… + 2x… + 1x = /+ x&/( = 1+ x…&/( = −0
20- x…… + 3x… + 4x = /+ x&/( = 0+ x…&/( = /
21- 5x…… − 4x… + x = /+ x&/( = 3+ x…&/( = /
22- x…… + 5x… + 8x = /+ x&/( = /+ x…&/( = 1
23- x…… − 1x… + 4x = /+ x&𝜉{1( = /+ x…&𝜉{1( = 1
24- x…… + 2x… = /+ x&/( = −1+ x…&/( = 2
25- x…… + x = /+ x&𝜉{2( = 1+ x…&𝜉{2( = −3

26- x…… + 3x… + 3x = /+ x&−0( = 1+ x…&−0( = 0

27- x…… + 5x… + 2x = /+ x&/( = 0+ x…&/( = /

28- x…… + x… + 0.14x = /+ x&/( = 2+ x…&/( = 0

3.- 1x…… + x… − 3x = /+ x&/( = /+ x…&/( = 0

30- x…… + 7x… − 8x = /+ x&0( = 0+ x…&0( = /

31- x…… + 1x… + 1x = /+ x&𝜉{3( = 1+ x…&𝜉{3( = −1

32- 3x…… − x = /+ x&−1( = 0+ x…&−1( = −0

33- Ehmc ] ch—dqdmsh]k dpt]shnm vgnrd fdmdq]k rnktshnm hr
x = b0d2s + b1d−1s-

34- Ehmc ] ch—dqdmsh]k dpt]shnm vgnrd fdmdq]k rnktshnm hr
x = b0d−1s + b1sd−1s-
35- Ehmc ] ch—dqdmsh]k dpt]shnm vgnrd fdmdq]k rnktshnm hr
x = b0d−2s anr 3s + b1d−2s rhm 3s-
Hm d]bg ne Oqnakdlr 36 ]mc 37+ cdsdqlhmd sgd u]ktdr ne �+ he
]mx+ enq vghbg ]kk rnktshnmr sdmc sn ydqn ]r s →∞: ]krn cdsdq,
lhmd sgd u]ktdr ne �+ he ]mx+ enq vghbg ]kk &mnmydqn( rnktshnmr
adbnld tmantmcdc ]r s → ∞-
36- x…… − &1� − 2(x… + �&� − 2(x = /
37- x…… + &2 − �(x… − 1&� − 0(x = /

38- He sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm ]qd qd]k+ rgnv
sg]s ] rnktshnm ne Zx…… + ax… + bx = / b]m s]jd nm sgd u]ktd
ydqn ]s lnrs nmbd-
4.- Bnmrhcdq sgd dpt]shnm Zx…… + ax… + bx = c+ vgdqd Z+ a+ b+
]mc c ]qd bnmrs]msr-
 Z( Ehmc ]kk dpthkhaqhtl+ nq bnmrs]ms+ rnktshnmr ne sghr ch—dq,
dmsh]k dpt]shnm-
 a( Kds xd cdmnsd ]m dpthkhaqhtl rnktshnm+ ]mc kds X = x − xd-
Sgtr X hr sgd cduh]shnm ne ] rnktshnm x eqnl ]m dpthkhaqhtl
rnktshnm- Ehmc sgd ch—dqdmsh]k dpt]shnm r]shr“dc ax X -
40- Bnmrhcdq sgd dpt]shnm Zx…… + ax… + bx = /+ vgdqd Z+ a+
]mc b ]qd bnmrs]msr vhsg Z < /- Ehmc bnmchshnmr nm Z+ a+ ]mc
b rtbg sg]s sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm ]qd9

 Z( Qd]k+ ch—dqdms+ ]mc mdf]shud-
 a( Qd]k vhsg noonrhsd rhfmr-
 b( Qd]k+ ch—dqdms+ ]mc onrhshud-

B]tbgxflDtkdq Dpt]shnmr- ? &gnlnfdmdntr( rdbnmc nqcdq
BZtbgxflDtkdq dptZshnm hr nmd ne sgd enql

Zw1x…… + awx… + bx = /+ &h(

vgdqd Z ≠ /+ a+ ]mc b ]qd bnmrs]msr- He w < /+ sgd rtarshst,
shnm s = km w ]mc sgd bg]hm qtkd enq cdqhu]shudr ]ookhdc sn
x&w( = x&s&w((+

cx
cw

=
cx
cs

cs
cw

= 0
w

cx
cs

]mc
c1x
cw1 = 0

w1

c1x
cs1

− 0
w1

cx
cs

+

sq]mrenqlr Dp- &h( hmsn sgd bnmrs]ms bndffbhdms khmd]q dpt],
shnm

Z
c1x
cs1

+ &a − Z(
cx
cs

+ bx = /. &hh(

Sgtr he x&s( hr ] rnktshnm ne Dp- &hh(+ x&im w( hr ] rnktshnm ne
Dp- &h( hm w < /-
41- Rgnv sg]s sgd fdmdq]k rnktshnm ne sgd B]tbgxflDtkdq
dpt]shnm &h( hm w < / hr

x = b0dλ0 s + b1dλ1 s = b0wλ0 + b1wλ1 +
he λ0 ]mc λ1 ]qd qd]k ]mc λ0 ≠ λ1+

x = b0dλ0 s + b1sdλ0 s = b0wλ0 + b1wλ0 im w+
he λ0 = λ1+

x = d𝜃sZb0 anr&𝜇s( + b1 rhm&𝜇s([
= w𝜃Zb0 anr&𝜇 im w( + b1 rhm&𝜇 im w([+

he λ0 = 𝜃 + h𝜇 ]mc λ1 = 𝜃 − h𝜇.

42- He w . /+ trd sgd rtarshstshnm s = im &−w( sn rgnv sg]s sgd
fdmdq]k rnktshnmr ne sgd B]tbgxflDtkdq dpt]shnm &h( hm w . /
]qd hcdmshb]k sn sgnrd hm Oqnakdl 41 vhsg sgd dwbdoshnm sg]s w
hr qdok]bdc ax −w-
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Hm d]bg ne Oqnakdlr 43 sgqntfg 50+ “mc sgd fdmdq]k rnktshnm
ne sgd fhudm B]tbgxflDtkdq dpt]shnm hm w < /9
43- w1x…… + wx… + 3x = /

44- w1x…… + 3wx… + 1x = /

45- w1x…… + 2wx… + 0.14x = /

46- w1x…… − 3wx… − 5x = /

47- w1x…… − 1x = /

48- w1x…… − 4wx… + 8x = /

5.- w1x…… + 1wx… + 3x = /

50- 1w1x…… − 3wx… + 5x = /
Hm d]bg ne Oqnakdlr 51 sgqntfg 54+ “mc sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl- Okns sgd fq]og ne sgd rnktshnm ]mc
cdrbqhad gnv sgd rnktshnm adg]udr ]r w → /-
51- 1w1x…… + wx… − 2x = /+ x&0( = 0+ x…&0( = 0

52- 3w1x…… + 7wx… + 06x = /+ x&0( = 1+ x…&0( = −2

53- w1x…… − 4wx… + 8x = /+ x&−0( = 1+ x…&−0( = 2

54- w1x…… + 2wx… + 4x = /+ x&0( = 0+ x…&0( = −0

3-3 Ldbg]mhb]k ]mc Dkdbsqhb]k Uhaq]shnmr
Hm Rdbshnm 3-0 sgd l]sgdl]shb]k lncdkr cdqhudc enq sgd roqhmf,l]rr rxrsdl+ sgd khmd]qhydc
odmctktl+ ]mc sgd QKB bhqbths ]kk stqmdc nts sn ad khmd]q bnmrs]ms bndffbhdms ch—dqdmsh]k
dpt]shnmr sg]s+ hm sgd ]ardmbd ne ] enqbhmf etmbshnm+ ]qd ne sgd enql

Zx…… + ax… + bx = /. &0(

Sn ]c]os Dp- &0( sn ] rodbh“b ]ookhb]shnm ldqdkx qdpthqdr hmsdqoqds]shnm ne sgd bndffbhdmsr
hm sdqlr ne sgd ogxrhb]k o]q]ldsdqr sg]s bg]q]bsdqhyd sgd ]ookhb]shnm- Trhmf sgd sgdnqx ]mc
ldsgncr cdudknodc hm Rdbshnmr 3-1 ]mc 3-2+ vd ]qd ]akd sn rnkud Dp- &0( bnlokdsdkx enq ]kk
onrrhakd o]q]ldsdq u]ktdr ]mc hmhsh]k bnmchshnmr- Sgtr Dp- &0( oqnuhcdr tr vhsg ]m hlonqs]ms
bk]rr ne oqnakdlr sg]s hkktrsq]sdr sgd khmd]q sgdnqx cdrbqhadc hm Rdbshnm 3-1 ]mc rnktshnm
ldsgncr cdudknodc hm Rdbshnm 3-2-

Tmc]lodc Eqdd Uhaq]shnmr
Qdb]kk sg]s sgd dpt]shnm ne lnshnm enq sgd c]lodc roqhmf,l]rr rxrsdl vhsg dwsdqm]k
enqbhmf hr

lx…… + 𝛽x… + jx = E&s(. &1(

Dpt]shnm &1( ]mc sgd o]hq ne bnmchshnmr+

x&/( = x/+ x…&/( = ℏ/+ &2(

sg]s rodbhex hmhsh]k onrhshnm x/ ]mc hmhsh]k udknbhsx ℏ/ oqnuhcd ] bnlokdsd enqltk]shnm ne sgd
uhaq]shnm oqnakdl- He sgdqd hr mn dwsdqm]k enqbd+ sgdm E&s( = / hm Dp- &1(-

Kds tr ]krn rtoonrd sg]s sgdqd hr mn c]lohmf+ rn sg]s 𝛽 = /- Sghr hr ]m hcd]khydc bnm“ftq],
shnm ne sgd rxrsdl+ rdkcnl &he dudq( bnlokdsdkx ]ss]hm]akd hm oq]bshbd- Gnvdudq+ he sgd ]bst]k
c]lohmf hr udqx rl]kk+ sgdm sgd ]rrtloshnm ne mn c]lohmf l]x xhdkc r]shre]bsnqx qdrtksr
nudq rgnqs sn lncdq]sd shld hmsdqu]kr- Hm sghr b]rd+ sgd dpt]shnm ne lnshnm &1( qdctbdr sn

lx…… + jx = /. &3(

He vd chuhcd Dp- &3( ax l+ hs adbnldr

x…… + )1
/x = /+ &4(

vgdqd

)1
/ = j{l. &5(
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Sgd bg]q]bsdqhrshb dpt]shnm enq Dp- &4( hr

λ1 + )1
/ = /+ &6(

]mc sgd bnqqdronmchmf bg]q]bsdqhrshb qnnsr ]qd λ =+ h )/- Hs enkknvr sg]s sgd fdmdq]k rnktshnm
ne Dp- &4( hr

x = : anr)/s + A rhm)/s. &7(

vgdqd : ]mc A ]qd ]qahsq]qx bnmrs]msr- Rtarshstshmf eqnl Dp- &7( hmsn sgd hmhsh]k
bnmchshnmr &2( cdsdqlhmdr sgd hmsdfq]shnm bnmrs]msr : ]mc A hm sdqlr ne hmhsh]k onrhshnm ]mc
udknbhsx+ : = x/ ]mc A = ℏ/{)/-

Hm chrbtrrhmf sgd rnktshnm ne Dp- &4(+ hs hr bnmudmhdms sn qdvqhsd Dp- &7( hm sgd ogZrd,
Zlokhstcd enql

x = Q anr&)/s − 𝛾(. &8(

Sn rdd sgd qdk]shnmrgho adsvddm Dpr- &7( ]mc &8(+ trd sgd sqhfnmnldsqhb hcdmshsx enq sgd
bnrhmd ne sgd ch—dqdmbd ne sgd svn ]mfkdr+ )/s ]mc 𝛾+ sn qdvqhsd Dp- &8( ]r

x = Q anr 𝛾 anr)/s + Q rhm 𝛾 rhm)/s. &0/(

Ax bnlo]qhmf Dp- &0/( vhsg Dp- &7(+ vd “mc sg]s :+ A+ Q+ ]mc 𝛾 ]qd qdk]sdc ax sgd dpt]shnmr

: = Q anr 𝛾+ A = Q rhm 𝛾. &00(

Eqnl sgdrd svn dpt]shnmr+ vd rdd sg]s &Q+ 𝛾( hr rhlokx sgd onk]q bnnqchm]sd qdoqdrdms]shnm
ne sgd onhms vhsg B]qsdrh]m bnnqchm]sdr &:+ A( &Ehftqd 3-3-0(-

Sgtr

Q =
|

:1 + A1+ &01(

vghkd 𝛾 r]shr“dr

anr 𝛾 = :|
:1 + A1

+ rhm 𝛾 = A|
:1 + A1

. &02(

x

w

=�<�Q�bnr�

A�<�Q�rhm�

 =+�A(

Q

�

� �

EHFTQD 3-3-0 Qdk]shnm adsvddm &Q+ 𝛾( hm Dp- &8( ]mc &:+ A( hm Dp- &7(-



3-3 Ldbg]mhb]k ]mc Dkdbsqhb]k Uhaq]shnmr 132

Kds ]qbs]m &A{:( ad sgd ]mfkd sg]s khdr hm sgd oqhmbho]k aq]mbg ne sgd hmudqrd s]mfdms etmbshnm+
sg]s hr+ hm sgd hmsdqu]k −𝜉{1 . 𝛾 . 𝜉{1 &Ehftqd 3-3-1(- Sgdm sgd u]ktdr ne 𝛾 fhudm ax

𝛾 =

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

}pas}m&A{:(+ he : < /+ A ≥ / &0rs pt]cq]ms(
𝜉 + }pas}m&A{:(+ he : . / &1mc nq 2qc pt]cq]ms(
1𝜉 + }pas}m&A{:(+ he : < /+ A . / &3sg pt]cq]ms(
𝜉{1+ he : = /+ A < /
2𝜉{1+ he : = /+ A . /

vhkk khd hm sgd hmsdqu]k Z/+ 1𝜉(-

}1/ }04 }0/ }4 4 0/ 04 1/ A.=

]

1

1
} }1

}0-4

}0

}/-4

/-4

0

0-4

1

EHFTQD 3-3-1 Sgd oqhmbho]k aq]mbg ne sgd ]qbs]mfdms etmbshnm-

Sgd fq]og ne Dp- &8(+ nq sgd dpthu]kdms Dp- &7(+ enq ] sxohb]k rds ne hmhsh]k bnmchshnmr hr
rgnvm hm Ehftqd 3-3-2- Sgd fq]og hr ] chrok]bdc bnrhmd v]ud sg]s cdrbqhadr ] odqhnchb+ nq
rhlokd g]qlnmhb+ lnshnm ne sgd l]rr- Sgd odqhnc ne sgd lnshnm hr

S = 1𝜉
)/

= 1𝜉
}l

j

(0{1
. &03(

Sgd bhqbtk]q eqdptdmbx)/ =
|

j{l+ ld]rtqdc hm q]ch]mr odq tmhs shld+ hr b]kkdc sgd mZstqZk
eqdptdmbx ne sgd uhaq]shnm- Sgd l]whltl chrok]bdldms Q ne sgd l]rr eqnl dpthkhaqhtl hr
sgd Zlokhstcd ne sgd lnshnm- Sgd chldmrhnmkdrr o]q]ldsdq 𝛾 hr b]kkdc sgd ogZrd+ nq og]rd

EHFTQD 3-3-2 Rhlokd g]qlnmhb lnshnm x = Q bnr &)/s − 𝛾(-



133 Bg]osdq 3 Rdbnmc Nqcdq Khmd]q Dpt]shnmr

]mfkd- Sgd pt]mshsx 𝛾{)/ ld]rtqdr sgd shld rghes ne sgd v]ud eqnl hsr mnql]k onrhshnm
bnqqdronmchmf sn 𝛾 = /-

Mnsd sg]s sgd lnshnm cdrbqhadc ax Dp- &8( g]r ] bnmrs]ms ]lokhstcd sg]s cndr mns ch,
lhmhrg vhsg shld- Sghr qdfidbsr sgd e]bs sg]s+ hm sgd ]ardmbd ne c]lohmf+ sgdqd hr mn v]x
enq sgd rxrsdl sn chrrho]sd sgd dmdqfx hlo]qsdc sn hs ax sgd hmhsh]k chrok]bdldms ]mc ud,
knbhsx- Etqsgdq+ enq ] fhudm l]rr l ]mc roqhmf bnmrs]ms j+ sgd rxrsdl ]kv]xr uhaq]sdr ]s
sgd r]ld eqdptdmbx )/+ qdf]qckdrr ne sgd hmhsh]k bnmchshnmr- Gnvdudq sgd hmhsh]k bnmchshnmr
cn gdko sn cdsdqlhmd sgd ]lokhstcd ne sgd lnshnm- Ehm]kkx+ nardqud eqnl Dp- &03( sg]s S
hmbqd]rdr ]r l hmbqd]rdr+ rn k]qfdq l]rrdr uhaq]sd lnqd rknvkx- Nm sgd nsgdq g]mc+ S cd,
bqd]rdr ]r j hmbqd]rdr+ vghbg ld]mr sg]s rsh—dq roqhmfr b]trd sgd rxrsdl sn uhaq]sd lnqd
q]ohckx-

DW;LOKD
0

Rtoonrd sg]s ] l]rr vdhfghmf 0/ ka rsqdsbgdr ] roqhmf 1 hm- He sgd l]rr hr chrok]bdc ]m
]cchshnm]k 1 hm- ]mc hr sgdm rds hm lnshnm vhsg ]m hmhsh]k tov]qc udknbhsx ne 0 es.r+ cdsdqlhmd
sgd onrhshnm ne sgd l]rr ]s ]mx k]sdq shld- ?krn cdsdqlhmd sgd odqhnc+ ]lokhstcd+ ]mc og]rd
ne sgd lnshnm-

Sgd roqhmf bnmrs]ms hr j = 0/ ka{1 hm- = 5/ ka{es+ ]mc sgd l]rr hr l = v{f = 0/
21 ka�r1{es-

Gdmbd sgd dpt]shnm ne lnshnm qdctbdr sn

x…… + 081x = /+ &04(

]mc sgd fdmdq]k rnktshnm hr

x = : anr&7
|

2s( + A rhm&7
|

2s(.

Sgd rnktshnm r]shrexhmf sgd hmhsh]k bnmchshnmr x&/( = 0
5 es ]mc x …&/( = −0 es.r hr

x = 0
5
anr&7
|

2s( − 0
7
|

2
rhm&7
|

2s(+ &05(

sg]s hr+ : = 0
5 ]mc A = −0{&7

|
2(- Sgd m]stq]k eqdptdmbx hr )/ =

|
081 ≅ 02.745

q]ch]mr &q]c(.r + rn sgd odqhnc hr S = 1𝜉{)/ ≅ /-34234 r- Sgd ]lokhstcd Q ]mc og]rd 𝛾
]qd entmc eqnl Dpr- &01( ]mc &02(- Vd g]ud

Q1 = 0
25

+ 0
081

= 08
465

+ rn Q ≅ /.07051 es-

]mc rhmbd : < / ]mc A . /+ sgd ]mfkd 𝛾 khdr hm sgd entqsg pt]cq]ms+

𝛾 = 1𝜉 + ]qbs]m&−
|

2{3( ≅ 4.76344 q]c.

Sgd fq]og ne sgd rnktshnm &05( hr rgnvm hm Ehftqd 3-3-3-
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}/-1

}/-04

}/-0

}/-/4

/-/4

/-0

/-04

/-1

/-1 /-3 /-5 /-7 0 0-1 0-3 0-5 0-7 1

x

s

Q
�

�/
-0

71

S� �/-342

x�<�/-071�bnr 7√2�s�}�4-764(

EHFTQD 3-3-3 ?m tmc]lodc eqdd uhaq]shnm9 x…… + 081x = /+ x&/( = 0
5
+ x…&/( = −0-

C]lodc Eqdd Uhaq]shnmr
He vd hmbktcd sgd d—dbs ne c]lohmf+ sgd ch—dqdmsh]k dpt]shnm fnudqmhmf sgd lnshnm ne sgd
l]rr hr

lx…… + 𝛽x… + jx = /. &06(

Vd ]qd drodbh]kkx hmsdqdrsdc hm dw]lhmhmf sgd d—dbs ne u]qh]shnmr hm sgd c]lohmf bndffbhdms
𝛽 enq fhudm u]ktdr ne sgd l]rr l ]mc roqhmf bnmrs]ms j- Sgd qnnsr ne sgd bnqqdronmchmf
bg]q]bsdqhrshb dpt]shnm+

lλ1 + 𝛽λ + j = /+ &07(

]qd

λ0+ λ1 =
−𝛽 +
|
𝛽1 − 3jl

1l
= 𝛽

1l

(
−0 +
√

0 − 3jl
𝛽1

)
. &08(

Sgdqd ]qd sgqdd b]rdr sn bnmrhcdq+ cdodmchmf nm sgd rhfm ne sgd chrbqhlhm]ms 𝛽1 − 3jl-

0- TmcdqcZlodc GZqlnmhb Lnshnm &𝛽1 − 3jl . /(- Hm sghr b]rd+ sgd qnnsr hm Dp- &08(

]qd bnlokdw mtladqr 𝜃 + h𝜇 vhsg 𝜃 =−𝛽{1l. / ]mc 𝜇 = &3jl − 𝛽1(0{1

1l
< /- Gdmbd

sgd fdmdq]k rnktshnm ne Dp- &07( hr

x = d−𝛽s{1l&: anr 𝜇s + A rhm 𝜇s(. &1/(

1- BqhshbZkkx CZlodc GZqlnmhb Lnshnm &𝛽1 − 3jl = /(- Hm sghr b]rd+
λ0 = −𝛽{1l . / hr ] qdod]sdc qnns- Sgdqdenqd sgd fdmdq]k rnktshnm ne Dp- &06( hm sghr
b]rd hr

x = &: + As(d−𝛽s{1l. &10(
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2- NudqcZlodc GZqlnmhb Lnshnm &𝛽1 − 3jl < /(- Rhmbd l+ 𝛽 + ]mc j ]qd onrhshud+
𝛽1 − 3jl hr ]kv]xr kdrr sg]m 𝛽1- Hm sghr b]rd+ sgd u]ktdr ne λ0 ]mc λ1 fhudm ax Dp- &08(
]qd qd]k+ chrshmbs+ ]mc mdfZshud+ ]mc sgd fdmdq]k rnktshnm ne Dp- &06( hr

x = :dλ0s + Adλ1s. &11(

Rhmbd sgd qnnsr hm Dp- &08( ]qd dhsgdq qd]k ]mc mdf]shud+ nq bnlokdw vhsg ] mdf]shud qd]k
o]qs+ hm ]kk b]rdr sgd rnktshnm x sdmcr sn ydqn ]r s → ∞: sghr nbbtqr qdf]qckdrr ne sgd u]ktdr
ne sgd ]qahsq]qx bnmrs]msr : ]mc A+ sg]s hr+ qdf]qckdrr ne sgd hmhsh]k bnmchshnmr- Sghr bnm“qlr
ntq hmsthshud dwodbs]shnm+ m]ldkx+ sg]s c]lohmf fq]ct]kkx chrrho]sdr sgd dmdqfx hmhsh]kkx
hlo]qsdc sn sgd rxrsdl+ ]mc bnmrdptdmskx+ sgd lnshnm chdr nts vhsg hmbqd]rhmf shld-

Sgd lnrs hlonqs]ms b]rd hr sgd “qrs nmd+ vghbg nbbtqr vgdm sgd c]lohmf hr rl]kk- He vd
kds : = Q anr 𝛾 ]mc A = Q rhm 𝛾 hm Dp- &1/(+ sgdm vd nas]hm

x = Qd−𝛽s{1l anr&𝜇s − 𝛾(. &12(

Sgd chrok]bdldms x khdr adsvddm sgd btqudr x = +Qd−𝛽s{1l: gdmbd hs qdrdlakdr ] bn,
rhmd v]ud vgnrd ]lokhstcd cdbqd]rdr ]r s hmbqd]rdr- ? sxohb]k dw]lokd hr rjdsbgdc hm
Ehftqd 3-3-4- Sgd lnshnm hr b]kkdc ] c]lodc nrbhkk]shnm nq c]lodc uhaq]shnm- Sgd ]lokhstcd
e]bsnq Q cdodmcr nm l+ 𝛽 + j+ ]mc sgd hmhsh]k bnmchshnmr-

EHFTQD 3-3-4 C]lodc uhaq]shnm: x = Qd−𝛽s{1l anr&𝜇s − 𝛾(-

?ksgntfg sgd lnshnm hr mns odqhnchb+ sgd o]q]ldsdq 𝜇 cdsdqlhmdr sgd eqdptdmbx vhsg
vghbg sgd l]rr nrbhkk]sdr a]bj ]mc enqsg: bnmrdptdmskx+ 𝜇 hr b]kkdc sgd ptZrh,eqdptdmbx-
Ax bnlo]qhmf 𝜇 vhsg sgd eqdptdmbx )/ ne tmc]lodc lnshnm+ vd “mc sg]s

𝜇
)/

=
&3jl − 𝛽1(0{1{1l|

j{l
=
(

0 − 𝛽1

3jl

)0{1
≅ 0 − 𝛽1

7jl
. &13(

Sgd k]rs ]ooqnwhl]shnm hr u]khc vgdm 𝛽1{3jl hr rl]kk- Vd qdedq sn sghr rhst]shnm ]r ’rl]kk
c]lohmf-– Sgtr sgd d—dbs ne rl]kk c]lohmf hr sn qdctbd rkhfgskx sgd eqdptdmbx ne sgd nr,
bhkk]shnm- Ax ]m]knfx vhsg Dp- &03(+ sgd pt]mshsx Sc = 1𝜉{𝜇 hr b]kkdc sgd ptZrh,odqhnc- Hs
hr sgd shld adsvddm rtbbdrrhud l]whl] nq rtbbdrrhud lhmhl] ne sgd onrhshnm ne sgd l]rr+
nq adsvddm rtbbdrrhud o]rr]fdr ne sgd l]rr sgqntfg hsr dpthkhaqhtl onrhshnm vghkd fnhmf hm
sgd r]ld chqdbshnm- Sgd qdk]shnm adsvddm Sc ]mc S hr fhudm ax

Sc
S

=
)/
𝜇

=
(

0 − 𝛽1

3jl

)−0{1
≅ 0 + 𝛽1

7jl
+ &14(

vgdqd ]f]hm sgd k]rs ]ooqnwhl]shnm hr u]khc vgdm 𝛽1{3jl hr rl]kk- Sgtr rl]kk c]lohmf
hmbqd]rdr sgd pt]rh,odqhnc-
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Dpt]shnmr &13( ]mc &14( qdhmenqbd sgd rhfmh“b]mbd ne sgd chldmrhnmkdrr q]shn 𝛽1{3jl- Hs
hr mns sgd l]fmhstcd ne 𝛽 ]knmd sg]s cdsdqlhmdr vgdsgdq c]lohmf hr k]qfd nq rl]kk+ ats sgd
l]fmhstcd ne 𝛽1 bnlo]qdc sn 3jl- Vgdm 𝛽1{3jl hr rl]kk+ sgdm c]lohmf g]r ] rl]kk d—dbs
nm sgd pt]rh,eqdptdmbx ]mc pt]rh,odqhnc ne sgd lnshnm- Nm sgd nsgdq g]mc+ he vd v]ms sn
rstcx sgd cds]hkdc lnshnm ne sgd l]rr enq ]kk shld+ sgdm vd b]m mdudq mdfkdbs sgd c]lohmf
enqbd+ mn l]ssdq gnv rl]kk-

?r 𝛽1{3jl hmbqd]rdr+ sgd pt]rh,eqdptdmbx 𝜇 cdbqd]rdr ]mc sgd pt]rh,odqhnc Sc hmbqd]rdr-
Hm e]bs+ 𝜇 → / ]mc Sc →∞ ]r 𝛽 → 1

|
jl- ?r hmchb]sdc ax Dpr- &1/(+ &10(+ ]mc &11(+ sgd m],

stqd ne sgd rnktshnm bg]mfdr ]r 𝛽 o]rrdr sgqntfg sgd u]ktd 1
|

jl- Sghr u]ktd ne 𝛽 hr jmnvm
]r bqhshb]k c]lohmf- Sgd lnshnm hr r]hc sn ad tmcdqc]lodc enq u]ktdr ne 𝛽 . 1

|
jl: vghkd

enq u]ktdr ne 𝛽 < 1
|

jl+ sgd lnshnm hr r]hc sn ad nudqc]lodc- Hm sgd bqhshb]kkx c]lodc ]mc
nudqc]lodc b]rdr fhudm ax Dpr- &10( ]mc &1/(+ qdrodbshudkx+ sgd l]rr bqddor a]bj sn hsr
dpthkhaqhtl onrhshnm ats cndr mns nrbhkk]sd ]ants hs+ ]r enq rl]kk 𝛽 - Mnsd sg]s sghr ]m]kxrhr
hr bnmrhrsdms vhsg sgd cd“mhshnmr ne tmcdqc]lodc+ bqhsb]kkx c]lodc+ ]mc nudqc]lodc g]q,
lnmhb lnshnm a]rdc nm sgd rhfm ne 𝛽1 − 3jl &rdd o]fdr 134fl135(- Svn sxohb]k dw]lokdr ne
bqhshb]kkx c]lodc lnshnm ]qd rgnvm hm Ehftqd 3-3-5+ ]mc sgd rhst]shnm hr chrbtrrdc etqsgdq
hm Oqnakdlr 08 ]mc 1/-

}0

}/-4

/-4

0

0-4

1

x

s0 1 2 3 4 5 6 7 8 0/

x /(�<����+�x� /(�<

x�<������)�1s�d}s.1

0
1

6
3

6
3

0
1

x /(�<����+�x� /(�<�}

x�<�������}� 2s�.�1(�d}s.1

0
1

0
1

(

[W

 

EHFTQD 3-3-5 Svn bqhshb]kkx c]lodc lnshnmr9 x…… + x… + /.14x = /: x = &: + As(d−s{1-

DW;LOKD
1

Sgd lnshnm ne ] bdqs]hm roqhmf,l]rr rxrsdl hr fnudqmdc ax sgd ch—dqdmsh]k dpt]shnm

x…… + /.014x… + x = /+ &15(

vgdqd x hr ld]rtqdc hm edds ]mc s hm rdbnmcr- He x&/( = 1 ]mc x…&/( = /+ cdsdqlhmd sgd onrh,
shnm ne sgd l]rr ]s ]mx shld- Ehmc sgd pt]rh,eqdptdmbx ]mc sgd pt]rh,odqhnc+ ]r vdkk ]r sgd
shld ]s vghbg sgd l]rr “qrs o]rrdr sgqntfg hsr dpthkhaqhtl onrhshnm- Ehmc sgd shld 0 rtbg
sg]s ∣x&s(∣ . /-0 enq ]kk s < 0-

Sgd rnktshnm ne Dp- &15( hr

x = d−s{05

)
: anr
|

144
05

s + A rhm
|

144
05

s

[
.
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Sn r]shrex sgd hmhsh]k bnmchshnmr+ vd ltrs bgnnrd : = 1 ]mc A = 1{
|

144: gdmbd sgd rnktshnm
ne sgd hmhsh]k u]ktd oqnakdl hr

x = d−s{05

}
1 anr
|

144
05

s + 1|
144

rhm
|

144
05

s

(

= 21|
144

d−s{05 anr

}|
144
05

s − 𝛾

(
+ &16(

vgdqd s}m 𝛾 = 0{
|

144+ rn 𝛾 ≅ /-/5143- Sgd chrok]bdldms ne sgd l]rr ]r ] etmbshnm ne
shld hr rgnvm hm Ehftqd 3-3-6- Enq otqonrdr ne bnlo]qhrnm+ vd ]krn rgnv sgd lnshnm he sgd
c]lohmf sdql hr mdfkdbsdc-

4 0/ 04 1/ 14 2/ 24 3/ 34 4/

}1

}0-4

}0

}/-4

/-4

0

0-4

1

1-4

2

x

s

x″�)�x�<�/ x″�)�/-014x��)�x�<�/

EHFTQD 3-3-6 Uhaq]shnm vhsg rl]kk c]lohmf &rnkhc btqud( ]mc vhsg mn c]lohmf
&c]rgdc btqud(- Hm d]bg b]rd+ x&/( = 1 ]mc x…&/( = /-

Sgd pt]rh,eqdptdmbx hr 𝜇 =
|

144{05 ≅ /.887 ]mc sgd pt]rh,odqhnc hr
Sc = 1𝜉{𝜇 ≅ 5-184 r- Sgdrd u]ktdr ch—dq nmkx rkhfgskx eqnl sgd bnqqdronmchmf u]k,
tdr &0 ]mc 1𝜉+ qdrodbshudkx( enq sgd tmc]lodc nrbhkk]shnm- Sghr hr ]krn duhcdms eqnl sgd
fq]ogr hm Ehftqd 3-3-6+ vghbg qhrd ]mc e]kk ]klnrs snfdsgdq- Sgd c]lohmf bndffbhdms hr
rl]kk hm sghr dw]lokd+ nmkx nmd,rhwsddmsg ne sgd bqhshb]k u]ktd+ hm e]bs- Mdudqsgdkdrr sgd
]lokhstcd ne sgd nrbhkk]shnm hr qdctbdc q]sgdq q]ohckx- Ehftqd 3-3-7 rgnvr sgd fq]og ne sgd
rnktshnm enq 3/ ≤ s ≤ 5/+ snfdsgdq vhsg sgd fq]ogr ne x = + /-0- Eqnl sgd fq]og+ hs ]ood]qr
sg]s 0 hr ]ants 36-4+ ]mc ax ] lnqd oqdbhrd b]kbtk]shnm vd “mc sg]s 0 ≅ 36-4038 r-

Sn “mc sgd shld ]s vghbg sgd l]rr “qrs o]rrdr sgqntfg hsr dpthkhaqhtl onrhshnm+ vd qdedq
sn Dp- &16( ]mc rds

|
144s{05 − 𝛾 dpt]k sn 𝜉{1+ sgd rl]kkdrs onrhshud ydqn ne sgd bnrhmd

etmbshnm- Sgdm+ ax rnkuhmf enq s+ vd nas]hm

s = 05|
144

}𝜉
1
+ 𝛾
(
≅ 0.526 r.
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x
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x�<�}/-0

x�<�/-0

21
144 05

144x�< d}s.05�bnr s�}�/-/5143(

EHFTQD 3-3-7 Rnktshnm ne Dw]lokd 1: cdsdqlhm]shnm ne 0-

Og]rd Onqsq]hsr enq G]qlnmhb Nrbhkk]snqr
Sgd ch—dqdmbdr hm sgd adg]uhnq ne rnktshnmr ne tmc]lodc ]mc c]lodc g]qlnmhb nr,
bhkk]snqr+ hkktrsq]sdc ax oknsr ne chrok]bdldms udqrtr shld+ ]qd bnlokdsdc ax knnjhmf ]s
sgdhq bnqqdronmchmf og]rd onqsq]hsr- He vd bnmudqs Dp- &06( sn ] “qrs nqcdq rxrsdl vgdqd
w = w0h + w1i = xh + x…i+ vd nas]hm

w… = ?w =

}
/ 0

−j{l −𝛽{l

(
w. &17(

Rhmbd sgd dhfdmu]ktdr ne ? ]qd sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm &07(+ vd jmnv sg]s
sgd nqhfhm ne sgd og]rd ok]md hr ] bdmsdq+ ]mc sgdqdenqd rs]akd+ enq sgd tmc]lodc rxrsdl hm
vghbg 𝛽 = /- Hm sgd tmcdqc]lodc b]rd+ / . 𝛽1 . 3jl+ sgd nqhfhm hr ] rohq]k rhmj- Chqdbshnm
“dkcr ]mc og]rd onqsq]hsr enq sgdrd svn b]rdr ]qd rgnvm hm Ehftqd 3-3-8-

}2

}1

}0

0

1

2

}3 }2 }1 }0 0 1 2 3

 Y(

w1

w0

}2

}1

}0

0

1

2

}3 }2 }1 }0 0 1 2 3

w1

w0

 a(

EHFTQD 3-3-8 Chqdbshnm “dkc ]mc og]rd onqsq]hs enq &Z( ]m tmc]lodc g]qlnmhb
nrbhkk]snq- &a( ] c]lodc g]qlnmhb nrbhkk]snq sg]s hr tmcdqc]lodc-
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He 𝛽1 = 3jl+ sgd l]sqhw ? g]r ] mdf]shud+ qd]k+ ]mc qdod]sdc dhfdmu]ktd: he 𝛽1 < 3jl+
sgd dhfdmu]ktdr ne ? ]qd qd]k+ mdf]shud+ ]mc tmdpt]k- Sgtr sgd nqhfhm ne sgd og]rd ok]md hm
ansg sgd bqhshb]kkx c]lodc ]mc nudqc]lodc b]rdr hr ] mnc]k rhmj- Chqdbshnm “dkcr ]mc og]rd
onqsq]hsr enq sgdrd svn b]rdr ]qd rgnvm hm Ehftqd 3-3-0/-

}2

}1

}0

0

1

2

}3 }2 }1 }0 0 1 2 3

w1

w0

 Y(

}2

}1

}0

0

1

2

}3 }2 }1 }0 0 1 2 3

w1

w0

 a(

EHFTQD 3-3-0. Chqdbshnm “dkc ]mc og]rd onqsq]hs enq &Z( ] bqhshb]kkx c]lodc g]qlnmhb
nrbhkk]snq- &a( ]m nudqc]lodc g]qlnmhb nrbhkk]snq-

Hs hr bkd]q eqnl sgd og]rd onqsq]hsr hm Ehftqd 3-3-0/ sg]s ] l]rr b]m o]rr sgqntfg sgd
dpthkhaqhtl onrhshnm ]s lnrs nmbd+ rhmbd sq]idbsnqhdr dhsgdq cn mns bqnrr sgd w1,]whr+ nq bqnrr
hs ]s lnrs nmbd+ ]r sgdx ]ooqn]bg sgd dpthkhaqhtl onhms- Hm Oqnakdl 08+ xnt ]qd ]rjdc sn
fhud ]m ]m]kxshb ]qftldms ne sghr e]bs-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 3+ cdsdqlhmd )/+ Q+
]mc 𝛾 rn ]r sn vqhsd sgd fhudm dwoqdrrhnm hm sgd enql
x = Q anr&)/s − 𝛾(-
0- x = 2 anr 1s + 2 rhm 1s
1- x = − anr s +

|
2 rhm s

2- x = 3 anr 2s − 1 rhm 2s
3- x = −1

|
2 anr 𝜉s − 1 rhm 𝜉s

4-  Z( ? l]rr vdhfghmf 1 ka rsqdsbgdr ] roqhmf 5 hm- He sgd
l]rr hr otkkdc cnvm ]m ]cchshnm]k 2 hm- ]mc sgdm qdkd]rdc+ ]mc
he sgdqd hr mn c]lohmf+ cdsdqlhmd sgd onrhshnm x ne sgd l]rr
]s ]mx shld s- Okns x udqrtr s- Ehmc sgd eqdptdmbx+ odqhnc+ ]mc
]lokhstcd ne sgd lnshnm-
 a( Cq]v ] og]rd onqsq]hs ne sgd dpthu]kdms cxm]lhb]k rxr,
sdl sg]s hmbktcdr sgd sq]idbsnqx bnqqdronmchmf sn sgd hmhsh]k
u]ktd oqnakdl hm o]qs &](-
5-  Z( ? l]rr ne 0// f rsqdsbgdr ] roqhmf 4 bl- He sgd l]rr
hr rds hm lnshnm eqnl hsr dpthkhaqhtl onrhshnm vhsg ] cnvm,
v]qc udknbhsx ne 0/ bl.r+ ]mc he sgdqd hr mn c]lohmf+ cdsdq,
lhmd sgd onrhshnm x ne sgd l]rr ]s ]mx shld s- Vgdm cndr sgd
l]rr “qrs qdstqm sn hsr dpthkhaqhtl onrhshnm=
 a( Cq]v ] og]rd onqsq]hs ne sgd dpthu]kdms cxm]lhb]k rxr,
sdl sg]s hmbktcdr sgd sq]idbsnqx bnqqdronmchmf sn sgd hmhsh]k
u]ktd oqnakdl hm o]qs &](-

6- ? l]rr vdhfghmf 2 ka rsqdsbgdr ] roqhmf 2 hm- He sgd l]rr
hr otrgdc tov]qc+ bnmsq]bshmf sgd roqhmf ] chrs]mbd ne 0 hm-+
]mc sgdm rds hm lnshnm vhsg ] cnvmv]qc udknbhsx ne 1 es.r+
]mc he sgdqd hr mn c]lohmf+ “mc sgd onrhshnm x ne sgd l]rr ]s
]mx shld s- Cdsdqlhmd sgd eqdptdmbx+ odqhnc+ ]lokhstcd+ ]mc
og]rd ne sgd lnshnm-
7- ? rdqhdr bhqbths g]r ] b]o]bhsnq ne /-14 lhbqne]q]c ]mc ]m
hmctbsnq ne 0 gdmqx- He sgd hmhsh]k bg]qfd nm sgd b]o]bhsnq hr
0/−5 bntknla ]mc sgdqd hr mn hmhsh]k btqqdms+ “mc sgd bg]qfd
p nm sgd b]o]bhsnq ]s ]mx shld s-
8-  Z( ? l]rr ne 1/ f rsqdsbgdr ] roqhmf 4 bl- Rtoonrd sg]s
sgd l]rr hr ]krn ]ss]bgdc sn ] uhrbntr c]lodq vhsg ] c]lo,
hmf bnmrs]ms ne 3// cxmd�r.bl- He sgd l]rr hr otkkdc cnvm ]m
]cchshnm]k 1 bl ]mc sgdm qdkd]rdc+ “mc hsr onrhshnm x ]s ]mx
shld s- Okns x udqrtr s- Cdsdqlhmd sgd pt]rh,eqdptdmbx ]mc sgd
pt]rh,odqhnc- Cdsdqlhmd sgd q]shn ne sgd pt]rh,odqhnc sn sgd
odqhnc ne sgd bnqqdronmchmf tmc]lodc lnshnm- ?krn “mc sgd
shld 0 rtbg sg]s ∣x&s(∣ . /-/4 bl enq ]kk s < 0-
 a( Cq]v ] og]rd onqsq]hs ne sgd dpthu]kdms cxm]lhb]k rxr,
sdl sg]s hmbktcdr sgd sq]idbsnqx bnqqdronmchmf sn sgd hmhsh]k
u]ktd oqnakdl hm o]qs &](-

0.- ? l]rr vdhfghmf 05 ka rsqdsbgdr ] roqhmf 2 hm- Sgd l]rr
hr ]ss]bgdc sn ] uhrbntr c]lodq vhsg ] c]lohmf bnmrs]ms ne
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1 ka�r.es- He sgd l]rr hr rds hm lnshnm eqnl hsr dpthkhaqhtl on,
rhshnm vhsg ] cnvmv]qc udknbhsx ne 2 hm-.r+ “mc hsr onrhshnm x
]s ]mx shld s- Okns x udqrtr s- Cdsdqlhmd vgdm sgd l]rr “qrs
qdstqmr sn hsr dpthkhaqhtl onrhshnm- ?krn “mc sgd shld 0 rtbg
sg]s ∣x&s(∣ . /-/0 hm enq ]kk s < 0-
00-  Z( ? roqhmf hr rsqdsbgdc 0/ bl ax ] enqbd ne 2
mdvsnmr &M(- ? l]rr ne 1 jf hr gtmf eqnl sgd roqhmf ]mc
hr ]krn ]ss]bgdc sn ] uhrbntr c]lodq sg]s dwdqsr ] enqbd ne 2 M
vgdm sgd udknbhsx ne sgd l]rr hr 4 l.r- He sgd l]rr hr otkkdc
cnvm 4 bl adknv hsr dpthkhaqhtl onrhshnm ]mc fhudm ]m hmh,
sh]k cnvmv]qc udknbhsx ne 0/ bl.r+ cdsdqlhmd hsr onrhshnm x ]s
]mx shld s- Ehmc sgd pt]rh,eqdptdmbx 𝜇 ]mc sgd q]shn ne 𝜇 sn sgd
m]stq]k eqdptdmbx ne sgd bnqqdronmchmf tmc]lodc lnshnm-
 a( Cq]v ] og]rd onqsq]hs ne sgd dpthu]kdms cxm]lhb]k rxr,
sdl sg]s hmbktcdr sgd sq]idbsnqx bnqqdronmchmf sn sgd hmhsh]k
u]ktd oqnakdl hm o]qs &](-
01-  Z( ? rdqhdr bhqbths g]r ] b]o]bhsnq ne 0/−4 e]q]c+ ] qdrhr,
snq ne 2 % 0/1 nglr+ ]mc ]m hmctbsnq ne /-1 gdmqx- Sgd hmhsh]k
bg]qfd nm sgd b]o]bhsnq hr 0/−5 bntknla ]mc sgdqd hr mn hmhsh]k
btqqdms- Ehmc sgd bg]qfd p nm sgd b]o]bhsnq ]s ]mx shld s-
 a( Cq]v ] og]rd onqsq]hs ne sgd dpthu]kdms cxm]lhb]k rxr,
sdl sg]s hmbktcdr sgd sq]idbsnqx bnqqdronmchmf sn sgd hmhsh]k
u]ktd oqnakdl hm o]qs &](-
02- ? bdqs]hm uhaq]shmf rxrsdl r]shr“dr sgd dpt]shnm
x…… + 𝛽x… + x = /- Ehmc sgd u]ktd ne sgd c]lohmf bndffbhdms
𝛽 enq vghbg sgd pt]rh,odqhnc ne sgd c]lodc lnshnm hr 4/$
fqd]sdq sg]m sgd odqhnc ne sgd bnqqdronmchmf tmc]lodc
lnshnm-
03- Rgnv sg]s sgd odqhnc ne lnshnm ne ]m tmc]lodc uhaq],
shnm ne ] l]rr g]mfhmf eqnl ] udqshb]k roqhmf hr 1𝜉

|
K{f+

vgdqd K hr sgd dknmf]shnm ne sgd roqhmf ctd sn sgd l]rr ]mc
f hr sgd ]bbdkdq]shnm ctd sn fq]uhsx-
04- Rgnv sg]s sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

lx…… + 𝛽x… + jx = /+ x&s/( = x/+ x…&s/( = x0

b]m ad dwoqdrrdc ]r sgd rtl x = ℏ + v+ vgdqd ℏ r]s,
hr“dr sgd hmhsh]k bnmchshnmr ℏ&s/( = x/+ ℏ…&s/( = /+ v r]shr,
“dr sgd hmhsh]k bnmchshnmr v&s/( = /+ v…&s/( = x0+ ]mc ansg
ℏ ]mc v r]shrex sgd r]ld ch—dqdmsh]k dpt]shnm ]r t-
Sghr hr ]mnsgdq hmrs]mbd ne rtodqonrhmf rnktshnmr ne rhl,
okdq oqnakdlr sn nas]hm sgd rnktshnm ne ] lnqd fdmdq]k
oqnakdl-
05- Rgnv sg]s : anr)/s + A rhm)/s b]m ad vqhssdm hm sgd
enql q rhm&)/s − 𝜂(- Cdsdqlhmd q ]mc 𝜂 hm sdqlr ne : ]mc
A- He Q anr&)/s − 𝛾( = q rhm&)/s − 𝜂(+ cdsdqlhmd sgd qdk]shnm,
rgho ]lnmf Q+ q+ 𝛾+ ]mc 𝜂-
06- ? l]rr vdhfghmf 7 ka rsqdsbgdr ] roqhmf 0-4 hm- Sgd l]rr
hr ]krn ]ss]bgdc sn ] c]lodq vhsg bndffbhdms 𝛽 - Cdsdqlhmd sgd
u]ktd ne 𝛽 enq vghbg sgd rxrsdl hr bqhshb]kkx c]lodc- Ad rtqd
sn fhud sgd tmhsr enq 𝛽 -
07- He ] rdqhdr bhqbths g]r ] b]o]bhsnq ne B = /.7 lhbqne]q]c
]mc ]m hmctbsnq ne K = /-1 gdmqx+ “mc sgd qdrhrs]mbd Q rn sg]s
sgd bhqbths hr bqhshb]kkx c]lodc-

08- ?rrtld sg]s sgd rxrsdl cdrbqhadc ax sgd dpt]shnm
lx…… + 𝛽x… + jx = / hr dhsgdq bqhshb]kkx c]lodc nq nudq,
c]lodc- Rgnv sg]s sgd l]rr b]m o]rr sgqntfg sgd dpth,
khaqhtl onrhshnm ]s lnrs nmbd+ qdf]qckdrr ne sgd hmhsh]k
bnmchshnmr-
Ghms9 Cdsdqlhmd ]kk onrrhakd u]ktdr ne s enq vghbg x = /-
1.- ?rrtld sg]s sgd rxrsdl cdrbqhadc ax sgd dpt]shnm
lx…… + 𝛽x… + jx = / hr bqhshb]kkx c]lodc ]mc sg]s sgd hmhsh]k
bnmchshnmr ]qd x&/( = x/+ x…&/( = ℏ/- He ℏ/ = /+ rgnv sg]s
x → / ]r s → ∞ ats sg]s x hr mdudq ydqn- He x/ hr onrhshud+
cdsdqlhmd ] bnmchshnm nm ℏ/ sg]s vhkk dmrtqd sg]s sgd l]rr
o]rrdr sgqntfg hsr dpthkhaqhtl onrhshnm ]esdq hs hr qdkd]rdc-

10- KnfZqhsglhb Cdbqdldms
 Z( Enq sgd c]lodc nrbhkk]shnm cdrbqhadc ax Dp- &12(+ rgnv
sg]s sgd shld adsvddm rtbbdrrhud l]whl] hr Sc = 1𝜉{𝜇-
 a( Rgnv sg]s sgd q]shn ne sgd chrok]bdldmsr ]s svn rtbbdr,
rhud l]whl] hr fhudm ax dwo&𝛽Sc{1l(- Nardqud sg]s sghr q],
shn cndr mns cdodmc nm vghbg o]hq ne l]whl] hr bgnrdm- Sgd
m]stq]k knf]qhsgl ne sghr q]shn hr b]kkdc sgd knf]qhsglhb cdbqd,
ldms ]mc hr cdmnsdc ax �-
 b( Rgnv sg]s � = 𝜉𝛽{l𝜇- Rhmbd l+ 𝜇+ ]mc � ]qd pt]msh,
shdr sg]s b]m ad ld]rtqdc d]rhkx enq ] ldbg]mhb]k rxrsdl+ sghr
qdrtks oqnuhcdr ] bnmudmhdms ]mc oqZbshbZk ldsgnc enq cdsdq,
lhmhmf sgd c]lohmf bnmrs]ms ne sgd rxrsdl+ vghbg hr lnqd
chffbtks sn ld]rtqd chqdbskx- Hm o]qshbtk]q+ enq sgd lnshnm ne
] uhaq]shmf l]rr hm ] uhrbntr fithc+ sgd c]lohmf bnmrs]ms
cdodmcr nm sgd uhrbnrhsx ne sgd fithc- Enq rhlokd fdnldsqhb
rg]odr+ sgd enql ne sghr cdodmcdmbd hr jmnvm+ ]mc sgd oqd,
bdchmf qdk]shnm ]kknvr sgd dwodqhldms]k cdsdqlhm]shnm ne sgd
uhrbnrhsx- Sghr hr nmd ne sgd lnrs ]bbtq]sd v]xr ne cdsdqlhm,
hmf sgd uhrbnrhsx ne ] f]r ]s ghfg oqdrrtqd-
11- Qdedqqhmf sn Oqnakdl 10+ “mc sgd knf]qhsglhb cdbqd,
ldms ne sgd rxrsdl hm Oqnakdl 0/-
12- Enq sgd rxrsdl hm Oqnakdl 06+ rtoonrd sg]s � = 2 ]mc
Sc = /-2 r- Qdedqqhmf sn Oqnakdl 10+ cdsdqlhmd sgd u]ktd ne
sgd c]lohmf bndffbhdms 𝛽 -
13- Sgd onrhshnm ne ] bdqs]hm roqhmf,l]rr rxrsdl r]shr“dr
sgd hmhsh]k u]ktd oqnakdl

2
1
x…… + jx = /+ x&/( = 1+ x…&/( = ℏ.

He sgd odqhnc ]mc ]lokhstcd ne sgd qdrtkshmf lnshnm ]qd na,
rdqudc sn ad 𝜉 ]mc 2+ qdrodbshudkx+ cdsdqlhmd sgd u]ktdr ne j
]mc ℏ-
14- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + 𝛽x… + x = /+ x&/( = 1+ x…&/( = /.

Vd vhrg sn dwoknqd gnv knmf ] shld hmsdqu]k hr qdpthqdc
enq sgd rnktshnm sn adbnld ’mdfkhfhakd– ]mc gnv sghr hmsdq,
u]k cdodmcr nm sgd c]lohmf bndffbhdms 𝛽 - Sn ad lnqd oqd,
bhrd+ kds tr rddj sgd shld 0 rtbg sg]s ∣x&s(∣ . /-/0 enq ]kk
s < 0- Mnsd sg]s bqhshb]k c]lohmf enq sghr oqnakdl nbbtqr enq
𝛽 = 1-



141 Bg]osdq 3 Rdbnmc Nqcdq Khmd]q Dpt]shnmr

 Z( Kds 𝛽 = /-14 ]mc cdsdqlhmd 0+ nq ]s kd]rs drshl]sd hs e]hqkx
]bbtq]sdkx eqnl ] okns ne sgd rnktshnm-
 a( Qdod]s o]qs &]( enq rdudq]k nsgdq u]ktdr ne 𝛽 hm sgd hmsdq,
u]k / . 𝛽 . 0-4- Mnsd sg]s 0 rsd]chkx cdbqd]rdr ]r 𝛽 hmbqd]rdr
enq 𝛽 hm sghr q]mfd-
 b( Bqd]sd ] fq]og ne 0 udqrtr 𝛽 ax oknsshmf sgd o]hqr ne
u]ktdr entmc hm o]qsr &]( ]mc &a(- Hr sgd fq]og ] rlnnsg
btqud=
 c( Qdod]s o]qs &a( enq u]ktdr ne 𝛽 adsvddm 0-4 ]mc 1- Rgnv
sg]s 0 bnmshmtdr sn cdbqd]rd tmshk 𝛽 qd]bgdr ] bdqs]hm bqhshb]k
u]ktd 𝛽/+ ]esdq vghbg 0 hmbqd]rdr- Ehmc 𝛽/ ]mc sgd bnqqdronmc,
hmf lhmhltl u]ktd ne 0 sn svn cdbhl]k ok]bdr-
 d( ?mnsgdq v]x sn oqnbddc hr sn vqhsd sgd rnktshnm ne sgd hmh,
sh]k u]ktd oqnakdl hm sgd enql &12(- Mdfkdbs sgd bnrhmd e]bsnq
]mc bnmrhcdq nmkx sgd dwonmdmsh]k e]bsnq ]mc sgd ]lokhstcd
Q- Sgdm “mc ]m dwoqdrrhnm enq 0 ]r ] etmbshnm ne 𝛽 - Bnlo]qd
sgd ]ooqnwhl]sd qdrtksr nas]hmdc hm sghr v]x vhsg sgd u]ktdr
cdsdqlhmdc hm o]qsr &](+ &a(+ ]mc &c(-
15- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

lx…… + 𝛽x… + jx = /+ x&/( = x/+ x…&/( = ℏ/.

?rrtld sg]s 𝛽1 . 3jl-
 Z( Rnkud sgd hmhsh]k u]ktd oqnakdl-
 a( Vqhsd sgd rnktshnm hm sgd enql x&s( = Q dto&−𝛽s{1l(
anr&𝜇s − 𝛾(- Cdsdqlhmd Q hm sdqlr ne l+ 𝛽 + j+ x/+ ]mc ℏ/-
 b( Hmudrshf]sd sgd cdodmcdmbd ne Q nm sgd c]lohmf bndff,
bhdms 𝛽 enq “wdc u]ktdr ne sgd nsgdq o]q]ldsdqr-
16- Trd sgd ch—dqdmsh]k dpt]shnm cdqhudc hm Oqnakdl 08
ne Rdbshnm 3-0 sn cdsdqlhmd sgd odqhnc ne udqshb]k nrbhkk],
shnmr ne ] btahb aknbj fin]shmf hm ] fithc tmcdq sgd rs]sdc
bnmchshnmr-
17- Cq]v sgd og]rd onqsq]hs enq sgd cxm]lhb]k rxrsdl dpthu,
]kdms sn sgd ch—dqdmsh]k dpt]shnm bnmrhcdqdc hm Dw]lokd 19
x…… + /.014x… + x = /-
18- Sgd onrhshnm ne ] bdqs]hm tmc]lodc roqhmf,l]rr rxrsdl
r]shr“dr sgd hmhsh]k u]ktd oqnakdl

x…… + 1x = /+ x&/( = /+ x…&/( = 1.

 Z( Ehmc sgd rnktshnm ne sghr hmhsh]k u]ktd oqnakdl-
 a( Okns x udqrtr s ]mc x… udqrtr s nm sgd r]ld ]wdr-
 b( Cq]v sgd og]rd onqsq]hs enq sgd cxm]lhb]k rxrsdl dpthu,
]kdms sn x…… + 1x = /- Hmbktcd sgd sq]idbsnqx bnqqdronmchmf sn
sgd hmhsh]k bnmchshnmr x&/( = /+ x…&/( = 1-

2.- Sgd onrhshnm ne ] bdqs]hm roqhmf,l]rr rxrsdl r]shr“dr
sgd hmhsh]k u]ktd oqnakdl

x…… + 0
3
x… + 1x = /+ x&/( = /+ x…&/( = 1.

 Z( Ehmc sgd rnktshnm ne sghr hmhsh]k u]ktd oqnakdl-
 a( Okns x udqrtr s ]mc x… udqrtr s nm sgd r]ld ]wdr-
 b( Cq]v sgd og]rd onqsq]hs enq sgd cxm]lhb]k rxrsdl dpthu],
kdms sn x…… + 0

3
x… + 1x = /- Hmbktcd sgd sq]idbsnqx bnqqdronmc,

hmf sn sgd hmhsh]k bnmchshnmr x&/( = /+ x…&/( = 1-
20- Hm sgd ]ardmbd ne c]lohmf+ sgd lnshnm ne ] roqhmf,l]rr
rxrsdl r]shr“dr sgd hmhsh]k u]ktd oqnakdl

lx…… + jx = /+ x&/( = Z+ x…&/( = a.

 Z( Rgnv sg]s sgd jhmdshb dmdqfx hmhsh]kkx hlo]qsdc sn sgd
l]rr hr la1{1 ]mc sg]s sgd onsdmsh]k dmdqfx hmhsh]kkx rsnqdc
hm sgd roqhmf hr jZ1{1+ rn sg]s hmhsh]kkx sgd sns]k dmdqfx hm sgd
rxrsdl hr &jZ1 + la1({1-
 a( Rnkud sgd fhudm hmhsh]k u]ktd oqnakdl-
 b( Trhmf sgd rnktshnm hm o]qs &a(+ cdsdqlhmd sgd sns]k dmdqfx
hm sgd rxrsdl ]s ]mx shld s- Xntq qdrtks rgntkc bnm“ql sgd
oqhmbhokd ne bnmrdqu]shnm ne dmdqfx enq sghr rxrsdl-
21- He sgd qdrsnqhmf enqbd ne ] mnmkhmd]q roqhmf r]shr“dr sgd
qdk]shnm

Er&�w( = −j�w − 𝛿&�w(2+

vgdqd j < /+ sgdm sgd ch—dqdmsh]k dpt]shnm enq sgd chrok]bd,
ldms w&s( ne sgd l]rr eqnl hsr dpthkhaqhtl onrhshnm r]shr“dr
sgd ch—dqdmsh]k dpt]shnm &rdd Oqnakdl 06+ Rdbshnm 3-0(

lw…… + 𝛽w… + jw + 𝛿w2 = /.

?rrtld sg]s sgd hmhsh]k bnmchshnmr ]qd

w&/( = /+ w…&/( = 0.

 Z( Ehmc w&s( vgdm 𝛿 = / ]mc ]krn cdsdqlhmd sgd ]lokhstcd
]mc odqhnc ne sgd lnshnm-
 a( Kds 𝛿 = /-0- Okns ] mtldqhb]k ]ooqnwhl]shnm sn sgd rn,
ktshnm- Cndr sgd lnshnm ]ood]q sn ad odqhnchb= Drshl]sd sgd
]lokhstcd ]mc odqhnc-
 b( Qdod]s o]qs &b( enq 𝛿 = /-1 ]mc 𝛿 = /-2-
 c( Okns xntq drshl]sdc u]ktdr ne sgd ]lokhstcd : ]mc sgd
odqhnc S udqrtr 𝛿- Cdrbqhad sgd v]x hm vghbg : ]mc S + qd,
rodbshudkx+ cdodmc nm 𝛿-
 d( Qdod]s o]qsr &b(+ &c(+ ]mc &d( enq mdf]shud u]ktdr ne 𝛿-

3-4 Mnmgnlnfdmdntr Dpt]shnmr: Ldsgnc
ne Tmcdsdqlhmdc Bndeehbhdmsr
Vd mnv qdstqm sn sgd mnmgnlnfdmdntr dpt]shnm

KZx[ = x…… + o&s(x… + p&s(x = f&s(+ &0(
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vgdqd o+ p+ ]mc f ]qd fhudm &bnmshmtntr( etmbshnmr nm sgd nodm hmsdqu]k H- Sgd dpt]shnm

KZx[ = x…… + o&s(x… + p&s(x = /+ &1(

hm vghbg f&s( = / ]mc o ]mc p ]qd sgd r]ld ]r hm Dp- &0(+ hr b]kkdc sgd gnlnfdmdntr dpt]shnm
bnqqdronmchmf sn Dp- &0(- Sgd enkknvhmf svn qdrtksr cdrbqhad sgd rsqtbstqd ne rnktshnmr ne
sgd mnmgnlnfdmdntr dpt]shnm &0( ]mc oqnuhcd ] a]rhr enq bnmrsqtbshmf hsr fdmdq]k rnktshnm-

SGDNQDL
3-4-0

He X0 ]mc X1 ]qd svn rnktshnmr ne sgd mnmgnlnfdmdntr dpt]shnm &0(+ sgdm sgdhq ch—dqdmbd
X0 − X1 hr ] rnktshnm ne sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm &1(- He+ hm ]cchshnm+ x0
]mc x1 enql ] etmc]ldms]k rds ne rnktshnmr ne Dp- &1(+ sgdm

X0&s( − X1&s( = b0x0&s( + b1x1&s(+ &2(

vgdqd b0 ]mc b1 ]qd bdqs]hm bnmrs]msr-

Oqnne Sn oqnud sghr qdrtks+ mnsd sg]s X0 ]mc X1 r]shrex sgd dpt]shnmr

KZX0[&s( = f&s(+ KZX1[&s( = f&s(. &3(

Rtasq]bshmf sgd rdbnmc ne sgdrd dpt]shnmr eqnl sgd “qrs+ vd g]ud

KZX0[&s( − KZX1[&s( = f&s( − f&s( = /. &4(

Gnvdudq+ ax khmd]qhsx ne sgd ch—dqdmsh]k nodq]snq+

KZX0[ − KZX1[ = KZX0 − X1[+

rn Dp- &4( adbnldr

KZX0 − X1[&s( = /. &5(

Dpt]shnm &5( rs]sdr sg]s X0 − X1 hr ] rnktshnm ne Dp- &1(- Ehm]kkx+ rhmbd ]kk rnktshnmr ne
Dp- &1( b]m ad dwoqdrrdc ]r khmd]q bnlahm]shnmr ne ] etmc]ldms]k rds ne rnktshnmr ax
Sgdnqdl 3-1-6+ hs enkknvr sg]s sgd rnktshnm X0 − X1 b]m ad rn vqhssdm- Gdmbd Dp- &2(
gnkcr ]mc sgd oqnne hr bnlokdsd-

SGDNQDL
3-4-1

Sgd fdmdq]k rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm &0( b]m ad vqhssdm hm sgd enql

x = 𝜏&s( = b0x0&s( + b1x1&s( + X&s(+ &6(

vgdqd x0 ]mc x1 enql ] etmc]ldms]k rds ne rnktshnmr ne sgd bnqqdronmchmf gnlnfdmdntr
dpt]shnm &1(+ b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr+ ]mc X hr rnld rodbh“b rnktshnm ne sgd
mnmgnlnfdmdntr dpt]shnm &0(-

Oqnne Sgd oqnne ne Sgdnqdl 3-4-1 enkknvr pthbjkx eqnl Sgdnqdl 3-4-0- Mnsd sg]s Dp- &2( gnkcr
he vd hcdmshex X0 vhsg ]m ]qahsq]qx rnktshnm 𝜏 ne Dp- &0( ]mc X1 vhsg sgd rodbh“b rnktshnm
X - Eqnl Dp- &2( vd sgdqdax nas]hm

𝜏&s( − X&s( = b0x0&s( + b1x1&s(+ &7(
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vghbg hr dpthu]kdms sn Dp- &6(- Rhmbd 𝜏 hr ]m ]qahsq]qx rnktshnm ne Dp- &0(+ sgd dwoqdrrhnm
nm sgd qhfgs rhcd ne Dp- &6( hmbktcdr ]kk rnktshnmr ne Dp- &0(: sgtr hs hr m]stq]k sn b]kk hs sgd
fdmdq]k rnktshnm ne Dp- &0(-

Fdmdq]k Rnktshnm Rsq]sdfx
Sgdnqdl 3-4-1 rs]sdr sg]s sn rnkud sgd mnmgnlnfdmdntr dpt]shnm &0(+ vd ltrs cn sgqdd
sghmfr9

0- Ehmc sgd fdmdq]k rnktshnm b0x0&s( + b1x1&s( ne sgd bnqqdronmchmf gnlnfdmdntr dpt],
shnm- Sghr rnktshnm hr eqdptdmskx b]kkdc sgd bnlokdldmsZqx rnktshnm ]mc l]x ad cd,
mnsdc ax xb&s(-

1- Ehmc rnld rhmfkd rnktshnm X&s( ne sgd mnmgnlnfdmdntr dpt]shnm- Nesdm sghr rnktshnm
hr qdedqqdc sn ]r ] oZqshbtkZq rnktshnm-

2- ?cc snfdsgdq sgd etmbshnmr entmc hm sgd svn oqdbdchmf rsdor-

Vd g]ud ]kqd]cx chrbtrrdc gnv sn “mc xb&s(+ ]s kd]rs vgdm sgd gnlnfdmdntr dpt]shnm &1(
g]r bnmrs]ms bndffbhdmsr- Hm sgd qdl]hmcdq ne sghr rdbshnm+ vd vhkk enbtr nm ] rodbh]k ldsgnc
ne “mchmf ] o]qshbtk]q rnktshnm X&s( ne sgd mnmgnlnfdmdntr dpt]shnm &0( jmnvm ]r sgd
ldsgnc ne tmcdsdqlhmdc bndffbhdmsr- Hm Rdbshnm 3-6 vd oqdrdms ] fdmdq]k ldsgnc jmnvm
]r sgd ldsgnc ne uZqhZshnm ne oZqZldsdqr- D]bg ldsgnc g]r rnld ]cu]ms]fdr ]mc rnld
onrrhakd rgnqsbnlhmfr: sgdrd ]qd chrbtrrdc adknv+ ]mc ]f]hm ]s sgd dmc ne Rdbshnm 3-6-

Ldsgnc ne Tmcdsdqlhmdc Bndeehbhdmsr
Sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr qdpthqdr sg]s vd l]jd ]m hmhsh]k ]rrtloshnm ]ants
sgd enql ne sgd o]qshbtk]q rnktshnm X&s(+ ats vhsg sgd bndffbhdmsr kdes tmrodbh“dc- Vd sgdm
rtarshstsd sgd ]rrtldc dwoqdrrhnm hmsn Dp- &0( ]mc ]ssdlos sn cdsdqlhmd sgd bndffbhdmsr
rn ]r sn r]shrex sg]s dpt]shnm- He vd ]qd rtbbdrretk+ sgdm vd g]ud entmc ] rnktshnm ne sgd
ch—dqdmsh]k dpt]shnm &0( ]mc b]m trd hs enq sgd o]qshbtk]q rnktshnm X&s(- He vd b]mmns cdsdqlhmd
sgd bndffbhdmsr+ sgdm sghr ld]mr sg]s sgdqd hr mn rnktshnm ne sgd enql sg]s vd ]rrtldc- Hm
sghr b]rd+ vd l]x lnchex sgd hmhsh]k ]rrtloshnm ]mc sqx ]f]hm-

Sgd l]hm ]cu]ms]fd ne sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr hr sg]s hs hr rsq]hfgsenq,
v]qc sn dwdbtsd nmbd sgd ]rrtloshnm hr l]cd ]r sn sgd enql ne X&s(- Hsr l]inq khlhs]shnm
hr sg]s hs hr trdetk oqhl]qhkx enq dpt]shnmr enq vghbg vd b]m d]rhkx vqhsd cnvm sgd bnqqdbs
enql ne sgd o]qshbtk]q rnktshnm hm ]cu]mbd- Enq sghr qd]rnm+ sghr ldsgnc hr trt]kkx trdc nmkx
enq oqnakdlr hm vghbg sgd gnlnfdmdntr dpt]shnm g]r bnmrs]ms bndffbhdmsr ]mc sgd mnm,
gnlnfdmdntr sdql hr qdrsqhbsdc sn ] qdk]shudkx rl]kk bk]rr ne etmbshnmr- Hm o]qshbtk]q+ vd
bnmrhcdq nmkx mnmgnlnfdmdntr sdqlr sg]s bnmrhrs ne onkxmnlh]kr+ dwonmdmsh]k etmbshnmr+
rhmdr+ bnrhmdr+ nq rtlr nq oqnctbsr ne rtbg etmbshnmr- Cdrohsd sghr khlhs]shnm+ sgd ldsgnc ne
tmcdsdqlhmdc bndffbhdmsr hr trdetk enq rnkuhmf l]mx oqnakdlr sg]s g]ud hlonqs]ms ]ookhb],
shnmr- Gnvdudq sgd ]kfdaq]hb cds]hkr l]x adbnld sdchntr+ ]mc ] bnlotsdq ]kfdaq] rxrsdl
b]m ad udqx gdkoetk hm oq]bshb]k ]ookhb]shnmr- Vd vhkk hkktrsq]sd sgd ldsgnc ne tmcdsdqlhmdc
bndffbhdmsr ax rdudq]k rhlokd dw]lokdr ]mc sgdm rtll]qhyd rnld qtkdr enq trhmf hs-

DW;LOKD
0

Ehmc ] o]qshbtk]q rnktshnm ne

x…… − 2x… − 3x = 2d1s. &8(
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Vd rddj ] etmbshnm X rtbg sg]s sgd bnlahm]shnm X ……&s( − 2X …&s( − 3X&s( hr dpt]k sn
2d1s- Rhmbd sgd dwonmdmsh]k etmbshnm qdoqnctbdr hsrdke sgqntfg ch—dqdmsh]shnm+ sgd lnrs
ok]trhakd v]x sn ]bghdud sgd cdrhqdc qdrtks hr sn ]rrtld sg]s X&s( hr rnld ltkshokd ne d1s+
sg]s hr+

X&s( = :d1s+

vgdqd sgd bndffbhdms : hr xds sn ad cdsdqlhmdc- Sn “mc :+ vd b]kbtk]sd

X …&s( = 1:d1s+ X ……&s( = 3:d1s+

]mc rtarshstsd enq x+ x…+ ]mc x…… hm Dp- &8(- Vd nas]hm

&3: − 5: − 3:(d1s = 2d1s.

Gdmbd −5:d1s ltrs dpt]k 2d1s+ rn : = − 0
1 - Sgtr ] o]qshbtk]q rnktshnm hr

X&s( = − 0
1d1s. &0/(

DW;LOKD
1

Ehmc ] o]qshbtk]q rnktshnm ne

x…… − 2x… − 3x = 1 rhm s. &00(

Ax ]m]knfx vhsg Dw]lokd 0+ kds tr “qrs ]rrtld sg]s X&s( = : rhm s+ vgdqd : hr ] bnmrs]ms
sn ad cdsdqlhmdc- Nm rtarshstshmf hm Dp- &00( ]mc qd]qq]mfhmf sgd sdqlr+ vd nas]hm

−4: rhm s − 2: anr s = 1 rhm s+

nq

&1 + 4:( rhm s + 2: anr s = /. &01(

Dpt]shnm &01( b]m gnkc nm ]m hmsdqu]k nmkx he sgd bndffbhdmsr ne rhm s ]mc bnr s ]qd ansg ydqn-
Sgtr vd ltrs g]ud 1 + 4: = / ]mc ]krn 2: = /- Sgdrd bnmsq]chbsnqx qdpthqdldmsr ld]m
sg]s sgdqd hr mn bgnhbd ne sgd bnmrs]ms : sg]s l]jdr Dp- &01( sqtd enq ]kk s- Sgtr vd bnmbktcd
sg]s ntq ]rrtloshnm bnmbdqmhmf X&s( hr hm]cdpt]sd- Sgd ]ood]q]mbd ne sgd bnrhmd sdql hm
Dp- &01( rtffdrsr sg]s vd lnchex ntq nqhfhm]k ]rrtloshnm sn hmbktcd ] bnrhmd sdql hm X&s(+
sg]s hr+

X&s( = : rhm s + A anr s+

vgdqd : ]mc A ]qd sn ad cdsdqlhmdc- Sgdm

X …&s( = : anr s − A rhm s+ X ……&s( = −: rhm s − A anr s.

Ax rtarshstshmf sgdrd dwoqdrrhnmr enq x+ x…+ ]mc x…… hm Dp- &00( ]mc bnkkdbshmf sdqlr+ vd nas]hm

&−: + 2A − 3:( rhm s + &−A − 2: − 3A( anr s = 1 rhm s. &02(

Sn r]shrex Dp- &02(+ vd ltrs l]sbg sgd bndffbhdmsr ne rhm s ]mc bnr s nm d]bg rhcd ne sgd
dpt]shnm- Sgtr : ]mc A ltrs r]shrex sgd enkknvhmf o]hq ne khmd]q dpt]shnmr

−4: + 2A = 1+ −2: − 4A = /.

Gdmbd : = − 4
06 ]mc A = 2

06 + rn ] o]qshbtk]q rnktshnm ne Dp- &00( hr

X&s( = − 4
06 rhm s + 2

06 anr s.
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Sgd ldsgnc hkktrsq]sdc hm sgd oqdbdchmf dw]lokdr b]m ]krn ad trdc vgdm sgd qhfgs rhcd
ne sgd dpt]shnm hr ] onkxmnlh]k- Sgtr+ sn “mc ] o]qshbtk]q rnktshnm ne

x…… − 2x… − 3x = 3s1 − 0+ &03(

vd hmhsh]kkx ]rrtld sg]s X&s( hr ] onkxmnlh]k ne sgd r]ld cdfqdd ]r sgd mnmgnlnfdmdntr
sdql+ sg]s hr+ X&s( = :s1 + As + B-

Sn rtll]qhyd ntq bnmbktrhnmr to sn sghr onhms9

0- He sgd mnmgnlnfdmdntr sdql f&s( hm Dp- &0( hr ]m dwonmdmsh]k etmbshnm d�s+ sgdm ]rrtld
sg]s X&s( hr oqnonqshnm]k sn sgd r]ld dwonmdmsh]k etmbshnm-

1- He f&s( hr rhm 𝛼s nq bnr 𝛼s+ sgdm ]rrtld sg]s X&s( hr ] khmd]q bnlahm]shnm ne rhm 𝛼s ]mc
bnr 𝛼s-

2- He f&s( hr ] onkxmnlh]k+ sgdm ]rrtld sg]s X&s( hr ] onkxmnlh]k ne khjd cdfqdd-

Sgd r]ld oqhmbhokd dwsdmcr sn sgd b]rd vgdqd f&s( hr ] oqnctbs ne ]mx svn+ nq ]kk sgqdd+
ne sgdrd sxodr ne etmbshnmr+ ]r sgd mdws dw]lokd hkktrsq]sdr-

DW;LOKD
2

Ehmc ] o]qshbtk]q rnktshnm ne

x…… − 2x… − 3x = −7ds anr 1s. &04(

Hm sghr b]rd+ vd ]rrtld sg]s X&s( hr sgd oqnctbs ne ds ]mc ] khmd]q bnlahm]shnm ne bnr 1s
]mc rhm 1s+ sg]s hr+

X&s( = :ds anr 1s + Ads rhm 1s.

Sgd ]kfdaq] hr lnqd sdchntr hm sghr dw]lokd+ ats hs enkknvr sg]s

X …&s( = &: + 1A(ds anr 1s + &−1: + A(ds rhm 1s

]mc

X ……&s( = &−2: + 3A(ds anr 1s + &−3: − 2A(ds rhm 1s.

Ax rtarshstshmf sgdrd dwoqdrrhnmr hm Dp- &04(+ vd “mc sg]s : ]mc A ltrs r]shrex

0/: + 1A = 7+ 1: − 0/A = /.

Gdmbd : = 0/
02 ]mc A = 1

02 - Sgdqdenqd ] o]qshbtk]q rnktshnm ne Dp- &04( hr

X&s( = 0/
02ds anr 1s + 1

02ds rhm 1s.

Rtodqonrhshnm Oqhmbhokd enq Mnmgnlnfdmdntr Dpt]shnmr
Mnv rtoonrd sg]s f&s( hr sgd rtl ne svn sdqlr+ f&s( = f0&s( + f1&s(+ ]mc rtoonrd sg]s X0
]mc X1 ]qd rnktshnmr ne sgd dpt]shnmr

Zx…… + ax… + bx = f0&s( &05(

]mc
Zx…… + ax… + bx = f1&s(+ &06(

qdrodbshudkx- Sgdm X0 + X1 hr ] rnktshnm ne sgd ch—dqdmsh]k dpt]shnm

Zx…… + ax… + bx = f&s(. &07(
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Sn oqnud sghr rs]sdldms+ rtarshstsd X0&s( + X1&s( enq x hm Dp- &07( ]mc l]jd trd ne Dpr- &05(
]mc &06(- ? rhlhk]q bnmbktrhnm gnkcr he f&s( hr sgd rtl ne ]mx “mhsd mtladq ne sdqlr- Sgd
oq]bshb]k rhfmh“b]mbd ne sghr qdrtks hr sg]s enq ]m dpt]shnm vgnrd mnmgnlnfdmdntr etmbshnm
f&s( b]m ad dwoqdrrdc ]r ] rtl+ nmd b]m bnmrhcdq hmrsd]c rdudq]k rhlokdq dpt]shnmr ]mc sgdm
]cc snfdsgdq sgd qdrtksr- Sgd enkknvhmf dw]lokd hr ]m hkktrsq]shnm ne sghr oqnbdctqd-

DW;LOKD
3

Ehmc ] o]qshbtk]q rnktshnm ne
x…… − 2x… − 3x = 2d1s + 1 rhm s − 7ds anr 1s. &08(

Ax rokhsshmf to sgd qhfgs rhcd ne Dp- &08(+ vd nas]hm sgd sgqdd dpt]shnmr
x…… − 2x… − 3x = 2d1s+
x…… − 2x… − 3x = 1 rhm s+

]mc

x…… − 2x… − 3x = −7ds anr 1s.

Rnktshnmr ne sgdrd sgqdd dpt]shnmr g]ud addm entmc hm Dw]lokdr 0+ 1+ ]mc 2+ qdrodbshudkx-
Sgdqdenqd ] o]qshbtk]q rnktshnm ne Dp- &08( hr sgdhq rtl+ m]ldkx+

X&s( = − 0
1d1s + 2

06 anr s − 4
06 rhm s + 0/

02ds anr 1s + 1
02ds rhm 1s.

Sgd oqnbdctqd hkktrsq]sdc hm sgdrd dw]lokdr dm]akdr tr sn rnkud ] e]hqkx k]qfd bk]rr ne
oqnakdlr hm ] qd]rnm]akx dffbhdms l]mmdq- Gnvdudq sgdqd hr nmd chffbtksx sg]s rnldshldr
nbbtqr- Sgd mdws dw]lokd hkktrsq]sdr gnv hs ]qhrdr-

DW;LOKD
4

Ehmc ] o]qshbtk]q rnktshnm ne

x…… − 2x… − 3x = 1d−s. &1/(

Oqnbddchmf ]r hm Dw]lokd 0+ vd ]rrtld sg]s X&s( = :d−s- Ax rtarshstshmf hm Dp- &1/(+ vd
sgdm nas]hm

&: + 2: − 3:(d−s = 1d−s. &10(

Rhmbd sgd kdes rhcd ne Dp- &10( hr ydqn+ sgdqd hr mn bgnhbd ne : sg]s r]shr“dr sghr dpt]shnm-
Sgdqdenqd sgdqd hr mn o]qshbtk]q rnktshnm ne Dp- &1/( ne sgd ]rrtldc enql- Sgd qd]rnm enq
sghr onrrhakx tmdwodbsdc qdrtks adbnldr bkd]q he vd rnkud sgd gnlnfdmdntr dpt]shnm

x…… − 2x… − 3x = / &11(

sg]s bnqqdronmcr sn Dp- &1/(- ? etmc]ldms]k rds ne rnktshnmr ne Dp- &11( hr x0&s( = d−s ]mc
x1&s( = d3s- Sgtr ntq ]rrtldc o]qshbtk]q rnktshnm ne Dp- &1/( hr ]bst]kkx ] rnktshnm ne sgd
gnlnfdmdntr dpt]shnm &11(- Bnmrdptdmskx+ hs b]mmns onrrhakx ad ] rnktshnm ne sgd mnmgnln,
fdmdntr dpt]shnm &1/(- Sn “mc ] rnktshnm ne Dp- &1/(+ vd ltrs sgdqdenqd bnmrhcdq etmbshnmr
ne ] rnldvg]s ch—dqdms enql-

?s sghr rs]fd+ vd g]ud rdudq]k onrrhakd ]ksdqm]shudr- Nmd hr rhlokx sn sqx sn ftdrr sgd
oqnodq enql ne sgd o]qshbtk]q rnktshnm ne Dp- &1/(- ?mnsgdq hr sn rnkud sghr dpt]shnm hm rnld
ch—dqdms v]x ]mc sgdm sn trd sgd qdrtks sn fthcd ntq ]rrtloshnmr he sghr rhst]shnm ]qhrdr ]f]hm
hm sgd etstqd &rdd Oqnakdl 16 enq ]m dw]lokd ne ]mnsgdq rnktshnm ldsgnc(-
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Rshkk ]mnsgdq onrrhahkhsx hr sn rddj ] rhlokdq dpt]shnm vgdqd sghr chffbtksx nbbtqr ]mc
sn trd hsr rnktshnm sn rtffdrs gnv vd lhfgs oqnbddc vhsg Dp- &1/(- ?cnoshmf sgd k]ssdq
]ooqn]bg+ vd knnj enq ] “qrs nqcdq dpt]shnm ]m]knfntr sn Dp- &1/(- Nmd onrrhahkhsx hr

x… + x = 1d−s. &12(

He vd sqx sn “mc ] o]qshbtk]q rnktshnm ne Dp- &12( ne sgd enql :d−s+ vd vhkk e]hk adb]trd d−s hr
] rnktshnm ne sgd gnlnfdmdntr dpt]shnm x… + x = /- Gnvdudq+ eqnl Rdbshnm 1-1 vd ]kqd]cx
jmnv gnv sn rnkud Dp- &12(- ?m hmsdfq]shmf e]bsnq hr 𝜃&s( = ds+ ]mc ax ltkshokxhmf ax 𝜃&s(
]mc sgdm hmsdfq]shmf ansg rhcdr+ vd nas]hm sgd rnktshnm

x = 1sd−s + bd−s. &13(

Sgd rdbnmc sdql nm sgd qhfgs rhcd ne Dp- &13( hr sgd fdmdq]k rnktshnm ne sgd gnlnfdmdntr
dpt]shnm x… + x = /+ ats sgd “qrs sdql hr ] rnktshnm ne sgd etkk mnmgnlnfdmdntr dpt],
shnm &12(- Nardqud sg]s hs hmunkudr sgd dwonmdmsh]k e]bsnq d−s ltkshokhdc ax sgd e]bsnq s- Sghr
hr sgd bktd sg]s vd vdqd knnjhmf enq-

Vd mnv qdstqm sn Dp- &1/( ]mc ]rrtld ] o]qshbtk]q rnktshnm ne sgd enql X&s( = :sd−s-
Sgdm

X …&s( = :d−s − :sd−s+ X ……&s( = −1:d−s + :sd−s. &14(

Rtarshstshmf sgdrd dwoqdrrhnmr enq x+ x…+ ]mc x…… hm Dp- &1/(+ vd nas]hm −4: = 1+ rn : = − 1
4 -

Sgtr ] o]qshbtk]q rnktshnm ne Dp- &1/( hr

X&s( = − 1
4 sd−s. &15(

Sgd ntsbnld ne Dw]lokd 4 rtffdrsr ] lnch“b]shnm ne sgd oqhmbhokd rs]sdc oqduhntrkx9
he sgd ]rrtldc enql ne sgd o]qshbtk]q rnktshnm ctokhb]sdr ] rnktshnm ne sgd bnqqdronmchmf
gnlnfdmdntr dpt]shnm+ sgdm lnchex sgd ]rrtldc o]qshbtk]q rnktshnm ax ltkshokxhmf hs ax
s- Nbb]rhnm]kkx+ sghr lnch“b]shnm vhkk ad hmrtffbhdms sn qdlnud ]kk ctokhb]shnm vhsg sgd
rnktshnmr ne sgd gnlnfdmdntr dpt]shnm+ hm vghbg b]rd hs hr mdbdrr]qx sn ltkshokx ax s ]
rdbnmc shld- Enq ] rdbnmc nqcdq dpt]shnm+ hs vhkk mdudq ad mdbdrr]qx sn b]qqx sgd oqnbdrr
etqsgdq sg]m sghr-

Rtll]qx9 Ldsgnc ne Tmcdsdqlhmdc Bndeehbhdmsr
Vd mnv rtll]qhyd sgd rsdor hmunkudc hm “mchmf sgd rnktshnm ne ]m hmhsh]k u]ktd oqnakdl
bnmrhrshmf ne ] mnmgnlnfdmdntr dpt]shnm ne sgd enql

Zx…… + ax… + bx = f&s(+ &16(

vgdqd sgd bndffbhdmsr Z+ a+ ]mc b ]qd bnmrs]msr+ snfdsgdq vhsg ] fhudm rds ne hmhsh]k bnmch,
shnmr9

0- Ehmc sgd fdmdq]k rnktshnm ne sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm-
1- L]jd rtqd sg]s sgd etmbshnm f&s( hm Dp- &16( adknmfr sn sgd bk]rr ne etmbshnmr chrbtrrdc

hm sghr rdbshnm: sg]s hr+ ad rtqd hs hmunkudr mnsghmf lnqd sg]m dwonmdmsh]k etmbshnmr+
rhmdr+ bnrhmdr+ onkxmnlh]kr+ nq rtlr nq oqnctbsr ne rtbg etmbshnmr- He sghr hr mns sgd
b]rd+ trd sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr &chrbtrrdc hm Rdbshnm 3-6(-
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2- He f&s( = f0&s( +⋯ + fm&s(+ sg]s hr+ he f&s( hr ] rtl ne m sdqlr+ sgdm enql m rtaoqna,
kdlr+ d]bg ne vghbg bnms]hmr nmkx nmd ne sgd sdqlr f0&s(+… + fm&s(- Sgd hsg rtaoqna,
kdl bnmrhrsr ne sgd dpt]shnm

Zx…… + ax… + bx = fh&s(+

vgdqd h qtmr eqnl 0 sn m-
3- Enq sgd hsg rtaoqnakdl+ ]rrtld ] o]qshbtk]q rnktshnm Xh &s( bnmrhrshmf ne sgd ]ooqnoqh,

]sd dwonmdmsh]k etmbshnm+ rhmd+ bnrhmd+ onkxmnlh]k+ nq bnlahm]shnm sgdqdne- He sgdqd hr
]mx ctokhb]shnm hm sgd ]rrtldc enql ne Xh&s( vhsg sgd rnktshnmr ne sgd gnlnfdmdntr
dpt]shnm &entmc hm Rsdo 0(+ sgdm ltkshokx Xh&s( ax s+ nq &he mdbdrr]qx( ax s1+ rn ]r sn
qdlnud sgd ctokhb]shnm- Rdd S]akd 3-4-0-

S;AKD 3-4-0 Sgd o]qshbtk]q rnktshnm ne Zx…… + ax… + bx = fh&s(-

fh&s( Xh&s(
Om&s( = Z/sm + Z0sm−0 +⋯ + Zm sr&:/sm + :0sm−0 +⋯ + :m(

Om&s(d�s sr&:/sm + :0sm−0 +⋯ + :m(d�s

Om&s(d�s

{
rhm 𝛼s

anr 𝛼s
srZ&:/sm + :0sm−0 +⋯ + :m(d�s anr 𝛼s

+ &A/sm + A0sm−0 +⋯ + Am(d�s rhm 𝛼s[

Lnsd- Gdqd+ r hr sgd rl]kkdrs mnmmdf]shud hmsdfdq &r = /+ 0+ nq 1( sg]s vhkk dmrtqd sg]s mn sdql hm Xh&s( hr ] rnktshnm
ne sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm- Dpthu]kdmskx+ enq sgd sgqdd b]rdr+ r hr sgd mtladq ne shldr / hr ]
qnns ne sgd bg]q]bsdqhrshb dpt]shnm+ � hr ] qnns ne sgd bg]q]bsdqhrshb dpt]shnm+ ]mc � + h𝛼 hr ] qnns ne sgd
bg]q]bsdqhrshb dpt]shnm+ qdrodbshudkx-

4- Ehmc ] o]qshbtk]q rnktshnm Xh&s( enq d]bg ne sgd rtaoqnakdlr- Sgdm sgd rtl
X0&s( +⋯ + Xm&s( hr ] o]qshbtk]q rnktshnm ne sgd etkk mnmgnlnfdmdntr dpt]shnm &16(-

5- Enql sgd rtl ne sgd fdmdq]k rnktshnm ne sgd gnlnfdmdntr dpt]shnm &Rsdo 0( ]mc
sgd o]qshbtk]q rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm &Rsdo 4(- Sghr hr sgd fdmdq]k
rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm-

6- Trd sgd hmhsh]k bnmchshnmr sn cdsdqlhmd sgd u]ktdr ne sgd ]qahsq]qx bnmrs]msr qdl]hmhmf
hm sgd fdmdq]k rnktshnm-

Enq rnld oqnakdlr+ sghr dmshqd oqnbdctqd hr d]rx sn b]qqx nts ax g]mc+ ats hm l]mx b]rdr
hs qdpthqdr bnmrhcdq]akd ]kfdaq]- Nmbd xnt tmcdqrs]mc bkd]qkx gnv sgd ldsgnc vnqjr+ ]
bnlotsdq ]kfdaq] rxrsdl b]m ad ne fqd]s ]rrhrs]mbd hm dwdbtshmf sgd cds]hkr-

DW;LOKD
5

Hm d]bg ne sgd enkknvhmf oqnakdlr+ trd S]akd 3-4-0 sn cdsdqlhmd ] rths]akd enql enq sgd
o]qshbtk]q rnktshnm he sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr hr sn ad trdc-

 Z( x…… = 2s2 − s  a( x…… − x… − 1x = −2sd−s + 1 bnr 3s

 b( x…… + 1x… + 4x = s1d−s rhm 1s  c( x…… + x = s]m s

Rnkts hnm
 Z( Sgd fdmdq]k rnktshnm ne x…… = / hr x = b00 + b1s- Rhmbd f&s( = 2s2 − s hr ] sghqc cdfqdd

onkxmnlh]k+ vd ]rrtld sg]s X&s( = sr ):2s2 + :1s1 + :0s + :/
[
- Gdqd+ vd ltrs s]jd
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r = 1 sn dmrtqd sg]s mnmd ne sgd etmbshnmr hm sgd ]rrtldc enql enq X&s( ]ood]q hm sgd
etmc]ldms]k rds- Sgtr

X&s( = :2s4 + :1s3 + :0s2 + :/s1.

 a( Sgd fdmdq]k rnktshnm ne x…… − x… − 1x = / hr x = b0d−s + b1d1s- Vd hcdmshex svn
rtaoqnakdlr bnqqdronmchmf sn sgd mnmgnlnfdmdntr sdqlr f0&s( = −2sd−s ]mc
f1&s( = 1 bnr 3s- Rhmbd f0 hr sgd dwonmdmsh]k etmbshnm d−s ltkshokhdc ax ] “qrs cd,
fqdd onkxmnlh]k+ vd ]rrtld sg]s X0&s( = sr

)
&:0s + :/(d−s[- Rhmbd d−s hr ] rnktshnm

ne sgd gnlnfdmdntr dpt]shnm+ vd ltrs s]jd r = 0- Sgtr

X0&s( = &:0s1 + :/s(d−s.

Sgd bnqqdbs enql enq X1 hr X1&s( = srZA/ anr 3s + B/ rhm 3s[- Mdhsgdq ne sgd sdqlr bnr
3s nq rhm 3s ]qd rnktshnmr ne sgd gnlnfdmdntr dpt]shnm+ rn vd rds r = / ]mc nas]hm

X1&s( = A/ anr 3s + B/ rhm 3s.

Rtarshstshmf sgd dwoqdrrhnm enq X0 hmsn x…… − x… − 1x = −2sd−s vhkk cdsdqlhmd :/
]mc :0+ vghkd rtarshstshmf sgd dwoqdrrhnm enq X1 hmsn x…… − x… − 1x = 1 anr 3s vhkk
cdsdqlhmd A/ ]mc B/- Vhsg sgdrd bndffbhdmsr ]rbdqs]hmdc+ sgd fdmdq]k rnktshnm ne
x…… − x… − 1x = −2sd−s + 1 anr 3s hr x = b0d−s + b1d1s + X0&s( + X1&s(-

 b( Sgd fdmdq]k rnktshnm ne x…… + 1x… + 4x = / hr x = b0d−s anr 1s + b1d−s rhm 1s- Hm sghr
b]rd+ f&s( = s1d−s rhm 1s+ sg]s hr+ ] rdbnmc cdfqdd onkxmnlh]k shldr d−s rhm 1s- Rhmbd hs
hr mdbdrr]qx sn hmbktcd ansg rhmd ]mc bnrhmd etmbshnmr dudm he nmkx nmd nq sgd nsgdq
hr oqdrdms hm sgd mnmgnlnfdmdntr dwoqdrrhnm+ sgd bnqqdbs enql enq X&s( hr

X&s( = sr )&:/s1 + :0s + :1(d−s anr 1s + &A/s1 + A0s + A1(d−s rhm 1s
[
.

Vd ltrs sgdm bgnnrd r = 0 sn dmrtqd sg]s mnmd ne sgd sdqlr hm sgd ]rrtldc enql enq
X&s( ]qd rnktshnmr ne sgd gnlnfdmdntr dpt]shnm- Sgtr

X&s( = &:/s2 + :0s1 + :1s(d−s anr 1s + &A/s2 + A0s1 + A1s(d−s rhm 1s.

 c( Sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr hr mns ]ookhb]akd sn sghr oqnakdl rhmbd sgd
mnmgnlnfdmdntr etmbshnm f&s( = s}m s cndr mns khd hm sgd bk]rr ne etmbshnmr bnmrhrs,
hmf ne khmd]q bnlahm]shnmr ne oqnctbsr ne onkxmnlh]kr+ dwonmdmsh]k+ rhmd+ ]mc bnrhmd
etmbshnmr- Gnvdudq+ ] o]qshbtk]q rnktshnm b]m ad nas]hmdc ax sgd ldsgnc ne u]qh]shnm
ne o]q]ldsdqr sn ad chrbtrrdc hm Rdbshnm 3-6-

Sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr hr rdke,bnqqdbshmf hm sgd rdmrd sg]s he nmd ]r,
rtldr snn khsskd enq X&s(+ sgdm ] bnmsq]chbshnm hr rnnm qd]bgdc sg]s trt]kkx onhmsr sgd v]x sn
sgd lnch“b]shnm sg]s hr mddcdc hm sgd ]rrtldc enql- Nm sgd nsgdq g]mc+ he nmd ]rrtldr snn
l]mx sdqlr+ sgdm rnld tmmdbdrr]qx vnqj hr cnmd ]mc rnld bndffbhdmsr stqm nts sn ad ydqn+
ats ]s kd]rs sgd bnqqdbs ]mrvdq hr nas]hmdc-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 05+ “mc sgd fdmdq]k rnktshnm
ne sgd fhudm ch—dqdmsh]k dpt]shnm9
0- x…… − 1x… − 2x = 2d1s

1- x…… + 1x… + 4x = 2 rhm 1s
2- x…… − 1x… − 2x = −2sd−s

3- x…… + 1x… = 2 + 3 rhm 1s
4- x…… + 8x = s1d2s + 5

5- x…… + 1x… + x = 1d−s

6- x…… − 4x… + 3x = 1ds &Bnlo]qd vhsg Oqnakdl 0/ hm Rdb,
shnm 3-6-(
7- x…… − x… − 1x = 1d−s &Bnlo]qd vhsg Oqnakdl 00 hm Rdb,
shnm 3-6-(
8- x…… + 1x… + x = 2d−s &Bnlo]qd vhsg Oqnakdl 01 hm Rdb,
shnm 3-6-(
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0.- 3x…… − 3x… + x = 05ds{1 &Bnlo]qd vhsg Oqnakdl 02 hm
Rdbshnm 3-6-(
00- 1x…… + 2x… + x = s1 + 2 rhm s
01- x…… + x = 2 rhm 1s + s anr 1s
02- t…… + )1

/t = anr)s+ )1 ≠ )1
/

03- t…… + )1
/t = anr)/s

04- x…… + x… + 3x = 1 rhme s
Ghms9 rhme s = &ds − d−s({1
05- x…… − x… − 1x = anre 1s
Ghms9 anre s = &ds + d−s({1
Hm d]bg ne Oqnakdlr 06 sgqntfg 11+ “mc sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl-
06- x…… + x… − 1x = 1s+ x&/( = /+ x…&/( = 0
07- x…… + 3x = s1 + 2ds+ x&/( = /+ x…&/( = 1
08- x…… − 1x… + x = sds + 3+ x&/( = 0+ x…&/( = 0
1.- x…… − 1x… − 2x = 2sd1s+ x&/( = 0+ x…&/( = /
10- x…… + 3x = 2 rhm 1s+ x&/( = 1+ x…&/( = −0
11- x…… + 1x… + 4x = 3d−s anr 1s+ x&/( = 0+ x…&/( = /
Hm d]bg ne Oqnakdlr 12 sgqntfg 2/9
 Z( Cdsdqlhmd ] rths]akd enql enq X&s( he sgd ldsgnc ne tm,
cdsdqlhmdc bndffbhdmsr hr sn ad trdc-
 a( Trd ] bnlotsdq ]kfdaq] rxrsdl sn “mc ] o]qshbtk]q rnkt,
shnm ne sgd fhudm dpt]shnm-
12- x…… + 2x… = 1s3 + s1d−2s + rhm 2s
13- x…… + x = s&0 + rhm s(
14- x…… − 4x… + 5x = ds anr 1s + d1s&2s + 3( rhm s
15- x…… + 1x… + 1x = 2d−s + 1d−s anr s + 3d−ss1 rhm s
16- x…… − 3x… + 3x = 1s1 + 3sd1s + s rhm 1s
17- x…… + 3x = s1 rhm 1s + &5s + 6( anr 1s
18- x…… + 2x… + 1x = ds&s1 + 0( rhm 1s + 2d−s anr s + 3ds

2.- x…… + 1x… + 4x = 2sd−s anr 1s − 1sd−1s anr s
20- Bnmrhcdq sgd dpt]shnm

x…… − 2x… − 3x = 1d−s &h(

eqnl Dw]lokd 4- Qdb]kk sg]s x0&s( = d−s ]mc x1&s( = d3s

]qd rnktshnmr ne sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm-
?c]oshmf sgd ldsgnc ne qdctbshnm ne nqcdq &rdd sgd chrbtr,
rhnm oqdbdchmf Oqnakdl 17 hm Rdbshnm 3-1(+ rddj ] rnktshnm ne
sgd mnmgnlnfdmdntr dpt]shnm ne sgd enql X&s( = ℏ&s(x0&s( =
ℏ&s(d−s+ vgdqd ℏ&s( hr sn ad cdsdqlhmdc-

 Z( Rtarshstsd X&s(+ X …&s(+ ]mc X ……&s( hmsn Dp- &h( ]mc rgnv sg]s
ℏ&s( ltrs r]shrex ℏ…… − 4ℏ… = 1.
 a( Kds v&s( = ℏ…&s( ]mc rgnv sg]s v&s( ltrs r]shrex
v… − 4v = 1- Rnkud sghr dpt]shnm enq v&s(-
 b( Hmsdfq]sd v&s( sn “mc ℏ&s( ]mc sgdm rgnv sg]s

X&s( = − 1
4
sd−s + 0

4
b0d3s + b1d−s.

Sgd “qrs sdql nm sgd qhfgs rhcd hr sgd cdrhqdc o]qshbtk]q rnkt,
shnm ne sgd mnmgnlnfdmdntr dpt]shnm- Mnsd sg]s hs hr ] oqnc,
tbs ne s ]mc d−s-
Mnmgnlnfdmdntr B]tbgxflDtkdq Dpt]shnmr- Hm d]bg ne Oqna,
kdlr 21 sgqntfg 24+ “mc sgd fdmdq]k rnktshnm ax trhmf sgd
bg]mfd ne u]qh]akd s = im w sn sq]mrenql sgd dpt]shnm hmsn
nmd vhsg bnmrs]ms bndffbhdmsr &rdd sgd chrbtrrhnm oqdbdchmf
Oqnakdl 41 hm Rdbshnm 3-2(-
21- w1x…… − 2wx… + 3x = im w
22- w1x…… + 6wx… + 4x = w
23- w1x…… − 1wx… + 1x = 2w1 + 1imw
24- w1x…… + wx… + 3x = rhm&im w(
25- Cdsdqlhmd sgd fdmdq]k rnktshnm ne

x…… + λ1x =
M∑

l=0
Zl rhml𝜉s+

vgdqd λ < / ]mc λ ≠ l𝜉 enq l = 0+ - - - + M-
26- Hm l]mx ogxrhb]k oqnakdlr+ sgd mnmgnlnfdmdntr sdql
l]x ad rodbh“dc ax ch—dqdms enqltk]r hm ch—dqdms shld odqh,
ncr- ?r ]m dw]lokd+ cdsdqlhmd sgd rnktshnm x = 𝜏&s( ne

x…… + x =

{
s+ / ≤ s ≤ 𝜉+
𝜉d𝜉−s+ s < 𝜉+

r]shrexhmf sgd hmhsh]k bnmchshnmr x&/( = / ]mc x…&/( = 0- ?r,
rtld sg]s x ]mc x… ]qd ]krn bnmshmtntr ]s s = 𝜉- Okns sgd mnm,
gnlnfdmdntr sdql ]mc sgd rnktshnm ]r etmbshnmr ne shld-
Ghms9 Ehqrs rnkud sgd hmhsh]k u]ktd oqnakdl enq s ≤ 𝜉: sgdm
rnkud enq s < 𝜉+ cdsdqlhmhmf sgd bnmrs]msr hm sgd k]ssdq rn,
ktshnm eqnl sgd bnmshmthsx bnmchshnmr ]s s = 𝜉-
27- Enkknv sgd hmrsqtbshnmr hm Oqnakdl 26 sn rnkud sgd che,
edqdmsh]k dpt]shnm

x…… + 1x… + 4x =

{
0+ / ≤ s ≤ 𝜉{1+
/+ s < 𝜉{1

vhsg sgd hmhsh]k bnmchshnmr x&/( = / ]mc x…&/( = /-

3-5 Enqbdc Uhaq]shnmr+ Eqdptdmbx
Qdronmrd+ ]mc Qdrnm]mbd
Vd vhkk mnv hmudrshf]sd sgd rhst]shnm hm vghbg ] odqhnchb dwsdqm]k enqbd hr ]ookhdc sn ]
roqhmf,l]rr rxrsdl- Sgd adg]uhnq ne sghr rhlokd rxrsdl lncdkr sg]s ne l]mx nrbhkk]snqx
rxrsdlr vhsg ]m dwsdqm]k enqbd ctd+ enq dw]lokd+ sn ] lnsnq ]ss]bgdc sn sgd rxrsdl- Vd
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vhkk “qrs bnmrhcdq sgd b]rd hm vghbg c]lohmf hr oqdrdms ]mc vhkk knnj k]sdq ]s sgd hcd]khydc
rodbh]k b]rd hm vghbg sgdqd hr ]rrtldc sn ad mn c]lohmf-

Enqbdc Uhaq]shnmr vhsg C]lohmf
Qdb]kk sg]s sgd dpt]shnm ne lnshnm enq ] c]lodc roqhmf,l]rr rxrsdl vhsg dwsdqm]k enqbhmf+
E&s(+ hr

lx…… + 𝛽x… + jx = E&s(+ &0(

vgdqd l+ 𝛽 + ]mc j ]qd sgd l]rr+ c]lohmf bndffbhdms+ ]mc roqhmf bnmrs]ms+ qdrodbshudkx-
Chuhchmf sgqntfg Dp- &0( ax l otsr hs hm sgd enql

x…… + 1𝛾x… + )1
/x = e &s(+ &1(

vgdqd 𝛾 = 𝛽{&1l(+ )1
/ = j{l+ ]mc e &s( = E&s({l- Sgdrd cd“mhshnmr enq 𝛾 ]mc enq )/ rhl,

okhex hlonqs]ms l]sgdl]shb]k dwoqdrrhnmr sg]s ]ood]q adknv ]r vd ]m]kxyd sgd adg]uhnq ne
rnktshnmr ne Dp- &1(-

Sgd ]rrtloshnm sg]s sgd dwsdqm]k enqbd hr odqhnchb ld]mr e &s( hmunkudr ] khmd]q bnlahm],
shnm ne : anr&)s( ]mc : rhm&)s( vhsg eqdptdmbx ) ]mc ]lokhstcd :- Vghkd vd bntkc vnqj
vhsg sgdrd enqlr hmchuhct]kkx+ sgd dmrthmf ]m]kxrhr hr+ ]r vd rg]kk rdd+ kdrr bnlokhb]sdcˆ
]mc lnqd hmenql]shudˆhe vd vqhsd sgd dwsdqm]k enqbd hm sgd enql ne ] bnlokdw,u]ktdc dwon,
mdmsh]k9 e &s( = :dh)s = : anr&)s( + h: rhm&)s(+ adb]trd hs ]kknvr tr sn bnmrhcdq ansg sqhfnmn,
ldsqhb sdqlr ]s nmbd- Sgtr vd vhrg sn “mc sgd fdmdq]k rnktshnm ne

x…… + 1𝛾x… + )1
/x = :dh)s. &2(

Mnsd sg]s sgd rnktshnmr x0&s( ]mc x1&s( ne sgd gnlnfdmdntr dpt]shnm bnqqdronmchmf sn
Dp- &2( cdodmc nm sgd qnnsr λ0 ]mc λ1 ne sgd bg]q]bsdqhrshb dpt]shnm λ1 + 1𝛾λ + )1

/ = /- Mnsd
sg]s l+ 𝛽 + ]mc j ]kk onrhshud hlokx sg]s 𝛾 ]mc )1

/ ]qd ]krn onrhshud- C]lodc eqdd uhaq]shnmr
]qd chrbtrrdc hm Rdbshnm 3-3+ ]mc hm Oqnakdl 40 hm Rdbshnm 3-2- Qdb]kk sg]s λ0 ]mc λ1 ]qd
dhsgdq qd]k ]mc mdf]shud &vgdm 𝛾 ≥ )/( nq ]qd bnlokdw bnmitf]sdr vhsg ] mdf]shud qd]k o]qs
&vgdm / . 𝛾 . )/(-

Adb]trd sgd dwonmdms nm sgd qhfgs,g]mc rhcd ne Dp- &2( hr otqdkx hl]fhm]qx+ hsr qd]k o]qs
hr ydqn- Bnmrdptdmskx+ sgd enqbhmf etmbshnm nm sgd qhfgs,g]mc rhcd ne Dp- &2( b]mmns ad ] rn,
ktshnm ne sgd gnlnfdmdntr dpt]shnm- Sgd bnqqdbs enql sn ]rrtld enq sgd o]qshbtk]q rnktshnm
trhmf sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr hr sgdqdenqd X&s( = Bdh)s-

Rtarshstshmf X&s( hmsn Dp- &2( kd]cr sn
√
&h)(1 + 1𝛾&h)( + )1

/
�

Bdh)s = :dh)s.

Rnkuhmf enq sgd tmjmnvm bndffbhdms hm X&s( xhdkcr

B = :
&h)(1 + 1𝛾&h)( + )1

/

+

rn

X&s( = 0
&h)(1 + 1𝛾&h)( + )1

/

:dh)s. &3(

Sgd fdmdq]k rnktshnm ne Dp- &2( hr

x = xb&s( + X&s(+

vgdqd X&s( hr sgd o]qshbtk]q rnktshnm hm Dp- &3(+ ]mc xb&s( = b0x0&s( + b1x1&s( hr sgd fdmdq]k
rnktshnm ne sgd gnlnfdmdntr dpt]shnm vhsg bnmrs]msr b0 ]mc b1 cdodmchmf nm sgd hmhsh]k
bnmchshnmr- Rhmbd sgd qnnsr ne λ1 + 1𝛾λ + )1

/ = / ]qd dhsgdq qd]k ]mc mdf]shud nq bnlokdw
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vhsg mdf]shud qd]k o]qs+ d]bg ne x0&s( ]mc x1&s( bnms]hmr ]m dwonmdmsh]kkx cdb]xhmf sdql- ?r
] bnmrdptdmbd+ xb&s( → / ]r s → / ]mc xb&s( hr qdedqqdc sn ]r sgd sqZmrhdms rnktshnm- Hm l]mx
]ookhb]shnmr sgd sq]mrhdms rnktshnm hr ne khsskd hlonqs]mbd- Hsr oqhl]qx otqonrd hr sn r]shrex
vg]sdudq hmhsh]k bnmchshnmr l]x ad hlonrdc- Vhsg hmbqd]rhmf shld+ sgd dmdqfx ots hmsn sgd
rxrsdl ax sgd hmhsh]k chrok]bdldms ]mc udknbhsx chrrho]sdr sgqntfg sgd c]lohmf enqbd- Sgd
lnshnm sgdm adbnldr sgd qdronmrd ne sgd rxrsdl sn sgd dwsdqm]k enqbd-

Mnsd sg]s vhsgnts c]lohmf &𝛾 = /(+ sgd d—dbsr ne sgd hmhsh]k bnmchshnmr vntkc odqrhrs enq
]kk shld- Sghr rhst]shnm vhkk ad bnmrhcdqdc ]s sgd dmc ne sghr rdbshnm-

DW;LOKD
0

Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + 0
7x… + x = 2 anr&)s(+ x&/( = 1+ x…&/( = /. &4(

Rgnv oknsr ne sgd rnktshnm enq ch—dqdms u]ktdr ne sgd enqbhmf eqdptdmbx )+ ]mc bnlo]qd
sgdl vhsg bnqqdronmchmf oknsr ne sgd enqbhmf etmbshnm-

Enq sghr rxrsdl vd g]ud 𝛾 = 0{05 ]mc )/ = 0- Sgd ]lokhstcd ne sgd g]qlnmhb hmots+
:+ hr dpt]k sn 2- Sgd sq]mrhdms o]qs ne sgd rnktshnm ne sgd enqbdc oqnakdl &4( qdrdlakdr sgd
rnktshnm

x = d−s{05

}
1 anr
|

144
05

s + 1|
144

rhm
|

144
05

s

(

ne sgd bnqqdronmchmf tmenqbdc oqnakdl sg]s v]r chrbtrrdc hm Dw]lokd 1 ne Rdbshnm 3-3- Sgd
fq]og ne sg]s rnktshnm v]r rgnvm hm Ehftqd 3-3-6- Adb]trd sgd c]lohmf hr qdk]shudkx rl]kk+
sgd sq]mrhdms rnktshnm ne sgd oqnakdl &4( ]krn cdb]xr e]hqkx rknvkx-

Stqmhmf sn sgd mnmgnlnfdmdntr oqnakdl+ rhmbd sgd dwsdqm]k enqbd hr 2 anr&)s(+ vd vnqj
vhsg e &s( = 2dh)s- Eqnl Dp- &3( vd jmnv

X&s( = 2
&h)(1 + h){7 + 0

dh)s. &5(

Rhmbd 2 anr&)s( = Qd&2dh)s( sgd o]qshbtk]q rnktshnm enq Dp- &4( hr sgd qd]k o]qs ne Dp- &5(-
Sn hcdmshex sgd qd]k o]qs ne Dp- &5( hs gdkor he sgd cdmnlhm]snq hm Dp- &5( hr qd]k,u]ktdc- Sn
aqhmf sghr ]ants+ ltkshokx ansg sgd mtldq]snq ]mc cdmnlhm]snq ne Dp- &5( ax sgd bnlokdw
bnmitf]sd ne sgd cdmnlhm]snq-

X&s( = 2dh)s

&h)(1 + h){7 + 0
�
&−h)(1 − h){7 + 0
&−h)(1 − h){7 + 0

=
2&anr&)s( + h rhm&)s((

√
0 − )1 − h)7

�

&0 − )1(1 + )1

53

.

Sgtr+ sgd qd]k o]qs ne Dp- &5( hr

XQd&s( = QdX&s( = 2
&0 − )1(1 + )1{53

}
&0 − )1( anr&)s( + )

7
rhm&)s(

(
. &6(

Ehftqdr 3-5-0+ 3-5-1+ ]mc 3-5-2 rgnv sgd rnktshnm ne sgd enqbdc oqnakdl &4( enq ) = /.2+
) = 0+ ]mc ) = 1+ qdrodbshudkx- Sgd fq]og ne sgd bnqqdronmchmf enqbhmf etmbshnm hr rgnvm
&]r ] c]rgdc btqud( hm d]bg “ftqd-
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}2

}1

}0

0

1

2

0/ 1/ 2/ 3/ 4/ 5/ 6/ 7/

x

s

Rnktshnm

Enqbhmf�etmbshnm

EHFTQD 3-5-0 ? enqbdc uhaq]shnm vhsg c]lohmf: rnktshnm ne
x…… + /.014x… + x = 2 anr&2s{0/(+ x&/( = 1+ x…&/( = /-

}14

}1/

}04

}0/

}4

4

0/

04

1/

14

x

s

Rnktshnm

Enqbhmf�etmbshnm

0/ 1/ 2/ 3/ 4/ 5/

EHFTQD 3-5-1 ? enqbdc uhaq]shnm vhsg c]lohmf: rnktshnm ne
x…… + /.014x… + x = 2 anr s+ x&/( = 1+ x…&/( = /-

}2

}1

}0

0

1

2

x

s

Rnktshnm Enqbhmf�etmbshnm

4 0/ 04 1/ 14 2/ 24 3/ 34 4/

EHFTQD 3-5-2 ? enqbdc uhaq]shnm vhsg c]lohmf: rnktshnm ne
x…… + /.014x… + x = 2 anr 1s+ x&/( = 1+ x…&/( = /-
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Sgd rnktshnmr hm Ehftqdr 3-5-0+ 3-5-1+ ]mc 3-5-2 rgnv sgqdd ch—dqdms adg]uhnqr- Hm d]bg
b]rd sgd rnktshnm cndr mns chd nts ]r s hmbqd]rdr ats odqrhrsr hmcd“mhsdkx+ nq ]s kd]rs ]r knmf
]r sgd dwsdqm]k enqbd hr ]ookhdc- Eqnl Dp- &6( vd rdd sg]s d]bg rnktshnm qdoqdrdmsr ] rsd]cx
nrbhkk]shnm vhsg sgd r]ld eqdptdmbx ]r sgd dwsdqm]k enqbd- Enq sgdrd qd]rnmr sgd o]qshbtk]q
rnktshnm sn ] c]lodc+ g]qlnmhb]kkx enqbdc rxrsdl hr b]kkdc sgd rsdZcx,rsZsd rnktshnm+ sgd
rsdZcx,rsZsd qdronmrd+ sgd rsdZcx,rsZsd ntsots+ nq sgd enqbdc qdronmrd-

Hm fdmdq]k+ hm sgd qd]k,u]ktdc b]rd vhsg e &s( = : anr&)s(+ sgd qd]k,u]ktdc o]qshbtk]q rnkt,
shnm hr sgd qd]k o]qs ne Dp- &3(- Mnv+ ]ookx sn Dp- &3( sgd r]ld rsdor sg]s vdqd itrs ]ookhdc
sn Dp- &5(: hm sghr v]x vd nas]hm sgd enkknvhmf lnqd fdmdq]k dwoqdrrhnm enq sgd qd]k o]qs ne
Dp- &3(9

XQd&s( = QdX&s( = :
&)1

/ − )1( anr&)s( + 1𝛾) rhm&)s(

&)1
/ − )1(1 + 3𝛾1)1

. &7(

Sgd Eqdptdmbx Qdronmrd Etmbshnm
Hm Dw]lokd 0+ dudm sgntfg sgd enqbhmf etmbshnm hr ] otqd bnrhmd+ anr&)s(+ sgd enqbdc qd,
ronmrd hmunkudr ansg rhm&)s( ]mc anr&)s(- Gnvdudq+ vgdm bnmrhcdqhmf sgd dwsdqm]k enqbd ]r
] bnlokdw,u]ktdc dwonmdmsh]k+ Dp- &3( sdkkr tr sg]s sgd enqbdc ntsots hr chqdbskx oqnonqshnm]k
sn sgd enqbdc hmots9

X&s(
:dh)s = 0

&h)(1 + 1𝛾&h)( + )1
/

.

Sghr ptnshdms hr qdedqqdc sn ]r sgd eqdptdmbx qdronmrd ne sgd rxrsdl- ?r sgd eqdptdmbx
qdronmrd cdodmcr nm sgd eqdptdmbx) &]mc 𝛾 ]mc)/(ˆats mns nm sˆhs hr bnllnmkx cd“mdc
]r

F&h)( = 0
&h)(1 + 1𝛾&h)( + )1

/

= 0
&h) + 𝛾(1 + )1

/ − 𝛾1
. &8(

Sn bnmshmtd sgd ]m]kxrhr ne sgd eqdptdmbx qdronmrd etmbshnm+ hs hr bnmudmhdms sn qdoqdrdms
sgd F&h)( hm Dp- &8( hm hsr bnlokdw dwonmdmsh]k enql &rdd Ehftqd 3-5-3(+

F&h)( = |F&h)(| d−h𝜏&)( = |F&h)(| &anr&𝜏&)(( − h rhm&𝜏&)((( + &0/(

EHFTQD 3-5-3 Onk]q bnnqchm]sd qdoqdrdms]shnm ne sgd eqdptdmbx qdronmrd etmbshnm
F&h)(-
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vgdqd sgd fZhm ne sgd eqdptdmbx qdronmrd hr

|F&h)(| =
}

F&h)(F&h)(
(0{1

= 0⎟
&)1

/ − )1(1 + 3𝛾1)1
&00(

]mc sgd ogZrd ne sgd eqdptdmbx qdronmrd hr sgd ]mfkd

𝜏&)( = }paanr
⎛
⎜
⎜
⎜⎝

)1
/ − )1

⎟
&)1

/ − )1(1 + 3𝛾1)1

⎞
⎟
⎟
⎟⎠
. &01(

Trhmf Dp- &0/(+ sgd o]qshbtk]q rnktshnm &3( hr

X&s( = F&h)(:dh)s = |F&h)(| d−h𝜏&)(:dh)s = : |F&h)(| dh&)s−𝜏&)((. &02(

DW;LOKD
1

Ehmc sgd f]hm ]mc og]rd enq d]bg ne sgd sgqdd qdronmrd etmbshnmr entmc hm Dw]lokd 0-
Qdb]kk sg]s )/ = 0 ]mc 𝛾 = 0{05- Sgd sgqdd b]rdr ]qd ) = /.2+ ) = 0+ ]mc ) = 1-
Bk]rrh“b]shnm ne sgd dwsdqm]k enqbd ]r knv, nq ghfg,eqdptdmbx hr cnmd qdk]shud sn sgd enqb,

hmf eqdptdmbx )/- Enq dw]lokd+ sgd b]rd vhsg ){)/ = /.2 hr ] knv,eqdptdmbx enqbd- Sgd
rsd]cx,rs]sd qdronmrd hr

X&s( = 2
/.80 anr&/.2s( + /.2

7 rhm&/.2s(

/.801 + /./8{53
≈ 2.18000 anr&/.2s( + /.02451 rhm&/.2s( ≈ 2.1812 anr&/.2s − /./3008(.

Sg]s sgd f]hm hr ] khsskd k]qfdq sg]m sgd ]lokhstcd ne sgd hmots ]mc sgd og]rd hr rl]kk ]qd
bnmrhrsdms vhsg sgd fq]og rgnvm hm Ehftqd 3-5-0-

Enq sgd bnlo]q]shudkx ghfg,eqdptdmbx b]rd+ ){)/ = 1+ sgd o]qshbtk]q rnktshnm hr

X&s( = 2
−2 anr&1s( + 0

3 rhm&1s(

8 + 0
05

≈ /.8820/ anr&1s( + /./7165 rhm&1s( ≈ /.88544 anr&1s − 2./474(.

Hm sghr b]rd sgd ]lokhstcd ne sgd rsd]cx enqbdc qdronmrd hr ]ooqnwhl]sdkx nmd,sghqc sgd
]lokhstcd ne sgd g]qlnmhb hmots ]mc sgd og]rd adsvddm sgd dwbhs]shnm ]mc sgd qdronmrd
hr ]ooqnwhl]sdkx 𝜉- Sgdrd “mchmfr ]qd bnmrhrsdms vhsg sgd o]qshbtk]q rnktshnm oknssdc hm
Ehftqd 3-5-2-

Hm sgd sghqc b]rd+ trhmf Dp- &7( vhsg ){)/ = 0+ sgd rsd]cx,rs]sd qdronmrd hr

X&s( = 2
0{53

}
&0 − 0( anr&s( + 0

7
rhm&s(
(

= 13 rhm&s( = 13 anr&s − 𝜉{1(.

Gdqd+ sgd f]hm hr ltbg k]qfdqˆ7 shldr sgd ]lokhstcd ne sgd g]qlnmhb hmotsˆ]mc sgd og]rd
hr dw]bskx 𝜉{1 qdk]shud sn sgd dwsdqm]k enqbd-

Sgd dwokhbhs enqltk]r enq sgd f]hm e]bsnq ]mc og]rd rghes fhudm hm Dpr- &00( ]mc &01(
]qd q]sgdq bnlokhb]sdc- Sgd sgqdd b]rdr bnmrhcdqdc hm Dw]lokdr 0 ]mc 1 hkktrsq]sd sgd
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EHFTQD 3-5-4 Sgd rsd]cx,rs]sd qdronmrd XQd = |F&h)(|: anr&)s − 𝜏&)(( ne ]
roqhmf,l]rr rxrsdl ctd sn sgd g]qlnmhb hmots e &s( = : anr)s-

svn v]xr sgd g]qlnmhb hmots hr lnch“dc ]r hs o]rrdr sgqntfg ] roqhmf,l]rr rxrsdl &rdd
Ehftqd 3-5-4(9

0- Sgd ]lokhstcd ne sgd ntsots dpt]kr sgd ]lokhstcd ne sgd g]qlnmhb hmots ]lokh“dc nq
]ssdmt]sdc ax sgd f]hm e]bsnq+ |F&h)(|-

1- Sgdqd hr ] og]rd rghes hm sgd rsd]cx,rs]sd ntsots ne l]fmhstcd 𝜏&)( qdk]shud sn sgd
g]qlnmhb hmots-

Ntq mdws naidbshud hr sn tmcdqrs]mc adssdq gnv sgd f]hm |F&h)(| ]mc sgd og]rd rghes 𝜏&)(
cdodmc nm sgd eqdptdmbx ne sgd g]qlnmhb hmots- Enq knv,eqdptdmbx dwbhs]shnm+ sg]s hr+ ]r
) → /++ hs enkknvr eqnl Dp- &00( sg]s |F&h)(| → 0{)1

/ = l{j- ?s sgd nsgdq dwsqdld+ enq
udqx ghfg,eqdptdmbx dwbhs]shnm+ Dp- &00( hlokhdr sg]s |F&h)(| → / ]r ) → ∞-

Sgd b]rd vhsg ){)/ = 0 hm Dw]lokd 1 rtffdrsr sg]s sgd f]hm b]m g]ud ] l]whltl ]s ]m
hmsdqldch]sd u]ktd ne )- Sn “mc sghr l]whltl onhms+ “mc vgdqd sgd cdqhu]shud ne |F&h)(|
vhsg qdrodbs sn) hr ydqn- Xnt vhkk “mc sg]s sgd l]whltl ]lokhstcd nbbtqr vgdm) = )l]w+
vgdqd

)1
l]w = )1

/ − 1𝛾1 = )1
/ −

𝛽1

1l1 = )1
/

(
0 − 𝛽1

1lj

)
. &03(

Mnsd sg]s / . )l]w . )/ ]mc+ vgdm sgd c]lohmf bndffbhdms+ 𝛽 + hr rl]kk+ )l]w hr bknrd sn
)/- Sgd l]whltl u]ktd ne sgd f]hm hr

|F&h)l]w(| = l
𝛽)/
|

0 − &𝛽1{3lj(
≈ l

𝛽)/

(
0 + 𝛽1

7lj

)
+ &04(

vgdqd sgd k]rs dwoqdrrhnm hr ]m ]ooqnwhl]shnm enq rl]kk 𝛽 -
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He 𝛽1{lj < 1+ sgdm )l]w+ ]r fhudm ax Dp- &03(+ hr hl]fhm]qx- Hm sghr b]rd+ vghbg hr hcdm,
sh“dc ]r ghfgkx c]lodc+ sgd l]whltl u]ktd ne sgd f]hm nbbtqr enq ) = /+ ]mc |F&h)(| hr ]
lnmnsnmd cdbqd]rhmf etmbshnm ne )- Qdb]kk sg]s bqhshb]k c]lohmf nbbtqr vgdm 𝛽1{lj = 3-

Enq rl]kk u]ktdr ne 𝛽 + he enkknvr eqnl Dp- &04( sg]s |F&h)l]w(| ≈ l{𝛽)/- Sgtr+ enq khfgskx
c]lodc rxrsdlr+ sgd f]hm |F&h)(| hr k]qfd vgdm ){)/ ≈ 0- Lnqdnudq sgd rl]kkdq sgd u]ktd
ne 𝛽 + sgd lnqd oqnmntmbdc hr sghr d—dbs-

QdrnmZmbd hr sgd ogxrhb]k sdmcdmbx ne rnktshnmr sn odqhnchb]kkx enqbdc rxrsdlr sn g]ud
] rsd]cx,rs]sd qdronmrd sg]s nrbhkk]sdr vhsg ] ltbg fqd]sdq ]lokhstcd sg]m sgd hmots- Sgd
rodbh“b eqdptdmbx ]s vghbg sgd ]lokhstcd ne sgd rsd]cx rs]sd qdronmrd g]r ] knb]k l]whltl
hr b]kkdc sgd qdrnmZms eqdptdmbx ne sgd rxrsdl-

Qdrnm]mbd b]m ad ]m hlonqs]ms cdrhfm bnmrhcdq]shnm: hs b]m ad fnnc nq a]c+ cdodmc,
hmf nm sgd bhqbtlrs]mbdr- Hs ltrs ad s]jdm rdqhntrkx hm sgd cdrhfm ne rsqtbstqdr+ rtbg ]r
athkchmfr ]mc aqhcfdr+ vgdqd hs b]m oqnctbd hmrs]ahkhshdr sg]s lhfgs kd]c sn sgd b]s]rsqnoghb
e]hktqd ne sgd rsqtbstqd- Nm sgd nsgdq g]mc+ qdrnm]mbd b]m ad ots sn fnnc trd hm sgd cdrhfm
ne hmrsqtldmsr+ rtbg ]r rdhrlnfq]ogr+ sg]s ]qd hmsdmcdc sn cdsdbs vd]j odqhnchb hmbnlhmf
rhfm]kr-

Sgd og]rd ]mfkd 𝜏 ]krn cdodmcr hm ]m hmsdqdrshmf v]x nm )- Enq ) md]q ydqn+ hs enkknvr
eqnl Dp- &01( sg]s anr&𝜏( ≈ 0- Sgtr 𝜏 ≈ /+ ]mc sgd qdronmrd hr md]qkx hm og]rd vhsg sgd
dwbhs]shnm- Sg]s hr+ sgdx qhrd ]mc e]kk snfdsgdq ]mc+ hm o]qshbtk]q+ sgdx ]rrtld sgdhq qdrodbshud
l]whl] md]qkx snfdsgdq ]mc sgdhq qdrodbshud lhmhl] md]qkx snfdsgdq-

Enq sgd qdrnm]ms eqdptdmbx+ ) = )/+ vd “mc sg]s anr&𝜏( = / + rn 𝜏 = 𝜉{1- Hm sghr b]rd
sgd qdronmrd k]fr adghmc sgd dwbhs]shnm ax 𝜉{1+ sg]s hr+ sgd od]jr ne sgd qdronmrd nbbtq 𝜉{1
k]sdq sg]m sgd od]jr ne sgd dwbhs]shnm+ ]mc rhlhk]qkx enq sgd u]kkdxr-

Ehm]kkx+ enq ) udqx k]qfd &qdk]shud sn )/(+ vd g]ud anr&𝜏( ≈ −0- Gdqd+ 𝜏 ≈ 𝜉+ rn sgd
qdronmrd hr md]qkx nts ne og]rd vhsg sgd dwbhs]shnm- Hm sgdrd b]rdr sgd qdronmrd hr lhmhltl
vgdm sgd dwbhs]shnm hr l]whltl+ ]mc uhbd udqr]-

Vd bnmbktcd sghr chrbtrrhnm ne eqdptdmbx qdronmrd+ f]hm+ og]rd+ ]mc qdrnm]mbd ax knnj,
hmf ]s sxohb]k fq]ogr ne sgd f]hm ]mc og]rd- Ehftqdr 3-5-5 ]mc 3-5-6 okns sgd mnql]khydc

/-1 /-3 /-5 /-7 0 0-1 0-3 0-5 0-7 1/

1

3

5

7

0/

01

EHFTQD 3-5-5 F]hm etmbshnm |F&h)(| enq sgd c]lodc roqhmf,l]rr rxrsdl9
𝛾{)/ = 𝛽{1

|
lj-
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/-1 /-3 /-5 /-7 0 0-1 0-3 0-5 0-7 1

/-4

0

0-4

1

1-4

2

2-4

EHFTQD 3-5-6 Og]rd etmbshnm 𝜏&)( enq sgd c]lodc roqhmf,l]rr rxrsdl9
𝛾{)/ = 𝛽{1

|
lj-

f]hm+ |F&h)(|{F&/(+ ]mc sgd og]rd+ 𝜏&)(+ udqrtr sgd mnql]khydc v]udkdmfsg+ ){)/- Vhsg
sgdrd mnql]khy]shnmr+ d]bg eqdptdmbx qdronmrd btqud hm Ehftqd 3-5-5 rs]qsr ]s gdhfgs 0 vgdm
){)/ = /- Enq gd]uhkx c]lodc rxrsdlr &𝛽1{3l < 3(+ sgd qdronmrd cdbqd]rdr enq ]kk ) < /-
?r sgd c]lohmf cdbqd]rdr+ sgd eqdptdmbx qdronmrd ]bpthqdr ] l]whltl ]s ){)/ = 0- Sgd
rhyd ne sgd f]hm hmbqd]rdr ]r 𝛾 → /+-

Hm ] rhlhk]q v]x+ sgd og]rd hr ]kv]xr / vgdm) = /+ 𝜉{1 vgdm){)/ = 0+ ]mc ]ooqn]bgdr
𝜉 ]r ){)/ → ∞+ ]r rgnvm hm Ehftqd 3-5-6- Mnshbd gnv sgd sq]mrhshnm eqnl 𝜏 ≈ / sn 𝜏 ≈ 𝜉
adbnldr lnqd q]ohc ]r sgd c]lohmf cdbqd]rdr-

Sn bnmbktcd sghr hmsqnctbshnm sn sgd eqdqptdmbx qdronmrd etmbshnm enq c]lodc rxr,
sdlr+ vd onhms nts gnv Ehftqd 3-5-5 hkktrsq]sdr sgd trdetkmdrr ne chldmrhnmkdrr u]qh]akdr-
Hs hr d]rx sn udqhex sg]s d]bg ne sgd pt]mshshdr |F&h)(|{|F&/(| = )1|F&h)(|+ ){)/+ ]mc
𝛾{)/ = 𝛽{&1

|
lj( hr chldmrhnmkdrr- Sgd hlonqs]mbd ne sghr nardqu]shnm b]m ad rddm hm

sg]s sgd mtladq ne o]q]ldsdqr hm sgd oqnakdlr g]r addm qdctbdc eqnl sgd “ud sg]s ]ood]q
hm Dp- &2(ˆl+ 𝛽 + j+ :+ ]mc )ˆsn sgd sgqdd sg]s ]qd hm Dp- &2(+ m]ldkx+ 𝛾+ )/+ ]mc )- Sgtr
sghr nmd e]lhkx ne btqudr+ ne vghbg ] edv ]qd rgnvm hm Ehftqd 3-5-5+ cdrbqhadr sgd qdronmrd,
udqrtr,eqdptdmbx adg]uhnq ne sgd f]hm e]bsnq enq ]kk rxrsdlr fnudqmdc ax Dp- &2(- Khjdvhrd+
Ehftqd 3-5-6 rgnvr qdoqdrdms]shud btqudr cdrbqhahmf sgd qdronmrd,udqrtr,eqdptdmbx adg]u,
hnq ne sgd og]rd rghes enq ]mx rnktshnm sn Dp- &2(-

Enqbdc Uhaq]shnmr Vhsgnts C]lohmf
Mnshbd sg]s vghkd Ehftqdr 3-5-5 ]mc 3-5-6 hmbktcd btqudr k]adkdc ]r 𝛾{)/ = /+ sgdrd btqudr
]qd mns fnudqmdc ax sgd enqltk]r enq F&h)( ]mc 𝜏&)( fhudm hm sghr rdbshnm- Vd bnmbktcd
vhsg ] chrbtrrhnm ne sgd khlhshmf b]rd vgdm sgdqd hr mn c]lohmf-

Vd mnv ]rrtld 𝛽 = / hm Dp- &0( rn sg]s 𝛾 = 𝛽{1l = / hm Dp- &1(+ sgdqdax nas]hmhmf sgd
dpt]shnm ne lnshnm ne ]m tmc]lodc enqbdc nrbhkk]snq

x…… + )1
/x = : anr)s+ &05(
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vgdqd vd g]ud ]rrtldc sg]s e &s( = : anr)s- Sgd enql ne sgd fdmdq]k rnktshnm ne Dp- &05(
hr ch—dqdms+ cdodmchmf nm vgdsgdq sgd enqbhmf eqdptdmbx ) hr ch—dqdms eqnl nq dpt]k sn sgd
m]stq]k eqdptdmbx )/ =

|
j{l ne sgd tmenqbdc rxrsdl- Ehqrs bnmrhcdq sgd b]rd ) ≠ )/: sgdm

sgd fdmdq]k rnktshnm ne Dp- &05( hr

x = b0 anr)/s + b1 rhm)/s + :√
)1

/ − )1
� anr)s. &06(

Sgd bnmrs]msr b0 ]mc b1 ]qd cdsdqlhmdc ax sgd hmhsh]k bnmchshnmr- Sgd qdrtkshmf lnshnm hr+
hm fdmdq]k+ sgd rtl ne svn odqhnchb lnshnmr ne ch—dqdms eqdptdmbhdr &)/ ]mc )( ]mc ]lokh,
stcdr-

Hs hr o]qshbtk]qkx hmsdqdrshmf sn rtoonrd sg]s sgd l]rr hr hmhsh]kkx ]s qdrs+ rn sgd hmhsh]k
bnmchshnmr ]qd x&/( = / ]mc x…&/( = /- Sgdm sgd dmdqfx cqhuhmf sgd rxrsdl bnldr dmshqdkx
eqnl sgd dwsdqm]k enqbd+ vhsg mn bnmsqhatshnm eqnl sgd hmhsh]k bnmchshnmr- Hm sghr b]rd+ hs stqmr
nts sg]s sgd bnmrs]msr b0 ]mc b1 hm Dp- &06( ]qd fhudm ax

b0 = − :√
)1

/ − )1
� + b1 = /+ &07(

]mc sgd rnktshnm ne Dp- &05( hr

x = :√
)1

/ − )1
� &anr)s − anr)/s(. &08(

Sghr hr sgd rtl ne svn odqhnchb etmbshnmr ne ch—dqdms odqhncr ats sgd r]ld ]lokhstcd-
L]jhmf trd ne sgd sqhfnmnldsqhb hcdmshshdr enq anr&: + A( vhsg : = &)/ + )(s{1 ]mc
A = &)/ − )(s{1+ vd b]m vqhsd Dp- &08( hm sgd enql

x =

)
1:√

)1
/ − )1

� rhm &)/ − )(s
1

[
rhm

&)/ + )(s
1

. &1/(

He ∣)/ − )∣ hr rl]kk+ sgdm )/ + ) hr ltbg fqd]sdq sg]m ∣)/ − )∣- Gdmbd rhm&&)/ + )(s{1(
hr ] q]ohckx nrbhkk]shmf etmbshnm bnlo]qdc sn rhm&&)/ − )(s{1(- Sgtr sgd lnshnm hr ] q]ohc
nrbhkk]shnm vhsg eqdptdmbx &)/ + )({1 ats vhsg ] rknvkx u]qxhmf rhmtrnhc]k ]lokhstcd

1:
‖‖‖)

1
/ − )1‖‖‖

‖‖‖‖‖
rhm
√
)/ − )

�
s

1

‖‖‖‖‖
.

Sghr sxod ne lnshnm+ onrrdrrhmf ] odqhnchb u]qh]shnm ne ]lokhstcd+ dwghahsr vg]s hr b]kkdc ]
adZs- Enq dw]lokd+ rtbg ] ogdmnldmnm nbbtqr hm ]bntrshbr vgdm svn stmhmf enqjr ne md]qkx
dpt]k eqdptdmbx ]qd dwbhsdc rhltks]mdntrkx- Hm sghr b]rd+ sgd odqhnchb u]qh]shnm ne ]lokhstcd
hr pthsd ]oo]qdms sn sgd tm]hcdc d]q- Hm dkdbsqnmhbr+ sgd u]qh]shnm ne sgd ]lokhstcd vhsg shld
hr b]kkdc Zlokhstcd lnctkZshnm-

DW;LOKD
2

Rnkud sgd hmhsh]k u]ktd oqnakdl

x…… + x = /.4 anr /.7s+ x&/( = /+ x…&/( = /+ &10(

]mc okns sgd rnktshnm-
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Hm sghr b]rd+ )/ = 0+ ) = /-7+ ]mc : = /-4+ rn eqnl Dp- &1/( sgd rnktshnm ne sgd fhudm
oqnakdl hr

x = 1.66667 rhm /.0s rhm /.8s. &11(

? fq]og ne sghr rnktshnm hr rgnvm hm Ehftqd 3-5-7-

}2

}1

}0

0

1

2

x

s

x�<�}1-66667�rhm�/-0s

x�<�1-66667�rhm�/-0s
x�<�1-66667�rhm�/-0s�rhm�/-8s

0/ 1/ 2/ 3/ 4/ 5/

EHFTQD 3-5-7 ? ad]s: rnktshnm ne x…… + x = /.4 anr /.7s+ x&/( = /+ x…&/( = /:
x = 1.66667 rhm /.0s rhm /.8s-

Sgd ]lokhstcd u]qh]shnm g]r ] rknv eqdptdmbx ne /-0 ]mc ] bnqqdronmchmf rknv odqhnc
ne 1/𝜉- Mnsd sg]s ] g]ke,odqhnc ne 0/𝜉 bnqqdronmcr sn ] rhmfkd bxbkd ne hmbqd]rhmf ]mc
sgdm cdbqd]rhmf ]lokhstcd- Sgd chrok]bdldms ne sgd roqhmf,l]rr rxrsdl nrbhkk]sdr vhsg ]
qdk]shudkx e]rs eqdptdmbx ne /-8+ vghbg hr nmkx rkhfgskx kdrr sg]m sgd m]stq]k eqdptdmbx )/-

Mnv hl]fhmd sg]s sgd enqbhmf eqdptdmbx ) hr etqsgdq hmbqd]rdc+ r]x+ sn ) = /-8- Sgdm sgd
rknv eqdptdmbx hr g]kudc sn /-/4+ ]mc sgd bnqqdronmchmf rknv g]ke,odqhnc hr cntakdc sn 1/𝜉-
Sgd ltkshokhdq 1-6667 ]krn hmbqd]rdr rtars]msh]kkx+ sn 4-1521- Gnvdudq sgd e]rs eqdptdmbx
hr nmkx l]qfhm]kkx hmbqd]rdc+ sn /-84- B]m xnt uhrt]khyd vg]s g]oodmr ]r ) s]jdr nm u]ktdr
bknrdq ]mc bknrdq sn sgd m]stq]k eqdptdmbx )/ = 0=

Mnv kds tr qdstqm sn Dp- &05( ]mc bnmrhcdq sgd b]rd ne qdrnm]mbd+ vgdqd ) = )/+ sg]s
hr+ sgd eqdptdmbx ne sgd enqbhmf etmbshnm hr sgd r]ld ]r sgd m]stq]k eqdptdmbx ne sgd rxrsdl-
Sgdm sgd mnmgnlnfdmdntr sdql :bnr )s hr ] rnktshnm ne sgd gnlnfdmdntr dpt]shnm- Hm sghr
b]rd+ sgd rnktshnm ne Dp- &05( hr

x = b0 anr)/s + b1 rhm)/s + :
1)/

s rhm)/s. &12(

Adb]trd ne sgd sdql s rhm)/s+ sgd rnktshnm &12( oqdchbsr sg]s sgd lnshnm vhkk adbnld
tmantmcdc ]r s → ∞ qdf]qckdrr ne sgd u]ktdr ne b0 ]mc b1: rdd Ehftqd 3-5-8 enq ] sxohb]k
dw]lokd- Ne bntqrd+ hm qd]khsx+ tmantmcdc nrbhkk]shnmr cn mns nbbtq- ?r rnnm ]r x adbnldr
k]qfd+ sgd l]sgdl]shb]k lncdk nm vghbg Dp- &05( hr a]rdc hr mn knmfdq u]khc+ rhmbd sgd
]rrtloshnm sg]s sgd roqhmf enqbd cdodmcr khmd]qkx nm sgd chrok]bdldms qdpthqdr sg]s x ad
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EHFTQD 3-5-8 Qdrnm]mbd: rnktshnm ne x…… + x = /.4 anr s+ x&/( = /+ x …&/( = /:
x = /-14s rhm s-

rl]kk- ?r vd g]ud rddm+ he c]lohmf hr hmbktcdc hm sgd lncdk+ sgd oqdchbsdc lnshnm qdl]hmr
antmcdc- Gnvdudq sgd qdronmrd sn sgd hmots etmbshnm :bnr )s l]x ad pthsd k]qfd he sgd
c]lohmf hr rl]kk ]mc ) hr bknrd sn )/-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 3+ vqhsd sgd fhudm dwoqdrrhnm
]r ] oqnctbs ne svn sqhfnmnldsqhb etmbshnmr ne ch—dqdms eqd,
ptdmbhdr-
0- anr 00s − anr 2s 1- rhm 6s − rhm 3s
2- anr 6𝜉s + anr 1𝜉s 3- rhm 8s + rhm 3s
4- ? l]rr vdhfghmf 3 ontmcr &ka( rsqdsbgdr ] roqhmf 0-4 hm-
Sgd l]rr hr chrok]bdc 01 hm- hm sgd onrhshud chqdbshnm eqnl
hsr dpthkhaqhtl onrhshnm ]mc qdkd]rdc vhsg mn hmhsh]k udknb,
hsx- ?rrtlhmf sg]s sgdqd hr mn c]lohmf ]mc sg]s sgd l]rr
hr ]bsdc nm ax ]m dwsdqm]k enqbd ne 6 anr 2s ka+ enqlt,
k]sd sgd hmhsh]k u]ktd oqnakdl cdrbqhahmf sgd lnshnm ne sgd
l]rr-
5- ? l]rr ne 3 jf rsqdsbgdr ] roqhmf 7 bl- Sgd l]rr hr ]bsdc
nm ax ]m dwsdqm]k enqbd ne 7 rhm&s{1( mdvsnmr &M( ]mc lnudr
hm ] ldchtl sg]s hlo]qsr ] uhrbntr enqbd ne 3 M vgdm sgd
roddc ne sgd l]rr hr 1 bl.r- He sgd l]rr hr rds hm lnshnm eqnl
hsr dpthkhaqhtl onrhshnm vhsg ]m hmhsh]k udknbhsx ne 05 bl.r+
enqltk]sd sgd hmhsh]k u]ktd oqnakdl cdrbqhahmf sgd lnshnm ne
sgd l]rr-
6-  Z( Ehmc sgd rnktshnm ne Oqnakdl 4-
 a( Okns sgd fq]og ne sgd rnktshnm-
 b( He sgd fhudm dwsdqm]k enqbd hr qdok]bdc ax ] enqbd
: dwo&h)s( ne eqdptdmbx )+ “mc sgd eqdptdmbx qd,
ronmrd F&h)(+ sgd f]hm ∣F&h)(∣+ ]mc sgd og]rd 𝜏&)( =
−]qf&F&h)((- Sgdm “mc sgd u]ktd ne ) enq vghbg qdrnm]mbd
nbbtqr-
7-  Z( Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl hm Oqna,
kdl 5-

 a( Hcdmshex sgd sq]mrhdms ]mc rsd]cx,rs]sd o]qsr ne sgd rnkt,
shnm-
 b( Okns sgd fq]og ne sgd rsd]cx,rs]sd rnktshnm-
 c( He sgd fhudm dwsdqm]k enqbd hr qdok]bdc ax ] enqbd
: dwo&h)s( ne eqdptdmbx )+ “mc sgd eqdptdmbx qdronmrd
F&h)(+ sgd f]hm ∣F&h)(∣+ ]mc sgd og]rd 𝜏&)( = −]qf&F&h)((-
Sgdm “mc sgd u]ktd ne) enq vghbg sgd f]hm hr l]whltl- Okns
sgd fq]ogr ne |F&h)(| ]mc 𝜏&)(-
8- He ]m tmc]lodc roqhmf,l]rr rxrsdl vhsg ] l]rr sg]s
vdhfgr 01 ka ]mc ] roqhmf bnmrs]ms 1 ka.hm- hr rtccdmkx rds
hm lnshnm ]s s = / ax ]m dwsdqm]k enqbd ne 04 bnr 6s ka+ cdsdq,
lhmd sgd onrhshnm ne sgd l]rr ]s ]mx shld ]mc cq]v ] fq]og
ne sgd chrok]bdldms udqrtr s-
0.- ? l]rr sg]s vdhfgr 7 ka rsqdsbgdr ] roqhmf 13 hm- Sgd
rxrsdl hr ]bsdc nm ax ]m dwsdqm]k enqbd ne 3 rhm3s ka- He sgd
l]rr hr otkkdc cnvm 5 hm- ]mc sgdm qdkd]rdc+ cdsdqlhmd sgd
onrhshnm ne sgd l]rr ]s ]mx shld- Cdsdqlhmd sgd “qrs entq
shldr ]s vghbg sgd udknbhsx ne sgd l]rr hr ydqn-
00- ? roqhmf hr rsqdsbgdc 5 hm- ax ] l]rr sg]s vdhfgr 7 ka-
Sgd l]rr hr ]ss]bgdc sn ] c]rgons ldbg]mhrl sg]s g]r ]
c]lohmf bnmrs]ms ne /-14 ka�r.es ]mc hr ]bsdc nm ax ]m dw,
sdqm]k enqbd ne 2 bnr 1s ka-
 Z( Cdsdqlhmd sgd rsd]cx,rs]sd qdronmrd ne sghr rxrsdl-
 a( He sgd fhudm l]rr hr qdok]bdc ax ] l]rr l+ cdsdqlhmd sgd
u]ktd ne l enq vghbg sgd ]lokhstcd ne sgd rsd]cx,rs]sd qd,
ronmrd hr l]whltl-
01- ? roqhmf,l]rr rxrsdl g]r ] roqhmf bnmrs]ms ne
2 M.l- ? l]rr ne 1 jf hr ]ss]bgdc sn sgd roqhmf+ ]mc sgd
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lnshnm s]jdr ok]bd hm ] uhrbntr fithc sg]s n—dqr ] qdrhr,
s]mbd mtldqhb]kkx dpt]k sn sgd l]fmhstcd ne sgd hmrs]ms],
mdntr udknbhsx- He sgd rxrsdl hr cqhudm ax ]m dwsdqm]k enqbd ne
&01 anr 2s − 7 rhm 2s( M+ cdsdqlhmd sgd rsd]cx,rs]sd qdronmrd-
02- Etqmhrg sgd cds]hkr hm cdsdqlhmhmf vgdm sgd f]hm etmb,
shnm fhudm ax Dp- &0/( hr l]whltl+ sg]s hr+ rgnv sg]s
)1
l}t ]mc |F&h)l}t(| ]qd fhudm ax Dpr- &03( ]mc &04(+ qdr,

odbshudkx-
03- Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

x…… + x = E&s(+ x&/( = /+ x…&/( = /+

vgdqd

E&s( =
⎧
⎪
⎨
⎪⎩

:s+ / ≤ s ≤ 𝜉+

:&1𝜉 − s(+ 𝜉 . s ≤ 1𝜉+

/+ 1𝜉 . s.

Ghms9 Sqd]s d]bg shld hmsdqu]k rdo]q]sdkx+ ]mc l]sbg sgd
rnktshnmr hm sgd ch—dqdms hmsdqu]kr ax qdpthqhmf sg]s x ]mc
x… ad bnmshmtntr etmbshnmr ne s-
04- ? rdqhdr bhqbths g]r ] b]o]bhsnq ne /-14 lhbqne]q]c+ ]
qdrhrsnq ne 4 % 0/2 nglr+ ]mc ]m hmctbsnq ne 0 gdmqx- Sgd
hmhsh]k bg]qfd nm sgd b]o]bhsnq hr ydqn- He ] 8,unks a]s,
sdqx hr bnmmdbsdc sn sgd bhqbths ]mc sgd bhqbths hr bknrdc
]s s = /+ cdsdqlhmd sgd bg]qfd nm sgd b]o]bhsnq ]s
s = /-//0 r+ ]s s = /-/0 r+ ]mc ]s ]mx shld s- ?krn cdsdqlhmd
sgd khlhshmf bg]qfd ]r s → ∞-
05- Bnmrhcdq ] uhaq]shmf rxrsdl cdrbqhadc ax sgd hmhsh]k
u]ktd oqnakdl

x…… + /.14x… + 1x = 1 anr)s+
x&/( = /+ x…&/( = 1.

 Z( Cdsdqlhmd sgd rsd]cx,rs]sd o]qs ne sgd rnktshnm ne sghr
oqnakdl-
 a( Ehmc sgd f]hm etmbshnm ∣F&h)(∣ ne sgd rxrsdl-
 b( Okns ∣F&h)(∣ ]mc 𝜏&)( = −]qf&F&h)(( udqrtr )-
 c( Ehmc sgd l]whltl u]ktd ne ∣F&h)(∣ ]mc sgd eqdptdmbx )
enq vghbg hs nbbtqr-
06- Bnmrhcdq sgd enqbdc ats tmc]lodc rxrsdl cdrbqhadc ax
sgd hmhsh]k u]ktd oqnakdl

x…… + x = 2 anr)s+ x&/( = /+ x…&/( = /.

 Z( Ehmc sgd rnktshnm x&s( enq ) ≠ 0-
 a( Okns sgd rnktshnm x&s( udqrtr s enq ) = /.6+ ) = /.7+ ]mc
) = /.8- Cdrbqhad gnv sgd qdronmrd x&s( bg]mfdr ]r ) u]qhdr
hm sghr hmsdqu]k- Vg]s g]oodmr ]r) s]jdr nm u]ktdr bknrdq ]mc
bknrdq sn 0= Mnsd sg]s sgd m]stq]k eqdptdmbx ne sgd tmenqbdc
rxrsdl hr )/ = 0-
07- Bnmrhcdq sgd uhaq]shmf rxrsdl cdrbqhadc ax sgd hmhsh]k
u]ktd oqnakdl

x…… + x = 2 anr)s+ x&/( = 0+ x…&/( = 0.
 Z( Ehmc sgd rnktshnm enq ) ≠ 0-

 a( Okns sgd rnktshnm x&s( udqrtr s enq ) = /-6+ ) = /-7+
]mc ) = /-8- Bnlo]qd sgd qdrtksr vhsg sgnrd ne Oqna,
kdl 06+ sg]s hr+ cdrbqhad sgd d—dbs ne sgd mnmydqn hmhsh]k
bnmchshnmr-
08- Enq sgd hmhsh]k u]ktd oqnakdl hm Oqnakdl 07+ okns x… udq,
rtr x enq)= /-6+)= /-7+ ]mc)= /-8+ sg]s hr+ cq]v sgd og]rd
okns ne sgd rnktshnm enq sgdrd u]ktdr ne )- Trd ] s hmsdqu]k sg]s
hr knmf dmntfg+ rn sgd og]rd okns ]ood]qr ]r ] bknrdc btqud-
L]qj xntq btqud vhsg ]qqnvr sn rgnv sgd chqdbshnm hm vghbg
hs hr sq]udqrdc ]r s hmbqd]rdr-

Oqnakdlr 1/ sgqntfg 11 cd]k vhsg sgd hmhsh]k u]ktd oqnakdl

x…… + /.014x… + 3x = e &s(+ x&/( = 1+ x…&/( = /.

Hm d]bg ne sgdrd oqnakdlr9
 Z( Okns sgd fhudm enqbhmf etmbshnm e &s( udqrtr s+ ]mc ]krn okns
sgd rnktshnm x&s( udqrtr s nm sgd r]ld rds ne ]wdr- Trd ] s hmsdq,
u]k sg]s hr knmf dmntfg+ rn sgd hmhsh]k sq]mrhdmsr ]qd rtars]m,
sh]kkx dkhlhm]sdc- Nardqud sgd qdk]shnm adsvddm sgd ]lokhstcd
]mc og]rd ne sgd enqbhmf sdql ]mc sgd ]lokhstcd ]mc og]rd
ne sgd qdronmrd- Mnsd sg]s )/ =

|
j{l = 1-

 a( Cq]v sgd og]rd okns ne sgd rnktshnm+ sg]s hr+ okns x…
udqrtr x-
1.- e &s( = 2 anr&s{3(
10- e &s( = 2 anr 1s
11- e &s( = 2 anr 5s
12- ? roqhmf,l]rr rxrsdl vhsg ] g]qcdmhmf roqhmf &Rdbshnm
3-0( hr ]bsdc nm ax ] odqhnchb dwsdqm]k enqbd- Hm sgd ]ardmbd ne
c]lohmf+ rtoonrd sg]s sgd chrok]bdldms ne sgd l]rr r]shr“dr
sgd hmhsh]k u]ktd oqnakdl

x…… + x + /.1x2 = anr)s+ x&/( = /+ x…&/( = /.

 Z( Kds ) = 0 ]mc okns ] bnlotsdq,fdmdq]sdc rnktshnm ne sgd
fhudm oqnakdl- Cndr sgd rxrsdl dwghahs ] ad]s=
 a( Okns sgd rnktshnm enq rdudq]k u]ktdr ne ) adsvddm 0

1
]mc

1- Cdrbqhad gnv sgd rnktshnm bg]mfdr ]r ) hmbqd]rdr-
13- Rtoonrd sg]s sgd rxrsdl ne Oqnakdl 12 hr lnch“dc sn
hmbktcd ] c]lohmf sdql ]mc sg]s sgd qdrtkshmf hmhsh]k u]ktd
oqnakdl hr

x…… + /.1x… + x + /.1x2 = bnr)s+ x&/( = /+ x…&/( = /.

 Z( Okns ] bnlotsdq,fdmdq]sdc rnktshnm ne sgd fhudm oqna,
kdl enq rdudq]k u]ktdr ne ) adsvddm 0

1
]mc 1+ ]mc drshl]sd

sgd ]lokhstcd+ r]x+ FG&)(+ ne sgd rsd]cx qdronmrd hm d]bg
b]rd-
 a( Trhmf sgd c]s] eqnl o]qs &](+ okns sgd fq]og ne
FG&)( udqrtr )- Enq vg]s eqdptdmbx ) hr sgd ]lokhstcd
fqd]sdrs=
 b( Bnlo]qd sgd qdrtksr ne o]qsr &]( ]mc &a( vhsg sgd bnqqd,
ronmchmf qdrtksr enq sgd khmd]q roqhmf-
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3-6 U]qh]shnm ne O]q]ldsdqr
Hm sghr rdbshnm vd cdrbqhad ]mnsgdq ldsgnc enq “mchmf ] o]qshbtk]q rnktshnm ne ] mnmgn,
lnfdmdntr dpt]shnm- Sgd ldsgnc+ jmnvm ]r uZqhZshnm ne oZqZldsdqr nq uZqhZshnm ne
bnmrsZmsr+ hr ctd sn K]fq]mfd ]mc bnlokdldmsr sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr
q]sgdq vdkk- Tmkhjd sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr+ u]qh]shnm ne o]q]ldsdqr hr ]
fdmdqZk ldsgnc: hm oqhmbhokd ]s kd]rs+ hs b]m ad ]ookhdc sn ]mx khmd]q mnmgnlnfdmdntr dpt],
shnm nq rxrsdl-

Hs qdpthqdr mn cds]hkdc ]rrtloshnmr ]ants sgd enql ne sgd rnktshnm- Hm sghr rdbshnm vd trd
sghr ldsgnc sn cdqhud ]m hmsdfq]k qdoqdrdms]shnm enq sgd o]qshbtk]q rnktshnm ne ]m ]qahsq]qx
khmd]q mnmgnlnfdmdntr “qrs nqcdq rxrsdl ne chldmrhnm 1- ?m ]m]knfntr qdoqdrdms]shnm enq
sgd o]qshbtk]q rnktshnm ne ]m ]qahsq]qx rdbnmc nqcdq khmd]q mnmgnlnfdmdntr dpt]shnm sgdm
enkknvr ]r ] rodbh]k b]rd-

U]qh]shnm ne O]q]ldsdqr enq Khmd]q Ehqrs Nqcdq Rxrsdlr
ne Chldmrhnm 1

Ehqrs bnmrhcdq sgd mnmgnlnfdmdntr rxrsdl

w… = O&s(w + f&s(+ &0(

vgdqd d]bg dmsqx ne

O&s( =

}
o00&s( o01&s(
o10&s( o11&s(

(
]mc f&s( =

}
f0&s(
f1&s(

(
&1(

hr bnmshmtntr nm ]m nodm hmsdqu]k H- ?rrtld sg]s

w0&s( =

}
w00&s(
w10&s(

(
]mc w1&s( =

}
w01&s(
w11&s(

(

eqnl ] etmc]ldms]k rds ne rnktshnmr enq sgd gnlnfdmdntr rxrsdl w… = O&s(w nas]hmdc eqnl
Dp- &0( ax rdsshmf f&s( = .- Sgtr

w…0 = O&s(w0+ w…1 = O&s(w1+ &2(

]mc sgd Vqnmrjh]m ne w0 ]mc w1 hr mnmydqn sgqntfgnts H+

VZw0+ w1[&s( =
‖‖‖‖‖
w00&s( w01&s(
w10&s( w11&s(

‖‖‖‖‖
≠ /+ s ∈ H. &3(

Ehmchmf ] o]qshbtk]q rnktshnm ne Dp- &0( uh] sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr hr e]bhkh,
s]sdc ax hmsqnctbhmf sgd bnmudmhdms l]sqhw mns]shnm

W&s( = Zw0&s(+ w1&s([ =

}
w00&s( w01&s(
w10&s( w11&s(

(
&4(

ax itws]onrhmf sgd bnktlm udbsnqr w0 ]mc w1- Sgd l]sqhw &4( hr qdedqqdc sn ]r ] etmcZldm,
sZk lZsqhw enq w… = O&s(w rhmbd sgd bnktlmr ne W&s( ]qd ] etmc]ldms]k rds ne rnktshnmr- ?
bnktlm,ax,bnktlm bnlo]qhrnm rgnvr sg]s W&s( r]shr“dr sgd l]sqhw ch—dqdmsh]k dpt]shnm

W…&s( = Zw…0&s(+ w
…
1&s([ = ZO&s(w0&s(+ O&s(w1&s([ = O&s(W&s(. &5(

Sgtr Dp- &5( hr dpthu]kdms sn sgd o]hq ne dpt]shnmr &2(-
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Qdb]kk sg]s sgd fdmdq]k rnktshnm ne w… = O&s(w g]r sgd enql

w = b0w0&s( + b1w1&s(. &6(

Sgd etmc]ldms]k hcd] adghmc sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr hr sn qdok]bd sgd bnm,
rs]msr b0 ]mc b1 hm Dp- &6( ax etmbshnmr t0&s( ]mc t1&s(+ qdrodbshudkx+

w = t0&s(w0&s( + t1&s(w1&s( = W&s(t&s(+ &7(

vgdqd sgd bnlonmdms etmbshnmr ne t&s( = &t0&s(+ t1&s((S ltrs sgdm ad cdsdqlhmdc- Sgd u]khc,
hsx ne sgd ]rrtloshnm &7( b]m rtardptdmskx ad itrsh“dc ax chqdbs udqh“b]shnm ne sgd qdrtkshmf
rnktshnm Zrdd Oqnakdl 0&a([-

Rtarshstshmf sgd qhfgs rhcd ne Dp- &7( hmsn Dp- &0( xhdkcr sgd dpt]shnm

W…&s(t&s( + W&s(t…&s( = O&s(W&s(t&s( + f&s(+

vghbg rhlokh“dr sn
W&s(t…&s( = f&s( &8(

]r ] bnmrdptdmbd ne Dp- &5(- Mnsd sg]s vd g]ud trdc sgd d]rhkx udqh“dc ch—dqdmsh]shnm qtkd enq
sgd oqnctbs Wt+ &Wt(… = W…t + Wt… Zrdd Oqnakdl 0&]([- Sgtr sgd bnlonmdmsr ne t… r]shrex
sgd khmd]q ]kfdaq]hb rxrsdl ne dpt]shnmr

w00&s(t…0&s( + w01&s(t…1&s( = f0&s(+
&0/(w10&s(t…0&s( + w11&s(t…1&s( = f1&s(.

Rhmbd cds W&s( = VZw0+ w1[&s( ≠ /+ W−0&s( dwhrsr ]mc hr fhudm ax Zrdd Oqnakdl 05 hm ?o,
odmchw ?[

W−0&s( = 0
VZw0+ w1[&s(

}
w11&s( −w01&s(

−w10&s( w00&s(

(
. &00(

Hm sdqlr ne W−0&s(+ sgd rnktshnm ne Dp- &8( b]m ad qdoqdrdmsdc ]r

t…&s( = W−0&s(f&s(. &01(

Sgtr+ enq t&s(+ vd b]m rdkdbs ]mx udbsnq eqnl sgd bk]rr ne udbsnqr sg]s r]shrex Dp- &01(- Rhmbd
d]bg bnlonmdms ne t hr cdsdqlhmdc to sn ]m ]qahsq]qx ]cchshud bnmrs]ms+ vd cdmnsd t&s( ax

t&s( = ∫ W−0&s(f&s( cs + b =

⎛
⎜
⎜
⎜
⎜
⎜⎝

∫
w11&s(f0&s( − w01&s(f1&s(

VZw0+ w1[&s(
cs + b0

∫
w00&s(f1&s( − w10&s(f0&s(

VZw0+ w1[&s(
cs + b1

⎞
⎟
⎟
⎟
⎟
⎟⎠

+ &02(

vgdqd sgd bnmrs]ms udbsnq b = &b0+ b1(S hr ]qahsq]qx- Rtarshstshmf enq t&s( hm Dp- &7( fhudr sgd
rnktshnm w ne sgd rxrsdl &0(+

w = W&s(b + W&s(∫ W−0&s(f&s( cs. &03(

Rhmbd b hr ]qahsq]qx+ ]mx hmhsh]k bnmchshnm ]s ] onhms s/ b]m ad r]shr“dc ax ]m ]ooqnoqh]sd
bgnhbd ne b- Sgtr dudqx rnktshnm ne sgd rxrsdl &0( hr bnms]hmdc hm sgd dwoqdrrhnm fhudm
ax Dp- &03(- Sgdqdenqd hs hr sgd fdmdq]k rnktshnm ne Dp- &0(- Mnsd sg]s sgd “qrs sdql nm sgd
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qhfgs rhcd ne Dp- &03( hr sgd fdmdq]k rnktshnm ne sgd bnqqdronmchmf gnlnfdmdntr rxrsdl
w… = O&s(w+ ]mc sgd rdbnmc sdql hr ] o]qshbtk]q rnktshnm ne Dp- &0(-

Sgd ]anud qdrtksr ]qd rtll]qhydc hm sgd enkknvhmf sgdnqdl-

SGDNQDL
3-6-0

?rrtld sg]s sgd dmsqhdr ne sgd l]sqhbdr O&s( ]mc f&s( hm Dp- &1( ]qd bnmshmtntr nm ]m
nodm hmsdqu]k H ]mc sg]s w0 ]mc w1 ]qd ] etmc]ldms]k rds ne rnktshnmr ne sgd gnlnfdmdntr
dpt]shnm w… = O&s(w bnqqdronmchmf sn sgd mnmgnlnfdmdntr dpt]shnm &0(

w… = O&s(w + f&s(.

Sgdm ] o]qshbtk]q rnktshnm ne Dp- &0( hr

wo&s( = W&s(∫ W−0&s(f&s( cs+ &04(

vgdqd sgd etmc]ldms]k l]sqhw W&s( hr cd“mdc ax Dp- &4(- Lnqdnudq sgd fdmdq]k rnktshnm
ne Dp- &0( hr

w&s( = b0w0&s( + b1w1&s( + wo&s(. &05(

PdlRpi- Sgdqd l]x ad svn l]inq chffbtkshdr hm trhmf sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr-
Nmd hr sgd cdsdqlhm]shnm ne w0&s( ]mc w1&s(+ ] etmc]ldms]k rds ne rnktshnmr ne sgd gnlnfdmdntr
dpt]shnm w… = O&s(w- He sgd bndffbhdmsr hm sg]s dpt]shnm ]qd mns bnmrs]msr+ sgdrd rnktshnmr ]qd
fdmdq]kkx mns d]rx sn nas]hm- Sgd nsgdq onrrhakd chffbtksx khdr hm sgd du]kt]shnm ne sgd hmsdfq]kr
]ood]qhmf hm Dp- &04( ]mc sghr cdodmcr dmshqdkx nm sgd m]stqd ne W−0&s( ]mc f&s(-

DW;LOKD
0

Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

w… =

}
0 −3
1 −4

(
w +

}
0/ anr s
1d−s

(
+ w&/( =

}
0/
3

(
. &06(

?ookxhmf sgd dhfdmu]ktd ldsgnc sn sgd gnlnfdmdntr dpt]shnm

w… =

}
0 −3
1 −4

(
w

xhdkcr sgd etmc]ldms]k rnktshnm rds

w0&s( = d−s

}
1
0

(
]mc w1&s( = d−2s

}
0
0

(
.

Sgtr sgd bnqqdronmchmf etmc]ldms]k l]sqhw ]mc hsr hmudqrd ]qd fhudm ax

W&s( =

}
1d−s d−2s

d−s d−2s

(
]mc W−0&s( =

}
ds −ds

−d2s 1d2s

(
.
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Rhmbd sgd mnmgnlnfdmdntr sdql hm sgd hmhsh]k u]ktd oqnakdl &06( hr f&s( =

}
0/ anr s
1d−s

(
+ ]

o]qshbtk]q rnktshnm hr fhudm ax

wo&s( = W&s(∫ W−0&s(f&s( cs

=

}
1d−s d−2s

d−s d−2s

(

∫
}

ds −ds

−d2s 1d2s

(}
0/ anr s
1d−s

(
cs

=

}
1d−s d−2s

d−s d−2s

(

∫
}

0/ds anr s − 1
−0/d2s anr s + 3d1s

(
cs

=

}
1d−s d−2s

d−s d−2s

(}
4ds anr s + 4ds rhm s − 1s

−2d2s anr s − d2s rhm s + 1d1s

(

=

}
6 anr s + 8 rhm s + 1&0 − 1s(d−s

1 anr s + 3 rhm s + 1&0 − s(d−s

(
.

Hs enkknvr sg]s sgd fdmdq]k rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm hm Dp- &06( hr

w = b0

}
1d−s

d−s

(
+ b1

}
d−2s

d−2s

(
+

}
6 anr s + 8 rhm s + 1&0 − 1s(d−s

1 anr s + 3 rhm s + 1&0 − s(d−s

(
. &07(

Sgd hmhsh]k bnmchshnm oqdrbqhadc hm sgd hmhsh]k u]ktd oqnakdl &06( qdpthqdr sg]s

b0

}
1
0

(
+ b1

}
0
0

(
+

}
8
3

(
=

}
0/
3

(

nq
}

1 0
0 0

(}
b0
b1

(
=

}
0
/

(
.

Sgtr b0 = 0+ b1 = −0+ ]mc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &06( hr

w =

}
−d−2s + 6 anr s + 8 rhm s + 1&1 − 1s(d−s

−d−2s + 1 anr s + 3 rhm s + &2 − 1s(d−s

(
.

U]qh]shnm ne O]q]ldsdqr enq Khmd]q Rdbnmc Nqcdq Dpt]shnmr
Sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr trdc sn “mc ] o]qshbtk]q rnktshnm ne Dp- &0( vhkk mnv
ad trdc sn “mc ] o]qshbtk]q rnktshnm ne

x…… + o&s(x… + p&s(x = f&s( &08(

ax ]ookxhmf sgd ldsgnc sn sgd cxm]lhb]k rxrsdl dpthu]kdms sn Dp- &08(+

w… =

}
/ 0

−p&s( −o&s(

(
w +

}
/

f&s(

(
+ &1/(
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vgdqd

w&s( =

}
w0&s(
w1&s(

(
=

}
x&s(
x…&s(

(
.

He !x0+ x1} hr ] etmc]ldms]k rds ne rnktshnmr ne x…… + o&s(x… + p&s(x = /+ sgdm

w0&s( =

}
x0&s(
x…0&s(

(
]mc w1&s( =

}
x1&s(
x…1&s(

(

enql ] etmc]ldms]k rds ne rnktshnmr enq sgd gnlnfdmdntr rxrsdl nas]hmdc eqnl Dp- &1/( ax
rdsshmf f&s( = /- ? chqdbs ldsgnc enq “mchmf ] o]qshbtk]q rnktshnm ne Dp- &08( b]m ad entmc
ax trhmf sgd rtarshstshnmr

W&s( =

}
x0&s( x1&s(
x…0&s( x…1&s(

(
]mc f&s( =

}
/

f&s(

(
&10(

hm sgd rsdor kd]chmf eqnl Dp- &7( sn Dp- &03(- Trhmf sgdrd rtarshstshnmr hm Dp- &7(+ sgd ]r,
rtldc enql enq sgd o]qshbtk]q rnktshnm ne Dp- &1/( hr

wo&s( = t0&s(

}
x0&s(
x…0&s(

(
+ t1&s(

}
x1&s(
x…1&s(

(
. &11(

Sgd “qrs bnlonmdms ne wo&s( hm &11( oqnuhcdr tr vhsg sgd enql enq sgd o]qshbtk]q rnktshnm
X&s( ne Dp- &08(+

X&s( = t0&s(x0&s( + t1&s(x1&s(. &12(

Trhmf sgd dwoqdrrhnmr enq W&s( ]mc f&s( hm &10( hm Dp- &0/(+ vd nas]hm sgd enkknvhmf ]kfdaq]hb
rxrsdl enq sgd bnlonmdmsr ne t… = &t…0+ t…1(9

x0&s(t…0&s( + x1&s(t…1&s( = /+
&13(x…0&s(t

…
0&s( + x…1&s(t

…
1&s( = f&s(.

Sgd rnktshnm ne Dp- &13( hr

t…0&s( = −
x1&s(f&s(

VZx0+ x1[&s(
+ t…1&s( =

x0&s(f&s(
VZx0+ x1[&s(

+ &14(

vgdqd VZx0+ x1[&s( hr sgd Vqnmrjh]m ne x0 ]mc x1- Mnsd sg]s chuhrhnm ax V hr odqlhrrhakd
rhmbd x0 ]mc x1 enql ] etmc]ldms]k rds ne rnktshnmr ne x…… + o&s(x… + p&s(x = /+ ]mc sgdqdenqd
sgdhq Vqnmrjh]m hr mnmydqn- Ax hmsdfq]shmf Dpr- &14(+ vd “mc sgd cdrhqdc etmbshnmr t0&s(
]mc t1&s(+ m]ldkx+

t0&s( = −∫
x1&s(f&s(

VZx0+ x1[&s(
cs + b0+ t1&s( = ∫

x0&s(f&s(
VZx0+ x1[&s(

cs + b1. &15(

He sgd hmsdfq]kr hm Dpr- &15( b]m ad du]kt]sdc hm sdqlr ne dkdldms]qx etmbshnmr+ sgdm vd
rtarshstsd sgd qdrtksr hm Dp- &12(+ sgdqdax nas]hmhmf sgd fdmdq]k rnktshnm ne Dp- &08(- Lnqd
fdmdq]kkx+ sgd rnktshnm b]m ]kv]xr ad dwoqdrrdc hm sdqlr ne hmsdfq]kr+ ]r rs]sdc hm sgd enk,
knvhmf sgdnqdl-
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SGDNQDL
3-6-1

He sgd etmbshnmr o+ p+ ]mc f ]qd bnmshmtntr nm ]m nodm hmsdqu]k H+ ]mc he sgd etmb,
shnmr x0 ]mc x1 enql ] etmc]ldms]k rds ne rnktshnmr ne sgd gnlnfdmdntr dpt]shnm
x……+o&s(x…+p&s(x=/ bnqqdronmchmf sn sgd mnmgnlnfdmdntr dpt]shnm &08(+

x…… + o&s(x… + p&s(x = f&s(+

sgdm ] o]qshbtk]q rnktshnm ne Dp- &08( hr

X&s( = −x0&s(∫
x1&s(f&s(

VZ x0+ x1 [&s(
cs + x1&s(∫

x0&s(f&s(
VZ x0+ x1 [&s(

cs. &16(

Sgd fdmdq]k rnktshnm hr

x = b0x0&s( + b1x1&s( + X&s(+ &17(

]r oqdrbqhadc ax Sgdnqdl 3-4-1-

PdlRpir-

h- Mnsd sg]s sgd bnmbktrhnmr ne Sgdnqdl 3-6-1 ]qd oqdchb]sdc nm sgd ]rrtloshnm sg]s sgd
kd]chmf bndffbhdms hm Dp- &08( hr 0- He+ enq dw]lokd+ ] rdbnmc nqcdq dpt]shnm hr hm sgd enql
O&s(x…… + P&s(x… + Q&s(x = F&s(+ sgdm chuhchmf sgd dpt]shnm ax O&s( vhkk aqhmf hs hmsn sgd
enql ne Dp- &08( vhsg f&s( = F&s({O&s(-

hh- ? l]inq ]cu]ms]fd ne sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr+ o]qshbtk]qkx vgdm ]ookhdc
sn sgd hlonqs]ms b]rd ne khmd]q rdbnmc nqcdq dpt]shnmr+ hr sg]s Dp- &16( oqnuhcdr ]m dw,
oqdrrhnm enq sgd o]qshbtk]q rnktshnm X&s( hm sdqlr ne ]m ]qahsq]qx enqbhmf etmbshnm f&s(-
Sghr dwoqdrrhnm hr ] fnnc rs]qshmf onhms he xnt vhrg sn hmudrshf]sd sgd d—dbs ne bg]mfdr
sn sgd enqbhmf etmbshnm+ nq he xnt vhrg sn ]m]kxyd sgd qdronmrd ne ] rxrsdl sn ] mtladq
ne ch—dqdms enqbhmf etmbshnmr-

DW;LOKD
1

Ehmc ] o]qshbtk]q rnktshnm ne

x…… + 3x = 2 ara s. &18(

Nardqud sg]s sghr oqnakdl hr mns ] fnnc b]mchc]sd enq sgd ldsgnc ne tmcdsdqlhmdc bn,
dffbhdmsr+ ]r cdrbqhadc hm Rdbshnm 3-4+ adb]trd sgd mnmgnlnfdmdntr sdql f&s( = 2 ara s hm,
unkudr ] ptnshdms vhsg rhm s hm sgd cdmnlhm]snq- Rnld dwodqhldms]shnm rgntkc bnmuhmbd xnt
sg]s ] ldsgnc enq “mchmf ] o]qshbtk]q rnktshnm a]rdc nm m]hud ]rrtloshnmr ]ants hsr enql hr
tmkhjdkx sn rtbbddc- Enq dw]lokd+ he vd ]rrtld ] o]qshbtk]q rnktshnm ne sgd enql X = : ara s+
vd “mc sg]s X …… = : ara s + 1: ara s ans1 s+ rtffdrshmf sg]s hs l]x ad chffbtks nq hlonrrhakd
sn ftdrr ] bnqqdbs enql enq X - Sgtr vd rddj ] o]qshbtk]q rnktshnm ne Dp- &18( trhmf sgd
ldsgnc ne u]qh]shnm ne o]q]ldsdqr-

Rhmbd ] etmc]ldms]k rds ne rnktshnmr ne x…… + 3x = / hr x0 = anr 1s ]mc x1 = rhm 1s+ ]b,
bnqchmf sn Dp- &12(+ sgd enql ne sgd o]qshbtk]q rnktshnm sg]s vd rddj hr

X&s( = t0&s( anr 1s + t1&s( rhm 1s+ &2/(

vgdqd t0 ]mc t1 ]qd sn ad cdsdqlhmdc- Hm oq]bshbd+ ] fnnc rs]qshmf onhms enq cdsdqlhmhmf t0
]mc t1 hr sgd rxrsdl ne ]kfdaq]hb dpt]shnmr &13(- Rtarshstshmf x0 = bnr 1s+ x1 = rhm 1s+ ]mc
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f&s( = 2 brb s hmsn Dp- &13( fhudr

anr 1s t…0&s( + rhm 1s t…1&s( = /+
&20(−1 rhm 1s t…0&s( + 1 anr 1s t…1&s( = 2 brb s.

Sgd rnktshnm ne sgd rxrsdl &20( hr

t…0&s( = −2 ara s rhm 1s
1

= −2 anr s+ &21(

]mc

t…1&s( =
2 anr s anr 1s
rhm 1s

= 2&0 − 1 rhm1 s(
1 rhm s

= 2
1
ara s − 2 rhm s+ &22(

vgdqd vd g]ud trdc sgd cntakd,]mfkd enqltk]r sn rhlokhex sgd dwoqdrrhnm enq t…1- G]uhmf
nas]hmdc t…0&s( ]mc t…1&s(+ vd mdws hmsdfq]sd sn “mc t0&s( ]mc t1&s(- Sgd qdrtks hr

t0&s( = −2 rhm s + b0 &23(

]mc

t1&s( =
2
1 im |ara s − ans s| + 2 anr s + b1. &24(

Nm rtarshstshmf sgdrd dwoqdrrhnmr hm Dp- &2/(+ vd g]ud

x = −2 rhm s anr 1s + 2
1 im |ara s − ans s| rhm 1s + 2 anr s rhm 1s

+ b0 anr 1s + b1 rhm 1s.

Ehm]kkx+ ax trhmf sgd cntakd,]mfkd enqltk]r nmbd lnqd+ vd nas]hm

x = 2 rhm s + 2
1 im |ara s − ans s| rhm 1s + b0 anr 1s + b1 rhm 1s. &25(

Sgd sdqlr hm Dp- &25( hmunkuhmf sgd ]qahsq]qx bnmrs]msr b0 ]mc b1 ]qd sgd fdmdq]k rnktshnm
ne sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm+ vgdqd]r sgd qdl]hmhmf sdqlr ]qd ] o]qshbtk]q
rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm &18(- Sgtr Dp- &25( hr sgd fdmdq]k rnktshnm ne
Dp- &18(-

OQNAKDLR

0-  Z( He

W&s( =

}
w00&s( w01&s(
w10&s( w11&s(

(
]mc t&s( =

}
t0&s(
t1&s(

(
+

rgnv sg]s &Wt(… = W…t + Wt…-
 a( ?rrtlhmf sg]s W&s( hr ] etmc]ldms]k l]sqhw enq w… =
O&s(w ]mc sg]s t&s( = ∫ W−0&s(f&s( cs+ trd sgd qdrtks ne o]qs
&]( sn udqhex sg]s wo&s( fhudm ax Dp- &04( r]shr“dr Dp- &0(+
w… = O&s(w + f&s(-
Hm d]bg ne Oqnakdlr 1 sgqntfg 4+ trd sgd ldsgnc ne u]qh]shnm
ne o]q]ldsdqr sn “mc ] o]qshbtk]q rnktshnm trhmf sgd fhudm
etmc]ldms]k rds ne rnktshnmr !w0+ w1}-

1- w… =

}
−2 0

0 −2

(
w +

}
07
2s

(
+

w0 = d−1s

}
0
0

(
+ w1 = d−3s

}
0

−0

(

2- w… =

}
−0 −1

/ 0

(
w +

}
d−s

s

(
+

w0 = d−s

}
0
/

(
+ w1 = ds

}
−0

0

(
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3- w… =

}
−0 /
−0 −0

(
w +

}
−5
8s

(
+

w0 = d−s

}
/
0

(
+ w1 = d−s

}
−0

s

(

4- w… =

}
/ 0

−0 /

(
w +

}
anr s

− rhm s

(
+

w0 =

}
anr s

− rhm s

(
+ w1 =

}
rhm s
anr s

(

Hm d]bg ne Oqnakdlr 5 sgqntfg 8+ “mc sgd rnktshnm ne sgd rodb,
h“dc hmhsh]k u]ktd oqnakdl9
5- Sgd dpt]shnm hm Oqnakdl 1 vhsg hmhsh]k bnmchshnm
w&/( = &1+−0(S -
6- Sgd dpt]shnm hm Oqnakdl 2 vhsg hmhsh]k bnmchshnm
w&/( = &−0+ 0(S -
7- Sgd dpt]shnm hm Oqnakdl 3 vhsg hmhsh]k bnmchshnm
w&/( = &0+ /(S -
8- Sgd dpt]shnm hm Oqnakdl 4 vhsg hmhsh]k bnmchshnm
w&/( = &0+ 0(S -
Hm d]bg ne Oqnakdlr 0/ sgqntfg 02+ trd sgd ldsgnc ne u]qh,
]shnm ne o]q]ldsdqr sn “mc ] o]qshbtk]q rnktshnm ne sgd fhudm
ch—dqdmsh]k dpt]shnm- Sgdm bgdbj xntq ]mrvdq ax trhmf sgd
ldsgnc ne tmcdsdqlhmdc bndffbhdmsr-
0.- x…… − 4x… + 5x = 1ds &Bnlo]qd vhsg Oqnakdl 6 hm
Rdbshnm 3-4-(
00- x…… − x… − 1x = 1d−s &Bnlo]qd vhsg Oqnakdl 7 hm Rdb,
shnm 3-4-(
01- x…… + 1x… + x = 2d−s &Bnlo]qd vhsg Oqnakdl 8 hm Rdb,
shnm 3-4-(
02- 3x…… − 3x… + x = 05ds{1 &Bnlo]qd vhsg Oqnakdl 0/ hm
Rdbshnm 3-4-(
Hm d]bg ne Oqnakdlr 03 sgqntfg 10+ “mc sgd fdmdq]k rnktshnm
ne sgd fhudm ch—dqdmsh]k dpt]shnm- Hm Oqnakdlr 1/ ]mc 10+ f
hr ]m ]qahsq]qx bnmshmtntr etmbshnm-
03- x…… + x = s}m s+ / . s . 𝜉{1
04- x…… + 3x = 2 rdb1 1s+ / . s . 𝜉{3
05- x…… + 3x… + 3x = s−1d−1s+ s < /
06- x…… + 3x = 2 ara&s{1(+ / . s . 1𝜉
07- 3x…… + x = 1 rda 1s+ −𝜉{3 . s . 𝜉{3
08- x…… − 1x… + x = ds{&0 + s1(
1.- x…… − 4x… + 5x = f&s(
10- x…… + 3x = f&s(
Hm d]bg ne Oqnakdlr 11 sgqntfg 16+ udqhex sg]s sgd fhudm
etmbshnmr x0 ]mc x1 r]shrex sgd bnqqdronmchmf gnlnfd,
mdntr dpt]shnm: sgdm “mc ] o]qshbtk]q rnktshnm ne sgd fhudm
mnmgnlnfdmdntr dpt]shnm- Hm Oqnakdlr 15 ]mc 16+ f hr ]m
]qahsq]qx bnmshmtntr etmbshnm-

11- s1x…… − s&s + 1(x… + &s + 1(x = 1s2+ s < /: x0&s( = s+
x1&s( = sds

12- sx…… − &0 + s(x… + x = s1d1s+ s < /: x0&s( = 0 + s+
x1&s( = ds

13- &0 − s(x…… + sx… − x = 1&s − 0(1d−s+ / . s . 0:
x0&s( = ds+ x1&s( = s
14- w1x…… + wx… + &w1 − /.14(x = 2w2{1 rhm w+
w < /: x0&w( = w−0{1 rhm w+ x1&w( = w−0{1 anr w
15- &0 − w(x…… + wx… − x = f&w(+ / . w . 0:
x0&w( = dw+ x1&w( = w
16- w1x…… + wx… + &w1 − /.14(x = f&w(+ w < /:
x0&w( = w−0{1 rhm w+ x1&w( = w−0{1 bnr w
Hm d]bg ne Oqnakdlr 17 sgqntfg 20+ “mc sgd fdmdq]k rnktshnm
ne sgd mnmgnlnfdmdntr B]tbgxflDtkdq dpt]shnm9
17- s1x…… − 1x = 2s1 − 0+ s < /
18- w1x…… − 2wx… + 3x = w1 im w+ w < /
2.- s1x…… − 1sx… + 1x = 3s1+ s < /
20- s1x…… + 6sx… + 4x = s+ s < /
21- Rgnv sg]s sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

KZx[ = x…… + o&s(x… + p&s(x = f&s(+
x&s/( = x/+ x…&s/( = x0

b]m ad vqhssdm ]r x = t&s( + ℏ&s(+ vgdqd t ]mc ℏ ]qd rnktshnmr
ne sgd svn hmhsh]k u]ktd oqnakdlr

KZt[ = /+ t&s/( = x/+ t…&s/( = x0+

KZℏ[ = f&s(+ ℏ&s/( = /+ ℏ…&s/( = /+

qdrodbshudkx- Hm nsgdq vnqcr+ sgd mnmgnlnfdmdhshdr hm sgd che,
edqdmsh]k dpt]shnm ]mc hm sgd hmhsh]k bnmchshnmr b]m ad cd]ks
vhsg rdo]q]sdkx- Nardqud sg]s t hr d]rx sn “mc he ] etmc]ldm,
s]k rds ne rnktshnmr ne KZt[ = / hr jmnvm-
22- Ax bgnnrhmf sgd knvdq khlhs ne hmsdfq]shnm hm Dp- &16(
hm sgd sdws ]r sgd hmhsh]k onhms s/+ rgnv sg]s X&s( adbnldr

X&s( = ∫
s

s/

x0&0(x1&s( − x0&s(x1&0(
x0&0(x…1&0( − x…0&0(x1&0(

f&0( c0.

Rgnv sg]s X&s( hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

KZx[ = f&s(+ x&s/( = /+ x…&s/( = /.

Sgtr X b]m ad hcdmsh“dc vhsg ℏ hm Oqnakdl 21-
23-  Z( Trd sgd qdrtks ne Oqnakdl 22 sn rgnv sg]s sgd rnkt,
shnm ne sgd hmhsh]k u]ktd oqnakdl

x…… + x = f&s(+ x&s/( = /+ x…&s/( = /

hr
x = ∫

s

s/
rhm&s − r(f&r( cr.

 a( Trd sgd qdrtks ne Oqnakdl 21 sn “mc sgd rnktshnm ne sgd
hmhsh]k u]ktd oqnakdl

x…… + x = f&s(+ x&/( = x/+ x…&/( = x0.
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24- Trd sgd qdrtks ne Oqnakdl 22 sn “mc sgd rnktshnm ne sgd
hmhsh]k u]ktd oqnakdl

KZx[ = &C − Z(&C − a(x = f&s(+
x&s/( = /+ x…&s/( = /+

vgdqd Z ]mc a ]qd qd]k mtladqr vhsg Z ≠ a-
25- Trd sgd qdrtks ne Oqnakdl 22 sn “mc sgd rnktshnm ne sgd
hmhsh]k u]ktd oqnakdl

KZx[ = ZC1 − 1λC + &λ1 + 𝜃1([x = f&s(+
x&s/( = /+ x…&s/( = /.

Mnsd sg]s sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm ]qd λ + h𝜃-
26- Trd sgd qdrtks ne Oqnakdl 22 sn “mc sgd rnktshnm ne sgd
hmhsh]k u]ktd oqnakdl

KZx[ = &C − Z(1x = f&s(+
x&s/( = /+ x…&s/( = /+

vgdqd Z hr ]mx qd]k mtladq-
27- Ax bnlahmhmf sgd qdrtksr ne Oqnakdlr 24 sgqntfg 26+
rgnv sg]s sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

KZx[ = &C1 + aC + b(x = f&s(+
x&s/( = /+ x…&s/( = /+

vgdqd a ]mc b ]qd bnmrs]msr+ g]r sgd enql

x = 𝜏&s( = ∫
s

s/
J&s − r(f&r( cr. &h(

Sgd etmbshnm J cdodmcr nmkx nm sgd rnktshnmr x0 ]mc x1 ne sgd
bnqqdronmchmf gnlnfdmdntr dpt]shnm ]mc hr hmcdodmcdms ne

sgd mnmgnlnfdmdntr sdql- Nmbd J hr cdsdqlhmdc+ ]kk mnmgn,
lnfdmdntr oqnakdlr hmunkuhmf sgd r]ld ch—dqdmsh]k nodq],
snq K ]qd qdctbdc sn sgd du]kt]shnm ne ]m hmsdfq]k- Mnsd ]krn
sg]s+ ]ksgntfg J cdodmcr nm ansg s ]mc r+ nmkx sgd bnlah,
m]shnm s − r ]ood]qr+ rn J hr ]bst]kkx ] etmbshnm ne ] rhmfkd
u]qh]akd- Vgdm vd sghmj ne f&s( ]r sgd hmots sn sgd oqnakdl
]mc ne 𝜏&s( ]r sgd ntsots+ hs enkknvr eqnl Dp- &h( sg]s sgd nts,
ots cdodmcr nm sgd hmots nudq sgd dmshqd hmsdqu]k eqnl sgd
hmhsh]k onhms s/ sn sgd btqqdms u]ktd s- Sgd hmsdfq]k hm Dp- &h( hr
b]kkdc sgd bnmunktshnm ne J ]mc f+ ]mc J hr qdedqqdc sn ]r sgd
jdqmdk-
28- Sgd ldsgnc ne qdctbshnm ne nqcdq &rdd sgd chrbtrrhnm
oqdbdchmf Oqnakdl 17 hm Rdbshnm 3-1( b]m ]krn ad trdc enq
sgd mnmgnlnfdmdntr dpt]shnm

x…… + o&s(x… + p&s(x = f&s(+ &h(

oqnuhcdc nmd rnktshnm x0 ne sgd bnqqdronmchmf gnlnfdmdntr
dpt]shnm hr jmnvm- Kds x = ℏ&s(x0&s( ]mc rgnv sg]s x r]shr“dr
Dp- &h( he ℏ hr ] rnktshnm ne

x0&s(ℏ…… + Z1x…0&s( + o&s(x0&s([ℏ… = f&s(. &hh(

Dpt]shnm &hh( hr ] “qrs nqcdq khmd]q dpt]shnm enq ℏ…- Rnkuhmf
sghr dpt]shnm+ hmsdfq]shmf sgd qdrtks+ ]mc sgdm ltkshokxhmf ax
x0&s( kd]c sn sgd fdmdq]k rnktshnm ne Dp- &h(-
Hm d]bg ne Oqnakdlr 3/ ]mc 30+ trd sgd ldsgnc ntskhmdc hm
Oqnakdl 28 sn rnkud sgd fhudm ch—dqdmsh]k dpt]shnm9
3.- sx…… − &0 + s(x… + x = s1d1s+ s < /: x0&s( = 0 + s
&rdd Oqnakdl 12(
30- &0 − s(x…… + sx… − x = 1&s − 0(1d−s+ / . s . 0:
x0&s( = ds &rdd Oqnakdl 13(

c BG;OSDQ RTLL;QX

Rdbshnm 3-0 L]mx rhlokd uhaq]shmf rxrsdlr ]qd lncdkdc ax rdbnmc nqcdq khmd]q dpt],
shnmr- L]sgdl]shb]k cdrbqhoshnmr ne roqhmf,l]rr rxrsdlr ]mc rdqhdr QKB bhqbthsr kd]c ch,
qdbskx sn rtbg dpt]shnmr- Trhmf ] sdbgmhptd jmnvm ]r khmdZqhyZshnm+ rdbnmc nqcdq khmd]q
dpt]shnmr ]qd nesdm trdc ]r ]ooqnwhl]sd lncdkr ne mnmkhmd]q rdbnmc nqcdq rxrsdlr sg]s
nodq]sd md]q ]m dpthkhaqhtl onhms- ?m dw]lokd ne sghr hr sgd odmctktl tmcdqfnhmf rl]kk
nrbhkk]shnmr ]ants hsr cnvmv]qc,g]mfhmf dpthkhaqhtl rs]sd-
Rdbshnm 3-1
▶ Sgd sgdnqx ne rdbnmc nqcdq khmd]q dpt]shnmr

x…… + o&s(x… + p&s(x = f&s(+ o+ p+ ]mc f bnmshmtntr nm H

enkknvr eqnl sgd sgdnqx ne “qrs nqcdq khmd]q rxrsdlr ne chldmrhnm 1 ax bnmudqshmf sgd
dpt]shnm hmsn ]m dpthu]kdms cxm]lhb]k rxrsdl enq w = &x+ x…(S +

w… =

}
/ 0

−p&s( −o&s(

(
w +

}
/

f&s(

(
.
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▶ He KZx[ = x…… + ox… + px+ ]mc x0 ]mc x1 ]qd rnktshnmr ne KZx[ = /+ sgdm sgd khmd]q bnl,
ahm]shnm x = b0x0 + b1x1 hr ]krn ] rnktshnm ne KZx[ = / rhmbd K hr ] khmdZq nodqZsnq9

KZb0x0 + b1x1[ = b0KZx0[ + b1KZx1[.

▶ He JZw[ = w… − O&s(w ]mc w0 ]mc w1 ]qd rnktshnmr ne J Zw[ = .+ sgdm sgd khmd]q bnlahm],
shnm w = b0w0 + b1w1 hr ]krn ] rnktshnm ne J Zw[ = . rhmbd J hr ] khmdZq nodqZsnq9

JZb0w0 + b1w1[ = b0JZw0[ + b1JZw1[.

▶ Svn rnktshnmr x0 ]mc x1 sn sgd gnlnfdmdntr dpt]shnm

x…… + o&s(x… + p&s(x = /+ o ]mc p bnmshmtntr nm H

enql ] etmcZldmsZk rds nm H he sgdhq VqnmrjhZm

V Zx0+ x1[&s( =
‖‖‖‖‖
x0&s( x1&s(
x…0&s( x…1&s(

‖‖‖‖‖
= x0&s(x…1&s( − x…0&s(x1&s(

hr mnmydqn enq rnld &]mc gdmbd ]kk( s ∈ H- He x0 ]mc x1 enql ] etmc]ldms]k rds ne rnktshnmr
sn sgd gnlnfdmdntr dpt]shnm+ sgdm ] fdmdqZk rnktshnm hr

x = b0x0&s( + b1x1&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-
▶ Svn rnktshnmr w0 ]mc w1 sn sgd gnlnfdmdntr dpt]shnm w… = O&s(w+ O&s( bnmshmtntr nm H

enql ] etmcZldmsZk rds nm H he sgdhq VqnmrjhZm

V Zw0+ w1[&s( =
‖‖‖‖‖
w00&s( w01&s(
w10&s( w11&s(

‖‖‖‖‖
= w00&s(w11 − w01&s(w10&s(

hr mnmydqn enq rnld &]mc gdmbd ]kk( s ∈ H- He w0 ]mc w1 enql ] etmc]ldms]k rds ne rnkt,
shnmr sn sgd gnlnfdmdntr dpt]shnm+ sgdm ] fdmdqZk rnktshnm hr

w = b0w0&s( + b1w1&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-
▶ x = b0x0&s( + b1x1&s( hr ] fdmdq]k rnktshnm ne x…… + ox… + px = / he ]mc nmkx he

w = b0

}
x0
x…0

(
+ b1

}
x1
x…1

(
hr ] fdmdq]k rnktshnm ne w… =

}
/ 0

−p&s( − o&s(

(
w-

Rdbshnm 3-2 BnmrsYms Bndeehbhdms DptYshnmr
▶ Sgd enql ne ] fdmdq]k rnktshnm sn Zx…… + ax… + bx = /+ Z ≠ /+ cdodmcr nm sgd qnnsr

λ0 = −a +
|

a1 − 3Zb
1Z

]mc λ1 = −a −
|

a1 − 3Zb
1Z

ne sgd bgZqZbsdqhrshb dptZshnm Zλ1 + aλ + b = /9
▶ QdZk Zmc chrshmbs qnnsr- He a1 − 3Zb < /+ λ0 ]mc λ1 ]qd qd]k ]mc chrshmbs+ ]mc ]

fdmdq]k rnktshnm hr
x = b0dλ0s + b1dλ1s.
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▶ QdodZsdc qnnsr- He a1 − 3Zb = /+ λ = λ0 = λ1 = − a
1Z

hr ] qdod]sdc qnns+ ]mc ]
fdmdq]k rnktshnm hr

x = b0dλ0s + b1sdλ1s.

▶ Bnlokdw qnnsr- He a1 − 3Zb . /+ sgd qnnsr ne Zλ1 + aλ + b = / ]qd bnlokdw+
λ0 = 𝜃 + h𝜇 ]mc λ1 = 𝜃 − h𝜇+ ]mc ] fdmdq]k rnktshnm ne Zx…… + ax… + bx = / hr

x = b0d𝜃s anr 𝜇s + b1d𝜃s rhm 𝜇s.

▶ Hm d]bg ne sgd ]anud b]rdr+ sgd fdmdq]k rnktshnm ne sgd bnqqdronmchmf cxm]lhb]k

rxrsdl w… = ?w =

}
/ 0

−b{Z − a{Z

(
w hr w =

}
x
x…

(
- Sgd dhfdmu]ktdr ne ? ]qd

]krn sgd qnnsr ne Zx…… + ax… + bx = /: sgdx cdsdqlhmd sgd sxod ]mc rs]ahkhsx oqnodqshdr
ne sgd dpthkhaqhtl rnktshnm w = .+ vghbg hr tmhptd he cds ? = b{Z ≠ /-

Rdbshnm 3-3
▶ Sgd rnktshnm ne sgd tmc]lodc roqhmf,l]rr rxrsdl lx…… + jx = / b]m ad dwoqdrrdc

trhmf og]rd,]lokhstcd mns]shnm ]r x = Q bnr &)/s − 𝜏(-
▶ Enq sgd c]lodc roqhmf,l]rr rxrsdl lx…… + 𝛽x… + jx = /+ sgd lnshnm hr nudq,

cZlodc he 𝛽1 − 3lj < /+ bqhshbZkkx cZlodc he 𝛽1 − 3lj = /+ ]mc tmcdqcZlodc he
𝛽1 − 3lj . /-

Rdbshnm 3-4
▶ He wo hr ]mx o]qshbtk]q rnktshnm sn w… = O&s(w + f&s( ]mc !w0+ w1} hr ] etmc]ldms]k rds ne

rnktshnmr sn sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm+ sgdm ] fdmdq]k rnktshnm sn sgd
mnmgnlnfdmdntr dpt]shnm hr

w = b0w0&s( + b1w1&s( + wo&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-
▶ He X hr ]mx o]qshbtk]q rnktshnm sn x…… + o&s(x… + p&s(x = f&s( ]mc !x0+ x1} hr ] etmc]ldms]k

rds ne rnktshnmr sn sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm+ sgdm ] fdmdq]k rnktshnm ne
sgd mnmgnlnfdmdntr dpt]shnm hr

x = b0x0&s( + b1x1&s( + X&s(+

vgdqd b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr-
▶ Tmcdsdqlhmdc Bndffbhdmsr Zx…… + ax… + bx = f&s(+ Z ≠ /

Sghr rodbh]k ldsgnc enq “mchmf ] o]qshbtk]q rnktshnm hr oqhl]qhkx trdetk he sgd dpt],
shnm g]r bnmrs]ms bndffbhdmsr ]mc f&s( hr ] onkxmnlh]k+ ]m dwonmdmsh]k etmbshnm+ ] rhmd
etmbshnm+ ] bnrhmd etmbshnm+ nq ] khmd]q bnlahm]shnm ne oqnctbsr ne sgdrd etmbshnmr- Hm
sghr b]rd+ sgd ]ooqnoqh]sd enql enq ] o]qshbtk]q rnktshnm+ fhudm hm S]akd 3-4-0+ b]m ad
cdsdqlhmdc-

Rdbshnm 3-5
▶ Sgd rsd]cx,rs]sd qdronmrd sn lx…… + 𝛽x… + jx = :dh)s b]m ad dwoqdrrdc hm sgd enql

X = :|F&h)(|dh&)s−𝜏&)((+
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vgdqd F&h)( hr b]kkdc sgd eqdptdmbx qdronmrd ne sgd rxrsdl ]mc |F&h)(| ]mc 𝜏&)( ]qd
sgd fZhm ]mc sgd ogZrd ne sgd eqdptdmbx qdronmrd+ qdrodbshudkx-

▶ Hmenql]shnm ]ants sgd rsd]cx,rs]sd qdronmrd ]r ] etmbshnm ne sgd eqdptdmbx ) ne sgd
hmots rhfm]k hr bnms]hmdc hm F&h)(- Eqdptdmbhdr ]s vghbg |F&h)(| ]qd rg]qokx od]jdc
]qd b]kkdc qdrnmZms eqdptdmbhdr ne sgd rxrsdl-

Rdbshnm 3-6 UYqhYshnm ne OYqYldsdqr
▶ He w0 ]mc w1 enql ] etmc]ldms]k rds enq w… = O&s(w+ sgdm ] o]qshbtk]q rnktshnm sn w… =

O&s(w + f&s( hr
wo&s( = W&s(∫ W−0&s(f&s( cs+

vgdqd W&s( = Zw0&s(+ w1&s([-
▶ ?ookxhmf sgd k]rs qdrtks sn sgd mnmgnlnfdmdntr rdbnmc nqcdq dpt]shnm+ x…… + o&s(x… +

p&s(x = f&s(+ xhdkcr ] o]qshbtk]q rnktshnm

X&s( = −x0&s(∫
x1&s(f&s(

VZx0+ x1[&s(
cs + x1&s(∫

x0&s(f&s(
VZx0+ x1[&s(

cs+

vgdqd x0 ]mc x1 enql ] etmc]ldms]k rds enq sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm-

OQNIDBSR

JhaqWqx ne Anmfqdrr Oqhmsr  
OgnsnfqWogr Chuhrhnm

Oqnidbs 0 ; UhaqYshnm HmrtkYshnm Oqnakdl
O]rrhud hrnk]shnm rxrsdlr ]qd rnldshldr trdc sn hmrtk]sd cdkhb]sd dptholdms eqnl tmv]msdc
uhaq]shnmr- Enq dw]lokd+ hm nqcdq sn hmrtk]sd dkdbsqhb]k lnmhsnqhmf dptholdms eqnl uhaq],
shnmr oqdrdms hm sgd finnq ne ]m hmctrsqh]k ok]ms+ sgd dptholdms l]x ad ok]bdc nm ] ok]senql
rtoonqsdc ax fidwhakd lntmshmfr qdrshmf nm sgd finnq- ? rhlokd ogxrhb]k lncdk enq rtbg ]
rxrsdl hr rgnvm hm Ehftqd 3-O-0+ vgdqd sgd lntmshmfr ]qd lncdkdc ]r ]m dpthu]kdms khmd]q
roqhmf vhsg roqhmf bnmrs]ms j+ sgd bnlahmdc l]rr ne sgd ok]senql ]mc dptholdms hr l+ ]mc
uhrbntr c]lohmf vhsg c]lohmf bndffbhdms 𝛽 hr ]rrtldc- ?rrtld ]krn sg]s nmkx udqshb]k
lnshnm nbbtqr- Hm sghr oqnidbs+ vd trd sghr lncdk sn hkktrsq]sd ]m hlonqs]ms etmc]ldms]k
oqhmbhokd hm sgd cdrhfm ne ] o]rrhud hrnk]shnm rxrsdl-

j

x/s(

t/s(

l

EHFTQD 3-O-0 Dptholdms rtoonqsdc ax fidwhakd lntmshmfr-
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Oqnidbs 0 OQNAKDLR

0- Cdmnsd ax x&s( sgd chrok]bdldms ne sgd ok]senql eqnl hsr
dpthkhaqhtl onrhshnm qdk]shud sn ] “wdc eq]ld ne qdedqdmbd-
Qdk]shud sn sgd r]ld “wdc qdedqdmbd eq]ld+ kds t&s( qdoqdrdms
sgd chrok]bdldms ne sgd ok]ms finnq eqnl hsr dpthkhaqhtl on,
rhshnm- Rgnv sg]s sgd ch—dqdmsh]k dpt]shnm enq sgd lnshnm ne
sgd ok]senql hr

x…… + 1𝜖)/x… + )1
/x = 1𝜖)/t… + )1

/t+ &h(

vgdqd )/ =
|

j{l ]mc 𝜖 = 𝛽{1
|

lj hr ] chldmrhnmkdrr o],
q]ldsdq jmnvm ]r sgd uhrbntr cZlohmf qZshn-
1- Cdmnsd ax F&h)( sgd eqdptdmbx qdronmrd ne Dp- &h(+ sg]s
hr+ sgd q]shn ne sgd rsd]cx,rs]sd qdronmrd sn sgd g]qlnmhb hmots
t&s( = :dh)s- Sgd sqZmrlhrrhahkhsx SQ ne sgd ok]senql lntms,
hmf rxrsdl hr sgdm cd“mdc sn ad sgd bnqqdronmchmf f]hm etmb,
shnm+ SQ = |F&h)(|- Rgnv sg]s SQ b]m ad dwoqdrrdc ]r

SQ =

√
0 +
(

1𝜖 )
)/

)1

√√√√
)
0 −
(

)
)/

)1
[1

+
)
1𝜖 )

)/

[1
.

2- Okns sgd fq]ogr ne SQ udqrtr sgd chldmrhnmkdrr q]shn ){)/
enq 𝜖 = /.0+ /-4+ 0+ 1- Enq vg]s u]ktdr ne){)/ hr SQ = 0= Dw,
ok]hm vgx sgd fq]ogr hlokx sg]s hs hr cdrhq]akd sg]s sgd lntms,
hmfr g]ud ] knv m]stq]k eqdptdmbx hm nqcdq sn hrnk]sd sgd uh,
aq]shnm rntqbd eqnl sgd dptholdms ok]senql+ ]mc sg]s trhmf
knv,rsh—mdrr hrnk]snqr hr nmd v]x sn ]bghdud sghr-
3- Sgd uhaq]shnmr hm sgd finnq ne ]m hmctrsqh]k ok]ms khd hm sgd
q]mfd 05fl64 gdqsy &Gy(- Sgd bnlahmdc l]rr ne sgd dptho,
ldms ]mc ok]senql hr 27 jf+ ]mc sgd uhrbntr c]lohmf q]shn ne
sgd rtrodmrhnm hr /-1- Ehmc sgd l]whltl u]ktd ne sgd roqhmf
rsh—mdrr he sgd ]lokhstcd ne sgd sq]mrlhssdc uhaq]shnm hr sn ad
kdrr sg]m 0/$ ne sgd ]lokhstcd ne sgd finnq uhaq]shnm nudq sgd
fhudm eqdptdmbx q]mfd-
4- Sdrs sgd qdrtksr ne xntq cdrhfm rsq]sdfx enq sgd rhst]shnm
cdrbqhadc hm Oqnakdl 3 ax odqenqlhmf rdudq]k mtldqhb]k rhl,
tk]shnmr ne Dp- &h( hm Oqnakdl 0 trhmf u]qhntr u]ktdr ne j ]r
vdkk ]r u]qhntr hmots eqdptdmbhdr vghkd gnkchmf sgd u]ktd ne
𝜖 “wdc- Enq d]bg rhltk]shnm+ okns sgd hmots t&s( ]mc sgd qd,
ronmrd x&s( nm sgd r]ld rds ne bnnqchm]sd ]wdr- Cn sgd mt,
ldqhb]k rhltk]shnmr rtoonqs xntq sgdnqdshb]k qdrtksr=

Oqnidbs 1 KhmdYqhyYshnm ne Y MnmkhmdYq LdbgYmhbYk Rxrsdl
?m tmc]lodc+ nmd cdfqdd,ne,eqddcnl ldbg]mhb]k rxrsdl vhsg enqbdr cdodmcdms nm onrh,
shnm hr lncdkdc ax ] rdbnmc nqcdq ch—dqdmsh]k dpt]shnm

lw…… + e &w( = /+ &0(

vgdqd w cdmnsdr sgd onrhshnm bnnqchm]sd ne ] o]qshbkd ne l]rr l ]mc −e &w( cdmnsdr sgd
enqbd ]bshmf nm sgd l]rr- Vd ]rrtld sg]s e &/( = /+ rn w = /h + /i hr ] bqhshb]k onhms ne sgd
dpthu]kdms cxm]lhb]k rxrsdl- He e &w( g]r svn cdqhu]shudr ]s w = /+ sgdm hsr rdbnmc cdfqdd
S]xknq enqltk] vhsg qdl]hmcdq ]s w = / hr

e &w( = e …&/(w + 0
1 e ……&y(w1+ &1(

vgdqd / . y . w ]mc vd g]ud trdc sgd e]bs sg]s e &/( = /-
He sgd nodq]shmf q]mfd ne sgd rxrsdl hr rtbg sg]s e ……&y(w1{1 hr ]kv]xr mdfkhfhakd bnl,

o]qdc sn sgd khmd]q sdql e …&/(w+ sgdm sgd mnmkhmd]q dpt]shnm &0( l]x ad ]ooqnwhl]sdc ax hsr
khmd]qhy]shnm+

lw…… + e …&/(w = /. &2(

Tmcdq sgdrd bnmchshnmr Dp- &2( l]x oqnuhcd u]kt]akd hmenql]shnm ]ants sgd lnshnm ne sgd
ogxrhb]k rxrsdl- Sgdqd ]qd hmrs]mbdr+ gnvdudq+ vgdqd mnmkhmd]q adg]uhnq ne e &w(+ qdoqd,
rdmsdc ax sgd qdl]hmcdq sdql e ……&y(w1{1 hm Dp- &1(+ hr mns mdfkhfhakd qdk]shud sn e …&/(w ]mc
Dp- &2( hr ] onnq ]ooqnwhl]shnm sn sgd ]bst]k rxrsdl- Hm rtbg b]rdr+ hs hr mdbdrr]qx sn rstcx
sgd mnmkhmd]q rxrsdl chqdbskx- Hm sghr oqnidbs+ vd dwoknqd rnld ne sgdrd ptdrshnmr hm sgd bnm,
sdws ne ] rhlokd mnmkhmd]q rxrsdl bnmrhrshmf ne ] l]rr ]ss]bgdc sn ] o]hq ne hcdmshb]k roqhmfr
]mc bnm“mdc sn lnshnm hm sgd gnqhynms]k chqdbshnm nm ] eqhbshnmkdrr rtqe]bd+ ]r rgnvm hm
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Ehftqd 3-O-1- Sgd roqhmfr ]qd ]rrtldc sn nadx Gnnjd´r k]v+ Er&�x( = −j�x+ vgdqd �x hr
sgd bg]mfd hm kdmfsg ne d]bg roqhmf eqnl hsr dpthkhaqhtl kdmfsg K- Vgdm sgd l]rr hr ]s hsr
dpthkhaqhtl onrhshnm w = /+ ansg roqhmfr ]qd ]rrtldc sn g]ud kdmfsg K + g vhsg g ≥ /- Sgtr
hm sgd qdrs rs]sd ansg roqhmfr ]qd dhsgdq dknmf]sdc ]mc tmcdq sdmrhnm &g < /( nq ]s sgdhq m]stq]k
qdrs kdmfsg ]mc tmcdq ydqn sdmrhnm &g = /(-

K�)�)x

K�)�)x

w

j

j

l

EHFTQD 3-O-1 Gnqhynms]k lnshnm ne ] l]rr ]ss]bgdc sn svn hcdmshb]k roqhmfr-

Oqnidbs 1 OQNAKDLR

0- Rgnv sg]s sgd ch—dqdmsh]k dpt]shnm cdrbqhahmf sgd lnshnm
ne sgd l]rr hm Ehftqd 3-O-1 hr

lw…… + 1jw

)
0 − K|

&K + g(1 + w1

[
= /. &h(

1-  Z( Ehmc sgd khmd]qhy]shnm ne Dp- &h( ]s w = /-
 a( Hm sgd b]rd sg]s g < /+ vg]s hr sgd m]stq]k eqdptdmbx ne
sgd khmd]qhydc rxrsdl= Dwok]hm gnv sgd m]stq]k eqdptdmbx ne
sgd khmd]qhydc rxrsdl cdodmcr nm g ]mc K-
 b( Nm sgd r]ld rds ne bnnqchm]sd ]wdr+ okns sgd fq]ogr ne

x = e &w( = 1jw

)
0 − K|

&K + g(1 + w1

[
+

hsr “qrs cdfqdd S]xknq onkxmnlh]k x0 = e …&/(w+ ]mc hsr
sghqc cdfqdd S]xknq onkxmnlh]k x2 = e …&/(w + e ……&/(w1{
1 + e ………&/(w2{5-

Bnmrsqtbs sgdrd oknsr enq d]bg ne sgd enkknvhmf rdsr ne o],
q]ldsdq u]ktdr9
h- K = 0+ j = 0+ g = 0
hh- K = 0+ j = 0+ g = /-4

hhh- K = 0+ j = 0+ g = /-0
hu- K = 0+ j = 0+ g = /
 c( Ehmc sgd cdodmcdmbd nm g ne sgd ]ooqnwhl]sd q]mfd ne
u]ktdr ne w rtbg sg]s |x − x0| ≈ |x2 − x0| . /.0-
 d( Hm sgd b]rd sg]s g = /+ dwok]hm vgx sgd rnktshnm ne sgd
khmd]qhydc dpt]shnm nas]hmdc hm Oqnakdl 1 hr ] onnq ]ooqnw,
hl]shnm sn sgd rnktshnm ne sgd mnmkhmd]q dpt]shnm &h( enq ]mx
hmhsh]k bnmchshnmr nsgdq sg]m w&/( = /+ w…&/( = /-
2- Rtaidbs sn sgd hmhsh]k bnmchshnmr w&/( = /+ w…&/( = 0+ cq]v
sgd fq]og ne sgd mtldqhb]k ]ooqnwhl]shnm ne sgd rnktshnm ne
Dp- &0( enq / ≤ s ≤ 2/- Nm sgd r]ld rds ne bnnqchm]sd ]wdr+
cq]v sgd fq]og ne sgd rnktshnm ne sgd khmd]qhydc dpt]shnm tr,
hmf sgd r]ld hmhsh]k bnmchshnmr- Cn sghr enq d]bg ne sgd enk,
knvhmf rdsr ne o]q]ldsdq u]ktdr9

h- l = 0+ K = 0+ j = 0+ ]mc g = 0
hh- l = 0+ K = 0+ j = 0+ ]mc g = /-4
hhh- l = 0+ K = 0+ j = 0+ ]mc g = /-0

Bnlo]qd sgd ]bbtq]bx ne sgd odqhnc kdmfsg ]mc ]lokh,
stcd dwghahsdc ax sgd rnktshnm ne sgd khmd]qhydc dpt],
shnm sn sgd odqhnc kdmfsg ]mc ]lokhstcd ne sgd rnktshnm
ne sgd mnmkhmd]q dpt]shnm ]r sgd u]ktd ne g cdbqd]rdr-
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Oqnidbs 2 ; Roqhmf,LYrr Dudms Oqnakdl
? l]rr ne l]fmhstcd l hr bnm“mdc sn nmd,chldmrhnm]k lnshnm adsvddm svn roqhmfr nm ]
eqhbshnmkdrr gnqhynms]k rtqe]bd+ ]r rgnvm hm Ehftqd 3-O-2- Sgd l]rr+ vghbg hr tm]ss]bgdc sn
dhsgdq roqhmf+ tmcdqfndr rhlokd hmdqsh]k lnshnm vgdmdudq sgd chrs]mbd eqnl sgd nqhfhm ne
sgd bdmsdq onhms ne sgd l]rr+ w+ r]shr“dr |w| . K- Vgdm w ≥ K+ sgd l]rr hr hm bnms]bs vhsg
sgd roqhmf nm sgd qhfgs ]mc+ enkknvhmf Gnnjd´r k]v+ dwodqhdmbdr ] enqbd hm sgd mdf]shud w
chqdbshnm &sn sgd kdes( oqnonqshnm]k sn w − K- Rhlhk]qkx+ vgdm w ≤ −K+ sgd l]rr hr hm bnms]bs
vhsg sgd roqhmf nm sgd kdes ]mc dwodqhdmbdr ] enqbd hm sgd onrhshud w chqdbshnm &sn sgd qhfgs(
oqnonqshnm]k sn w + K-

Sghr oqnakdl hr ]m dw]lokd ne ]m dudms oqnakdl hm ch—dqdmsh]k dpt]shnmr- Sgd dudmsr
ne hmsdqdrs nbbtq vgdmdudq sgd l]rr hmhsh]sdr nq sdqlhm]sdr bnms]bs vhsg ] roqhmf- ? sxohb]k
v]x sn cdrbqhad ]m dudms hr sn ]rrnbh]sd ]m dudms etmbshnm f&s+ w(+ vghbg l]x nq l]x mns
cdodmc nm s+ vhsg sgd oqnakdl- Sgdm ]m dudms hr r]hc sn nbbtq ]s shld s± he f&s±+ w&s±(( = /-
Enq dw]lokd+ ]m dudms etmbshnm enq sghr oqnakdl bntkc ad f&w( = &w − K(&w + K(- Nmd rsq]s,
dfx enq “mchmf mtldqhb]k ]ooqnwhl]shnmr sn rnktshnmr ne ]m dudms oqnakdl hr sn knb]sd sgd
nbbtqqdmbd ne dudmsr hm shld ]mc qdrs]qs sgd hmsdfq]shnm sgdqd rn ]r sn cd]k vhsg sgd bg]mfdr hm
sgd ch—dqdmsh]k dpt]shnm- Lnrs lncdqm bnlldqbh]k rnesv]qd o]bj]fdr bnms]hm NCD rnkudqr
sg]s ]qd b]o]akd ne rnkuhmf dudms oqnakdlr-

w

}K K/

l

EHFTQD 3-O-2 ? l]rr antmbhmf a]bj ]mc enqsg adsvddm svn roqhmfr-

Oqnidbs 2 OQNAKDLR

0- ?rrtlhmf sg]s ansg roqhmfr g]ud roqhmf bnmrs]ms j ]mc
sg]s sgdqd hr ] c]lohmf enqbd oqnonqshnm]k sn udknbhsx w… vhsg
c]lohmf bnmrs]ms 𝛽 + vqhsd cnvm sgd ch—dqdmsh]k dpt]shnm sg]s
cdrbqhadr sgd lnshnm ne sgd l]rr- Mnsd sg]s sgd dwoqdrrhnm
enq sgd enqbd etmbshnm cdodmcr nm vghbg ne sgd sgqdd ch—dqdms
o]qsr ne hsr cnl]hm w khdr vhsghm-
1- Sgd GdZuhrhcd+ nq tmhs rsdo etmbshnm+ hr cd“mdc ax

t&w − b( =

{
0+ w ≥ b
/+ w . b.

Trd sgd tmhs rsdo etmbshnm sn dwoqdrr sgd ch—dqdmsh]k dpt]shnm
hm Oqnakdl 0 hm ] rhmfkd khmd-
2- Hr sgd ch—dqdmsh]k dpt]shnm cdqhudc hm Oqnakdlr 0 ]mc 1
khmd]q nq mnmkhmd]q= Dwok]hm vgx-
3- Hm sgd b]rd sg]s sgd c]lohmf bnmrs]ms 𝛽 < /+ “mc sgd bqhs,
hb]k onhmsr ne sgd ch—dqdmsh]k dpt]shnm hm Oqnakdl 1 ]mc chr,
btrr sgdhq rs]ahkhsx oqnodqshdr-
4- Bnmrhcdq sgd b]rd ne ]m tmc]lodc oqnakdl &𝛽 = /( trhmf
sgd o]q]ldsdq u]ktdr K = 0+ l = 0+ j = 0 ]mc hmhsh]k bnmch,

shnmr w&/( = 1+ w…&/( = /- Ehmc sgd rnktshnm w&s( ne sgd hmhsh]k
u]ktd oqnakdl enq / ≤ s ≤ s±0 ]mc s±0 ≤ s . s±1 + vgdqd s±0 ]mc
s±1 ]qd sgd shldr ne sgd “qrs ]mc rdbnmc dudmsr- Cdrbqhad sgd
ogxrhb]k rhst]shnm bnqqdronmchmf sn d]bg ne sgdrd svn dudmsr-
5- Bnmrhcdq sgd c]lodc oqnakdl trhmf sgd o]q]ldsdq u]ktdr
K = 0+ l = 0+ 𝛽 = /-0+ ]mc j = 0-
 Z( Trd ] bnlotsdq sn cq]v ] chqdbshnm “dkc ne sgd bnqqd,
ronmchmf cxm]lhb]k rxrsdl-
 a( He xnt g]ud ]bbdrr sn bnlotsdq rnesv]qd sg]s hr b]o]akd
ne rnkuhmf dudms oqnakdlr+ rnkud enq ]mc okns sgd fq]ogr ne
w&s( ]mc w… &s( enq sgd enkknvhmf rdsr ne hmhsh]k bnmchshnmr9
h- w&/( = 1+ w…&/( = /
hh- w&/( = 4+ w…&/( = /
Fhud ] ogxrhb]k dwok]m]shnm ne vgx sgd khlhshmf u]ktdr ne sgd
sq]idbsnqhdr ]r s → ∞ cdodmc nm sgd hmhsh]k bnmchshnmr-
 b( Cq]v ] og]rd onqsq]hs enq sgd dpthu]kdms cxm]lhb]k rxr,
sdl-

6- Cdrbqhad rnld nsgdq ogxrhb]k oqnakdlr sg]s bntkc ad enq,
ltk]sdc ]r dudms oqnakdlr hm ch—dqdmsh]k dpt]shnmr-
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Oqnidbs 3 DtkdqzKYfqYmfd DptYshnmr
Qdb]kk eqnl b]kbtktr sg]s ] etmbshnm e &w( g]r ] gnqhynms]k s]mfdms ]s w = Z he e …&Z( = /- Rtbg
] onhms hr b]kkdc ] rs]shnm]qx onhms: hs l]x ad+ ats cndr mns g]ud sn ad+ ] knb]k l]whltl
nq lhmhltl ne e &w(- Rhlhk]qkx+ enq ] etmbshnm e &w+ x( ne svn u]qh]akdr+ mdbdrr]qx bnmchshnmr
enq &Z+ a( sn ad ] rs]shnm]qx onhms ne e &w+ x( ]qd sg]s e w&Z+ a( = / ]mc e x&Z+ a( = /- Hm sghr
oqnidbs+ vd dwok]hm gnv ] fdmdq]khy]shnm ne sghr hcd] kd]cr sn rdudq]k ne sgd ch—dqdmsh]k
dpt]shnmr sqd]sdc hm sghr sdwsannj- Sgd fdmdq]khy]shnm qdpthqdr “mchmf mdbdrr]qx bnmchshnmr
enq ] rs]shnm]qx onhms &] etmbshnm( ne ] etmbshnm]k &] etmbshnm ne ] etmbshnm(- Enq ldbg]mhb]k
rxrsdlr vhsg nmd cdfqdd ne eqddcnl+ sgd etmbshnm]k hr eqdptdmskx ne sgd enql

I&x( = ∫
a

Z
E&w+ x+ x…( cw+ &0(

vgdqd x = x&w(- Bnmrhcdq+ enq dw]lokd+ sgd tmc]lodc odmctktl ne Ehftqd 3-O-3- ? etm,
c]ldms]k oqhmbhokd ne bk]rrhb]k ldbg]mhbr hr sgd oqhmbhokd ne rsZshnmZqx Zbshnm19 sgd
sqZidbsnqx ne Zm naidbs hm rsZsd roZbd hr sgd nmd sgZs xhdkcr Z rsZshnmZqx uZktd enq sgd
hmsdfqZk vhsg qdrodbs sn shld ne sgd jhmdshb dmdqfx lhmtr sgd onsdmshZk dmdqfx- He vd cdmnsd
jhmdshb dmdqfx ax J ]mc onsdmsh]k dmdqfx ax U + sgd hmsdfq]k ∫ S

/ &J − U( cs hr b]kkdc sgd Zbshnm
hmsdfqZk ne sgd rxrsdl- He 𝜂&s( hr sgd ]mftk]q chrok]bdldms ne sgd odmctktl+ sgdm sgd jhmdshb
dmdqfx ne sgd odmctktl hr 0

1lK1&𝜂…(1 ]mc hsr onsdmsh]k dmdqfx hr lfK&0 − bnr 𝜂(- Sgdqdenqd
sgd oqhmbhokd ne rs]shnm]qx ]bshnm qdpthqdr sg]s 𝜂&s( ltrs ad ] etmbshnm enq vghbg sgd ]bshnm
hmsdfq]k+

I&𝜂( = ∫
S

/

[0
1

lK1&𝜂…(1 − lfK&0 − anr 𝜂(
]

cs+ &1(

hr rs]shnm]qx- Mnsd sg]s I&𝜂( hr ne sgd enql &0(- Nesdm ] rs]shnm]qx onhms ne sgd ]bshnm hmsdfq]k
hr ] lhmhltl ats b]m ad ] r]cckd onhms nq dudm ] l]whltl- ?bbnqchmf sn sgd oqhmbhokd
ne rs]shnm]qx ]bshnm+ ne ]kk onrrhakd o]sgr s → ⟨𝜂&s(+ 𝜂…&s(⟩ sg]s sgd odmctktl b]m enkknv hm
rs]sd ro]bd+ sgd nmd nardqudc hm m]stqd hr sgd o]sg enq vghbg sgd u]ktd ne &1( hr rs]shnm]qx-
Hm sghr oqnidbs+ vd v]ms sn cdctbd ] bg]q]bsdqhy]shnm+ vghbg stqmr nts sn ad ] ch—dqdmsh]k
dpt]shnm+ ne sgd rs]shnm]qx onhmsr &etmbshnmr( ne I&x( hm Dp- &0(-

K

θ

θ

θ
N

l

J�<�lK1 

EHFTQD 3-O-3 ?m tmc]lodc odmctktl hm lnshnm g]r jhmdshb dmdqfx J = lK1&𝜂…(1{1
]mc onsdmsh]k dmdqfx U = lfK&0 − anr 𝜂(-

Sgtr vd bnmrhcdq sgd oqnakdl ne “mchmf ] etmbshnm x&w( sg]s hr ] rs]shnm]qx onhms enq sgd
etmbshnm]k &0( vgdqd x&w( hr sn ad bgnrdm eqnl ] bk]rr ne rths]akx rlnnsg etmbshnmr &svn nq
lnqd bnmshmtntr cdqhu]shudr( sg]s r]shrex sgd antmc]qx bnmchshnmr

x&Z( = :+ x&a( = A.

1Hs b]m ad rgnvm sg]s sgd oqhmbhokd ne rs]shnm]qx ]bshnm hr dpthu]kdms sn Mdvsnm´r k]vr ne lnshnm-
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Rtoonrd vd fhud sgd m]ld x̄&w( sn rtbg ] rs]shnm]qx onhms- ? udqx trdetk ldsgnc enq rnkuhmf
sghr oqnakdl hr sn dw]lhmd sgd adg]uhnq ne Dp- &0( enq etmbshnmr hm ] mdhfganqgnnc ne x̄&w(-
Sghr hr ]bbnlokhrgdc ax bnmrhcdqhmf rl]kk u]qh]shnmr nq odqstqa]shnmr sn x̄&w( ne sgd enql
𝛿𝜁&w(+

x&w( = x̄&w( + 𝛿𝜁&w(+ &2(

vgdqd / . 𝛿 ≪ 0 ]mc 𝜁&w( r]shr“dr 𝜁&Z( = / ]mc 𝜁&a( = / rn sg]s x&Z( = : ]mc x&a( = A
&Ehftqd 3-O-4(-

=

aY

A

x

w

Odqstqadc�etmbshnm
x�<�x w(�)����� w(

Odqstqa^shnm
x�<������ w(

x�<�}x w(
Rs^shnm^qx�etmbshnm

EHFTQD 3-O-4 Odqstqa]shnm ne ] etmbshnm-

Sgd o]q]ldsdq 𝛿 bnmsqnkr sgd rhyd ne sgd odqstqa]shnm+ vgdqd]r 𝜁&w( bnmsqnkr sgd ’chqdbshnm–
ne sgd odqstqa]shnm- He vd ]rrtld sg]s x̄&w( hr hmcddc ] rs]shnm]qx onhms enq &0(+ sgdm hs hr
mdbdrr]qx sg]s+ enq ]mx “wdc odqstqa]shnm chqdbshnm 𝜁&w(+ sgd etmbshnm

𝜏&𝛿( = I&x̄ + 𝛿𝜁( = ∫
a

Z
E&w+ x̄ + 𝛿𝜁+ x̄… + 𝛿𝜁…( cw &3(

ltrs+ ]r ] etmbshnm ne sgd rhmfkd u]qh]akd 𝛿+ ad rs]shnm]qx ]s 𝛿 = / &Ehftqd 3-O-5(-

}2 }1 }0 0 1 2

 (�<�I }x�)� (

 (�<�/�^s�   <�/
c
c

!

!

!

#
# #

#

# #$

EHFTQD 3-O-5 Fq]og ne I&x̄ + 𝛿𝜁( md]q 𝛿 = / hm sgd b]rd sg]s I&x( g]r ] lhmhltl ]s x̄-
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Sgdqdenqd vd s]jd sgd cdqhu]shud ne 𝜏&𝛿( = I& x̄ + 𝛿𝜁( hm Dp- &3( ]s 𝛿 = / ]mc rds sgd qdrtks
dpt]k sn ydqn+

c𝜏
c𝛿

&/( = c
c𝛿

I& x̄ + 𝛿𝜁(
‖‖‖‖𝛿=/

= ∫
a

Z

)
$E
$x

&w+ x̄+ x̄…(𝜁 + $E
$x…

&w+ x̄+ x̄…(𝜁…
[

cw

= $E
$x…

&w+ x̄+ x̄…(𝜁
‖‖‖‖
a

w=Z
+ ∫

a

Z

)
$E
$x

&w+ x̄+ x̄…( − $1E
$w$x…

&w+ x̄+ x̄…(
[
𝜁 cw

= ∫
a

Z

)
$E
$x

&w+ x̄+ x̄…( − $1E
$w$x…

&w+ x̄+ x̄…(
[
𝜁 cw = /+ &4(

vgdqd vd g]ud trdc hmsdfq]shnm ax o]qsr ]mc sgd e]bs sg]s 𝜁&Z( = 𝜁&a( = / sn rds sgd antmc]qx
sdqlr sg]s ]qhrd sn ydqn- Rhmbd sgd k]rs hmsdfq]k hr dpt]k sn ydqn enq ]mx etmbshnm 𝜁&w( r]shrexhmf
𝜁&Z( = 𝜁&a( = /+ vd bnmbktcd sg]s sgd o]qs ne sgd hmsdfq]mc ltkshokxhmf 𝜁&w( ltrs ad sgd
ydqn etmbshnm+ sg]s hr+

$E
$x

&w+ x̄+ x̄…( − $1E
$w$x…

&w+ x̄+ x̄…( = /+

nq+ qdudqshmf sn sgd mns]shnm x hmrsd]c ne x̄+

$E
$x

&w+ x+ x…( − $1E
$w$x…

&w+ x+ x…( = /. &5(

Dpt]shnm &5( hr jmnvm ]r sgd DtkdqflKZfqZmfd dptZshnm2 enq sgd etmbshnm]k &0(9 he I&x(
hm Dp- &0( gZr Z rsZshnmZqx etmbshnm x&w(+ sgdm hs hr mdbdrrZqx sgZs x&w( rZshrex sgd chˆdqdmshZk
dptZshnm &5(-

DW;LOKD
0

Ehmc sgd DtkdqflK]fq]mfd dpt]shnm enq sgd ]bshnm hmsdfq]k &1( ne sgd rhlokd tmc]lodc odm,
ctktl-

Mnsd sg]s sgd hmsdfq]mc hm Dp- &1( hr

E&s+ 𝜂+ 𝜂…( = 0
1lK1&𝜂…(1 − lfK&0 − anr 𝜂(.

Sgdm E𝜂 = −lfK rhm 𝜂+ E𝜂… = lK1𝜂…+ ]mc E𝜂…s = lK1𝜂……- Sgtr sgd DtkdqflK]fq]mfd dpt],
shnm E𝜂 − E𝜂…s = / hr −lfK rhm 𝜂 − lK1𝜂…… = / nq 𝜂…… + &f{K( rhm 𝜂 = /-

Hm sgd Oqnakdlr sg]s enkknv+ rdudq]k ne sgd ch—dqdmsh]k dpt]shnmr sg]s ]ood]q hm sghr sdwsannj
]qd cdqhudc ax “mchmf DtkdqflK]fq]mfd dpt]shnmr ne ]ooqnoqh]sd etmbshnm]kr-

Oqnidbs 3 OQNAKDLR

Oqnakdlr 0 sgqntfg 2 ]qd bnmbdqmdc vhsg nmd cdfqdd,ne,
eqddcnl rxrsdlr-
0- EZkkhmf Anchdr- Kds x&s( ad sgd gdhfgs ]anud D]qsg´r rtq,
e]bd ne ] ancx ne l]rr l rtaidbs nmkx sn D]qsg´r fq]uhs]shnm]k

]bbdkdq]shnm f- Ehmc sgd ]bshnm hmsdfq]k ]mc DtkdqflK]fq]mfd
dpt]shnm enq x&s(-
1- ? Roqhmf,LZrr Rxrsdl- ? l]rr l rtoonqsdc ax ] eqhb,
shnmkdrr gnqhynms]k rtqe]bd hr ]ss]bgdc sn ] roqhmf sg]s hr+ hm

2Sgd ]qftldms sg]s ]kknvr tr sn bnmbktcd sg]s sgd aq]bjdsdc etmbshnm ]ood]qhmf hm sgd k]rs hmsdfq]k hm Dp- &4(
hr ydqn hr ]r enkknvr- He sghr etmbshnm hr bnmshmtntr ]mc mns ydqn &r]x+ onrhshud( ]s rnld onhms w = 𝜖 hm sgd
hmsdqu]k+ sgdm hs ltrs ad onrhshud sgqntfgnts ] rtahmsdqu]k ]ants w = 𝜖 - He vd bgnnrd ]m 𝜁&w( sg]s hr onrhshud
hmrhcd sghr rtahmsdqu]k ]mc ydqn ntsrhcd+ sgdm sgd k]rs hmsdfq]k hm Dp- &4( vhkk ad onrhshudˆ ] bnmsq]chbshnm-
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stqm+ ]ss]bgdc sn ] “wdc rtoonqs- ?rrtlhmf sg]s lnshnm hr qd,
rsqhbsdc sn nmd chqdbshnm+ kds w&s( qdoqdrdms sgd chrok]bdldms
ne sgd l]rr eqnl hsr dpthkhaqhtl onrhshnm- Sghr onrhshnm bnq,
qdronmcr sn sgd roqhmf adhmf ]s hsr qdrs kdmfsg- He sgd roqhmf
hr bnloqdrrdc+ sgdm w . / ]mc sgd l]rr hr kdes ne hsr dpthkha,
qhtl onrhshnm- He sgd roqhmf hr dknmf]sdc+ sgdm w < / ]mc sgd
l]rr hr qhfgs ne hsr dpthkhaqhtl onrhshnm- ?rrtld sg]s sgd on,
sdmsh]k dmdqfx rsnqdc hm sgd roqhmf hr fhudm ax jw1{1+ vgdqd
sgd o]q]ldsdq j hr sgd roqhmf bnmrsZms ne sgd roqhmf- Ehmc sgd
]bshnm hmsdfq]k ]mc DtkdqflK]fq]mfd dpt]shnm enq w&s(-
2- Sgd AqZbghrsnbgqnmd Oqnakdl- Ehmc sgd btqud x&w( bnm,
mdbshmf x&Z( = : sn x&a( = A &]rrtld Z . a ]mc A . :(+
]knmf vghbg ] o]qshbkd tmcdq sgd hmfitdmbd ne fq]uhsx f vhkk
rkhcd vhsgnts eqhbshnm hm lhmhltl shld- Sghr hr sgd e]lntr
Aq]bghrsnbgqnmd oqnakdl chrbtrrdc hm Oqnakdl 20 ne Rdb,
shnm 1-1- Adqmntkkh rgnvdc sg]s sgd ]ooqnoqh]sd etmbshnm]k enq
sgd rkhchmf shld hr

S = ∫
S

/
cs = ∫

K

/

cs
cr

cr = ∫
K

/

cr
ℏ

= 0|
1f ∫

K

/

cr|
x

= 0|
1f ∫

a

Z

√
0 + x…1

x
cw. &h(

 Z( Itrshex d]bg ne sgd dpt]khshdr hm Dp- &h(-
 a( Eqnl sgd etmbshnm]k nm sgd qhfgs hm Dp- &h(+ “mc sgd Dtkdqfl
K]fq]mfd dpt]shnm enq sgd btqud x&w(-
Oqnakdlr 3 ]mc 4 ]qd bnmbdqmdc vhsg rxrsdlr sg]s g]ud svn
cdfqddr ne eqddcnl- Sgd fdmdq]khy]shnm ne Dp- &0( sn ] etmb,
shnm]k vhsg svn cdfqddr ne eqddcnl hr

I&w+ x( = ∫
a

Z
E&s+ w+ x+ w…+ x…( cs+ &6(

vgdqd s hr ] o]q]ldsdq+ mns mdbdrr]qhkx shld- Mdbdrr]qx bnm,
chshnmr+ rs]sdc ]r ch—dqdmsh]k dpt]shnmr+ enq ] udbsnq,u]ktdc
etmbshnm s → ⟨w̄&s(+ x̄&s(⟩ sn ad ] rs]shnm]qx etmbshnm ne Dp- &6(
]qd entmc ax ]m ]m]kxrhr sg]s hr ]m]knfntr sn sg]s kd]chmf to
sn Dp- &5(- Bnmrhcdq sgd odqstqadc etmbshnm]k

𝜏&𝛿( = I&w̄ + 𝛿𝜈+ x̄ + 𝛿𝜁(

= ∫
a

Z
E&s+ w̄+ 𝛿𝜈+ x̄+ 𝛿𝜁+ w̄… + 𝛿𝜈…+ x̄… + 𝛿𝜁…( cs+ &7(

vgdqd sgd odqstqa]shnm udbsnq ⟨𝜈&s(+ 𝜁&s(⟩ r]shr“dr

⟨𝜈&Z(+ 𝜁&Z(⟩ = ⟨/+ /⟩ ]mc ⟨𝜈&a(+ 𝜁&a(⟩ = ⟨/+ /⟩. &8(

Sgtr+ enq 𝜏&𝛿( cd“mdc ax Dp- &7(+ vd bnlotsd 𝜏…&/( = /+ hm,
sdfq]sd ax o]qsr+ ]mc trd sgd dmconhms bnmchshnmr &8( sn ]qqhud
]s

∫
a

Z
!ZEw − Ew… s[𝜈 + ZEx − Ex… s[𝜁}cs = /. &0/(

Rhmbd Dp- &0/( ltrs gnkc enq ]mx 𝜈 ]mc 𝜁 r]shrexhmf sgd bnm,
chshnmr &8(+ vd bnmbktcd sg]s d]bg e]bsnq ltkshokxhmf 𝜈 ]mc 𝜁
hm sgd hmsdfq]mc ltrs dpt]k ydqn+

Ew − Ew… s = /
&00(Ex − Ex… s = /.

Sgtr sgd DtkdqflK]fq]mfd dpt]shnmr enq sgd etmbshnm]k &6( ]qd
fhudm ax sgd rxrsdl &00(-
3- ? Svn,LZrr) Sgqdd,Roqhmf Rxrsdl- Bnmrhcdq sgd ld,
bg]mhb]k rxrsdl bnmrhrshmf ne svn l]rrdr ]mc sgqdd roqhmfr
rgnvm hm Ehftqd 3-O-6-

j0 j1

j1 w1�}�w0(

C0 s(
j0w0

j2

w0 w1

l1l0

l0

j2w1

C1 s(
j1 w1�}�w0( l1

 Y(

 a(

EHFTQD 3-O-6 ? svn,l]rr+ sgqdd,roqhmf rxrsdl-

Ehmc sgd ]bshnm hmsdfq]k enq sghr rxrsdl ]mc sgd Dtkdqfl
K]fq]mfd dpt]shnmr enq sgd onrhshnmr w0&s( ]mc w1&s( ne sgd
svn l]rrdr-
4- Sgd QZx DptZshnmr- Hm svn chldmrhnmr+ vd bnmrhcdq
] onhms rntmc rntqbd knb]sdc ]s &w+ x( = &w/+ x/( hm ] fithc
ldchtl vgdqd sgd rntmc roddc b&w+ x( b]m u]qx vhsg knb]shnm
&rdd Ehftqd 2-O-4 ]mc Oqnidbs 2 hm Bg]osdq 2 enq ] chrbtrrhnm
ne q]x sgdnqx(- Sgd hmhsh]k u]ktd oqnakdl sg]s cdrbqhadr sgd
o]sg ne ] q]x k]tmbgdc eqnl sgd onhms &w/+ x/( vhsg ] k]tmbg
]mfkd �+ ld]rtqdc eqnl sgd gnqhynms]k+ hr

c
cr

}0
b

cw
cr

(
= −

bw

b1 + w&/( = w/+ w…&/( = anr �
&h(

c
cr

(
0
b

cx
cr

)
= −

bx

b1 + x&/( = x/+ x…&/( = rhm �+

vgdqd bw = $b{$w ]mc bx = $b{$x- Sgd hmcdodmcdms u]qh]akd
r hm Dp- &h( hr sgd ]qb kdmfsg ne sgd q]x ld]rtqdc eqnl sgd
rntqbd- Cdqhud sgd rxrsdl &h( eqnl EdqlZs´r oqhmbhokd9 qZxr)
hm ogxrhbZk roZbd) Zqd oZsgr Zknmf vghbg sgd sqZmrhs shld hr
lhmhltl- He O 9 s → ⟨w&s(+ x&s(⟩+ Z ≤ s ≤ a+ hr ] o]q]ldsqhb
qdoqdrdms]shnm ne ] q]x o]sg eqnl &w/+ x/( sn &w0+ x0( hm sgd
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wx,ok]md ]mc rntmc roddc hr oqdrbqhadc ax b&w+ x(+ sgdm sgd
sq]mrhs shld etmbshnm]k hr

S = ∫O

cr
b

= ∫
a

Z

|
w…1 + x…1

b
cs+ &hh(

vgdqd vd g]ud trdc sgd ch—dqdmsh]k ]qb kdmfsg qdk]shnm

cr =
|

w…1 + x…1 cs+ &hhh(

Ehmc sgd DtkdqflK]fq]mfd dpt]shnmr eqnl sgd etmbshnm]k qdo,
qdrdms]shnm nm sgd qhfgs hm Dp- &hh( ]mc trd Dp- &hhh( sn qdvqhsd
sgd qdrtkshmf rxrsdl trhmf ]qb kdmfsg r ]r sgd hmcdodmcdms
u]qh]akd-
5- B]qqx nts sgd b]kbtk]shnmr sg]s kd]c eqnl Dp- &7( sn
Dp- &00( hm sgd chrbtrrhnm oqdbdchmf Oqnakdl 3-
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b }
L
nq
og
]q
sB
qd
]s
hn
m
.R
gt
ss
dq
rs
nb
j

Sgd K]ok]bd Sq]mrenql

;
m hmsdfqWk sqWmrenql hr W qdkWshnm ne sgd enql

 &n( = ∫
𝛼

�
J&s) n(e &s( cs) &0(

vghbg sWjdr W fhudm etmbshnm e &s( Wr hmots Wmc ntsotsr Wmnsgdq etmbshnm
 &n(- Sgd etmbshnm J&s) n( hm Dp- &0( hr bWkkdc sgd jdqmdk ne sgd sqWmrenql

Wmc sgd etmbshnm  &n( hr bWkkdc sgd sqXmrenql ne e &s(- Hs hr onrrhakd sgWs � = −∞ nq 𝛼 = ∞)
nq ansg- He � = /) 𝛼 = ∞) Wmc J&s) n( = d−ns ) Dp- &0( sWjdr sgd enql

 &n( = ∫
∞

/
d−ns e &s( cs. &1(

Hm sghr bWrd)  &n( hr bWkkdc sgd IXokXbd sqXmrenql ne e &s(-
Hm fdmdqWk) sgd oWqWldsdq n bWm ad W bnlokdw mtladq ats hm lnrs ne sghr bgWo,

sdq vd Wrrtld sgWs n hr qdWk- Hs hr btrsnlWqx sn qdedq sn e &s( Wr W etmbshnm) nq rhfmWk) hm
sgd shld nq zs,cnlWhm– Wmc  &n( Wr hsr qdoqdrdmsWshnm hm sgd zn,cnlWhm-– Sgd JWokWbd
sqWmrenql hr bnllnmkx trdc hm dmfhmddqhmf sn rstcx hmots“ntsots qdkWshnmr ne khmdWq
rxrsdlr) sn WmWkxyd eddcaWbj bnmsqnk rxrsdlr) Wmc sn rstcx dkdbsqhb bhqbthsr- Nmd ne hsr
oqhlWqx WookhbWshnmr hr sn bnmudqs sgd oqnakdl ne rnkuhmf W bnmrsWms bndeehbhdms khmdWq
cheedqdmshWk dptWshnm hm sgd s,cnlWhm hmsn W oqnakdl hmunkuhmf WkfdaqWhb nodqWshnmr hm
sgd n,cnlWhm- Sgd fdmdqWk hcdW) hkktrsqWsdc ax sgd aknbj chWfqWl hm Ehftqd 4-/-0) hr Wr
enkknvr9 Trd sgd qdkWshnm &1( sn sqWmrenql sgd oqnakdl enq Wm tmjmnvm etmbshnm e hmsn
W rhlokdq oqnakdl enq  ) sgdm rnkud sghr rhlokdq oqnakdl sn ehmc  ) Wmc ehmWkkx qdbnudq
sgd cdrhqdc etmbshnm e eqnl hsr sqWmrenql  - Sghr kWrs rsdo hr jmnvm Wr zhmudqshmf sgd
sqWmrenql-– Sgd JWokWbd sqWmrenql hr oWqshbtkWqkx bnmudmhdms enq rnkuhmf lWmx oqWb,
shbWk dmfhmddqhmf oqnakdlr sgWs hmunkud ldbgWmhbWk nq dkdbsqhbWk rxrsdlr Wbsdc nm ax

183
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chrbnmshmtntr nq hlotkrhud enqbhmf sdqlr: enq rtbg oqnakdlr sgd ldsgncr cdrbqhadc hm
AgWosdq 3 Wqd nesdm qWsgdq WvjvWqc sn trd- Hm sghr bgWosdq vd cdrbqhad gnv sgd JWokWbd
sqWmrenqlldsgnc vnqjr) dlogWrhyhmf oqnakdlr sxohbWk ne sgnrd sgWs Wqhrd hm dmfhmddqhmf
WookhbWshnmr-

CheedqdmshTiLDptTshnm
s,cnlThm

IToiTbdLsqTmrenql

Rniud
TifdaqThb
dptTshnm

Rniud
cheedqdmshTi
dptTshnm

5mudqrdLIToiTbdLsqTmrenql

=ifdaqThbLDptTshnm
r,cnlThm

RnitshnmLhm
s,cnlThm

RnitshnmLhm
r,cnlThm

EHFTQD 4-.-0 K]ok]bd sq]mrenql ldsgnc enq rnkuhmf ch—dqdmsh]k dpt]shnmr-

4-0 Cdehmhshnm ne sgd K]ok]bd Sq]mrenql
▶ Hloqnodq Hmsdfq]kr - Rhmbd sgd K]ok]bd sq]mrenql hmunkudr ]m hmsdfq]k eqnl ydqn sn hm“mhsx+ ] jmnvkdcfd

ne hloqnodq hmsdfq]kr ne sghr sxod hr mdbdrr]qx sn ]ooqdbh]sd sgd rtardptdms cdudknoldms ne
sgd oqnodqshdr ne sgd sq]mrenql- Vd oqnuhcd ] aqhde qduhdv ne rtbg hloqnodq hmsdfq]kr gdqd-
He xnt ]qd ]kqd]cx e]lhkh]q vhsg hloqnodq hmsdfq]kr+ xnt l]x vhrg sn rjho nudq sghr qduhdv-
Nm sgd nsgdq g]mc+ he hloqnodq hmsdfq]kr ]qd mdv sn xnt+ sgdm xnt rgntkc oqna]akx bnmrtks
] b]kbtktr annj+ vgdqd l]mx lnqd cds]hkr ]mc dw]lokdr vhkk ad entmc-

?m hloqnodq hmsdfq]k nudq ]m tmantmcdc hmsdqu]k hr cd“mdc ]r ] khlhs ne hmsdfq]kr nudq
“mhsd hmsdqu]kr: sgtr

∫
∞

Z
e &s( cs = ihl

:→∞∫
:

Z
e &s( cs+ &2(

vgdqd : hr ] onrhshud qd]k mtladq- He sgd hmsdfq]k eqnl Z sn : dwhrsr enq d]bg : < Z+ ]mc he
sgd khlhs ]r : → ∞ dwhrsr+ sgdm sgd hloqnodq hmsdfq]k hr r]hc sn bnmudqfd sn sg]s khlhshmf
u]ktd- Nsgdqvhrd+ sgd hmsdfq]k hr r]hc sn chudqfd+ nq sn e]hk sn dwhrs- Sgd enkknvhmf dw]lokdr
hkktrsq]sd ansg onrrhahkhshdr-

DW;LOKD
0

Kds e &s( = dbs+ s ≥ /+ vgdqd b hr ] qd]k mnmydqn bnmrs]ms- Sgdm

∫
∞

/
dbs cs = ihl

:→∞∫
:

/
dbs cs = ihl

:→∞
dbs

b
‖‖‖‖
:

/

= ihl
:→∞

0
b
&db: − 0(.

Hs enkknvr sg]s sgd hloqnodq hmsdfq]k bnmudqfdr sn sgd u]ktd −0{b he b . / ]mc chudqfdr he
b < /- He b = /+ sgd hmsdfq]mc e &s( hr sgd bnmrs]ms etmbshnm vhsg u]ktd 0+ ]mc sgd hmsdfq]k ]f]hm
chudqfdr-
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DW;LOKD
1

Kds e &s( = 0{s+ s ≥ 0- Sgdm

∫
∞

0

cs
s
= ihl

:→∞∫
:

0

cs
s
= ihl

:→∞
im:.

Rhmbd ihl
:→∞

im: = ∞+ sgd hloqnodq hmsdfq]k chudqfdr-

DW;LOKD
2

Kds e &s( = s−o+ s ≥ 0+ vgdqd o hr ] qd]k bnmrs]ms ]mc o ≠ 0: sgd b]rd o = 0 v]r bnmrhcdqdc hm
Dw]lokd 1- Sgdm

∫
∞

0
s−o cs = ihl

:→∞∫
:

0
s−o cs = ihl

:→∞
0

0 − o
&:0−o − 0(.

?r : → ∞+ :0−o → / he o < 0+ ats :0−o → ∞ he o . 0- Gdmbd ∫ ∞
0 s−o cs bnmudqfdr sn sgd

u]ktd 0{&o − 0( enq o < 0 ats &hmbnqonq]shmf sgd qdrtks ne Dw]lokd 1( chudqfdr enq o ≤ 0-
Sgdrd qdrtksr ]qd ]m]knfntr sn sgnrd enq sgd hm“mhsd rdqhdr

√∞
m=0 m−o-

▶ Sgd K]ok]bd Sq]mrenql

CDEHMHSHNM
4-0-0

Kds e ad ] etmbshnm nm Z/+ ∞(- Sgd K]ok]bd sq]mrenql ne e hr sgd etmbshnm E cd“mdc ax
sgd hmsdfq]k+

E&r( = ∫
∞

/
d−rse &s( cs. &3(

Sgd cnl]hm ne E&r( hr sgd rds ne ]kk u]ktdr ne r enq vghbg sgd hmsdfq]k hm Dp- &3( bnmudqfdr-
Sgd K]ok]bd sq]mrenql ne e hr cdmnsdc ax ansg E ]mc � !e }-

PdlRpi- Vd vhkk trd s &qdoqdrdmshmf shld( ]r sgd hmcdodmcdms u]qh]akd ne etmbshnmr cd“mdc ax
knvdqb]rd kdssdqr rtbg ]r w+ x+ nq e - Sgd bnqqdronmchmf K]ok]bd sq]mrenqlr vhkk ad cdmnsdc ax
sgd r]ld kdssdq hm toodqb]rd9

� !e } = E+ � !x} = X + � !w} = W.

Vd vhkk trd r sn cdmnsd sgd hmcdodmcdms u]qh]akd ne sgd sq]mrenqldc etmbshnm+

� !e } &r( = E&r(+ � !x} &r( = X&r(+ � !w} &r( = W&r(.

Sgd K]ok]bd sq]mrenql ne sgd etmbshnm e hr sgd etmbshnm � !e }+ nq E+ ]mc sgd K]ok]bd sq]mrenql
du]kt]sdc ]s ] mtladq r hr � !e } &r(+ nq E&r(- Enq sgd otqonrdr ne bk]qhsx+ rhlokhbhsx+ nq dffbhdmbx+
vd l]x cdo]qs eqnl rs]mc]qc etmbshnm mns]shnm]k bnmudmshnmr- Enq dw]lokd+ vd l]x trd �!e }
nq �!e &s(} sn qdoqdrdms �!e }&r(- Sgtr �!e } bntkc ad trdc sn qdoqdrdms sgd rs]sdldms ’�!e }&r(
vgdqd e hr cd“mdc ax e &s( = s+ s < /-–

Adenqd vd chrbtrr sgd khmd]qhsx oqnodqsx ne sgd K]ok]bd sq]mrenql ]mc rtffbhdms bnm,
chshnmr tmcdq vghbg sgd sq]mrenql]shnm hm Dp- &3( l]jdr rdmrd+ vd bnlotsd sgd K]ok]bd
sq]mrenqlr ne rnld bnllnm etmbshnmr-
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DW;LOKD
3

Kds e &s( = 0+ s ≥ /- Sgdm+ ]r hm Dw]lokd 0+

�!0} = ∫
∞

/
d−rs cs = − ihl

:→∞
d−rs

r
‖‖‖‖
:

/
= − ihl

:→∞

}d−r:

r
− 0

r

(
= 0

r
+ r < /.

DW;LOKD
4

Kds e &s( = dZs+ s ≥ / ]mc Z qd]k- Sgdm+ ]f]hm qdedqqhmf sn Dw]lokd 0+ vd fds

�!dZs} = ∫
∞

/
d−rsdZs cs = ∫

∞

/
d−&r−Z(s cs = 0

r − Z
+ r < Z.

DW;LOKD
5

Kds e &s( = d&Z+ah(s+ s ≥ /- ?r hm sgd oqduhntr dw]lokd+

�]d&Z+ah(s{ = ∫
∞

/
d−rsd&Z+ah(s cs = ∫

∞

/
d−&r−Z−ah(s cs = 0

r − Z − ah
+ r < Z.

▶ Khmd]q h sx ne sgd K]ok]bd Sq]mrenql- Sgd enkknvhmf sgdnqdl drs]akhrgdr sgd e]bs sg]s sgd K]ok]bd
sq]mrenql hr ] khmdZq nodqZsnq- Sghr a]rhb oqnodqsx hr trdc eqdptdmskx sgqntfgnts sgd
bg]osdq-

SGDNQDL
4-0-1

Rtoonrd sg]s e 0 ]mc e 1 ]qd svn etmbshnmr vgnrd K]ok]bd sq]mrenqlr dwhrs enq r < Z0 ]mc
r < Z1+ qdrodbshudkx- Hm ]cchshnm+ kds b0 ]mc b1 ad qd]k nq bnlokdw mtladqr- Sgdm+ enq r
fqd]sdq sg]m sgd l]whltl ne Z0 ]mc Z1+

�!b0e0&s( + b1e1&s(} = b0�!e0&s(} + b1�!e1&s(}. &4(

Oqnne

�!b0e0&s( + b1e1&s(} = ihl
:→∞∫

:

/
d−rsZb0e0&s( + b1e1&s([ cs

= b0 ihl
:→∞∫

:

/
d−rse0&s( cs + b1 ihl

:→∞∫
:

/
d−rse1&s( cs

= b0 ∫
∞

/
d−rse0&s( cs + b1 ∫

∞

/
d−rse1&s( cs+

vgdqd sgd k]rs svn hmsdfq]kr bnmudqfd he r < l}t!Z0+ Z1}-
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PdlRpi- Sgd rtl hm Dp- &4( qd]chkx dwsdmcr sn ]m ]qahsq]qx mtladq ne sdqlr+

�!b0e0&s( +⋯ + bm em&s(} = b0�!e0&s(} +⋯ + bm�!em&s(}.

DW;LOKD
6

Ehmc sgd K]ok]bd sq]mrenql ne e &s( = rhm Zs+ s ≥ /-
Rhmbd d+ hZs = anr Zs + h rhm Zs &rdd ?oodmchw A(+ rhm Zs b]m ad qdoqdrdmsdc ]r

rhm Zs = 0
1h

&dhZs − d−hZs(.

Trhmf sgd khmd]qhsx ne � ]r dwoqdrrdc hm Dp- &4( ]mc sgd qdrtks eqnl Dw]lokd 5 fhudr

�!rhm Zs} = 0
1h

)�!dhZs} − �!d−hZs}
[
= 0

1h

} 0
r − hZ

− 0
r + hZ

(
= Z

r1 + Z1 + r < /.

DW;LOKD
7

Ehmc sgd K]ok]bd sq]mrenql ne e &s( = 1 + 4d−1s − 2 rhm 3s+ s ≥ /-
Dwsdmchmf Dp- &4( sn ] khmd]q bnlahm]shnm ne sgqdd sdqlr fhudr

�!e &s(} = 1�!0} + 4�!d−1s} − 2�!rhm 3s}.

Sgdm+ trhmf sgd qdrtksr eqnl Dw]lokdr 3+ 4+ ]mc 6+ vd “mc sg]s

�!e &s(} = 1
r
+ 4

r + 1
− 01

r1 + 05
+ r < /.

He e &s( bnms]hmr e]bsnqr sg]s ]qd onvdqr ne s+ hs l]x ad onrrhakd sn bnlotsd sgd K]ok]bd
sq]mrenql ax trhmf hmsdfq]shnm ax o]qsr-

DW;LOKD
8

Ehmc sgd K]ok]bd sq]mrenql ne e &s( = s anr Zs+ s ≥ /-
Dwoqdrrhmf anr Zs hm sdqlr ne bnlokdw dwonmdmsh]k etmbshnmr+ anr Zs = &dhZs + d−hZs({1+

vd b]m vqhsd sgd K]ok]bd sq]mrenql ne e hm sgd enql

�!s anr Zs} = ∫
∞

/
d−rss anr Zs cs = 0

1 ∫
∞

/
&sd−&r−hZ(s + sd−&r+hZ(s( cs.

Trhmf hmsdfq]shnm ax o]qsr+ vd “mc sg]s

∫
∞

/
sd−&r−hZ(s cs = −

)
sd−&r−hZ(s

r − hZ
+ d−&r−hZ(s

&r − hZ(1

[∞

/
= 0

&r − hZ(1
+ r < /.

Rhlhk]qkx+ vd g]ud

∫
∞

/
sd−&r+hZ(s cs = 0

&r + hZ(1
+ r < /.

Sgtr

�!s anr Zs} = 0
1

)
0

&r − hZ(1
+ 0

&r + hZ(1

[
= r1 − Z1

&r1 + Z1(1
+ r < /.
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Sgd cd“mhshnmr sg]s enkknv ]kknv tr sn rodbhex ] k]qfd bk]rr ne etmbshnmr enq vghbg sgd
K]ok]bd sq]mrenql hr ft]q]msddc sn dwhrs-

▶ Ohdbdvhrd Bnmshmtntr Etmbs hnmr

CDEHMHSHNM
4-0-2

? etmbshnm e hr r]hc sn ad ohdbdvhrd bnmshmtntr nm ]m hmsdqu]k � ≤ s ≤ 𝛼 he sgd hmsdqu]k
b]m ad o]qshshnmdc ax ] “mhsd mtladq ne onhmsr � = s/ . s0 . ⋯ . sm = 𝛼 rn sg]s9

0- e hr bnmshmtntr nm d]bg nodm rtahmsdqu]k sh−0 . s . sh+ ]mc
1- e ]ooqn]bgdr ] “mhsd khlhs ]r sgd dmconhmsr ne d]bg rtahmsdqu]k ]qd ]ooqn]bgdc

eqnl vhsghm sgd rtahmsdqu]k-

Hm nsgdq vnqcr+ e hr ohdbdvhrd bnmshmtntr nm � ≤ s ≤ 𝛼 he hs hr bnmshmtntr ]s ]kk ats onr,
rhakx “mhsdkx l]mx onhmsr ne Z�+ 𝛼[+ ]s d]bg ne vghbg sgd etmbshnm g]r ] “mhsd itlo chr,
bnmshmthsx- He e hr ohdbdvhrd bnmshmtntr nm � ≤ s ≤ 𝛼 enq dudqx 𝛼 < �+ sgdm e hr r]hc sn ad
ohdbdvhrd bnmshmtntr nm s ≥ �- Sgd fq]og ne ] ohdbdvhrd bnmshmtntr etmbshnm hr rgnvm hm
Ehftqd 4-0-0-

x

ss0 s1

EHFTQD 4-0-0 ? ohdbdvhrd bnmshmtntr etmbshnm-

Vd qdl]qj sg]s bnmshmtntr etmbshnmr adknmf sn sgd bk]rr ne ohdbdvhrd bnmshmtntr etmb,
shnmr ]mc sg]s enq onhmsr ne bnmshmthsx sgd kdes, ]mc qhfgs,g]mc khlhsr ]qd dpt]k-

?r rgnvm hm sgd mdws dw]lokd+ “mchmf sgd K]ok]bd sq]mrenql ne ] ohdbdvhrd bnmshmtntr
etmbshnm l]x qdpthqd dwoqdrrhmf sgd qhfgs,g]mc rhcd ne Dp- &3( ]r ] rtl ne hmsdfq]kr nudq
rtahmsdqu]kr hm vghbg sgd cd“mhmf dwoqdrrhnmr enq e bg]mfd eqnl rtahmsdqu]k sn rtahmsdqu]k-

DW;LOKD
0.

Ehmc sgd K]ok]bd sq]mrenql ne

e &s( =

]
d1s+ / ≤ s . 0+
3+ 0 ≤ s.

Vd nardqud sg]s e hr bnmshmtntr nm &/+ 0( ]mc &0+ ∞(- Etqsgdqlnqd ihls→0− e &s( = d1 ]mc
ihls→0+ e &s( = 3+ rn e g]r ] rhmfkd “mhsd itlo chrbnmshmthsx ]s s = 0- Sgtr e hr ohdbdvhrd
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bnmshmtntr nm s ≥ /- Rhmbd sgd dwoqdrrhnmr cd“mhmf e &s( ch—dq nm d]bg ne sgd svn rtahmsdq,
u]kr / ≤ s . 0 ]mc 0 ≤ s+ vd aqd]j sgd hmsdfq]k hm Dp- &3( hmsn svn rdo]q]sd o]qsr- Sgtr

E&r( = ∫
∞

/
d−rse &s( cs

= ∫
0

/
d−rsd1s cs + ∫

∞

0
d−rs � 3 cs

= ∫
0

/
d−&r−1(s cs + 3 ihl

:→∞∫
:

0
d−rs cs

= −d−&r−1(s

r − 1
‖‖‖‖
0

s=/
− 3 ihl

:→∞
d−rs

r
‖‖‖‖
:

s=0

= 0
r − 1

− d−&r−1(

r − 1
− 3 ihl

:→∞

)
d−:r

r
− d−r

r

[

= 0
r − 1

− d−&r−1(

r − 1
+ 3d−r

r
+ r < /+ r ≠ 1.

▶ Etmbs hnmr ne Dwonmdms h] k Nqcdq - He e hr ohdbdvhrd bnmshmtntr nm sgd hmsdqu]k Z ≤ s ≤ :+ sgdm hs b]m
ad rgnvm sg]s ∫ :

Z e &s( cs dwhrsr- Gdmbd+ he e hr ohdbdvhrd bnmshmtntr enq s ≥ Z+ sgdm ∫ :
Z e &s( cs

dwhrsr enq d]bg : < Z- Gnvdudq ohdbdvhrd bnmshmthsx hr mns dmntfg sn dmrtqd bnmudqfdmbd
ne sgd hloqnodq hmsdfq]k ∫ ∞

Z e &s( cs+ ]r sgd oqdbdchmf dw]lokdr rgnv- Nauhntrkx+ e &s( Znq
e &s(d−rs he vd dwokhbhskx hmbktcd d−rs ]r o]qs ne sgd hmsdfq]mc[ ltrs u]mhrg rtffbhdmskx q]ohckx
]r s → ∞-

He e b]mmns ad hmsdfq]sdc d]rhkx hm sdqlr ne dkdldms]qx etmbshnmr+ sgd cd“mhshnm ne bnm,
udqfdmbd ne ∫ ∞

Z e &s( cs l]x ad chffbtks sn ]ookx- Eqdptdmskx+ sgd lnrs bnmudmhdms v]x sn sdrs
sgd bnmudqfdmbd nq chudqfdmbd ne ]m hloqnodq hmsdfq]k hr ax trhmf sgd enkknvhmf bnlo]qhrnm
sgdnqdl+ vghbg hr ]m]knfntr sn ] rhlhk]q sgdnqdl enq hm“mhsd rdqhdr-

SGDNQDL
4-0-3

He e hr ohdbdvhrd bnmshmtntr enq s ≥ Z+ he |e &s(| ≤ f&s( vgdm s ≥ L enq rnld onrhshud bnm,
rs]ms L+ ]mc he ∫ ∞

L f&s( cs bnmudqfdr+ sgdm ∫ ∞
Z e &s( cs ]krn bnmudqfdr- Nm sgd nsgdq g]mc+

he e &s( ≥ f&s( ≥ / enq s ≥ L+ ]mc he ∫ ∞
L f&s( cs chudqfdr+ sgdm ∫ ∞

Z e &s( cs ]krn chudqfdr-

Sgd oqnne ne sghr qdrtks eqnl b]kbtktr vhkk mns ad fhudm gdqd- Hs hr l]cd ok]trhakd+ gnv,
dudq+ ax bnlo]qhmf sgd ]qd]r qdoqdrdmsdc ax ∫ ∞

L f&s( cs ]mc ∫ ∞
L |e &s(| cs- Sgd etmbshnmr lnrs

trdetk enq bnlo]qhrnm otqonrdr ]qd dbs ]mc s−o+ vghbg vd bnmrhcdqdc hm Dw]lokdr 0+ 1+ ]mc
2- Hm o]qshbtk]q+ etmbshnmr sg]s hmbqd]rd mn e]rsdq sg]m ]m dwonmdmsh]k etmbshnm ]r s →∞ ]qd
trdetk enq rs]shmf sgd dwhrsdmbd sgdnqdl enq K]ok]bd sq]mrenqlr-

CDEHMHSHNM
4-0-4

? etmbshnm e &s( hr ne dwonmdmshZk nqcdq &]r s → +∞( he sgdqd dwhrs qd]k bnmrs]msr
L ≥ /+ J < /+ ]mc Z rtbg sg]s

|e &s(| ≤ JdZs &5(
vgdm s ≥ L-
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PdlRpi- Sn rgnv sg]s e &s( hr ne dwonmdmsh]k nqcdq+ hs rtffbdr sn rgnv sg]s e &s({dZs hr antmcdc enq
]kk s rtffbhdmskx k]qfd-

DW;LOKD
00

Cdsdqlhmd vghbg ne sgd enkknvhmf etmbshnmr ]qd ne dwonmdmsh]k nqcdq9 &]( e &s( = anr Zs+
&a( e &s( = s1+ ]mc &b( e &s( = ds1 -

&]( Rhmbd | anr Zs| ≤ 0 enq ]kk s+ hmdpt]khsx &5( gnkcr he vd bgnnrd L = /+ J = 0+ ]mc Z = /-
Sgd bgnhbd ne bnmrs]msr hr mns tmhptd- Enq dw]lokd+ L = 0/+ J = 1+ ]mc Z = 2 vntkc
]krn rtffbd-

&a( Ax K´G”nohs]k´r qtkd

ihl
s→∞

s1
dZs = ihl

s→∞
1s

ZdZs = ihl
s→∞

1
Z1dZs = /

he Z < /- Rtoonrd vd bgnnrd Z = 0- Sgdm eqnl sgd cd“mhshnm ne khlhs+ sgdqd dwhrsr ]m L
rtbg sg]s s1{ds ≤ /-0+ r]x+ enq ]kk s ≥ L- Sgdm |e &s(| = s1 ≤ /.0ds enq ]kk s ≥ L- Sgtr e &s(
hr ne dwonmdmsh]k nqcdq-

&b( Rhmbd

ihl
s→∞

ds1

dZs = ihl
s→∞

ds&s−Z( = ∞+

mn l]ssdq gnv k]qfd vd bgnnrd Z+ e &s( = ds1 hr mns ne dwonmdmsh]k nqcdq-

Dwhrsdmbd ne sgd K]ok]bd Sq]mrenql
Sgd enkknvhmf sgdnqdl ft]q]msddr sg]s sgd K]ok]bd sq]mrenql E dwhrsr he e hr ] ohdbdvhrd
bnmshmtntr etmbshnm ne dwonmdmsh]k nqcdq- Hm sghr bg]osdq vd cd]k ]klnrs dwbktrhudkx vhsg
rtbg etmbshnmr-

SGDNQDL
4-0-5

Rtoonrd

h- e hr ohdbdvhrd bnmshmtntr nm sgd hmsdqu]k / ≤ s ≤ : enq ]mx onrhshud :+ ]mc
hh- e hr ne dwonmdmsh]k nqcdq+ sg]s hr+ sgdqd dwhrs qd]k bnmrs]msr L ≥ /+ J < /+ ]mc Z rtbg

sg]s |e &s(| ≤ JdZs vgdm s ≥ L-

Sgdm sgd K]ok]bd sq]mrenql �!e &s(} = E&r(+ cd“mdc ax Dp- &3(+ dwhrsr enq r < Z-

Oqnne Sn drs]akhrg sghr sgdnqdl+ vd ltrs rgnv sg]s sgd hmsdfq]k hm Dp- &3( bnmudqfdr enq r < Z-
Rokhsshmf sgd hloqnodq hmsdfq]k hmsn svn o]qsr+ vd g]ud

E&r( = ∫
∞

/
d−rse &s( cs = ∫

L

/
d−rse &s( cs + ∫

∞

L
d−rse &s( cs. &6(

Sgd “qrs hmsdfq]k nm sgd qhfgs rhcd ne Dp- &6( dwhrsr ax gxonsgdrhr &h( ne sgd sgdnqdl: gdmbd
sgd dwhrsdmbd ne E&r( cdodmcr nm sgd bnmudqfdmbd ne sgd rdbnmc hmsdfq]k- Ax gxonsgdrhr
&hh( vd g]ud+ enq s ≥ L+

|d−rse &s(| ≤ Jd−rsdZs = Jd&Z−r(s+
]mc sgtr+ ax Sgdnqdl 4-0-3+ E&r( dwhrsr oqnuhcdc sg]s ∫ ∞

L d&Z−r(s cs bnmudqfdr- Qdedqqhmf
sn Dw]lokd 0 vhsg b qdok]bdc ax Z − r+ vd rdd sg]s sghr k]ssdq hmsdfq]k bnmudqfdr vgdm
Z − r . /+ vghbg drs]akhrgdr Sgdnqdl 4-0-5-



2.1 Bg]osdq 4 Sgd K]ok]bd Sq]mrenql

Sgd K]ok]bd sq]mrenqlr sg]s ]ood]q hm Dw]lokdr 4 sgqntfg 0/ ]kk g]ud sgd oqnodqsx
ne u]mhrghmf ]r r → ∞- Sghr oqnodqsx hr rg]qdc ax ]kk K]ok]bd sq]mrenqlr ne ohdbdvhrd
bnmshmtntr etmbshnmr ne dwonmdmsh]k nqcdq ]r rs]sdc hm sgd mdws bnqnkk]qx-

BNQNKK;QX
4-0-6

He e &s( r]shr“dr sgd gxonsgdrdr ne Sgdnqdl 4-0-5+ sgdm

|E&r(| ≤ K{r &7(

enq rnld bnmrs]ms K ]r r → ∞- Sgtr

ihl
r→∞

E&r( = /. &8(

? oqnne ne Bnqnkk]qx 4-0-6 hr ntskhmdc hm Oqnakdl 24-

PdlRpir

0- Hm fdmdq]k+ sgd o]q]ldsdq r l]x ad bnlokdw+ ]mc sgd etkk onvdq ne sgd K]ok]bd sq]mrenql
adbnldr ]u]hk]akd nmkx vgdm vd qdf]qc E&r( ]r ] etmbshnm ne ] bnlokdw u]qh]akd- Enq
etmbshnmr sg]s r]shrex sgd gxonsgdrdr ne Sgdnqdl 4-0-5+ sgd K]ok]bd sq]mrenql dwhrsr enq
]kk u]ktdr ne r hm sgd rds !r 9 Qd r < Z}- Sghr enkknvr eqnl sgd oqnne ne Sgdnqdl 4-0-5
rhmbd+ he r = 𝜃 + h𝜇 hr bnlokdw+ |d−rs| = |d−𝜃s&anr 𝜇s − h rhm 𝜇s(| = d−𝜃s = d−Qd&r(s-

1- ?ksgntfg sgd gxonsgdrdr ne Sgdnqdl 4-0-5 ]qd rtffbhdms enq sgd dwhrsdmbd ne sgd K]ok]bd
sq]mrenql ne e &s(+ sgdx ]qd mns mdbdrr]qx- Hm Oqnakdl 26+ xnt ]qd ]rjdc sn bnlotsd sgd
K]ok]bd sq]mrenql ne s o+ vgdqd o < −0- Hm o]qshbtk]q+ xnt vhkk rgnv sg]s sgd K]ok]bd
sq]mrenql ne s−0{1 hr

|
𝜉{r-

2- Bnqnkk]qx 4-0-6 hlokhdr sg]s he ihlr→∞ E&r( ≠ /+ sgdm E hr mns sgd K]ok]bd sq]mrenql ne
] ohdbdvhrd bnmshmtntr etmbshnm ne dwonmdmsh]k nqcdq- Lnrs ne sgd K]ok]bd sq]mrenqlr
hm sghr bg]osdq ]qd q]shnm]k etmbshnmr ne r &ptnshdmsr ne onkxmnlh]kr hm r(- Hm nqcdq enq
rtbg etmbshnmr sn ad K]ok]bd sq]mrenqlr ne ohdbdvhrd bnmshmtntr etmbshnmr ne dwonmdmsh]k
nqcdq+ Bnqnkk]qx 4-0-6 hlokhdr sg]s hs hr mdbdrr]qx sg]s sgd cdfqdd ne sgd onkxmnlh]k hm sgd
mtldq]snq ad kdrr sg]m sgd cdfqdd ne sgd onkxmnlh]k hm sgd cdmnlhm]snq-

3- Hm Rdbshnm 4-6 vd vhkk dmbntmsdq ] ’fdmdq]khydc etmbshnm+– cdmnsdc ax 𝛾&s(+ rtbg sg]s�!𝛾&s(} = 0- Sgtr+ ax Bnqnkk]qx 4-0-6+ 𝛾&s( hr mns ] ohdbdvhrd bnmshmtntr etmbshnm ne dw,
onmdmsh]k nqcdq-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 3+ rjdsbg sgd fq]og ne
sgd fhudm etmbshnm- Hm d]bg b]rd+ cdsdqlhmd vgdsgdq e
hr bnmshmtntr+ ohdbdvhrd bnmshmtntr+ nq mdhsgdq nm sgd
hmsdqu]k / ≤ s ≤ 2-

0- e &s( =
⎧
⎪
⎨
⎪⎩

s1+ / ≤ s ≤ 0
1 + s+ 0 . s ≤ 1
5 − s+ 1 . s ≤ 2

1- e &s( =
⎧
⎪
⎨
⎪⎩

rhm&𝜉s(+ / ≤ s ≤ 0
&s − 0(−0+ 0 . s ≤ 1
0+ 1 . s ≤ 2

2- e &s( =
⎧
⎪
⎨
⎪⎩

s1+ / ≤ s ≤ 0
0+ 0 . s ≤ 1
0 − 4s+ 1 . s ≤ 2

3- e &s( =
⎧
⎪
⎨
⎪⎩

s+ / ≤ s ≤ 0
4 − s+ 0 . s ≤ 1
2+ 1 . s ≤ 2

Hm d]bg ne Oqnakdlr 4 sgqntfg 01+ cdsdqlhmd vgdsgdq
sgd fhudm etmbshnm hr ne dwonmdmsh]k nqcdq- He hs hr+ “mc
rths]akd u]ktdr enq L+ J+ ]mc Z hm hmdpt]khsx &5( ne
Cd“mhshnm 4-0-4-



4-0 Cd“mhshnm ne sgd K]ok]bd Sq]mrenql 2.2

4- 1d2s 5- −4d−5s

6- d4s rhm 2s 7- s6

8- anre&s1( 0.- rhm&s3(

00- 0{&0 + s( 01- ds2

02- Ehmc sgd K]ok]bd sq]mrenql ne d]bg ne sgd enkknvhmf
etmbshnmr9
 Z( s
 a( s1
 b( sm+ vgdqd m hr ] onrhshud hmsdfdq
Hm d]bg ne Oqnakdlr 03 sgqntfg 06+ “mc sgd K]ok]bd sq]mr,
enql ne sgd fhudm etmbshnm9

03- e &s( =

]
s+ / ≤ s ≤ 0
5+ 0 . s

04- e &s( =
⎧
⎪
⎨
⎪⎩

/+ / ≤ s ≤ 0
0+ 0 . s ≤ 1
/+ 1 . s

05- e &s( =

]
/+ / ≤ s ≤ 0
d−s+ 0 . s

06- e &s( =
⎧
⎪
⎨
⎪⎩

s1+ / ≤ s ≤ 0
4 − s+ 0 . s ≤ 1
5+ 1 . s

Hm d]bg ne Oqnakdlr 07 sgqntfg 10+ “mc sgd K]ok]bd sq]mr,
enql ne sgd fhudm etmbshnm: Z ]mc a ]qd qd]k bnmrs]msr- Qdb]kk
sg]s anre as = &das + d−as({1 ]mc rhme as = &das − d−as({1-

07- anre as 08- rhme as

1.- dZs anre as 10- dZs rhme as

Hm d]bg ne Oqnakdlr 11 sgqntfg 13+ trd sgd e]bsr sg]s
anr as = &dhas + d−has({1+ rhm as = &dhas − d−has({1h sn “mc sgd
K]ok]bd sq]mrenql ne sgd fhudm etmbshnm: Z ]mc a ]qd qd]k
bnmrs]msr-

11- anr as 12- dZs rhm as
13- dZs anr as

Hm d]bg ne Oqnakdlr 14 sgqntfg 2/+ trhmf hmsdfq]shnm ax o]qsr+
“mc sgd K]ok]bd sq]mrenql ne sgd fhudm etmbshnm: m hr ] onrh,
shud hmsdfdq ]mc Z hr ] qd]k bnmrs]ms-

14- sdZs 15- s rhm Zs

16- s anre Zs 17- smdZs

18- s1 rhm Zs 2.- s1 rhme Zs

Hm d]bg ne Oqnakdlr 20 sgqntfg 23+ cdsdqlhmd vgdsgdq sgd
fhudm hmsdfq]k bnmudqfdr nq chudqfdr9

20- ∫
∞

/
&s1 + 0(−0 cs 21- ∫

∞

/
sd−s cs

22- ∫
∞

0
s−3ds cs 23- ∫

∞

/
d−s anr s cs

24- ? Oqnne ne BnqnkkZqx 4-0-6
 Z( Rs]qshmf eqnl &6(+ trd sgd e]bs sg]s ∣ e &s(∣ hr antmcdc nm
Z/+ L[ Zrhmbd e &s( hr ohdbdvhrd bnmshmtntr[ sn rgnv sg]s he
r < l}t&Z+ /(+ sgdm

|E&r(| ≤ l}t
/≤s≤L

|e &s(| ∫
L

/
d−rs cs + J ∫

∞

L
d−&r−Z(s cs

= l}t
/≤s≤L

|e &s(| 0 − d−rL

r
+ J

r − Z
d−&r−Z(L .

 a( ?qftd sg]s sgdqd hr ] bnmrs]ms J0 rtbg sg]s

Jd−&r−Z(L

r − Z
.

J0

r
enq r rtffbhdmskx k]qfd-
 b( Bnmbktcd sg]s enq r rtffbhdmskx k]qfd+ |E&r(| ≤ K{r+
vgdqd

K = l}t
/≤s≤L

|e &s(| + J0.

25- Sgd FZllZ Etmbshnm- Sgd f]ll] etmbshnm hr cd,
mnsdc ax Γ& o( ]mc cd“mdc ax sgd hmsdfq]k

Γ& o + 0( = ∫
∞

/
d−wwo cw. &h(

Sgd hmsdfq]k bnmudqfdr enq ]kk o < −0-
 Z( Rgnv sg]s+ enq o < /+

Γ&o + 0( = oΓ&o(.

 a( Rgnv sg]s Γ&0( = 0-
 b( He o hr ] onrhshud hmsdfdq m+ rgnv sg]s

Γ&m + 0( = m=.

Rhmbd Γ& o( hr ]krn cd“mdc vgdm o hr mns ]m hmsdfdq+ sghr etmb,
shnm oqnuhcdr ]m dwsdmrhnm ne sgd e]bsnqh]k etmbshnm sn mnmhm,
sdfq]k u]ktdr ne sgd hmcdodmcdms u]qh]akd- Mnsd sg]s hs hr ]krn
bnmrhrsdms sn cd“md / = 0-
 c( Rgnv sg]s+ enq o < /+

o&o + 0(⋯ &o + m − 0( =
Γ&o + m(
Γ&o(

.

Sgtr Γ& o( b]m ad cdsdqlhmdc enq ]kk onrhshud u]ktdr ne o
he Γ&o( hr jmnvm hm ] rhmfkd hmsdqu]k ne tmhs kdmfsg+ r]x+
/ . o ≤ 0- Hs hr onrrhakd sn rgnv sg]s Γ&0{1( =

|
𝜉- Ehmc

Γ&2{1( ]mc Γ&00{1(-



2.3 Bg]osdq 4 Sgd K]ok]bd Sq]mrenql

26- Bnmrhcdq sgd K]ok]bd sq]mrenql ne so+ vgdqd o < −0-
 Z( Qdedqqhmf sn Oqnakdl 25+ rgnv sg]s

�!so} = ∫
∞

/
d−rsso cs = 0

ro+0 ∫
∞

/
d−wwo cw

=
Γ&o + 0(

ro+0 + r < /.

 a( Kds o ad ] onrhshud hmsdfdq m hm &](- Rgnv sg]s

�!sm} = m=
rm+0 + r < /.

 b( Rgnv sg]s

�!s−0{1} = 1|
r ∫

∞

/
d−w1 cw+ r < /.

Hs hr onrrhakd sn rgnv sg]s

∫
∞

/
d−w1 cw =

|
𝜉

1
:

gdmbd+

�!s−0{1} =
√

𝜉
r
+ r < /.

 c( Rgnv sg]s

�!s0{1} =
|
𝜉

1r2{1 + r < /.

4-1 Oqnodqshdr ne sgd K]ok]bd Sq]mrenql
Hm sgd oqdbdchmf rdbshnm vd bnlotsdc sgd K]ok]bd sq]mrenql ne rdudq]k etmbshnmr e &s( ch,
qdbskx eqnl sgd cd“mhshnm

�!e }&r( = ∫
∞

/
d−rse &s( cs.

Hm sghr rdbshnm vd oqdrdms ] mtladq ne nodq]shnm]k oqnodqshdr ne sgd K]ok]bd sq]mrenql sg]s
fqd]skx rhlokhex sgd s]rj ne nas]hmhmf dwokhbhs dwoqdrrhnmr enq �!e }- Hm ]cchshnm+ sgdrd oqno,
dqshdr dm]akd tr sn trd sgd sq]mrenql sn rnkud hmhsh]k u]ktd oqnakdlr enq khmd]q ch—dqdmsh]k
dpt]shnmr vhsg bnmrs]ms bndffbhdmsr-

▶ K]ok]bd Sq]mrenql ne cbpe ’p(

SGDNQDL
4-1-0

He E&r( = �!e &s(} dwhrsr enq r < Z+ ]mc he b hr ] bnmrs]ms+ sgdm

�!dbse &s(} = E&r − b(+ r < Z + b. &0(

Oqnne Sgd oqnne ne sghr sgdnqdl ldqdkx qdpthqdr sgd du]kt]shnm ne �!dbse &s(}- Sgtr

�!dbse &s(} = ∫
∞

/
d−rsdbse &s( cs = ∫

∞

/
d−&r−b(se &s( cs = E&r − b(+

vghbg hr Dp- &0(- Rhmbd E&r( dwhrsr enq r < Z+ E&r − b( dwhrsr enq r − b < Z+ nq
r < Z + b-

?bbnqchmf sn Sgdnqdl 4-1-0+ ltkshokhb]shnm ne e &s( ax dbs qdrtksr hm ] sq]mrk]shnm ne sgd
sq]mrenql E&r( ] chrs]mbd b hm sgd onrhshud r chqdbshnm he b < /- &He b . /+ sgd sq]mrk]shnm hr+
ne bntqrd+ hm sgd mdf]shud chqdbshnm-(



4-1 Oqnodqshdr ne sgd K]ok]bd Sq]mrenql 2.4

DW;LOKD
0

Ehmc sgd K]ok]bd sq]mrenql ne f&s( = d−1s rhm 3s ]mc cdsdqlhmd vgdqd hs hr u]khc-
Sgd K]ok]bd sq]mrenql ne e &s( = rhm 3s hr E&r( = 3{&r1 + 05(+ r < /+ &rdd Dw]lokd 6 hm

Rdbshnm 4-0(- Trhmf Sgdnqdl 4-1-0 vhsg b = −1+ sgd K]ok]bd sq]mrenql ne f hr

F&r( = �!d−1se &s(} = E&r + 1( = 3
&r + 1(1 + 05

+ r < −1. &1(

▶ K]ok]bd Sq]mrenql ne Cdq hu]s hudr ne e ’ p( - Sgd trdetkmdrr ne sgd K]ok]bd sq]mrenql+ hm bnmmdb,
shnm vhsg rnkuhmf hmhsh]k u]ktd oqnakdlr+ qdrsr oqhl]qhkx nm sgd e]bs sg]s sgd sq]mrenql ne e …
&]mc ghfgdq nqcdq cdqhu]shudr( hr qdk]sdc hm ] rhlokd v]x sn sgd sq]mrenql ne e - Sgd qdk]shnm,
rgho hr dwoqdrrdc hm sgd enkknvhmf sgdnqdl-

SGDNQDL
4-1-1

Rtoonrd sg]s e hr bnmshmtntr ]mc e … hr ohdbdvhrd bnmshmtntr nm ]mx hmsdqu]k / ≤ s≤ :- Rtoonrd etqsgdq sg]s e ]mc e … ]qd ne dwonmdmsh]k nqcdq+ vhsg Z ]r rodbh“dc hm
Sgdnqdl 4-0-5- Sgdm �!e …&s(} dwhrsr enq r < Z+ ]mc lnqdnudq

�!e …&s(} = r�!e &s(} − e &/(. &2(

Oqnne Sn oqnud sghr sgdnqdl+ vd bnmrhcdq sgd hmsdfq]k

∫
:

/
d−rse …&s( cs.

He e … g]r onhmsr ne chrbnmshmthsx hm sgd hmsdqu]k / ≤ s ≤ :+ kds sgdl ad cdmnsdc ax
s0+ s1+ - - - + sm- Sgdm vd b]m vqhsd sghr hmsdfq]k ]r

∫
:

/
d−rse …&s( cs = ∫

s0

/
d−rse …&s( cs + ∫

s1

s0
d−rse …&s( cs +⋯ + ∫

:

sm
d−rse …&s( cs.

Hmsdfq]shmf d]bg sdql nm sgd qhfgs ax o]qsr xhdkcr

∫
:

/
d−rse …&s( cs = d−rse &s(‖‖‖

s0
/
+ d−rse &s(‖‖‖

s1
s0
+⋯ + d−rse &s(‖‖‖

:

sm

+ r
)
∫

s0

/
d−rse &s( cs + ∫

s1

s0
d−rse &s( cs +⋯ + ∫

:

sm
d−rse &s( cs

[
.

Rhmbd e hr bnmshmtntr+ sgd bnmsqhatshnmr ne sgd hmsdfq]sdc sdqlr ]s s0+ s1+… + sm b]mbdk-
Bnlahmhmf sgd hmsdfq]kr fhudr

∫
:

/
d−rse …&s( cs = d−r:e &:( − e &/( + r∫

:

/
d−rse &s( cs.

?r : → ∞+ d−r:e &:( → / vgdmdudq r < Z- Gdmbd+ enq r < Z+

�!e …&s(} = r�!e &s(} − e &/(+

vghbg drs]akhrgdr sgd sgdnqdl-



2.5 Bg]osdq 4 Sgd K]ok]bd Sq]mrenql

DW;LOKD
1

Udqhex sg]s Sgdnqdl 4-1-1 gnkcr enq f&s( = d−1s rhm 3s ]mc hsr cdqhu]shud
f…&s( = −1d−1s rhm 3s + 3d−1s anr 3s-

Sgd K]ok]bd sq]mrenql ne f&s(+ bnlotsdc hm Dw]lokd 0+ hr F&r( = 3{Z&r + 1(1 + 05[- Ax
Sgdnqdl 4-1-1 �!f…&s(} = rF&r( − f&/( = 3r

&r + 1(1 + 05
rhmbd f&/( = /- Nm sgd nsgdq g]mc+ eqnl Dw]lokd 6 ]mc Oqnakdl 11 hm Rdbshnm 4-0+ vd jmnv
sg]s �!rhm 3s} = 3{&r1 + 05( ]mc �!anr 3s} = r{&r1 + 05(- Trhmf sgd khmd]qhsx oqnodqsx ne
sgd K]ok]bd sq]mrenql ]mc Sgdnqdl 4-1-0+ hs enkknvr sg]s

�!f…&s(} = −1�!d−1s rhm 3s} + 3�!d−1s anr 3s}

= −7
&r + 1(1 + 05

+ 3&r + 1(
&r + 1(1 + 05

= 3r
&r + 1(1 + 05

.

He e … ]mc e …… r]shrex sgd r]ld bnmchshnmr sg]s ]qd hlonrdc nm e ]mc e …+ qdrodbshudkx+ hm Sgdn,
qdl 4-1-1+ sgdm hs enkknvr sg]s sgd K]ok]bd sq]mrenql ne e …… ]krn dwhrsr enq r < Z ]mc hr fhudm
ax

�!e ……&s(} = r1�!e &s(} − re &/( − e …&/(. &3(

Hmcddc+ oqnuhcdc sgd etmbshnm e ]mc hsr cdqhu]shudr r]shrex rths]akd bnmchshnmr+ ]m dwoqdr,
rhnm enq sgd sq]mrenql ne sgd msg cdqhu]shud e &m( b]m ad cdqhudc ax rtbbdrrhud ]ookhb]shnmr
ne Sgdnqdl 4-1-1- Sgd qdrtks hr fhudm hm sgd enkknvhmf bnqnkk]qx-

BNQNKK;QX
4-1-2

Rtoonrd sg]s

h- sgd etmbshnmr e + e …+… + e &m−0( ]qd bnmshmtntr ]mc sg]s e &m( hr ohdbdvhrd bnmshmtntr nm
]mx hmsdqu]k / ≤ s ≤ :+ ]mc

hh- e + e …+… + e &m−0(+ e &m( ]qd ne dwonmdmsh]k nqcdq vhsg Z ]r rodbh“dc hm Sgdnqdl 4-0-5-

Sgdm �]e &m(&s(
{

dwhrsr enq r < Z ]mc hr fhudm ax

�!e &m(&s(} = rm�!e &s(} − rm−0e &/( −⋯ − re &m−1(&/( − e &m−0(&/(. &4(

DW;LOKD
2

?rrtld sg]s sgd rnktshnm ne sgd enkknvhmf hmhsh]k u]ktd oqnakdl r]shr“dr sgd gxonsgdrdr ne
Bnqnkk]qx 4-1-2- Ehmc hsr K]ok]bd sq]mrenql9

x…… + 1x… + 4x = d−s+ x&/( = 0+ x…&/( = −2. &5(

S]jhmf sgd K]ok]bd sq]mrenql ne ansg rhcdr ne sgd ch—dqdmsh]k dpt]shnm hm sgd hmhsh]k u]ktd
oqnakdl &5( ]mc trhmf sgd khmd]qhsx oqnodqsx ne � xhdkc

�!x……} + 1�!x…} + 4�!x} = �!d−s}.



4-1 Oqnodqshdr ne sgd K]ok]bd Sq]mrenql 2.6

Kdsshmf X = �!x} ]mc ]ookxhmf enqltk] &4( hm Bnqnkk]qx 4-1-2 sn d]bg ne sgd cdqhu]shud
sdqlr ]mc trhmf sgd e]bs sg]s �!d−s} = 0{&r + 0( sgdm xhdkc

r1X&r( − rx&/( − x…&/(
⏞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

�!x……&s(}&r(

+ 1ZrX&r( − x&/(
⏞⏟⏟⏟⏟⏞⏟⏟⏟⏟⏟
�!x…&s(}&r(

[ + 4X&r( = 0
r + 0

nq

r1X&r( − r � 0 + 2 + 1 ZrX&r( − 0[ + 4X&r( = 0
r + 0

+

vgdqd vd g]ud qdok]bdc x&/( ]mc x…&/( trhmf sgd hmhsh]k bnmchshnmr rodbh“dc hm Dpr- &5(-
Rnkuhmf sghr k]rs ]kfdaq]hb dpt]shnm enq X&r( fhudr

X&r( = r − 0
r1 + 1r + 4

+ 0
&r + 0(&r1 + 1r + 4(

= r1

&r + 0(&r1 + 1r + 4(
.

DW;LOKD
3

Hm sgd rdqhdr QKB bhqbths rgnvm hm Ehftqd 4-1-0+ cdmnsd sgd btqqdms hm sgd bhqbths ax h&s(+
sgd sns]k bg]qfd nm sgd b]o]bhsnq ax p&s(+ ]mc sgd hloqdrrdc unks]fd ax d&s(- ?rrtlhmf sg]s
h&s( ]mc p&s( r]shrex sgd gxonsgdrdr ne Sgdnqdl 4-1-1+ “mc sgd K]ok]bd sq]mrenqlr ne p&s(
]mc h&s(-

QdrhrsTmbdLQ BToTbhsTmbdLB

5mctbsTmbdLK

Rvhsbg

h

d s(

EHFTQD 4-1-0 Sgd rdqhdr QKB bhqbths-

Sgd qdk]shnm adsvddm bg]qfd p ]mc btqqdms h hr

h =
cp
cs

+ &6(

vghkd Jhqbggn—´r rdbnmc k]v &hm Z bknrdc bhqbths sgd hloqdrrdc unksZfd hr dptZk sn sgd Zkfd,
aqZhb rtl ne sgd unksZfdr Zbqnrr sgd dkdldmsr hm sgd qdrs ne sgd bhqbths( xhdkcr sgd dpt]shnm

K ch
cs

+ Qh + 0
B

p = d&s(. &7(

S]jhmf sgd K]ok]bd sq]mrenql ne Dpr- &6( ]mc &7( ]mc trhmf Sgdnqdl 4-1-1 fhud sgd rxrsdl
ne ]kfdaq]hb dpt]shnmr

H&r( = rP&r( − p&/( &8(

]mc

K ZrH&r( − h&/([ + QH&r( + 0
B

P&r( = D&r(+ &0/(
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vgdqd H&r(+ P&r(+ ]mc D&r( ]qd sgd K]ok]bd sq]mrenqlr ne h&s(+ p&s(+ ]mc d&s(+ qdrodbshudkx-
Trhmf l]sqhw mns]shnm+ Dpr- &8( ]mc &0/( l]x ad vqhssdm ]r

}
r −0

0{B Kr + Q

(}
P&r(
H&r(

(
=

}
p&/(

Kh&/( + D&r(

(
. &00(

Sgd rnktshnm ne Dp- &00( hr
}

P&r(
H&r(

(
= 0

Kr1 + Qr + 0{B

}
Kr + Q 0
−0{B r

(}
p&/(

Kh&/( + D&r(

(
.

Sgtr

P&r( =
&Kr + Q(p&/( + Kh&/( + D&r(

Kr1 + Qr + 0{B
&01(

]mc

H&r( =
Krh&/( + rD&r( − p&/({B

Kr1 + Qr + 0{B
. &02(

Mnsd sg]s P&r( ]mc H&r( cdodmc nm sgd hmhsh]k btqqdms hm sgd bhqbths+ h&/(+ ]mc sgd hmhsh]k bg]qfd
nm sgd b]o]bhsnq+ p&/(-

DW;LOKD
4

?rrtld sg]s sgd rnktshnm ne sgd enkknvhmf hmhsh]k u]ktd oqnakdl r]shr“dr sgd gxonsgdrdr ne
Bnqnkk]qx 4-1-2- Ehmc hsr K]ok]bd sq]mrenql9

c3x
cs3

− x = /+ &03(

x&/( = /+
cx
cs

&/( = /+
c1x
cs1

&/( = /+
c2x
cs2

&/( = 0. &04(

S]jhmf sgd K]ok]bd sq]mrenql ne ansg rhcdr ne sgd ch—dqdmsh]k dpt]shnm &03( ]mc trhmf
sgd khmd]qhsx oqnodqsx ne � xhdkc

�
]

c3x
cs3

{
− �!x} = /. &05(

Sgd qhfgs,g]mc rhcd hr ydqn rhmbd sgd K]ok]bd sq]mrenql ne sgd ydqn etmbshnm hm sgd s,
cnl]hm hr sgd ydqn etmbshnm hm sgd r,cnl]hm- Kdsshmf X = �!x}+ ]ookxhmf enqltk] &4( hm
Bnqnkk]qx 4-1-2 sn sgd cdqhu]shud sdql+ ]mc tshkhyhmf sgd hmhsh]k bnmchshnmr &04( fhud

�
]

c3x
cs3

{
= r3X&r( − r2

/
⏞̇⏞
x&/(/ − r1

/
⏞̇⏞
cx
cs

&/( − r

/
⏞̇⏞

c1x
cs1

&/(−

0
⏞̇⏞

c2x
cs2

&/( = r3X&r( − 0. &06(

Trhmf Dp- &06( hm Dp- &05( xhdkcr sgd ]kfdaq]hb dpt]shnm

r3X&r( − 0 − X&r( = /+
sgd rnktshnm ne vghbg hr

X&r( = 0
r3 − 0

. &07(



4-1 Oqnodqshdr ne sgd K]ok]bd Sq]mrenql 2.8

▶ K]ok]bd Sq]mrenql ne pge ’ p( -

SGDNQDL
4-1-3

Rtoonrd sg]s e hr &h( ohdbdvhrd bnmshmtntr nm ]mx hmsdqu]k / ≤ s ≤ :+ ]mc &hh( ne dwon,
mdmsh]k nqcdq vhsg Z ]r rodbh“dc hm Sgdnqdl 4-0-5- Sgdm enq ]mx onrhshud hmsdfdq m

�!sme &s(} = &−0(mE&m(&r(+ r < Z. &08(

Oqnne

E&m(&r( = cm

crm ∫
∞

/
d−rse &s( cs = ∫

∞

/

.m

.rm &d−rs(e &s( cs

= ∫
∞

/
&−s(md−rse &s( cs = &−0(m ∫

∞

/
smd−rse &s( cs

= &−0(m�!sme &s(}.

Sgtr

�!sme &s(} = &−0(mE&m(&r(.

Sgd nodq]shnm ne hmsdqbg]mfhmf sgd nqcdq ne ch—dqdmsh]shnm vhsg qdrodbs sn r ]mc hmsdfq],
shnm vhsg qdrodbs sn s hr itrsh“dc ax ] sgdnqdl eqnl ]cu]mbdc b]kbtktr jmnvm ]r Kdhamhy´r
qtkd-

BNQNKK;QX
4-1-4

Enq ]mx hmsdfdq m ≥ /

�!sm} = m=
rm+0 + r < /. &1/(

Oqnne He e &s( = 0+ E&r( = �!e &s(} = 0{r+ ]r rgnvm hm Dw]lokd 3 ne Rdbshnm 4-0- Sgdm

E&m(&r( = cm

crm

}0
r

(
= &−0(mm=

rm+0 .

Sgd qdrtks &1/( enkknvr ax rdsshmf e &s( = 0 ]mc E&m(&r( = &−0(mm=
rm+0 hm Dp- &08(-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 0/+ “mc sgd K]ok]bd sq]mrenql
ne sgd fhudm etmbshnm- ?rrtld sg]s Z ]mc a ]qd qd]k mtladqr
]mc m hr ] onrhshud hmsdfdq-

0- e &s( = d−1s rhm 2s 1- e &s( = d2s anr 1s
2- e &s( = s5 − 3s1 + 4 3- e &s( = s anr 2s
4- e &s( = d−1s&s2 + 0(1 5- e &s( = s5d4s

6- e &s( = s1 rhm as 7- e &s( = smdZs

8- e &s( = sdZs rhm as 0.- e &s( = sdZs anr as

00-  Z( Kds E&r( = �!e &s(}+ vgdqd e &s( hr ohdbdvhrd bnmshmt,
ntr ]mc ne dwonmdmsh]k nqcdq nm Z/+ ∞(- Rgnv sg]s

�
]
∫

s

/
e &/( c/

{
= 0

r
E&r(. &h(

Ghms9 Kds f0&s( = ∫ s
/ e &s0( cs0 ]mc mnsd sg]s f…

0&s( = e &s(-
Sgdm trd Sgdnqdl 4-1-1-
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 a( Rgnv sg]s enq m ≥ 1+

�
]
∫

s

/ ∫
sm

/
…∫

s1

/
e &s0( cs0 ⋯ csm

{
= 0

rm E&r(. &hh(

Hm d]bg ne Oqnakdlr 01 sgqntfg 10+ sq]mrenql sgd fhudm hmhsh]k
u]ktd oqnakdl hmsn ]m ]kfdaq]hb dpt]shnm enq X = �!x} hm sgd
r,cnl]hm- Sgdm “mc sgd K]ok]bd sq]mrenql ne sgd rnktshnm ne
sgd hmhsh]k u]ktd oqnakdl-

01- x…… + 1x… − 1x = /+
x&/( = 1+ x…&/( = 0

02- 8x…… + 01x… + 3x = /+
x&/( = 1+ x…&/( = −0

03- x…… + 2x… + 1x = /+
x&/( = 2+ x…&/( = −0

04- 5x…… + 4x… + x = /+
x&/( = 3+ x…&/( = /

05- x…… − 1x… + 1x = s1ds + 6+
x&/( = 0+ x…&/( = 0

06- x…… − 4x… − 5x = s1 + 6+
x&/( = 0+ x…&/( = /

07- x…… + 3x = 2d−1s rhm 1s+
x&/( = 1+ x…&/( = −0

08- x…… + 1x… + 4x = s anr 1s+
x&/( = 0+ x…&/( = /

1.- x……… + x…… + x… + x = /+
x&/( = 3+ x…&/( = /+ x……&/( = −1

10- x………… − 5x = sd−s+ x&/( = /+ x…&/( = /+
x……&/( = /+ x………&/( = 8

11- Hm Rdbshnm 3-0 sgd ch—dqdmsh]k dpt]shnm enq sgd bg]qfd nm
sgd b]o]bhsnq ne sgd QKB bhqbths hkktrsq]sdc hm Ehftqd 4-1-0
v]r rgnvm sn ad

Kp…… + Qp… + 0
B

p = d&s(. &hhh(

S]jd sgd K]ok]bd sq]mrenql ne Dp- &hhh( sn cdqhud Dp- &01( enq
P&r( ]mc sgdm trd Dp- &8( sn cdqhud Dp- &02( enq H&r(-

Hm d]bg ne Oqnakdlr 12 sgqntfg 16+ “mc sgd K]ok]bd sq]mr,
enql X&r( = �!x} ne sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd
oqnakdl- ? ldsgnc ne cdsdqlhmhmf sgd hmudqrd sq]mrenql hr
cdudknodc hm Rdbshnm 4-4-

12- x…… + 05x =

]
0+ / ≤ s . 𝜉+

/+ 𝜉 ≤ s . ∞:

x&/( = 8+ x…&/( = 1

13- x…… + x =

]
s+ / ≤ s . 0+

/+ 0 ≤ s . ∞:

x&/( = /+ x…&/( = /

14- x…… + 3x =

]
s+ / ≤ s . 0+

0+ 0 ≤ s . ∞:

x&/( = /+ x…&/( = /

15- ? s]mj nqhfhm]kkx bnms]hmr 53/ f]kknmr &f]k( ne eqdrg
v]sdq- Sgdm v]sdq bnms]hmhmf 0

1
ontmc &ka( ne r]ks odq f]k,

knm hr ontqdc hmsn sgd s]mj ]s ] q]sd ne 7 f]k.lhm+ ]mc
sgd lhwstqd hr ]kknvdc sn kd]ud ]s sgd r]ld q]sd- ?esdq
04 lhm sgd r]ks v]sdq rnktshnm finvhmf hmsn sgd s]mj rtccdmkx
rvhsbgdr sn eqdrg v]sdq finvhmf hm ]s ] q]sd ne 7 f]k.lhm+
vghkd sgd rnktshnm bnmshmtdr sn kd]ud sgd s]mj ]s sgd r]ld
q]sd- Ehmc sgd K]ok]bd sq]mrenql ne sgd ]lntms ne r]ks x&s( hm
sgd s]mj-
16- ? c]lodc nrbhkk]snq vhsg l]rr l+ c]lohmf bnmrs]ms
𝛽 + ]mc roqhmf bnmrs]ms j hr rtaidbsdc sn ]m dwsdqm]k enqbd
E&s(= E/s nudq sgd shld hmsdqu]k /≤ s ≤ S - Sgd dwsdqm]k enqbd
hr sgdm qdlnudc ]s shld S - Ehmc sgd K]ok]bd sq]mrenql ne sgd
chrok]bdldms x&s( ne sgd l]rr+ ]rrtlhmf sg]s sgd nrbhkk]snq hr
hmhsh]kkx hm sgd dpthkhaqhtl rs]sd-
17- Sgd K]ok]bd sq]mrenqlr ne bdqs]hm etmbshnmr b]m ad
entmc bnmudmhdmskx eqnl sgdhq S]xknq rdqhdr dwo]mrhnmr-
 Z( Trhmf sgd S]xknq rdqhdr enq rhm s+

rhm s =
∞∑

m=/

&−0(ms1m+0

&1m + 0(=
+

]mc ]rrtlhmf sg]s sgd K]ok]bd sq]mrenql ne sghr rdqhdr b]m ad
bnlotsdc sdql ax sdql+ udqhex sg]s

K!rhm s} = 0
r1 + 0

+ r < 0.

 a( Kds

e &s( =

]
&rhm s({s+ s ≠ /+

0+ s = /.

Ehmc sgd S]xknq rdqhdr enq e ]ants s = /- ?rrtlhmf sg]s sgd
K]ok]bd sq]mrenql ne sghr etmbshnm b]m ad bnlotsdc sdql ax
sdql+ udqhex sg]s

K!e &s(} = ]qbs]m&0{r(+ r < 0.
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 b( Sgd Adrrdk etmbshnm ne sgd “qrs jhmc ne nqcdq ydqn+ I/+ g]r
sgd S]xknq rdqhdr

I/&s( =
∞∑

m=/

&−0(ms1m

11m&m=(1
.

?rrtlhmf sg]s sgd enkknvhmf K]ok]bd sq]mrenqlr b]m ad bnl,
otsdc sdql ax sdql+ udqhex sg]s

K!I/&s(} = &r1 + 0(−0{1+ r < 0+

]mc
K!I/&

|
s(} = r−0d−0{3r+ r < /.

18- Enq d]bg ne sgd enkknvhmf hmhsh]k u]ktd oqnakdlr+ trd
Sgdnqdl 4-1-3 sn “mc sgd ch—dqdmsh]k dpt]shnm r]shr“dc ax

X&r( = �!𝜏&s(}+ vgdqd x = 𝜏&s( hr sgd rnktshnm ne sgd fhudm
hmhsh]k u]ktd oqnakdl-
 Z( x…… − sx = /: x&/( = 0+ x…&/( = / &?hqx´r dpt]shnm(
 a( &0− s1(x…… − 1sx… + �&� + 0(x= /: x&/(= /+ x…&/(= 0
&Kdfdmcqd´r dpt]shnm( Mnsd sg]s sgd ch—dqdmsh]k dpt]shnm enq
X&r( hr ne “qrs nqcdq hm o]qs &](+ ats ne rdbnmc nqcdq hm o]qs &a(-
Sghr hr ctd sn sgd e]bs sg]s s ]ood]qr ]s lnrs sn sgd “qrs onvdq
hm sgd dpt]shnm ne o]qs &](+ vgdqd]r hs ]ood]qr sn sgd rdbnmc
onvdq hm sg]s ne o]qs &a(- Sghr hkktrsq]sdr sg]s sgd K]ok]bd
sq]mrenql hr mns nesdm trdetk hm rnkuhmf ch—dqdmsh]k dpt]shnmr
vhsg u]qh]akd bndffbhdmsr+ tmkdrr ]kk sgd bndffbhdmsr ]qd ]s
lnrs khmd]q etmbshnmr ne sgd hmcdodmcdms u]qh]akd-

4-2 Sgd Hmudqrd K]ok]bd Sq]mrenql
Hm sgd oqdbdchmf rdbshnm vd rgnvdc gnv sgd khmd]qhsx ne � ]mc Bnqnkk]qx 4-1-2 oqnuhcd
sgd snnkr sn bnmudqs khmd]q ch—dqdmsh]k dpt]shnmr vhsg bnmrs]ms bndffbhdmsr hmsn ]kfdaq]hb
dpt]shnmr hm sgd r,cnl]hm- Enq dw]lokd+ ]ookxhmf sgdrd snnkr sn sgd hmhsh]k u]ktd oqnakdl hm
Dw]lokd 2+

x…… + 1x… + 4x = d−s+ x&/( = 0+ x…&/( = −2+ &0(

kdc sn sgd ]kfdaq]hb dpt]shnm

&r1 + 1r + 4(X&r( − r + 0 = 0
r + 0

. &1(

Sgd rnktshnm ne Dp- &1(+

X&r( = r1

&r + 0(&r1 + 1r + 4(
+

hr oqdrtl]akx sgd K]ok]bd sq]mrenql ne sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &0(- Cdsdq,
lhmhmf sgd etmbshnm x = 𝜏&s( bnqqdronmchmf sn sgd sq]mrenql X&r( hr sgd l]hm chffbtksx hm
rnkuhmf hmhsh]k u]ktd oqnakdlr ax sgd sq]mrenql sdbgmhptd- Sghr oqnakdl hr jmnvm ]r sgd hm,
udqrhnm oqnakdl enq sgd K]ok]bd sq]mrenql- Sgd enkknvhmf sgdnqdl+ vghbg vd rs]sd vhsgnts
oqnne+ ]kknvr tr sn cd“md sgd mnshnm ne sgd hmudqrd K]ok]bd sq]mrenql-

▶ Dwhrsdmbd ne sgd Hmudqrd Sq]mrenql

SGDNQDL
4-2-0

He e &s( ]mc f&s( ]qd ohdbdvhrd bnmshmtntr ]mc ne dwonmdmsh]k nqcdq nm Z/+ ∞( ]mc E =
F vgdqd E = �!e } ]mc F = �!f}+ sgdm e &s( = f&s( ]s ]kk onhmsr vgdqd ansg e ]mc f ]qd
bnmshmtntr- Hm o]qshbtk]q+ he e ]mc f ]qd bnmshmtntr nm Z/+ ∞(+ sgdm e &s( = f&s( enq ]kk
s ∈ Z/+∞(-

PdlRpi- He E = F ]mc e ]mc f ]qd ohdbdvhrd bnmshmtntr nm Z/+ ∞(+ vd hcdmshex e vhsg f dudm
sgntfg sgdx l]x ch—dq ]s ] “mhsd mtladq ne onhmsr nq dudm ]s ]m hm“mhsd mtladq ne onhmsr rtbg
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]r s = 0+ 1+ 2+ - - - ats sgdx b]mmns ad ch—dqdms nudq ]mx hmsdqu]k ne onrhshud kdmfsg nm sgd s,]whr-
Enq dw]lokd+ sgd enkknvhmf svn etmbshnmr+ vghbg g]ud ch—dqdms u]ktdr ]s s = 0+

e &s( =

]
0+ / ≤ s . 0+
/+ 0 ≤ s+

]mc f&s( =

]
0+ / ≤ s ≤ 0+
/+ 0 . s+

ansg g]ud sgd r]ld K]ok]bd sq]mrenql+ &0 − d−r({r- ?m hm“mhsd mtladq ne etmbshnmr b]m ad bnm,
rsqtbsdc+ d]bg g]uhmf &0 − d−r({r ]r hsr sq]mrenql- Gnvdudq+ hm ] oq]bshb]k rdmrd+ sgdrd etmbshnmr
]qd drrdmsh]kkx sgd r]ld- Sghr ’k]bj ne tmhptdmdrr– hr qdk]shudkx g]qlkdrr ]mc b]trdr mn oqnakdlr
hm sgd ]ookhb]shnm ne K]ok]bd sq]mrenqlr-

Sgdnqdl 4-2-0 itrsh“dr sgd enkknvhmf cd“mhshnm-

CDEHMHSHNM
4-2-1

He e &s( hr ohdbdvhrd bnmshmtntr ]mc ne dwonmdmsh]k nqcdq nm Z/+ ∞( ]mc �!e &s(} = E&r(+
sgdm vd b]kk e sgd hmudqrd KZokZbd sqZmrenql0 ne E+ ]mc cdmnsd hs ax

e = �−0!E}.

Sgd e]bs sg]s sgdqd hr ] nmd,sn,nmd bnqqdronmcdmbd &drrdmsh]kkx( adsvddm etmbshnmr ]mc
sgdhq K]ok]bd sq]mrenqlr rtffdrsr sgd bnlohk]shnm ne ] s]akd+ rtbg ]r S]akd 4-2-0+ fhuhmf
sgd sq]mrenqlr ne etmbshnmr eqdptdmskx dmbntmsdqdc+ ]mc uhbd udqr]- Sgd dmsqhdr hm sgd rdb,
nmc bnktlm ne S]akd 4-2-0 ]qd sgd sq]mrenqlr ne sgnrd hm sgd “qrs bnktlm- Odqg]or lnqd
hlonqs]ms+ sgd etmbshnmr hm sgd “qrs bnktlm ]qd sgd hmudqrd sq]mrenqlr ne sgnrd hm sgd rdb,
nmc bnktlm- Sgtr+ enq dw]lokd+ he sgd sq]mrenql ne sgd rnktshnm ne ] ch—dqdmsh]k dpt]shnm
hr jmnvm+ sgd rnktshnm hsrdke b]m nesdm ad entmc ldqdkx ax knnjhmf hs to hm sgd s]akd- Rnld
ne sgd dmsqhdr hm S]akd 4-2-0 g]ud addm oqnctbdc hm dw]lokdr ]mc sgdnqdlr+ nq ]ood]q ]r
oqnakdlr+ hm Rdbshnmr 4-0 ]mc 4-1- Nsgdqr vhkk ad cdudknodc k]sdq hm sgd bg]osdq- Sgd sghqc
bnktlm ne sgd s]akd hmchb]sdr vgdqd sgd cdqhu]shnm ne sgd fhudm sq]mrenqlr l]x ad entmc-
?ksgntfg S]akd 4-2-0 hr rtffbhdms enq sgd dw]lokdr ]mc oqnakdlr hm sghr annj+ ltbg k]qfdq
s]akdr ]qd ]krn ]u]hk]akd- Onvdqetk bnlotsdq ]kfdaq] rxrsdlr b]m ]krn ad trdc sn “mc ansg
K]ok]bd sq]mrenqlr ]mc hmudqrd K]ok]bd sq]mrenqlr- Sgdqd ]krn dwhrs mtldqhb]k ]kfnqhsglr
enq ]ooqnwhl]shmf hmudqrd K]ok]bd sq]mrenqlr sg]s b]mmns ad entmc trhmf dhsgdq ] s]akd nq ]
bnlotsdq ]kfdaq] rxrsdl-

DW;LOKD
0

Cdsdqlhmd �−0!E}+ vgdqd

&]( E&r( = 3
r1 + 05

+ &a( E&r( = 5
&r + 1(3

+ &b( E&r( = r + 0
r1 + 1r + 4

.

&]( Trhmf khmd 4 ne S]akd 4-2-0 fhudr

�−0
]

3
r1 + 05

{
= �−0

]
3

r1 + 31

{
= rhm 3s.

0Sgdqd hr ] fdmdq]k enqltk] enq sgd hmudqrd K]ok]bd sq]mrenql sg]s qdpthqdr hmsdfq]shnm hm sgd bnlokdw r,
ok]md+ ats hsr trd qdpthqdr ] jmnvkdcfd ne sgd sgdnqx ne etmbshnmr ne ] bnlokdw u]qh]akd+ ]mc vd cn mns
bnmrhcdq hs hm sghr annj- Hs hr onrrhakd+ gnvdudq+ sn cdudkno l]mx hlonqs]ms oqnodqshdr ne sgd K]ok]bd sq]mr,
enql+ ]mc sn rnkud l]mx hmsdqdrshmf oqnakdlr+ vhsgnts sgd trd ne bnlokdw u]qh]akdr-
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S;AKD 4-2-0 Dkdldms]qx K]ok]bd sq]mrenqlr-

e &s( = �−0!E&r(} E&r( = �!e &s(} Mnsdr

0- 0 0
r
+ r < / Rdb- 4-0: Dw- 3

1- dZs 0
r − Z

+ r < Z Rdb- 4-0: Dw- 4

2- sm+ m = onrhshud hmsdfdq m=
rm+0 + r < / Rdb- 4-1: Bnq- 4-1-4

3- so+ o < −0
Γ&o + 0(

ro+0 + r < / Rdb- 4-0: Oqna- 26

4- rhm Zs Z
r1 + Z1 + r < / Rdb- 4-0: Dw- 6

5- anr Zs r
r1 + Z1 + r < / Rdb- 4-0: Oqna- 11

6- rhme Zs Z
r1 − Z1 + r < |Z| Rdb- 4-0: Oqna- 08

7- anre Zs r
r1 − Z1 + r < |Z| Rdb- 4-0: Oqna- 07

8- dZs rhm as a
&r − Z(1 + a1 + r < Z Rdb- 4-0: Oqna- 12

0/- dZs anr as r − Z
&r − Z(1 + a1 + r < Z Rdb- 4-0: Oqna- 13

00- smdZs+ m = onrhshud hmsdfdq m=
&r − Z(m+0 + r < Z Rdb- 4-1: Oqna- 7

01- tb&s(
d−br

r
+ r < / Rdb- 4-4: Dp- &3(

02- tb&s(e &s − b( d−brE&r( Rdb- 4-4: Dp- &5(
03- dbse &s( E&r − b( Rdb- 4-1: Sgl- 4-1-0

04- ∫
s

/
e &s − /(f&/( c/ E&r(F&r( Rdb- 4-5: Sgl- 4-7-2

05- 𝛾&s − b( d−br Rdb- 4-6: Dp- &03(

rmE&r( − rm−0e &/(
06- e &m(&s(

−⋯ − e &m−0(&/(
Rdb- 4-1: Bnq- 4-1-2

07- sme &s( &−0(mE&m(&r( Rdb- 4-1: Sgl- 4-1-3

&a( Trhmf dhsgdq khmd 00 nq khmdr 2 ]mc 03 ne S]akd 4-2-0+ vd “mc sg]s

�−0
]

5
&r + 1(3

{
= �−0

]
2=
r3

‖‖‖‖r→r+1

{
= d−1s�−0

{2=
r3

{
= d−1ss2.

&b( Bnlokdshmf sgd rpt]qd hm sgd cdmnlhm]snq+ r1 + 1r + 4 = &r + 0(1 + 3+ dwokhbhskx qdud]kr
sgd sq]mrk]shnm r → r + 0- Sgdm trhmf dhsgdq khmdr 5 ]mc 03 nq khmd 0/ ne S]akd 4-2-0 fhudr

�−0
]

r + 0
r1 + 1r + 4

{
= �−0

]
r + 0

&r + 0(1 + 11

{
= �−0

]
r

r1 + 11

‖‖‖‖r→r+0

{

= d−s�−0
]

r
r1 + 11

{
= d−s anr 1s.
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▶ Khmd]q h sx ne �−0- ? s]akd ne K]ok]bd sq]mrenqlr+ rtbg ]r S]akd 4-2-0+ e]bhkhs]sdr sgd s]rj ne “mchmf sgd
hmudqrd K]ok]bd sq]mrenql ne sq]mrenqlr sg]s b]m d]rhkx ad ots hmsn sgd enql ne sgnrd sq]mr,
enqlr ne a]rhb etmbshnmr sg]s ]ood]q hm sgd s]akd- Gnvdudq+ hs hr mns onrrhakd sn bqd]sd ] s]akd
k]qfd dmntfg sn hmbktcd ]kk ne sgd sq]mrenqlr sg]s nbbtq hm ]ookhb]shnmr- Sgd mdws sgdnqdl
rs]sdr sg]s �−0 hr ] khmd]q nodq]snq- Sghr oqnodqsx dwsdmcr �−0 sn ]kk khmd]q bnlahm]shnmr ne
sq]mrenqlr sg]s ]ood]q hm sgd s]akd-

SGDNQDL
4-2-2

?rrtld sg]s e0 = �−0!E0} ]mc e1 = �−0!E1} ]qd ohdbdvhrd bnmshmtntr ]mc ne dwonmdm,
sh]k nqcdq nm Z/+ ∞(- Sgdm enq ]mx bnmrs]msr b0 ]mc b1+

�−0!b0E0 + b1E1} = b0�−0!E0} + b1�−0!E1} = b0e0 + b1e1.

Oqnne Trhmf sgd khmd]qhsx ne �+ vd g]ud
�!b0e0 + b1e1} = b0E0 + b1E1.

Rhmbd b0 e 0 + b1 e 1 hr ohdbdvhrd bnmshmtntr ]mc ne dwonmdmsh]k nqcdq nm Z/+ ∞(+ sgd
qdrtks enkknvr eqnl Cd“mhshnm 4-2-1-

PdlRpi- Dpt]khsx hm sgd bnmbktrhnm ne Sgdnqdl 4-2-2 hr hm sgd rdmrd chrbtrrdc hm sgd qdl]qj
hlldch]sdkx enkknvhmf Sgdnqdl 4-2-0-

Sgdnqdl 4-2-2 dwsdmcr sn ] khmd]q bnlahm]shnm ne m K]ok]bd sq]mrenqlr9

�−0!b0E0 +⋯ + bmEm} = b0�−0!E0} +⋯ + bm�−0!Em}.

DW;LOKD
1

Cdsdqlhmd �−0
]

1
&r + 1(3

+ 2
r1 + 05

+ 4&r + 0(
r1 + 1r + 4

{
-

Trhmf sgd khmd]qhsx ne �−0 ]mc sgd qdrtksr ne Dw]lokd 0 fhudr

�−0
]

1
&r + 1(3

+ 2
r1 + 05

+ 4&r + 0(
r1 + 1r + 4

{

= 0
2
�−0

]
5

&r + 1(3

{
+ 2

3
�−0

]
3

r1 + 05

{
+ 4�−0

]
r + 0

r1 + 1r + 4

{

= 0
2

d−1ss2 + 2
3
rhm 3s + 4d−s anr 1s.

DW;LOKD
2

Ehmc sgd hmudqrd K]ok]bd sq]mrenql ne E&r( = 2r + 0
r1 − 3r + 1/

-

Ax bnlokdshmf sgd rpt]qd+ sgd cdmnlhm]snq b]m ad vqhssdm ]r &r − 1(1 + 05- Sghr dwokhb,
hskx dwonrdr sgd sq]mrk]shnm r → r − 1 hm sgd r,cnl]hm- Sgd r]ld sq]mrk]shnm hr hmsqnctbdc
hm sgd mtldq]snq ax qdvqhshmf hs ]r 2r + 0 = 2&r − 1( + 6- Sgtr

E&r( = 2r + 0
r1 − 3r + 1/

= 2&r − 1( + 6
&r − 1(1 + 05

= 2 r − 1
&r − 1(1 + 31 + 6

3
3

&r − 1(1 + 31 .
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Trhmf sgd khmd]qhsx ne �−0 ]mc trhmf khmdr 8 ]mc 0/ hm S]akd 4-2-0+ vd “mc sg]s

�−0
]

2r + 0
r1 − 3r + 1/

{

= 2�−0
]

r − 1
&r − 1(1 + 31

{
+ 6

3
�−0

]
3

&r − 1(1 + 31

{

= 2d1s anr 3s + 6
3

d1s rhm 3s.

O]qsh]k Eq]bshnmr
Lnrs ne sgd K]ok]bd sq]mrenqlr sg]s ]qhrd hm sgd rstcx ne ch—dqdmsh]k dpt]shnmr ]qd q]shnm]k
etmbshnmr ne r+ sg]s hr+ etmbshnmr ne sgd enql

E&r( = O&r(
P&r(

+ &2(

vgdqd P&r( hr ] onkxmnlh]k ne cdfqdd m ]mc O&r( hr ] onkxmnlh]k ne cdfqdd kdrr sg]m m- Enq
dw]lokd+ sgd K]ok]bd sq]mrenql entmc hm Dw]lokd 2+ Rdbshnm 4-1+

X&r( = r1

&r + 0(&r1 + 1r + 4(
+ &3(

hr ne sgd enql &2( vhsg O&r( = r1 ]mc P&r( = &r + 0(&r1 + 1r + 4(- Qdb]kk eqnl ]kfdaq] &]mc
b]kbtktr( sg]s sgd ldsgnc ne o]qsh]k eq]bshnmr hmunkudr sgd cdbnlonrhshnm ne q]shnm]k etmb,
shnmr hmsn ]m dpthu]kdms rtl ne rhlokdq q]shnm]k etmbshnmr sg]s g]ud mtldq]snqr vghbg ]qd
ne cdfqdd 0 nq ydqn ]mc cdmnlhm]snqr ne cdfqdd 0 nq 1+ onrrhakx q]hrdc sn ]m hmsdfdq onvdq-
Sgd hmudqrd K]ok]bd sq]mrenqlr ne sgdrd rhlokdq q]shnm]k etmbshnmr b]m sgdm nesdm ad entmc
hm ] K]ok]bd sq]mrenql s]akd-

DW;LOKD
3

Sgd o]qsh]k eq]bshnm dwo]mrhnm ne sgd q]shnm]k etmbshnm &3(+

X&r( = r1

&r + 0(&r1 + 1r + 4(
= 0

3
0

r + 0
+ 2

3
r + 0

&r + 0(1 + 3
− 1

&r + 0(1 + 3
+

b]m ad chqdbskx udqh“dc ax ok]bhmf sgd sdqlr nm sgd qhfgs nudq sgd bnllnm cdmnlhm]snq
&r + 0(&r1 + 1r + 4( = &r + 0(Z&r + 0(1 + 3([- Sgdm+ trhmf sgd khmd]qhsx ne �−0 ]mc khmdr 1+
8+ ]mc 0/ hm S]akd 4-2-0+ vd “mc sg]s

�−0 !X&r(} = �−0
]

r1

&r + 0(&r1 + 1r + 4(

{

= 0
3
�−0

{ 0
r + 0

{
+ 2

3
�−0

]
r + 0

&r + 0(1 + 3

{
− �−0

]
1

&r + 0(1 + 3

{

= 0
3

d−s + 2
3

d−s anr 1s − d−s rhm 1s.

Sgd k]rs dwoqdrrhnm hr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl onrdc hm Dw]lokd 2+
Rdbshnm 4-1+ x…… + 1x… + 4x = d−s+ x&/( = 0+ x…&/( = −2-
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DW;LOKD
4

Sgd o]qsh]k eq]bshnm dwo]mrhnm ne X&r( entmc hm Dw]lokd 4+ Rdbshnm 4-1+

X&r( = 0
r3 − 0

= 0
3

0
r − 0

− 0
3

0
r + 0

− 0
1

0
r1 + 0

+

hr udqh“dc ax ok]bhmf sgd sdqlr nm sgd qhfgs nudq ] bnllnm cdmnlhm]snq- Trhmf sgd khmd]qhsx
ne �−0 ]mc khmdr 1 ]mc 4 ne S]akd 4-2-0+ vd sgdm “mc sg]s �−0 !X&r(} hr fhudm ax

�−0
{ 0

r3 − 0

{
= 0

3
�−0

{ 0
r − 0

{
− 0

3
�−0

{ 0
r + 0

{
− 0

1
�−0

]
0

r1 + 0

{

= 0
3

ds − 0
3

d−s − 0
1
rhm s.

Rtarshstshnm rgnvr sg]s sgd k]rs dwoqdrrhnm r]shr“dr sgd hmhsh]k u]ktd oqnakdl &03( ]mc &04(
hm Dw]lokd 4+ Rdbshnm 4-1-

Vd mnv qduhdv rxrsdl]shb ldsgncr enq “mchmf o]qsh]k eq]bshnm cdbnlonrhshnmr ne q]shn,
m]k etmbshnmr- D]bg dwo]mrhnm oqnakdl b]m ad rnkudc ax bnmrhcdqhmf sgd enkknvhmf sgqdd
b]rdr sg]s ]qhrd9

0- MnmqdodZsdc KhmdZq EZbsnqr- He sgd cdmnlhm]snq P&r( hm Dp- &2( ]clhsr sgd e]bsnqhy]shnm
P&r( = &r − r0(&r − r1(⋯ &r − rm(+

vgdqd r0+ r1+ - - - + rm ]qd chrshmbs+ sgdm E&r( b]m ad dwo]mcdc ]r

E&r( = O&r(
P&r(

=
Z0

r − r0
+

Z1
r − r1

+⋯ +
Zm

r − rm
+ &4(

vgdqd sgd Zi ]qd bnmrs]msr sg]s mddc sn ad cdsdqlhmdc-
1- QdodZsdc KhmdZq EZbsnqr- He ]mx qnns ri ne P&r( hr ne ltkshokhbhsx j+ sg]s hr+ sgd e]bsnq

r − ri ]ood]qr dw]bskx j shldr hm sgd e]bsnqhy]shnm ne P&r(+ sgdm sgd isg sdql hm sgd qhfgs,
g]mc rhcd ne Dp- &4( ltrs ad bg]mfdc sn

Zi0
r − ri

+
Zi1

&r − ri(1
+⋯ +

Zij

&r − ri(j + &5(

vgdqd sgd bnmrs]msr Zi0 +… + Zij mddc sn ad cdsdqlhmdc-
2- PtZcqZshb EZbsnqr- Bnlokdw bnmitf]sd qnnsr ne P&r(+ 𝜃i + h𝜇i ]mc 𝜃i − h𝜇i vgdqd 𝜇i ≠ /+

fhud qhrd sn pt]cq]shb e]bsnqr ne P&r( ne sgd enql
)
r − &𝜃i + h𝜇i(

[ )
r − &𝜃i − h𝜇i(

[
= &r − 𝜃i(1 + 𝜇1

i .

He sgd qnnsr 𝜃i + h𝜇i ]mc 𝜃i − h𝜇i ]qd ne ltkshokhbhsx j+ sg]s hr+ j hr sgd ghfgdrs onvdq ne
&r − 𝜃i(1 + 𝜇1

i sg]s chuhcdr P&r(+ sgdm sgd o]qsh]k eq]bshnm dwo]mrhnm ne E&r( ltrs hmbktcd
sgd sdqlr

Zi0 &r − 𝜃i( + ai0𝜇i

&r − 𝜃i(1 + 𝜇1
i

+
Zi1 &r − 𝜃i( + ai1𝜇i
)
&r − 𝜃i(1 + 𝜇1

i
[1 +⋯ +

Zij &r − 𝜃i( + aij𝜇i
)
&r − 𝜃i(1 + 𝜇1

i
[j + &6(

vgdqd sgd bnmrs]msr Zi0 + ai0 +… + Zij + aij mddc sn ad cdsdqlhmdc-
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Hm sgd enkknvhmf dw]lokdr+ vd hkktrsq]sd svn ldsgncr bnllnmkx trdc sn “mc khmd]q rxr,
sdlr ne ]kfdaq]hb dpt]shnmr enq sgd tmcdsdqlhmdc bndffbhdmsr-

DW;LOKD
5

Ehmc sgd o]qsh]k eq]bshnm cdbnlonrhshnm ne E&r( = &r − 1({&r1 + 3r − 4( ]mc bnlotsd�−0!E}-
Rhmbd r1 + 3r − 4 = &r − 0(&r + 4(+ vd rddj sgd o]qsh]k eq]bshnm cdbnlonrhshnm

r − 1
r1 + 3r − 4

=
Z0

r − 0
+

Z1
r + 4

. &7(

Sgd sdqlr nm sgd qhfgs,g]mc rhcd ne Dp- &7( b]m ad bnlahmdc ax trhmf sgd bnllnm cdmnl,
hm]snq &r − 0(&r + 4( = r1 + 3r − 4+

r − 1
r1 + 3r − 4

=
Z0&r + 4( + Z1&r − 0(

r1 + 3r − 4
. &8(

Dpt]khsx hm Dp- &8( gnkcr he ]mc nmkx he sgd mtldq]snqr ne sgd q]shnm]k etmbshnmr ]qd dpt]k+

r − 1 = Z0&r + 4( + Z1&r − 0(. &0/(

Dpt]shnm &0/( hr ]krn d]rhkx nas]hmdc ax ltkshokxhmf ansg rhcdr ne Dp- &7( ax
r1 + 3r − 4 = &r + 4(&r − 0( ]mc b]mbdkhmf sgnrd e]bsnqr bnllnm sn ansg mtldq]snq ]mc
cdmnlhm]snq-

LZsbghmf OnkxmnlhZk Bndffbhdmsr- Rhmbd svn onkxmnlh]kr ]qd dpt]k he ]mc nmkx he
bndffbhdmsr ne bnqqdronmchmf onvdqr ne r ]qd dpt]k+ vd qdvqhsd Dp- &0/( hm sgd enql
r − 1 = &Z0 + Z1(r + 4Z0 − Z1- L]sbghmf bndffbhdmsr ne r/ = 0 ]mc r0 = r xhdkcr sgd o]hq ne
dpt]shnmr

r/ 9 −1 = 4Z0 − Z1
r0 9 0 = Z0 + Z1.

Sgd rnktshnm ne sghr rxrsdl hr Z0 = − 0
5 ]mc Z1 =

6
5 + rn

r − 1
r1 + 3r − 4

= −0
5

0
r − 0

+ 6
5

0
r + 4

.

LZsbghmf Etmbshnm UZktdr- Sgd etmbshnmr ne r sg]s ]ood]q nm ansg rhcdr ne Dp- &0/( ltrs
ad dpt]k enq ]kk u]ktdr ne r- Rhmbd sgdqd ]qd svn tmjmnvmr sn ad cdsdqlhmdc+ Z0 ]mc Z1+ vd
du]kt]sd Dp- &0/( ]s svn ch—dqdms u]ktdr ne r sn nas]hm ] rxrsdl ne svn hmcdodmcdms dpt]shnmr
enq Z0 ]mc Z1- ?ksgntfg sgdqd ]qd l]mx onrrhahkhshdr+ bgnnrhmf u]ktdr ne r bnqqdronmchmf sn
ydqnr ne P&r( nesdm xhdkcr ] o]qshbtk]qkx rhlokd rxrsdl+

r = 0 9 −0 = 5Z0
r = −4 9 −6 = −5Z1.

Sgtr Z0 = − 0
5 ]mc Z1 = 6

5 ]r adenqd- He vd bgnnrd sn du]kt]sd Dp- &0/( ]s r = / ]mc
r = −0 hmrsd]c+ vd nas]hm sgd lnqd bnlokhb]sdc rxrsdl ne dpt]shnmr

r = / 9 −1 = 4Z0 − Z1
r = −0 9 −2 = 3Z0 − 1Z1

vhsg sgd r]ld rnktshnm nas]hmdc ]anud- Hs enkknvr sg]s

�−0
]

r − 1
r1 + 3r − 4

{
= −0

5
ds + 6

5
d−4s.
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DW;LOKD
6

Cdsdqlhmd �−0
]

r1 + 1/r + 20
&r + 1(1&r − 2(

{
-

Rhmbd r + 1 hr ] khmd]q e]bsnq ne ltkshokhbhsx 1 ]mc r − 2 hr ] khmd]q e]bsnq ne ltkshokhbhsx
0 hm sgd cdmnlhm]snq+ sgd ]ooqnoqh]sd enql enq sgd o]qsh]k eq]bshnm cdbnlonrhshnm hr

r1 + 1/r + 20
&r + 1(1&r − 2(

= Z
r + 1

+ a
&r + 1(1

+ b
r − 2

.

Ltkshokxhmf ansg rhcdr ax &r + 1(1&r − 2( ]mc b]mbdkhmf e]bsnqr bnllnm sn mtldq]snq ]mc
cdmnlhm]snq xhdkc sgd dpt]shnm

r1 + 1/r + 20 = Z&r + 1(&r − 2( + a&r − 2( + b&r + 1(1. &00(

LZsbghmf Etmbshnm UZktdr- He vd bgnnrd sn l]sbg etmbshnm u]ktdr hm Dp- &00( ]s r = −1+
r = 2+ ]mc r = /+ vd nas]hm sgd rxrsdl

r = −1 9 −4 = − 4a
r = 2 9 0// = 14b
r = / 9 20 = −5Z − 2a + 3b+

vghbg g]r sgd rnktshnm Z = −2+ a = 0+ ]mc b = 3-
LZsbghmf OnkxmnlhZk Bndffbhdmsr- He Dp- &00( hr vqhssdm hm sgd enql

r1 + 1/r + 20 = &Z + b(r1 + &−Z + a + 3b(r − 5Z − 2a + 3b

]mc vd l]sbg onkxmnlh]k bndffbhdmsr+ vd fds sgd rxrsdl

r/ 9 20 = −5Z − 2a + 3b
r0 9 1/ = −Z + a + 3b
r1 9 0 = Z + b+

vghbg g]r sgd r]ld rnktshnm+ Z = −2+ a = 0+ ]mc b = 3-
Ax dhsgdq ldsgnc

r1 + 1/r + 20
&r + 1(1&r − 2(

= − 2
r + 1

+ 0
&r + 1(1

+ 3
r − 2

. &01(

?ookxhmf �−0 sn sgd o]qsh]k eq]bshnm cdbnlonrhshnm hm Dp- &01( sgdm xhdkcr

�−0
]

r1 + 1/r + 20
&r + 1(1&r − 2(

{
= −2�−0

{ 0
r + 1

{
+ �−0

]
0

&r + 1(1

{
+ 3�−0

{ 0
r − 2

{

= −2d−1s + sd−1s + 3d2s.

DW;LOKD
7

Cdsdqlhmd �−0
]

03r1 + 6/r + 023
&1r + 0(&r1 + 5r + 02(

{
-

Rhmbd sgd chrbqhlhm]ms ne sgd pt]cq]shb e]bsnq r1 + 5r + 02 hr mdf]shud+ hsr qnnsr ]qd bnl,
okdw+ rn vd bnlokdsd sgd rpt]qd+ vqhshmf hs ]r &r + 2(1 + 11- Sgtr vd ]rrtld ] o]qsh]k eq]b,
shnm cdbnlonrhshnm ne sgd enql

03r1 + 6/r + 023
&1r + 0(&r1 + 5r + 02(

= Z&r + 2( + a � 1
&r + 2(1 + 11 + b

1r + 0
.
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Trhmf Z&r + 2( + a � 1 enq sgd khmd]q e]bsnq hm sgd mtldq]snq nm sgd qhfgs hmrsd]c ne Zr + a
]mshbho]sdr s]akd dmsqhdr g]uhmf sgd enqlr

&r − 𝛼(
&r − 𝛼(1 + �1 ]mc �

&r − 𝛼(1 + �1

vhsg � = 1 ]mc 𝛼 = −2- Ltkshokxhmf ansg rhcdr ax &1r + 0(&r1 + 5r + 02( = &1r + 0(
Z&r + 2(1 + 11[ xhdkcr sgd dpt]shnm

03r1 + 6/r + 023 = ZZ&r + 2( + a � 1[ &1r + 0( + b
)
&r + 2(1 + 11[ . &02(

Du]kt]shmf Dp- &02( ]s r = /+ r = −2+ ]mc r = − 0
1 fhudr sgd rxrsdl

r = / 9 023 = 2Z + 1a + 02b
r = −2 9 4/ = − 0/a + 3b
r = − 0

1 9 1/4
1 = 30

3 b+

vghbg g]r sgd rnktshnm b = 0/+ a = −0+ Z = 1- Sgtr

03r1 + 6/r + 023
&1r + 0(&r1 + 5r + 02(

= 1 &r + 2(
&r + 2(1 + 11 − 1

&r + 2(1 + 11 + 0/
1r + 0

+

rn

�−0
]

03r1 + 6/r + 023
&1r + 0(&r1 + 5r + 02(

{

= 1�−0
]

&r + 2(
&r + 2(1 + 11

{
− �−0

]
1

&r + 2(1 + 11

{
+ 4�−0

]
0

r + 0
1

}

= 1d−2s anr 1s − d−2s rhm 1s + 4d−s{1.

Sgtr sgd ]ooqnoqh]sd enql enq sgd o]qsh]k eq]bshnm cdbnlonrhshnm ne O&r({P&r( hr a]rdc
nm sgd khmd]q ]mc hqqdctbhakd pt]cq]shb e]bsnqr+ bntmshmf ltkshokhbhshdr+ ne P&r( ]mc hr cdsdq,
lhmdc ax sgd qtkdr hm sgd b]rdr chrbtrrdc ]anud- Hm l]mx sdwsannj oqnakdlr+ vgdqd P&r(
g]r q]shnm]k qnnsr+ enq hmrs]mbd+ ] bnlotsdq ]kfdaq] rxrsdl b]m ad trdc sn “mc hmudqrd sq]mr,
enqlr chqdbskx vhsgnts mddc ne ] o]qsh]k eq]bshnm cdbnlonrhshnm- Hm qd]k,vnqkc ]ookhb]shnmr
vgdqd sgd cdfqdd ne P&r( hr fqd]sdq sg]m nq dpt]k sn 2+ bnlotsdq ]kfnqhsglr ]qd ]u]hk]akd
sg]s ]ooqnwhl]sd o]qsh]k eq]bshnm cdbnlonrhshnmr- ? onkxmnlh]k qnns “mcdq b]m ]krn ad trdc
sn ]rrhrs hm “mchmf ] o]qsh]k eq]bshnm cdbnlonrhshnm ne O&r({P&r(-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 7+ “mc sgd tmjmnvm bnmrs]msr
hm sgd fhudm o]qsh]k eq]bshnm dwo]mrhnm9

0- 2r − 3/
&r + 2( &r − 3(

= Z
r + 2

+ a
r − 3

1- 2r + 3
&r + 1(1

=
Z0

r + 1
+

Z1

&r + 1(1

2- −2r1 + 21 − 03r
&r + 3(

√
r1 + 3

� = Z
r + 3

+ ar + b � 1
r1 + 3

3- 2r1 + 1r + 1
r2 =

Z0

r
+

Z1

r1 +
Z2

r2

4- 2r1 − 7r + 4
&r + 0(

√
r1 − 1r + 4

� = Z
r + 0

+ a&r − 0( + b � 1
&r − 0(1 + 3
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5- −1r2 − 7r1 + 7r + 5
&r + 2( &r + 0( r1 =

Z0

r
+

Z1

r1 + a
r + 2

+ b
r + 0

6- 7r2 − 04r − r4

&r1 + 0(2
=

Z0r + a0

r1 + 0
+

Z1r + a1

&r1 + 0(1
+

Z2r + a2

&r1 + 0(2

7- r2 + 2r1 + 2r + 0
&r1 + 1r + 4(1

=
Z0&r + 0( + a0 � 1

&r + 0(1 + 3

+
Z1&r + 0( + a1 � 1
Z&r + 0(1 + 3[1

Hm d]bg ne Oqnakdlr 8 sgqntfg 13+ trd sgd khmd]qhsx ne �−0+
o]qsh]k eq]bshnm dwo]mrhnmr+ ]mc S]akd 4-2-0 sn “mc sgd hmudqrd
K]ok]bd sq]mrenql ne sgd fhudm etmbshnm9

8- 2/
r1 + 14

0.- 3
&r − 2(2

00- 1
r1 + 2r − 3

01- 2r
r1 − r − 5

02- 4r + 14
r1 + 0/r + 63

03- 5r − 2
r1 − 3

04- 1r + 0
r1 − 1r + 1 05- 8r1 − 01r + 17

r&r1 + 3(

06- 0 − 1r
r1 + 3r + 4

07- 1r − 2
r1 + 1r + 0/

08- 2 2r + 1
&r − 1(&r + 1(&r + 0(

1.- 1 r2 − 1r1 + 7
r1&r − 1(&r + 1(

10- 01 r1 − 6r + 17
&r1 − 7r + 14(&r + 2(

11- 1 r2 + 2r1 + 3r + 2
&r1 + 0(&r1 + 3(

12- r2 − 1r1 − 5r − 5
&r1 + 1r + 1(r1

13- r1 + 2
&r1 + 1r + 1(1

Hm d]bg ne Oqnakdlr 14 sgqntfg 17+ trd ] bnlotsdq
]kfdaq] rxrsdl sn “mc sgd hmudqrd K]ok]bd sq]mrenql ne sgd
fhudm etmbshnm9

14- r2 − 1r1 − 5r − 5
r3 + 3r2 + 13r1 + 3/r + 0//

15- r2 − 2r1 − 5r − 5
r6 − 5r5 + 0/r4

16- r2 − 1r1 − 5r − 5
r7 − 1r6 − 1r5 + 05r4 − 1/r3 − 7r2 + 45r1 − 53r + 21

17- r2 − 1r1−5r−5
r6 − 4r5 + 4r4 − 14r3 + 004r2 − 52r1 + 024r − 564

4-3 Rnkuhmf Cheedqdmsh]k Dpt]shnmr
vhsg K]ok]bd Sq]mrenqlr
Sgd aknbj ch]fq]l hm Ehftqd 4-/-0 rgnvr sgd l]hm rsdor trdc sn rnkud hmhsh]k u]ktd oqnakdlr
ax sgd ldsgnc ne K]ok]bd sq]mrenqlr- Sgd l]sgdl]shb]k rsdor qdpthqdc sn b]qqx nts d]bg
rs]fd hm sgd oqnbdrr+ oqdrdmsdc hm Rdbshnmr 4-0+ 4-1+ ]mc 4-2+ ]qd rtll]qhydc adknv-

0- Trhmf sgd khmd]qhsx ne �+ hsr nodq]shnm]k oqnodqshdr &d-f-+ jmnvhmf gnv cdqhu]shudr
sq]mrenql(+ ]mc ] s]akd ne K]ok]bd sq]mrenqlr he mdbdrr]qx+ sgd hmhsh]k u]ktd oqnakdl
enq ] khmd]q bnmrs]ms bndffbhdms ch—dqdmsh]k dpt]shnm hr sq]mrenqldc hmsn ]m ]kfdaq]hb
dpt]shnm hm sgd r,cnl]hm-

1- Rnkuhmf sgd ]kfdaq]hb dpt]shnm fhudr sgd K]ok]bd sq]mrenql+ r]x+ X&r(+ ne sgd rnktshnm
ne sgd hmhsh]k u]ktd oqnakdl- Sghr rsdo hr hkktrsq]sdc ax Dw]lokdr 2+ 3+ ]mc 4 hm Rdbshnm
4-1-

2- Sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl+ x&s( = �−0!X&r(}+ hr entmc ax trhmf o]q,
sh]k eq]bshnm cdbnlonrhshnmr+ sgd khmd]qhsx ne �−0+ ]mc ] s]akd ne K]ok]bd sq]mrenqlr-
O]qsh]k eq]bshnm dwo]mrhnmr ]mc mddc enq ] s]akd b]m ad ]unhcdc ax trhmf ] bnl,
otsdq ]kfdaq] rxrsdl nq nsgdq ]cu]mbdc bnlotsdq rnesv]qd etmbshnmr sn du]kt]sd�−0!X&r(}-
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Hm sghr rdbshnm vd oqdrdms dw]lokdr q]mfhmf eqnl “qrs nqcdq dpt]shnmr sn rxrsdlr ne
dpt]shnmr sg]s hkktrsq]sd sgd dmshqd oqnbdrr-

DW;LOKD
0

Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

x… + 1x = rhm 3s+ x&/( = 0. &0(
?ookxhmf sgd K]ok]bd sq]mrenql sn ansg rhcdr ne sgd ch—dqdmsh]k dpt]shnm fhudr

rX&r( − x&/( + 1X&r( = 3
r1 + 05

+

vgdqd vd g]ud trdc khmd 06 ne S]akd 4-2-0 sn sq]mrenql x…&s(- Rtarshstshmf enq x&/( eqnl sgd
hmhsh]k bnmchshnm ]mc rnkuhmf enq X&r(+ vd nas]hm

X&r( = 0
r + 1

+ 3
&r + 1(&r1 + 05(

= r1 + 1/
&r + 1(&r1 + 05(

.

Sgd o]qsh]k eq]bshnm dwo]mrhnm ne X&r( hr ne sgd enql

r1 + 1/
&r + 1(&r1 + 05(

= Z
r + 1

+ ar + b � 3
r1 + 05

+ &1(

vgdqd sgd khmd]q e]bsnq ar + b � 3 hm sgd mtldq]snq nm sgd qhfgs ]mshbho]sdr ] s]akd dmsqx ne
sgd enql 𝜃

r1 + 𝜃1 - Ltkshokxhmf ansg rhcdr ne Dp- &1( ax &r + 1(&r1 + 05( fhudr sgd dpt]shnm

r1 + 1/ = Z&r1 + 05( + &ar + b � 3(&r + 1(. &2(

Du]kt]shmf Dp- &2( ]s r = −1+ r = /+ ]mc r = 1 xhdkcr sgd rxrsdl

r = −1 9 13 = 1/Z
r = / 9 1/ = 05Z + 7b
r = 1 9 13 = 1/Z + 7a + 05b.

&3(

Sgd rnktshnm ne sgd rxrsdl &3( hr Z = 5
4 + a = − 0

4 + ]mc b = 0
0/ - Sgdqdenqd sgd o]qsh]k eq]bshnm

dwo]mrhnm ne X hr

X&r( = 5
4

0
r + 1

− 0
4

r
r1 + 05

+ 0
0/

3
r1 + 05

.

Hs enkknvr sg]s sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl hr

x&s( = 5
4

d−1s − 0
4
anr 3s + 0

0/
rhm 3s.

DW;LOKD
1

Ehmc sgd rnktshnm ne sgd ch—dqdmsh]k dpt]shnm

x…… + x = d−s anr 1s+ &4(

r]shrexhmf sgd hmhsh]k bnmchshnmr

x&/( = 1+ x…&/( = 0. &5(
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S]jhmf sgd K]ok]bd sq]mrenql ne sgd ch—dqdmsh]k dpt]shnm+ vd fds

r1X&r( − rx&/( − x…&/( + X&r( = r + 0
&r + 0(1 + 3

.

Rtarshstshmf enq x&/( ]mc x …&/( eqnl sgd hmhsh]k bnmchshnmr ]mc rnkuhmf enq X&r(+ vd nas]hm

X&r( = 1r + 0
r1 + 0

+ r + 0
&r1 + 0(

)
&r + 0(1 + 3

[ . &6(

Hmrsd]c ne trhmf ] bnllnm cdmnlhm]snq sn bnlahmd sdqlr nm sgd qhfgs rhcd ne &6( hmsn ]
rhmfkd q]shnm]k etmbshnm+ vd bgnnrd sn bnlotsd sgdhq hmudqrd K]ok]bd sq]mrenqlr rdo]q]sdkx-
Sgd o]qsh]k eq]bshnm dwo]mrhnm ne &1r + 0({&r1 + 0( b]m ad vqhssdm cnvm ax nardqu]shnm

1r + 0
r1 + 0

= 1 r
r1 + 0

+ 0
r1 + 0

.

Sgtr

�−0
]

1r + 0
r1 + 0

{
= 1�−0

]
r

r1 + 0

{
+ �−0

]
0

r1 + 0

{
= 1 anr s + rhm s. &7(

Sgd enql ne sgd o]qsh]k eq]bshnm dwo]mrhnm enq sgd rdbnmc sdql nm sgd qhfgs,g]mc rhcd ne
Dp- &6( hr

r + 0
&r1 + 0(Z&r + 0(1 + 3[

= Zr + a
r1 + 0

+ b&r + 0( + c � 1
&r + 0(1 + 3

. &8(

Ltkshokxhmf ansg rhcdr ne Dp- &8( ax &r1 + 0(Z&r + 0(1 + 3[ ]mc b]mbdkhmf e]bsnqr bnllnm
sn cdmnlhm]snq ]mc mtldq]snq nm sgd qhfgs xhdkc

r + 0 = &Zr + a(Z&r + 0(1 + 3[ + Zb&r + 0( + c � 1[&r1 + 0(.

Dwo]mchmf ]mc bnkkdbshmf bndffbhdmsr ne khjd onvdqr ne r sgdm fhud sgd onkxmnlh]k dpt]shnm

r + 0 = &Z + b(r2 + &1Z + a + b + 1c(r1 + &4Z + 1a + b(r + 4a + b + 1c.

Bnlo]qhmf bndffbhdmsr ne khjd onvdqr ne r+ vd g]ud

r/ 9 4a + b + 1c = 0+
r0 9 4Z + 1a + b = 0+
r1 9 1Z + a + b + 1c = /+
r2 9 Z + b = /.

Bnmrdptdmskx+ Z = 0
0/ + a = 2

0/ + b = − 0
0/ + ]mc c = − 0

4 + eqnl vghbg hs enkknvr sg]s

r + 0
&r1 + 0(

)
&r + 0(1 + 3

[ = 0
0/

r
r1 + 0

+ 2
0/

0
r1 + 0

− 0
0/

r + 0
&r + 0(1 + 3

− 0
4

1
&r + 0(1 + 3

.

Sgtr

�−0

]
r + 0

&r1 + 0(
)
&r + 0(1 + 3

[
}

= 0
0/

anr s + 2
0/

rhm s − 0
0/

d−s anr 1s − 0
4

d−s rhm 1s.

&0/(

Sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl enkknvr ax rtllhmf sgd qdrtksr hm Dpr- &7(
]mc &0/(+

x&s( = 10
0/ anr s + 02

0/ rhm s − 0
0/ d−s anr 1s − 0

4 d−s rhm 1s.
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Bg]q]bsdqhrshb Onkxmnlh]kr ]mc K]ok]bd Sq]mrenqlr
ne Cheedqdmsh]k Dpt]shnmr

Bnmrhcdq sgd fdmdq]k rdbnmc nqcdq khmd]q dpt]shnm vhsg bnmrs]ms bndffbhdmsr
Zx…… + ax… + bx = e &s(+ &00(

vhsg hmhsh]k bnmchshnmr oqdrbqhadc ax
x&/( = x/+ x…&/( = x0. &01(

S]jhmf sgd K]ok]bd sq]mrenql ne Dp- &00(+ vd nas]hm

ZZr1X&r( − rx&/( − x…&/([ + aZrX&r( − x&/([ + bX&r( = E&r( &02(
nq

&Zr1 + ar + b(X&r( − &Zr + a(x&/( − Zx…&/( = E&r(+ &03(

vgdqd E&r( hr sgd sq]mrenql ne e &s(- Ax rnkuhmf Dp- &03( enq X&r(+ vd “mc sg]s

X&r( =
&Zr + a(x&/( + Zx…&/(

Zr1 + ar + b
+ E&r(

Zr1 + ar + b
. &04(

Rnld hlonqs]ms nardqu]shnmr b]m ad l]cd ]ants sgd rsdor kd]chmf eqnl Dp- &00( sn
Dp- &04(- Ehqrs+ nardqud sg]s sgd onkxmnlh]k Y&r( = Zr1 + ar + b sg]s ltkshokhdr X&r( hm
Dp- &03( ]mc rtardptdmskx ]ood]qr hm sgd cdmnlhm]snq nm sgd qhfgs rhcd ne Dp- &04( hr
oqdbhrdkx sgd bg]q]bsdqhrshb onkxmnlh]k ]rrnbh]sdc vhsg Dp- &00(- Rdbnmc+ mnsd sg]s sgd
bndffbhdms Zr + a ne x&/( hm sgd mtldq]snq hm sgd “qrs sdql nm sgd qhfgs,g]mc rhcd ne Dp- &04(
b]m ad nas]hmdc ax b]mbdkhmf sgd bnmrs]ms b hm Y&r( ]mc sgdm chuhchmf ax r+

Zr1 + ar + b{
r

= Zr + a.

Rhlhk]qkx+ sgd bndffbhdms Z ne x…&/( hm sgd mtldq]snq hm sgd “qrs sdql nm sgd qhfgs rhcd ne
Dp- &04( b]m ad nas]hmdc ax b]mbdkhmf sgd bnmrs]ms hm Zr + a ]mc ]f]hm chuhchmf ax r+

Zr + a{
r

= Z.

Nardqu]mbd ne sghr o]ssdqm ]kknvr tr sn o]rr chqdbskx eqnl Dp- &00( sn Dp- &04(- Rtarshstshmf
enq x&/( ]mc x…&/( eqnl sgd hmhsh]k bnmchshnmr sgdm fhudr

X&r( =
&Zr + a(x/ + Zx0

Zr1 + ar + b
+ E&r(

Zr1 + ar + b
.

Rhmbd sgd trd ne ] o]qsh]k eq]bshnm dwo]mrhnm ne X&r( sn cdsdqlhmd x&s( qdpthqdr tr sn e]bsnq sgd
onkxmnlh]k Y&r( = Zr1 + ar + b+ sgd trd ne K]ok]bd sq]mrenqlr cndr mns ]unhc sgd mdbdrrhsx
ne “mchmf qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm-

Sgd o]ssdqm cdrbqhadc ]anud dwsdmcr d]rhkx sn msg nqcdq khmd]q dpt]shnmr vhsg bnmrs]ms
bndffbhdmsr+

Zmx&m( + Zm−0x&m−0( +⋯ + Z0x… + Z/x = e &s(. &05(

Rhmbd sgd bg]q]bsdqhrshb onkxmnlh]k ]rrnbh]sdc vhsg Dp- &05( hr

Y&r( = Zmrm + Zm−0rm−0 +⋯ + Z0r + Z/+

sgd K]ok]bd sq]mrenql X&r( = �!x&s(} hr fhudm ax

X&r( =
)
Zmrm−0 +⋯ + Z0

[
x&/( +⋯ +

)
Zmr + Zm−0

[
x&m−1(&/( + Zmx&m−0(&/(

Zmrm + Zm−0rm−0 +⋯ + Z0r + Z/

+ E&r(
Zmrm + Zm−0rm−0 +⋯ + Z0r + Z/

.
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DW;LOKD
2

Ehmc sgd rnktshnm ne sgd ch—dqdmsh]k dpt]shnm

x………… + 1x…… + x = / &06(

rtaidbs sn sgd hmhsh]k bnmchshnmr

x&/( = 0+ x…&/( = −0+ x……&/( = /+ x………&/( = 1. &07(

Rhmbd sgd bg]q]bsdqhrshb onkxmnlh]k ]rrnbh]sdc vhsg Dp- &06( hr r3 + 1r1 + 0+ X&r( hr fhudm
ax

X&r( =
&r2 + 1r(x&/( + &r1 + 1(x…&/( + rx……&/( + x………&/(

r3 + 1r1 + 0
. &08(

Rtarshstshmf sgd oqdrbqhadc u]ktdr enq sgd hmhsh]k bnmchshnmr sgdm fhudr

X&r( = r2 − r1 + 1r
r3 + 1r1 + 0

= r2 − r1 + 1r
&r1 + 0(1

. &1/(

Sgd enql enq sgd o]qsh]k eq]bshnm dwo]mrhnm ne X&r( hr

r2 − r1 + 1r
&r1 + 0(1

= Zr + a
r1 + 0

+ br + c
&r1 + 0(1

. &10(

Sgtr sgd tmcdsdqlhmdc bndffbhdmsr ltrs ad rdkdbsdc sn r]shrex

r2 − r1 + 1r = Zr2 + ar1 + &Z + b(r + a + c.

Dpt]shmf bndffbhdmsr ne khjd onvdqr ne r fhudr Z = 0+ a = −0+ Z + b = 1+ ]mc a + c = /- Sgd
k]ssdq svn dpt]shnmr qdpthqd sg]s b = 0 ]mc c = 0 rn sg]s

X&r( = r − 0
r1 + 0

+ r + 0
&r1 + 0(1

. &11(

Hs hr bkd]q sg]s�−0!&r − 0({&r1 + 0(} = anr s − rhm s ats sgd rdbnmc sdql nm sgd qhfgs qdpthqdr
rnld bnmrhcdq]shnm- Eqnl khmd 07 hm S]akd 4-2-0+ vd jmnv sg]s

�!s rhm s} = − c
cr

0
r1 + 0

= 1r
&r1 + 0(1

+
rn

�−0
]

r
&r1 + 0(1

{
= 0

1
s rhm s.

Rhlhk]qkx+

�!s anr s} = − c
cr

r
r1 + 0

= r1 − 0
&r1 + 0(1

= &r1 + 0( − 1
&r1 + 0(1

= 0
r1 + 0

− 1 0
&r1 + 0(1

rn sg]s

�−0
]

0
&r1 + 0(1

{
= 0

1
rhm s − 0

1
s anr s.

Hs enkknvr sg]s sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl hr

x&s( = �−0
]

r − 0
r1 + 0

{
+ �−0

]
r + 0

&r1 + 0(1

{
=

}
0 − 0

1
s
(
anr s − 0

1
&0 − s( rhm s.

Sgd r]ld qdrtks b]m ]krn ad nas]hmdc ax trhmf ] bnlotsdq ]kfdaq] rxrsdl sn hmudqs sgd
K]ok]bd sq]mrenql &11(-
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▶ K]ok]bd Sq]mrenqlr ne Rxrsdlr ne Ch e edqdms h] k Dpt]s hnmr- Sgd K]ok]bd sq]mrenql
ldsgnc d]rhkx dwsdmcr sn rxrsdlr ne dpt]shnmr- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…0 = Z00x0 + Z01x1 + e0&s(+ x0&/( = x0/+
&12(x…1 = Z10x0 + Z11x1 + e1&s(+ x1&/( = x1/.

S]jhmf sgd K]ok]bd sq]mrenql ne d]bg dpt]shnm hm sgd rxrsdl &12( fhudr

rX0 − x0&/( = Z00X0 + Z01X1 + E0&r(+
&13(rX1 − x1&/( = Z10X0 + Z11X1 + E1&r(.

Sgd o]hq ne dpt]shnmr &13( l]x ad qdvqhssdm hm sgd enql

&r − Z00(X0 − Z01X1 = x0/ + E0&r(+
&14(−Z10X0 + &r − Z11(X1 = x1/ + E1&r(+

vgdqd vd g]ud ]krn rtarshstsdc enq sgd hmhsh]k bnmchshnmr rodbh“dc hm Dpr- &12(- Trhmf l]sqhw
mns]shnm+ sgd ]kfdaq]hb rxrsdl &14( hr bnmudmhdmskx dwoqdrrdc ax

&rH − ?(X = x/ + E&r(+ &15(
vgdqd

X =

}
X0
X1

(
+ ? =

}
Z00 Z01
Z10 Z11

(
+ x/ =

}
x0/
x1/

(
+ E&r( =

}
E0&r(
E1&r(

(

]mc H hr sgd 1 % 1 hcdmshsx l]sqhw- Hs enkknvr sg]s

X = &rH − ?(−0x/ + &rH − ?(−0E&r(+ &16(

vgdqd+ trhmf sgd enqltk] enq sgd hmudqrd ne ] 1 % 1 l]sqhw fhudm ax Dp- &03( hm Rdbshnm 2-0+

&rH − ?(−0 = 0
|rH − ?|

}
r − Z11 Z01

Z10 r − Z00

(
.

Vd mnsd sg]s Y&r( = |rH − ?| = r1 − &Z00 + Z11(r + Z00Z11 − Z01Z10 hr sgd bg]q]bsdqhrshb
onkxmnlh]k ne ?- Hmudqshmf d]bg bnlonmdms ne X hm Dp- &16( sgdm xhdkcr sgd rnktshnm ne
Dpr- &12(-

DW;LOKD
3

Trd sgd K]ok]bd sq]mrenql sn rnkud sgd rxrsdl

x…0 = −2x0 + 3x1 + rhm s+
&17(x…1 = −1x0 + 2x1 + s

rtaidbs sn sgd hmhsh]k bnmchshnmr

x0&/( = /+ x1&/( = 0. &18(

S]jhmf sgd K]ok]bd sq]mrenql ne d]bg dpt]shnm hm sgd rxrsdl &17( ]mc rtarshstshmf sgd
hmhsh]k bnmchshnmr &18( xhdkc sgd o]hq ne ]kfdaq]hb dpt]shnmr

rX0 − / = −2X0 + 3X1 + 0{&r1 + 0(+
rX1 − 0 = −1X0 + 2X1 + 0{r1.
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Qdvqhshmf sghr rxrsdl hm sgd l]sqhw enql &15( fhudr
}

r + 2 −3
1 r − 2

(}
X0
X1

(
=

}
/
0

(
+

}
0{&r1 + 0(

0{r1

(
=

}
0{&r1 + 0(

&r1 + 0({r1

(
. &2/(

Sgd rnktshnm ne Dp- &2/( hr

X&r( = 0
r1&r1 − 0(&r1 + 0(

}
3r3 + r2 + 4r1 + 3

r4 + 2r3 + 1r2 + 3r1 + r + 2

(
. &20(

Hmudqshmf sgd o]qsh]k eq]bshnm cdbnlonrhshnm ne d]bg bnlonmdms hm sgd udbsnq &20( sgdm xhdkcr

x0&s( =
6
1 ds − 2d−s + 2

1 rhm s − 0
1 anr s − 3s+

]mc

x1&s( =
6
1 ds − 2

1 d−s + rhm s − 2s − 0.

? bnlotsdq ]kfdaq] rxrsdl b]m ad trdc sn e]bhkhs]sd sgd b]kbtk]shnmr-

Sgd ldsgnc ne K]ok]bd sq]mrenqlr b]m ]krn ad trdc sn rnkud bntokdc rxrsdlr ne lhwdc
nqcdq dpt]shnmr vhsgnts mdbdrr]qhkx bnmudqshmf sgdl sn ] rxrsdl ne “qrs nqcdq dpt]shnmr-
Sgd oqhl]qx qdpthqdldms hr sg]s sgd dpt]shnmr g]ud bnmrs]ms bndffbhdmsr-

DW;LOKD
4

Trd sgd K]ok]bd sq]mrenql sn rnkud sgd rxrsdl

w…… + x… + 1w = /+
&21(1w… − x… = anr s+

rtaidbs sn sgd hmhsh]k bnmchshnmr

w&/( = /+ w…&/( = /+ x&/( = /. &22(

Kdsshmf W&r( = �!w&s(} ]mc X&r( = �!x&s(} ]mc s]jhmf sgd K]ok]bd sq]mrenql ne d]bg
dpt]shnm hm sgd rxrsdl &21( fhud

r1W&r( − rw&/( − w…&/( + rX&r( − x&/( + 1W&r( = /
&23(1rW&r( − 1w&/( − rX&r( + x&/( = r

r1 + 0
.

Rtarshstshmf sgd oqdrbqhadc hmhsh]k u]ktdr enq w&/(+ w…&/(+ ]mc x&/(+ vd vqhsd sgd qdrtks]ms
rxrsdl hm sgd enql

&r1 + 1(W + rX = /
&24(1rW − rX = r

r1 + 0
.

Rnkuhmf enq W+ vd “mc

W&r( = r
&r1 + 0(

)
&r + 0(1 + 0

[ = 0
4

r
r1 + 0

+ 1
4

0
r1 + 0

− 0
4

r + 0
&r + 0(1 + 0

− 2
4

0
&r + 0(1 + 0

+
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vgdqd sgd k]rs dwoqdrrhnm hr sgd o]qsh]k eq]bshnm dwo]mrhnm enq W- Sgtr

w&s( = 0
4 anr s + 1

4 rhm s − 0
4 d−s anr s − 2

4 d−s rhm s.

Rnkuhmf sgd rdbnmc dpt]shnm hm rxrsdl &24( enq X fhudr X&r( = 1W&r( − 0{&r1 + 0(+ rn
x&s( = �−0!X&r(} = 1�−0!W&r(} − rhm s = 1w&s( − rhm s+ sg]s hr+

x&s( = 1
4 anr s − 0

4 rhm s − 1
4 d−s anr s − 5

4 d−s rhm s.

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 02+ trd sgd K]ok]bd sq]mrenql
sn rnkud sgd fhudm hmhsh]k u]ktd oqnakdl9
0- x…… − 3x… − 01x = /: x&/( = 7+ x…&/( = /

1- x…… + 2x… + 1x = s: x&/( = 0+ x…&/( = /

2- x…… − 7x… + 14x = /: x&/( = /+ x…&/( = 2

3- x…… − 3x… + 3x = /: x&/( = 0+ x…&/( = 0

4- x…… − 1x… + 3x = /: x&/( = 1+ x…&/( = /

5- x…… + 3x… + 18x = d−1s rhm 4s: x&/( = 4+ x…&/( = −1

6- x…… + 𝜓1x = anr 1s+ 𝜓1 ≠ 3:
x&/( = 0+ x…&/( = /

7- x…… − 1x… + 1x = anr s: x&/( = 0+ x…&/( = /

8- x…… − 1x… + 1x = d−s: x&/( = /+ x…&/( = 0

0.- x…… + 1x… + x = 07d−s: x&/( = 6+ x…&/( = −1

00- x&3( − 3x……… + 5x…… − 3x… + x = /: x&/( = /+
x…&/( = 0+ x……&/( = /+ x………&/( = 0

01- x&3( − x = /: x&/( = 0+ x…&/( = /+
x……&/( = 0+ x………&/( = /

02- x&3( − 8x = /: x&/( = 0+ x…&/( = /+
x……&/( = −2+ x………&/( = /

Hm d]bg ne Oqnakdlr 03 sgqntfg 08+ trd sgd K]ok]bd sq]mrenql
sn rnkud sgd fhudm hmhsh]k u]ktd oqnakdl9

03- x… =

}
−4 0
−8 4

(
x+ x&/( =

}
0
/

(

04- x… =

}
4 −1
5 −1

(
x+ x&/( =

}
0
/

(

05- x… =

}
3 −3
4 −3

(
x+ x&/( =

}
0
/

(

06- x… =

}
/ 5

−5 /

(
x+ x&/( =

}
4
3

(

07- x… =

}
−3 −0

0 −1

(
x+ x&/( =

}
0
/

(

08- x… =

}
1 −53
0 −03

(
x+ x&/( =

}
/
0

(

Hm d]bg ne Oqnakdlr 1/ sgqntfg 13+ trd ] bnlotsdq ]kfdaq]
rxrsdl sn ]rrhrs hm rnkuhmf sgd fhudm hmhsh]k u]ktd oqnakdl ax
sgd ldsgnc ne K]ok]bd sq]mrenqlr9

1.- x… =

}
−3 −0

0 −1

(
x +

}
1ds

rhm 1s

(
+ x&/( =

}
0
1

(

10- x… =

}
4 −0
0 2

(
x +

}
d−s

1ds

(
+ x&/( =

}
−2

1

(

11- x… =

}
−0 −4

0 2

(
x +

}
2

4 anr s

(
+ x&/( =

}
0

−0

(

12- x… =

}
−1 0

0 −1

(
x +

}
/

rhm s

(
+ x&/( =

}
/
/

(

13- x… =
⎛
⎜
⎜
⎜⎝

/ 0 −0
0 / 0
0 0 /

⎞
⎟
⎟
⎟⎠
x +

⎛
⎜
⎜
⎜⎝

/
−d−s

ds

⎞
⎟
⎟
⎟⎠
+ x&/( =

⎛
⎜
⎜
⎜⎝

0
1
2

⎞
⎟
⎟
⎟⎠

14- Trd sgd K]ok]bd sq]mrenql sn rnkud sgd rxrsdl

w…… − x…… + w − 3x = /+
w… + x… = anr s+

w&/( = /+ w…&/( = 0+ x&/( = /+ x…&/( = 1.

15- ? q]chn]bshud rtars]mbd Q0 g]uhmf cdb]x q]sd j0 chrhm,
sdfq]sdr hmsn ] rdbnmc q]chn]bshud rtars]mbd Q1 g]uhmf cd,
b]x q]sd j1 ≠ j0- Rtars]mbd Q1 chrhmsdfq]sdr hmsn Q2+ vghbg hr
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rs]akd- He lh&s( qdoqdrdmsr sgd l]rr ne rtars]mbd Qh ]s shld s+
h = 0+ 1+ 2+ sgd ]ookhb]akd dpt]shnmr ]qd

l…
0 = −j0l0

l…
1 = j0l0 − j1l1

l…
2 = j1l1.

Trd sgd K]ok]bd sq]mrenql sn rnkud sghr rxrsdl tmcdq sgd
bnmchshnmr

l0&/( = l/+ l1&/( = /+ l2&/( = /.

4-4 Chrbnmshmtntr Etmbshnmr ]mc Odqhnchb
Etmbshnmr
Hm Rdbshnm 4-3 vd oqdrdmsdc sgd fdmdq]k oqnbdctqd trdc sn rnkud hmhsh]k u]ktd oqnakdlr ax
ld]mr ne sgd K]ok]bd sq]mrenql- Rnld ne sgd lnrs hmsdqdrshmf dkdldms]qx ]ookhb]shnmr ne
sgd sq]mrenql ldsgnc nbbtq hm sgd rnktshnm ne khmd]q ch—dqdmsh]k dpt]shnmr vhsg chrbnmshmt,
ntr+ odqhnchb+ nq hlotkrhud enqbhmf etmbshnmr- Dpt]shnmr ne sghr sxod eqdptdmskx ]qhrd hm sgd
]m]kxrhr ne sgd finv ne btqqdms hm dkdbsqhb bhqbthsr nq sgd uhaq]shnmr ne ldbg]mhb]k rxrsdlr- Hm
sghr rdbshnm ]mc sgd enkknvhmf nmdr+ vd cdudkno rnld ]cchshnm]k oqnodqshdr ne sgd K]ok]bd
sq]mrenql sg]s ]qd trdetk hm sgd rnktshnm ne rtbg oqnakdlr- Tmkdrr ] rodbh“b rs]sdldms hr
l]cd sn sgd bnmsq]qx+ ]kk etmbshnmr ]ood]qhmf adknv ]qd ]rrtldc sn ad ohdbdvhrd bnmshmtntr
]mc ne dwonmdmsh]k nqcdq+ rn sg]s sgdhq K]ok]bd sq]mrenqlr dwhrs+ ]s kd]rs enq r rtffbhdmskx
k]qfd-

▶ Sgd Tmhs Rsdo Etmbs hnm- Sn cd]k d—dbshudkx vhsg etmbshnmr g]uhmf itlo chrbnmshmthshdr+ hs hr udqx
gdkoetk sn hmsqnctbd ] etmbshnm jmnvm ]r sgd tmhs rsdo etmbshnm nq GdZuhrhcd etmbshnm-
Sghr etmbshnm hr cd“mdc ax

t&s( =

]
/+ s . /+

0+ s ≥ /.
&0(

Hm ]ookhb]shnmr+ sgd Gd]uhrhcd etmbshnm nesdm qdoqdrdmsr ] enqbd+ unks]fd+ btqqdms+ nq rhfm]k
sg]s hr stqmdc nm ]s shld s = /+ ]mc kdes nm sgdqd]esdq- Sq]mrk]shnmr ne sgd Gd]uhrhcd etmbshnm
]qd trdc sn stqm rtbg etmbshnmr nm ]s shldr nsgdq sg]m /- Enq ] qd]k mtladq b+ vd cd“md

tb&s( =

]
/+ s . b+

0+ s ≥ b.
&1(

Sgd fq]og ne x = tb&s( hr rgnvm ]s sgd sno ne Ehftqd 4-4-0- Hs hr nesdm mdbdrr]qx sn stqm
] rhfm]k nq etmbshnm nm ]s shld s = b ]mc sgdm stqm hs n— ]s shld s = c < b- Sghr b]m ad
]bbnlokhrgdc ax trhmf ]m hmchbZsnq etmbshnm tbc&s( enq sgd hmsdqu]k Zb+ c( cd“mdc ax

tbc&s( = tb&s( − tc&s( =

]
/+ s . b nq s ≥ c+

0+ b ≤ s . c.
&2(

Sgd fq]og ne x = tbc&s( hr rgnvm ]s sgd anssnl ne Ehftqd 4-4-0- Mnsd sg]s
t/c&s( = t/&s( − tc&s( = 0 − tc&s( enq s ≥ / g]r ] mdf]shud rsdo ]s s = c ]mc hr trdc sn stqm
n—+ ]s shld s = c+ ] etmbshnm sg]s hr hmhsh]kkx stqmdc nm ]s s = /-



4-4 Chrbnmshmtntr Etmbshnmr ]mc Odqhnchb Etmbshnmr 218

b

c

0

x

s

0

x

s

cb

0

x

s

xL9Ltb s(

xL9Ltc s(

xL9Ltbc s(L9Ltb s(LyLtc s(

EHFTQD 4-4-0 Sgd etmbshnm tbc&s( = tb&s( − tc&s( hr trdc sn lncdk sgd hmchb]snq
etmbshnm enq sgd hmsdqu]kr Zb+ c(+ &b+ c[+ &b+ c(+ ]mc Zb+ c[-

PdlRpi- Mnsd sg]s sgd cd“mhshnm ne tb&s( ]s sgd onhms vgdqd sgd itlo chrbnmshmthsx nbbtqr hr
hll]sdqh]k- Hm e]bs+ tb&s( mddc mns ad cd“mdc ]s ]kk ]s s = b- Sghr hr bnmrhrsdms vhsg bnlldmsr
qdf]qchmf ohdbdvhrd bnmshmtntr etmbshnmr sg]s ]ood]q hm sgd qdl]qj hlldch]sdkx enkknvhmf Sgd,
nqdl 4-2-0- Enq dw]lokd+ vd vhkk trd sgd lncdk ê &s( = 2t13&s( = 2Zt1&s( − t3&s([ sn cdrbqhad sgd
etmbshnm

e &s( =
⎧
⎪
⎨
⎪⎩

/+ s . 1+
2+ 1 . s . 3+
/+ 3 . s+

dudm sgntfg e hr mns cd“mdc ]s s = 1 ]mc s = 3 vghkd ê &1( = 2 ]mc ê &3( = /-

DW;LOKD
0

Trd sgd tmhs rsdo etmbshnm sn fhud ] qdoqdrdms]shnm ne sgd ohdbdvhrd bnmshmtntr etmbshnm

e &s( =
⎧
⎪
⎨
⎪⎩

s+ / . s . 1+
0+ 1 ≤ s . 2+
d−1s+ 2 ≤ s.

Sghr b]m ad ]bbnlokhrgdc ax9

 h( stqmhmf nm sgd etmbshnm s ]s s = / ]mc stqmhmf hs n— ]s s = 1+
 hh( stqmhmf nm sgd bnmrs]ms etmbshnm 0 ]s s = 1 ]mc sgdm stqmhmf hs n— ]s s = 2+ ]mc
 hhh( stqmhmf nm d−1s ]s s = 2 ]mc kd]uhmf hs nm-

Sgtr
e &s( = st/1&s( + 0t12&s( + d−1st2&s(

= sZ0 − t1&s([ + 0Zt1&s( − t2&s([ + d−1st2&s(

= s − &s − 0(t1&s( + &d−1s − 0(t2&s(+ s < /.
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DW;LOKD
1

Trd tmhs rsdo etmbshnmr sn qdoqdrdms sgd etmbshnm cdrbqhadc ax sgd fq]og hm Ehftqd 4-4-1-
Sgd hmbqd]rhmf onqshnm ne sgd sqh]mftk]q otkrd hr ] rsq]hfgs,khmd rdfldms vhsg rknod 0

sg]s o]rrdr sgqntfg sgd onhms &0+ /( hm sgd sx,ok]md- Hs hr sgdqdenqd cdrbqhadc ax s − 0 enq
0 ≤ s ≤ 1- Sgd cdbqd]rhmf onqshnm ne sgd otkrd hr ] rsq]hfgs,khmd rdfldms vhsg rknod −0 sg]s
o]rrdr sgqntfg sgd onhms &2+ /( hm sgd sx,ok]md- Hs hr cdrbqhadc ax 2 − s enq 1 ≤ s ≤ 2- Trhmf
hmchb]snq etmbshnmr+ vd g]ud

e &s( = &s − 0(t01&s( + &2 − s(t12&s(
= &s − 0(Zt0&s( − t1&s([ + &2 − s(Zt1&s( − t2&s([
= &s − 0(t0&s( − 1&s − 1(t1&s( + &s − 2(t2&s(.

Trhmf sgd cd“mhshnm ne sgd tmhs rsdo etmbshnm ]mc mnshmf vgdqd sgd rsdo etmbshnm bg]mfdr
u]ktd+ sgd k]rs khmd b]m ]krn ad vqhssdm hm sgd enql

e &s( =

⎧
⎪
⎪
⎨
⎪
⎪⎩

/+ s . 0+
s − 0+ 0 ≤ s . 1+
2 − s+ 1 ≤ s . 2+
/+ 2 ≤ s+

sgtr bnm“qlhmf sgd qdoqdrdms]shnm hm sdqlr ne tmhs rsdo etmbshnmr-

0 1 / 2

0

x

s

EHFTQD 4-4-1 ? sqh]mftk]q otkrd-

▶ Sgd K]ok]bd Sq]mrenql ne sgd Tmhs Rsdo Etmbs hnm- Sgd K]ok]bd sq]mrenql ne tb+ vhsg b ≥ /+

�!tb&s(} = d−br

r
+ r < /+ &3(

rhmbd enq r < /+

�!tb&s(} = ∫
∞

/
d−rstb&s( cs = ∫

∞

b
d−rs cs = ihl

:→∞∫
:

b
d−rscs

= ihl
:→∞

(
d−br

r
− d−r:

r

)
= d−br

r
.

Hm o]qshbtk]q+ mnsd sg]s �!t&s(} = �!t/&s(} = 0{r+ vghbg hr hcdmshb]k sn sgd K]ok]bd
sq]mrenql ne sgd etmbshnm e &s( = 0- Sghr hr adb]trd e &s( = 0 ]mc t&s( ]qd hcdmshb]k etmbshnmr
nm Z/+ ∞(-
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Enq sgd hmchb]snq etmbshnm tbc&s( = tb&s( − tc&s(+ sgd khmd]qhsx ne � fhudr

�!tbc&s(} = �!tb&s(} − �!tc&s(} = d−br − d−cr

r
+ r < /. &4(

▶ K]ok]bd Sq]mrenqlr ne Shld,Rgh e sdc Etmbs hnmr- Enq ] fhudm etmbshnm e cd“mdc enq s ≥ /+ vd
vhkk nesdm v]ms sn bnmrhcdq sgd qdk]sdc etmbshnm f cd“mdc ax

x = f&s( =

]
/+ s . b+

e &s − b(+ s ≥ b+

vghbg qdoqdrdmsr ] sq]mrk]shnm ne e ] chrs]mbd b hm sgd onrhshud s chqdbshnm &rdd Ehftqd 4-4-2(-
Hm sdqlr ne sgd tmhs rsdo etmbshnm+ vd b]m vqhsd f&s( hm sgd bnmudmhdms enql

f&s( = tb&s(e &s − b(.

b

x

s

x

s

 Y(  a(

EHFTQD 4-4-2 ? sq]mrk]shnm ne sgd fhudm etmbshnm- &Z( x = e &s(: &a( x = tb&s( e &s − b(-

Sgd tmhs rsdo etmbshnm hr o]qshbtk]qkx hlonqs]ms hm sq]mrenql trd adb]trd ne sgd enkknvhmf
qdk]shnm adsvddm sgd sq]mrenql ne e &s( ]mc sg]s ne hsr sq]mrk]shnm tb&s( e &s − b(-

SGDNQDL
4-4-0

He E&r( = �!e &s(} dwhrsr enq r < Z ≥ /+ ]mc he b hr ] mnmmdf]shud bnmrs]ms+ sgdm

�!tb&s(e &s − b(} = d−br�!e &s(} = d−brE&r(+ r < Z. &5(

Bnmudqrdkx+ he e &s( = �−0!E&r(}+ sgdm

tb&s(e &s − b( = �−0!d−brE&r(}. &6(

Sgdnqdl 4-4-0 rhlokx rs]sdr sg]s sgd sq]mrk]shnm ne e &s( ] chrs]mbd b hm sgd onrhshud s
chqdbshnm bnqqdronmcr sn sgd ltkshokhb]shnm ne E&r( ax d−br-

Oqnne Sn oqnud Sgdnqdl 4-4-0+ hs hr rtffbhdms sn cdsdqlhmd sgd sq]mrenql ne tb&s(e &s − b(9

�!tb&s(e &s − b(} = ∫
∞

/
d−rstb&s(e &s − b( cs

= ∫
∞

b
d−rse &s − b( cs.
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Hmsqnctbhmf ] mdv hmsdfq]shnm u]qh]akd 𝜈 = s − b+ vd g]ud

�!tb&s(e &s − b(} = ∫
∞

/
d−&𝜈+b(re &𝜈( c𝜈 = d−br ∫

∞

/
d−r𝜈 e &𝜈( c𝜈

= d−brE&r(.

Sgtr Dp- &5( hr drs]akhrgdc: Dp- &6( enkknvr ax s]jhmf sgd hmudqrd sq]mrenql ne ansg rhcdr
ne Dp- &5(-

? rhlokd dw]lokd ne sghr sgdnqdl nbbtqr he vd s]jd e &s( = 0- Qdb]kkhmf sg]s �!0} = 0{r+
vd hlldch]sdkx g]ud �!tb&s(} = d−br{r eqnl Dp- &5(- Sghr qdrtks ]fqddr vhsg sg]s ne
Dp- &3(-

PdlRpi- Hm nqcdq sn trd Sgdnqdl 4-4-0+ sgd sq]mrk]shnmr ne t ]mc e g]ud sn ad hcdmshb]k+ sg]s
hr+ sgdhq oqnctbs ltrs ad ne sgd enql e &s − b(tb&s( = e &s − b(t&s − b(- He+ ]r hr trt]kkx sgd b]rd+ ]
sdql hmunkuhmf ] rsdo etmbshnm hr ne sgd enql f&s(tb&s(+ ] rxrsdl]shb v]x sn cdctbd e hr rhl,
okx sn rds e &s − b( = f&s( ]mc sgdm rtarshstsd s + b enq s hm sgd qdrtkshmf dpt]shnm sn nas]hm
e &s + b − b( = f&s + b( nq e &s( = f&s + b(-

DW;LOKD
2

Ehmc sgd K]ok]bd sq]mrenql ne sgd etmbshnm

e &s( =
⎧
⎪
⎨
⎪⎩

s+ / . s . 1+
0+ 1 ≤ s . 2+
d−1s+ 2 ≤ s.

Hm Dw]lokd 0+ vd entmc sgd enkknvhmf qdoqdrdms]shnm ne e hm sdqlr ne rsdo etmbshnmr9

e &s( = s − &s − 0(t1&s( + &d−1s − 0(t2&s(+ s < /.

He vd rds e 0&s( = s+ sgdm �!e0&s(} = 0{r1- Enkknvhmf sgd ]anud qdl]qj+ vd rds e 1&s − 1( =
s − 0 ]mc rtarshstsd s + 1 enq s rn sg]s e 1&s( = s + 0+ ]mc �!e1&s(} = 0{r1 + 0{r = &0 + r({r1-
Rhlhk]qkx+ rds e2&s − 2( = d−1s − 0 ]mc rtarshstsd s + 2 enq s sn nas]hm e2&s( = d−1&s+2( − 0 =
d−5d−1s − 0- Sgtr �!e2&s(} = d−5{&r + 1( − 0{r- Trhmf sgd khmd]qhsx ne � ]mc
Sgdnqdl 4-4-0 fhudr

�!e &s(} = �!e0&s(} − �!e1&s − 1(t1&s(} + �!e2&s − 2(t1&s(}

= �!e0&s(} − d−1r�!e1&s(} + d−2r�!e2&s(}

= 0
r1 − d−1r 0 + r

r1 + d−2r
)

d−5

r + 1
− 0

r

[
.

DW;LOKD
3

Ehmc sgd K]ok]bd sq]mrenql ne

e &s( =

⎧
⎪
⎪
⎨
⎪
⎪⎩

/+ s . 0+
s − 0+ 0 ≤ s . 1+
2 − s+ 1 ≤ s . 2+
/+ 2 ≤ s.
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Sghr hr sgd sqh]mftk]q otkrd ne Dw]lokd 1+ vghbg b]m ad qdoqdrdmsdc ax

e &s( = &s − 0(t0&s( − 1&s − 1(t1&s( + &s − 2(t2&s(+

]mc hr ]kqd]cx md]qkx hm sgd enql sn vghbg Sgdnqdl 4-4-0 hr chqdbskx ]ookhb]akd- He vd
rds e0&s − 0( = s − 0+ e1&s − 1( = 1&s − 1(+ ]mc e 2&s − 2( = s − 2+ vd rdd sg]s e 0&s( = s+
e 1&s( = 1s+ ]mc e 2&s( = s- Hs enkknvr sg]s

�!e &s(} = d−r

r1 − 1d−1r

r1 + d−2r

r1 .

DW;LOKD
4

Ehmc sgd hmudqrd sq]mrenql ne

E&r( = 0 − d−1r

r1 .

Eqnl sgd khmd]qhsx ne sgd hmudqrd sq]mrenql+ vd g]ud

e &s( = �−0!E&r(} = �−0
{ 0

r1

{
− �−0

]
d−1r

r1

{

= s − t1&s(&s − 1(.

Sgd etmbshnm e l]x ]krn ad vqhssdm ]r

e &s( =

]
s+ / ≤ s . 1+

1+ s ≥ 1.

▶ Odqhnchb Etmbs hnmr-

CDEHMHSHNM
4-4-1

? etmbshnm e hr r]hc sn ad odqhnchb vhsg odqhnc S < / he

e &s + S( = e &s(

enq ]kk s hm sgd cnl]hm ne e -

? odqhnchb etmbshnm b]m ad cd“mdc ax hmchb]shmf sgd kdmfsg ne hsr odqhnc ]mc rodbhexhmf
hsr u]ktdr nudq ] rhmfkd odqhnc- Enq dw]lokd+ sgd odqhnchb etmbshnm rgnvm hm Ehftqd 4-4-3
b]m ad dwoqdrrdc ]r

e &s( =

]
0 − s+ / ≤ s . 0+
/+ 0 ≤ s . 1+

]mc e &s( g]r odqhnc 1- &7(

0

0 1 / 2 4

x

s

EHFTQD 4-4-3 Sgd odqhnchb etmbshnm cdrbqhadc hm Dp- &7(-
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Lnqd fdmdq]kkx+ hm chrbtrrhmf ] odqhnchb etmbshnm e &s(+ hs hr bnmudmhdms sn hmsqnctbd ]
vhmcnv etmbshnm eS &s( cd“mdc ax

eS &s( = e &s(Z0 − tS &s([ =

]
e &s(+ / ≤ s ≤ S +
/+ nsgdqvhrd+

&8(

]mc hsr K]ok]bd sq]mrenql ES &r( fhudm ax

ES &r( = ∫
∞

/
d−rseS &s( cs = ∫

S

/
d−rse &s( cs. &0/(

Sgd vhmcnv etmbshnm rodbh“dr u]ktdr ne e &s( nudq ] rhmfkd odqhnc- ? qdokhb]shnm ne e S &s(
rghesdc j odqhncr sn sgd qhfgs+ sg]s hr+ ] chrs]mbd jS + b]m ad qdoqdrdmsdc ax

eS &s − jS(tjS &s( =

]
e &s − jS(+ jS ≤ s . &j + 0(S +
/+ nsgdqvhrd-

&00(

Rtllhmf sgd shld,rghesdc qdokhb]shnmr eS &s − jS(tjS &s(+ j = /+… + m − 0+ fhudr emS &s(+ sgd
odqhnchb dwsdmrhnm ne eS &s( sn sgd hmsdqu]k Z/+ mS[+

emS &s( =
m−0∑
j=/

eS &s − jS(tjS &s(. &01(

Sgtr emS &s( bnmrhrsr ne dw]bskx m odqhncr ne sgd vhmcnv etmbshnm eS &s(+ ]r rgnvm hm
Ehftqd 4-4-4-

S 1S mS mLyL0(S

x

s

eS s(

EHFTQD 4-4-4 Sgd odqhnchb dwsdmrhnm emS &s( ne sgd vhmcnv etmbshnm eS &s( sn sgd hmsdqu]k
Z/+ mS[+ emS &s( =

√m−0
j=/ eS &s − jS(tjS &s(-

Sgd dmshqd odqhnchb etmbshnm hr sgdm qdoqdrdmsdc ax

e &s( =
∞∑

m=/
eS &s − mS(tmS &s(. &02(

SGDNQDL
4-4-2

He e hr odqhnchb vhsg odqhnc S ]mc hr ohdbdvhrd bnmshmtntr nm Z/+ S[+ sgdm

�!e &s(} =
ES &r(

0 − d−rS =
∫ S
/ d−rse &s( cs
0 − d−rS . &03(

Oqnne Eqnl Sgdnqdl 4-4-0 ]mc Dp- &0/(+ vd jmnv sg]s enq d]bg j ≥ /+

�!eS &s − jS(tjS &s(} = d−jSr�!eS &s(} = d−jSrES &r(.
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Trhmf sgd khmd]qhsx ne �+ sgd K]ok]bd sq]mrenql ne emS &s( hm &01( hr sgdqdenqd

EmS &r( = ∫
mS

/
d−rse &s( cs =

m−0∑
j=/

�!eS &s − jS(tjS &s(}

=
m−0∑
j=/

d−jSrES &r( = ES &r(
m−0∑
j=/

√
d−rS�j = ES &r(0 − &d−rS (m

0 − d−rS + &04(

vgdqd sgd k]rs dpt]khsx ]qhrdr eqnl sgd enqltk] enq sgd rtl ne sgd “qrs m sdqlr ne ]
fdnldsqhb rdqhdr- Rhmbd d−rS . 0 enq rS < /+ hs enkknvr eqnl &04( sg]s

E&r( = ihl
m→∞∫

mS

/
d−rS e &s( cs = ihl

m→∞
ES &r(0 − &d−rS (m

0 − d−rS =
ES &r(

0 − d−rS .

DW;LOKD
5

Ehmc sgd K]ok]bd sq]mrenql ne sgd odqhnchb etmbshnm cdrbqhadc ax sgd fq]og hm Ehftqd 4-4-5-
Sgd r]vsnnsg v]udenql b]m ad dwoqdrrdc ]r

e &s( =

]
s+ / ≤ s . 0+
/+ 0 ≤ s . 1+

]mc e &s( g]r odqhnc 1.

Trhmf S = 1+ ES &r( = ∫
1

/
d−rse &s( cs = ∫

0

/
d−rss cs = 0 − d−r

r1 − d−r

r
+ ]mc Sgdnqdl 4-4-2

fhud

E&r( = 0 − d−r

r1
√
0 − d−1r

� − d−r

r
√
0 − d−1r

� .

0

0 1 / 2

x

s

EHFTQD 4-4-5 ? odqhnchb r]vsnnsg rhfm]k-

DW;LOKD
6

Ehmc sgd hmudqrd K]ok]bd sq]mrenql ne

E&r( = 0 − d−r

r
√
0 − d−1r

� . &05(

?bbnqchmf sn Dp- &03(+ sgd oqdrdmbd ne 0 − d−1r hm sgd cdmnlhm]snq rtffdrsr sg]s sgd
hmudqrd sq]mrenql hr ] odqhnchb etmbshnm ne odqhnc 1 ]mc sg]s E1&r( = &0 − d−r({r- Rhmbd�−0!0{r} = 0 ]mc �−0!d−r{r} = t0&s(+ hs enkknvr sg]s

e1&s( = 0 − t0&s( =

]
0+ / ≤ s . 0+
/+ 0 ≤ s . 1.
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Gdmbd

e &s( =

]
0+ / ≤ s . 0+
/+ 0 ≤ s . 1+

]mc e &s( g]r odqhnc 1.

Sgd fq]og ne e &s(+ ] odqhnchb rpt]qd v]ud+ hr rgnvm hm Ehftqd 4-4-6-

0 1 / 2

0

x

s

EHFTQD 4-4-6 ? odqhnchb rpt]qd v]ud-

?ksdqm]shudkx+ mnsd sg]s E&r( hm Dp- &05( b]m ad dwoqdrrdc ]r

E&r( = 0
r&0 + d−r(

= 0
r
√
0 − d−r + d−1r − d−2r +⋯

�
+

vgdqd sgd k]rs dpt]khsx ]qhrdr eqnl trhmf sgd fdnldsqhb rdqhdr qdoqdrdms]shnm ne 0{&0 + d−r(-
? sdql,ax,sdql hmudqrhnm ne sghr hm“mhsd rdqhdr trhmf sgd khmd]qhsx ne �−0 xhdkcr sgd shld
cnl]hm qdoqdrdms]shnm

e &s( = 0 − t0&s( + t1&s( − t2&s( +⋯ = t/0&s( + t12&s( +⋯

ne sgd rpt]qd v]ud rgnvm hm Ehftqd 4-4-6-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 5+ rjdsbg sgd fq]og ne sgd fhudm
etmbshnm nm sgd hmsdqu]k s ≥ /9
0- t0&s( + 2t2&s( − 6t3&s(
1- &s − 2(t1&s( − &s − 1(t2&s(
2- e &s − 𝜉(t𝜉&s(+ vgdqd e &s( = s1

3- e &s − 3(t3&s(+ vgdqd e &s( = rhm s
4- e &s − 0(t1&s(+ vgdqd e &s( = 1s
5- &s − 0(t0&s( − 1&s − 1(t1&s( + &s − 2(t2&s(
Hm d]bg ne Oqnakdlr 6 sgqntfg 01+ “mc sgd K]ok]bd sq]mrenql
ne sgd fhudm etmbshnm9

6- e &s( =

]
/+ s . 8

&s − 8(r+ s ≥ 8

7- e &s( =

]
/+ s . 2

s1 − 5s + 07+ s ≥ 2

8- e &s( =
⎧
⎪
⎨
⎪⎩

/+ s . 𝜉

s − 𝜉+ 𝜉 ≤ s . 1𝜉

/+ s ≥ 1𝜉
0.- e &s( = t0&s( + 2t4&s( − 3t7&s(
00- e &s( = &s − 3(t2&s( − &s − 2(t3&s(
01- e &s( = s − t0&s(&s − 0(+ s ≥ /

Hm d]bg ne Oqnakdlr 02 sgqntfg 07+ “mc sgd hmudqrd K]ok]bd
sq]mrenql ne sgd fhudm etmbshnm9

02- E&r( = 4=d−r

&r − 4(5 03- E&r( = d−1r

r1 + r − 1

04- E&r( = 1&r − 0(d−1r

r1 − 1r + 1
05- E&r( = 7d−6r

r1 − 53

06- E&r( = &r − 1(d−r

r1 − 3r + 2

07- E&r( = d−r + d−1r − d−2r − d−3r

r
Hm d]bg ne Oqnakdlr 08 sgqntfg 10+ “mc sgd K]ok]bd sq]mr,
enql ne sgd fhudm etmbshnm9

08- e &s( =

]
0+ / ≤ s . 0

/+ s ≥ 0

1.- e &s( =

⎧
⎪
⎪
⎨
⎪
⎪⎩

0+ / ≤ s . 0

/+ 0 ≤ s . 1

0+ 1 ≤ s . 2

/+ s ≥ 2
10- e &s( = 0 − t0&s( +⋯ + t1m&s( − t1m+0&s( =

0 +
1m+0√
j=0

&−0(jtj&s(
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Hm d]bg ne Oqnakdlr 11 sgqntfg 13+ “mc sgd K]ok]bd sq]mr,
enql ne sgd odqhnchb etmbshnm9

11- e &s( =

]
0+ / ≤ s . 0+

−0+ 0 ≤ s . 1:
]mc e &s( g]r odqhnc 1-

Rdd Ehftqd 4-4-7-

0

y0

x

s0 1 / 2

EHFTQD 4-4-7 ? odqhnchb rpt]qd v]ud-

12- e &s( = s+ / ≤ s . 0: ]mc e &s( g]r odqhnc 0-
Rdd Ehftqd 4-4-8-

0

0 1 / 2

x

s

EHFTQD 4-4-8 ? r]vsnnsg v]ud-

13- e &s( = rhm s+ / ≤ s . 𝜉: ]mc e &s( g]r odqhnc 𝜉-
Rdd Ehftqd 4-4-0/-

0

x

s

EHFTQD 4-4-0. ? qdbsh“dc rhmd v]ud-

14-  Z( He e &s( = 0 − t0&s(+ “mc �!e &s(}: bnlo]qd vhsg Oqna,
kdl 08- Rjdsbg sgd fq]og ne x = e &s(-
 a( Kds f&s( = ∫ s

/ e &𝜈( c𝜈+ vgdqd sgd etmbshnm e hr cd“mdc hm
o]qs &](- Rjdsbg sgd fq]og ne x = f&s( ]mc “mc �!f&s(}-
 b( Kds g&s( = f&s( − t0&s(f&s − 0(+ vgdqd f hr cd“mdc hm o]qs
&a(- Rjdsbg sgd fq]og ne x = g&s( ]mc “mc �!g&s(}-
15- Bnmrhcdq sgd etmbshnm o cd“mdc ax

o&s( =

]
s+ / ≤ s . 0+

1 − s+ 0 ≤ s . 1:
]mc o&s( g]r odqhnc 1-

 Z( Rjdsbg sgd fq]og ne x = o&s(-
 a( Ehmc �!o&s(} ax mnshmf sg]s o hr sgd odqhnchb dwsdmrhnm
ne sgd etmbshnm g hm Oqnakdl 14&b( ]mc sgdm trhmf sgd qdrtks
ne Sgdnqdl 4-4-2-
 b( Ehmc �!o&s(} ax mnshmf sg]s

o&s( = ∫
s

/
e &𝜈( c𝜈+

vgdqd e hr sgd etmbshnm hm Oqnakdl 11+ ]mc sgdm trhmf Sgdn,
qdl 4-1-1-

4-5 Cheedqdmsh]k Dpt]shnmr vhsg
Chrbnmshmtntr Enqbhmf Etmbshnmr
Hm sghr rdbshnm vd stqm ntq ]ssdmshnm sn rnld dw]lokdr hm vghbg sgd mnmgnlnfdmdntr sdql+
nq enqbhmf etmbshnm+ ne ] ch—dqdmsh]k dpt]shnm hr lncdkdc ax ] chrbnmshmtntr etmbshnm- Sghr
hr nesdm cnmd dudm he hm sgd ]bst]k ogxrhb]k rxrsdl sgd enqbhmf etmbshnm hr bnmshmtntr+ ats
bg]mfdr q]ohckx nudq ] udqx rgnqs shld hmsdqu]k- Hm l]mx ]ookhb]shnmr+ rxrsdlr ]qd nesdm
sdrsdc ax rtaidbshmf sgdl sn chrbnmshmtntr enqbhmf etmbshnmr- Enq dw]lokd+ dmfhmddqr eqd,
ptdmskx vhrg sn jmnv gnv ] rxrsdl qdronmcr sn ] rsdo hmots+ ] bnllnm rhst]shnm vgdqd sgd
hmots sn ] rxrsdl rtccdmkx bg]mfdr eqnl nmd bnmrs]ms kdudk sn ]mnsgdq-

?ksgntfg mns hlldch]sdkx nauhntr+ rnktshnmr ne sgd bnmrs]ms bndffbhdms dpt]shnm+

Zx…… + ax… + bx = f&s(+

]qd+ hm e]bs+ bnmshmtntr vgdmdudq sgd hmots f hr ohdbdvhrd bnmshmtntr- Sn tmcdqrs]mc gnv
chrbnmshmtntr hmotsr b]m xhdkc bnmshmtntr ntsotsr+ vd bnmrhcdq sgd rhlokd hmhsh]k u]ktd
oqnakdl

x……&s( = tb&s(+ x&/( = /+ x…&/( = /+ &0(
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vgdqd b < /- Hmsdfq]shmf ansg rhcdr ne Dp- &0( eqnl / sn s ]mc trhmf sgd hmhsh]k bnmchshnm
x…&/( = / xhdkc

x…&s( − x…&/( = ∫
s

/
tb&/( c/ =

]
/+ / ≤ s . b+
s − b+ s ≥ b+

&1(

nq

x…&s( = &s − b(tb&s(. &2(

Hmsdfq]shmf ansg rhcdr ne Dp- &2( eqnl / sn s sgdm xhdkcr

x&s( − x&/( = ∫
s

/
&/ − b(tb&/( c/ =

⎧
⎪
⎨
⎪⎩

/+ / ≤ s . b+
&s − b(1

1
+ s ≥ b+

&3(

nq rhmbd x&/( = /+

x&s( = &s − b(1

1
tb&s(. &4(

Sgd fq]ogr ne x ……&s(+ x …&s(+ ]mc x&s( ]qd rgnvm hm Ehftqd 4-5-0-

b

b

b

0

s

0

s

0

s

x �L9Ltb s(

x′ s(L9L sLyLb(tb s(

 sLyLb(1tb s(x s(L9 0
1

EHFTQD 4-5-0 Sgd rlnnsghmf d—dbs ne hmsdfq]shnm-

Vghkd x ……&s( g]r ] itlo chrbnmshmthsx ne l]fmhstcd 0 ]s s = b+ x …&s( hr bnmshmtntr ]s s = b+
]r b]m ad rddm eqnl Dp- &2(+ vgdqd ihls→b x…&s( = /- Eqnl Dp- &4( vd rdd sg]s x&s( hr mns
nmkx bnmshmtntr enq ]kk u]ktdr ne s < /+ ats hsr cdqhu]shud x …&s( dwhrsr ]mc hr bnmshmtntr enq
]kk u]ktdr ne s < /- D]bg hmsdfq]shnm xhdkcr ] etmbshnm sg]s hr rlnnsgdq sg]m sgd etmbshnm adhmf
hmsdfq]sdc- Sgd rlnnsghmf d—dbs ne hmsdfq]shnm fdmdq]khydr sn u]qh]akd bndffbhdms dpt]shnmr
]mc ghfgdq nqcdq dpt]shnmr- Bnmrhcdq

x…… + o&s(x… + p&s(x = f&s(+ &5(

vgdqd o ]mc p ]qd bnmshmtntr nm rnld hmsdqu]k � . s . 𝛼+ ats f hr nmkx ohdbdvhrd bnmshmtntr
sgdqd- He x = 5&s( hr ] rnktshnm ne Dp- &5(+ sgdm 5 ]mc 5 … ]qd bnmshmtntr nm � . s . 𝛼+ ats
5 …… g]r itlo chrbnmshmthshdr ]s sgd r]ld onhmsr ]r f- Rhlhk]q qdl]qjr ]ookx sn ghfgdq nqcdq
dpt]shnmr: sgd ghfgdrs cdqhu]shud ne sgd rnktshnm ]ood]qhmf hm sgd ch—dqdmsh]k dpt]shnm g]r
itlo chrbnmshmthshdr ]s sgd r]ld onhmsr ]r sgd enqbhmf etmbshnm+ ats sgd rnktshnm hsrdke ]mc
hsr knvdq nqcdq cdqhu]shudr ]qd bnmshmtntr dudm ]s sgnrd onhmsr-
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DW;LOKD
0

Cdrbqhad sgd pt]khs]shud m]stqd ne sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

x…… + 3x = f&s(+ &6(

x&/( = /+ x…&/( = /+ &7(

vgdqd

f&s( =
⎧
⎪
⎨
⎪⎩

/+ / ≤ s . 4+

&s − 4({4+ 4 ≤ s . 0/+

0+ s ≥ 0/+

&8(

]mc sgdm “mc sgd rnktshnm-
Hm sghr dw]lokd+ sgd enqbhmf etmbshnm g]r sgd fq]og rgnvm hm Ehftqd 4-5-1 ]mc hr jmnvm

]r q]lo kn]chmf-

x

s

.�1

.�2

.�3

.�7

0�.

1 2 3 7 0. 01 02 03 07 1.

xL9Lf s(

EHFTQD 4-5-1 Q]lo kn]chmf9 x = f&s( eqnl Dp- &8(-

Hs hr qdk]shudkx d]rx sn hcdmshex sgd fdmdq]k enql ne sgd rnktshnm- Enq s . 4+ sgd rnktshnm hr
rhlokx x = /- Nm sgd nsgdq g]mc+ enq s < 0/ sgd rnktshnm g]r sgd enql

x = b0 anr 1s + b1 rhm 1s + 0
3 . &0/(

Sgd bnmrs]ms 0
3 hr ] o]qshbtk]q rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm+ vgdqd]r sgd nsgdq

svn sdqlr bnloqhrd sgd fdmdq]k rnktshnm ne sgd bnqqdronmchmf gnlnfdmdntr dpt]shnm- Sgtr
sgd rnktshnm &0/( hr ] rhlokd g]qlnmhb nrbhkk]shnm ]ants x = 0

3 - Rhlhk]qkx+ hm sgd hmsdqld,
ch]sd q]mfd 4 . s . 0/+ sgd rnktshnm hr ]m nrbhkk]shnm ]ants ] bdqs]hm khmd]q etmbshnm- Hm ]m
dmfhmddqhmf bnmsdws+ enq dw]lokd+ vd lhfgs ad hmsdqdrsdc hm jmnvhmf sgd ]lokhstcd ne sgd
dudmst]k rsd]cx nrbhkk]shnm-

Sn rnkud sgd oqnakdl+ hs hr bnmudmhdms sn vqhsd

f&s( =
t4&s(&s − 4( − t0/&s(&s − 0/(

4
+ &00(

]r xnt l]x udqhex- Sgdm vd s]jd sgd K]ok]bd sq]mrenql ne sgd ch—dqdmsh]k dpt]shnm ]mc trd
sgd hmhsh]k bnmchshnmr+ sgdqdax nas]hmhmf

&r1 + 3(X&r( = d−4r − d−0/r

4r1 +
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nq

X&r( = &d−4r − d−0/r(G&r(
4

+ &01(

vgdqd

G&r( = 0
r1&r1 + 3(

. &02(

Sgtr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &6(+ &7(+ &8( hr

x = 𝜏&s( =
t4&s(g&s − 4( − t0/&s(g&s − 0/(

4
+ &03(

vgdqd g&s( hr sgd hmudqrd sq]mrenql ne G&r(- Sgd o]qsh]k eq]bshnm dwo]mrhnm ne G&r( hr

G&r( =
0{3
r1 −

0{3
r1 + 3

+ &04(

]mc hs sgdm enkknvr eqnl khmdr 2 ]mc 4 ne S]akd 4-2-0 sg]s

g&s( = 0
3 s − 0

7 rhm 1s. &05(

Sgd fq]og ne x = 𝜏&s( hr rgnvm hm Ehftqd 4-5-2-

4 0. 04 1. 14

.�.4

.�0

.�04

.�1

.�14

.�/

x

s

EHFTQD 4-5-2 Rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &6(+ &7(+ &8(-

Nardqud sg]s hs g]r sgd pt]khs]shud enql sg]s vd hmchb]sdc d]qkhdq- Sn “mc sgd ]lokhstcd
ne sgd dudmst]k rsd]cx nrbhkk]shnm+ hs hr rtffbhdms sn knb]sd nmd ne sgd l]whltl nq lhmhltl
onhmsr enq s < 0/- Rdsshmf sgd cdqhu]shud ne sgd rnktshnm &03( dpt]k sn ydqn+ vd “mc sg]s sgd “qrs
l]whltl hr knb]sdc ]ooqnwhl]sdkx ]s &0/-531+ /-1868(+ rn sgd ]lokhstcd ne sgd nrbhkk]shnm
hr ]ooqnwhl]sdkx /-/368- Mnsd sg]s hm sghr dw]lokd sgd enqbhmf etmbshnm f hr bnmshmtntr
ats f … hr chrbnmshmtntr ]s s = 4 ]mc s = 0/- Hs enkknvr sg]s sgd rnktshnm 𝜏 ]mc hsr “qrs svn
cdqhu]shudr ]qd bnmshmtntr dudqxvgdqd+ ats 𝜏……… g]r chrbnmshmthshdr ]s s = 4 ]mc ]s s = 0/
sg]s l]sbg sgd chrbnmshmthshdr hm f … ]s sgnrd onhmsr-

DW;LOKD
1

QdrnmZmbd- Rnkud sgd hmhsh]k u]ktd oqnakdl

x…… + 𝜉1x = e &s(+ x&/( = /+ x…&/( = /+ &06(

vgdqd e &s( hr sgd rpt]qd v]ud hm Dw]lokd 6+ Rdbshnm 4-4-
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S]jhmf sgd K]ok]bd sq]mrenql ne sgd ch—dqdmsh]k dpt]shnm hm sgd hmhsh]k u]ktd oqnakdl
&06( ]mc trhmf sgd hmhsh]k bnmchshnmr fhud

&r1 + 𝜉1(X&r( = 0
r &0 + d−r(

+ &07(

vgdqd vd g]ud trdc sgd qdoqdrdms]shnm 0{r&0 + d−r( enq sgd K]ok]bd sq]mrenql ne e &s(- Sgtr

X&r( = 0
r
√
r1 + 𝜉1

� 0
0 + d−r .

Sgd o]qsh]k eq]bshnm dwo]mrhnm

0
r
√
r1 + 𝜉1

� = 0
𝜉1

)
0
r
− r

r1 + 𝜉1

[

fhudr

�−0

]
0

r
√
r1 + 𝜉1

�
}

= 0
𝜉1 Z0 − anr 𝜉s[ .

Sgdm+ qdldladqhmf sgd fdnldsqhb rdqhdr qdoqdrdms]shnm 0{&0 + d−r( =
√∞

j=/&−0(jd−jr+ vd
“mc sg]s

x&s( = 0
𝜉1

∞∑
j=/

&−0(j !0 − anr Z𝜉&s − j([} tj&s(. &08(

Fq]ogr ne x ]mc sgd rpt]qd v]ud hmots ]qd rgnvm hm Ehftqd 4-5-3- Sgd fq]og ne x rtffdrsr
sg]s sgd rxrsdl hr dwghahshmf qdrnm]mbd+ ] e]bs sg]s hr mns hlldch]sdkx ]oo]qdms eqnl
sgd qdoqdrdms]shnm &08(- Gnvdudq sgd sqhfnmnldsqhb hcdmshsx anr 𝜉&s − j( = anr 𝜉s anr 𝜉j =
&−0(j anr 𝜉s ]kknvr tr sn dwoqdrr sgd rtl &08( ]r

x&s( = 0
𝜉1

∞∑
j=/

)
&−0(j − anr 𝜉s

[
tj&s(. &1/(

He vd du]kt]sd Dp- &1/( ]s sgd hmsdfdqr s = m+ sgdm trhmf sgd e]bsr sg]s tj&m( = / he j < m ]mc
anr 𝜉m = &−0(m+ vd “mc sg]s

x&m( = − m
𝜉1 he m hr ]m dudm hmsdfdq+

]mc

x&m( = m + 0
𝜉1 he m hr ]m ncc hmsdfdq-

Sgd fq]ogr ne x&m( udqrtr m enq m = 0+ 2+ 4+ - - - ]mc x&m( udqrtr m enq m = /+ 1+ 3+ - - - +
enql toodq ]mc knvdq dmudknodr enq sgd fq]og ne x&s(+ s ≥ /+ qdrodbshudkx+ ]mc ]qd rgnvm ]r
c]rgdc khmdr hm Ehftqd 4-5-3- Eqnl sgd fq]ogr ne x ]mc sgd rpt]qd v]ud hmots e + vd rdd sg]s
e &s( = 0+ ] enqbd hm sgd onrhshud x chqdbshnm+ ctqhmf shld hmsdqu]kr vgdm x&s( hr hmbqd]rhmf ]mc
e &s( = / ctqhmf shld hmsdqu]kr vgdm x&s( hr cdbqd]rhmf- Sghr hr vg]s ] bghkc cndr nm ] rvhmf
sn hmbqd]rd sgd ]lokhstcd ne sgd rvhmf´r lnshnm+ sg]s hr+ otrg vhsg xntq edds vgdm lnuhmf
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enqv]qc+ ]mc qdk]whmf vgdm lnuhmf a]bjv]qc- Sgtr og]rd rxmbgqnmhy]shnm adsvddm hmots
e &s( ]mc qdronmrd x&s( fhudr qhrd sn sgd ogdmnldmnm ne qdrnm]mbd-

y1�4

y1

y0�4

y0

y.�4

.�4

0

0�4

1�4

1

x

s1 2 3 7 0. 01 02 03 07 1.

EHFTQD 4-5-3 Qdrnm]mbd &rnkhc aktd( ctd sn ] rpt]qd v]ud &ak]bj( hmots-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 02+ “mc sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl- Cq]v sgd fq]ogr ne sgd rnktshnm
]mc ne sgd enqbhmf etmbshnm: dwok]hm gnv sgdx ]qd qdk]sdc-

0- x…… + x = e &s(: x&/( = 4+ x…&/( = 2:

e &s( =

]
0+ / ≤ s . 𝜉{1

/+ 𝜉{1 ≤ s . ∞

1- x…… + 1x… + 1x = g&s(: x&/( = 4+ x…&/( = 3:

g&s( =

]
0+ 𝜉 ≤ s . 1𝜉

/+ / ≤ s . 𝜉 ]mc s ≥ 1𝜉

2- x…… + 3x = rhm s − t1𝜉&s( rhm&s − 1𝜉(:
x&/( = /+ x…&/( = /

3- x…… + 3x = rhm s + t𝜉&s( rhm&s − 𝜉(:
x&/( = /+ x…&/( = /

4- x…… + 2x… + 1x = e &s(: x&/( = /+ x…&/( = /:

e &s( =

]
0+ / ≤ s . 0/

/+ s ≥ 0/

5- x…… + 2x… + 1x = t1&s(: x&/( = 5+ x…&/( = 5

6- x…… + x = t2𝜉&s(: x&/( = 0+ x…&/( = /

7- x…… + x… + 0.14x = s − t𝜉{1&s(&s − 𝜉{1(:
x&/( = /+ x…&/( = /

8- x…… + x = f&s(: x&/( = 5+ x…&/( = 7:

f&s( =

]
s{1+ / ≤ s . 5

2+ s ≥ 5

0.- x…… + x… + 0.14x = f&s(: x&/( = /+ x…&/( = /:

f&s( =

]
rhm s+ / ≤ s . 𝜉

/+ s ≥ 𝜉

00- x…… + 3x = t𝜉&s( − t2𝜉&s(: x&/( = 2+ x…&/( = 6

01- x&3( − x = t0&s( − t1&s(: x&/( = 01+
x…&/( = 6+ x……&/( = 1+ x………&/( = −8

02- x&3( + 4x…… + 3x = 0 − t𝜉&s(: x&/( = /+
x…&/( = /+ x……&/( = /+ x………&/( = /

03- Ehmc ]m dwoqdrrhnm hmunkuhmf tb&s( enq ] etmbshnm e sg]s
q]lor to eqnl ydqn ]s s = s/ sn sgd u]ktd g ]s s = s/ + j-

04- Ehmc ]m dwoqdrrhnm hmunkuhmf tb&s( enq ] etmbshnm f sg]s
q]lor to eqnl ydqn ]s s = s/ sn sgd u]ktd g ]s s = s/ + j ]mc
sgdm q]lor a]bj cnvm sn ydqn ]s s = s/ + 1j-
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05- ? bdqs]hm roqhmf,l]rr rxrsdl r]shr“dr sgd hmhsh]k u]ktd
oqnakdl

t…… + /.14t… + t = jf&s(+ t&/( = /+ t…&/( = /+

vgdqd f&s( hr dpt]k sn 0 nudq sgd shld hmsdqu]k 2
1
. s . 4

1
+ hr

ydqn dkrdvgdqd+ ]mc j < / hr ] o]q]ldsdq-
 Z( Rjdsbg sgd fq]og ne f&s(-
 a( Rnkud sgd hmhsh]k u]ktd oqnakdl-
 b( Okns sgd rnktshnm enq j = 0

1
+ j = 0+ ]mc j = 1- Cdrbqhad sgd

oqhmbho]k ed]stqdr ne sgd rnktshnm ]mc gnv sgdx cdodmc nm j-
 c( Ehmc+ sn svn cdbhl]k ok]bdr+ sgd rl]kkdrs u]ktd ne j enq
vghbg sgd rnktshnm t&s( qd]bgdr sgd u]ktd 1-
 d( Rtoonrd j = 1- Ehmc sgd shld / ]esdq vghbg ∣t&s(∣ . /-0
enq ]kk s < /-

06- Lnchex sgd oqnakdl hm Dw]lokd 0 ne sghr rdbshnm ax qd,
ok]bhmf sgd fhudm enqbhmf etmbshnm f&s( ax

e &s( =
t4&s(&s − 4( − t4+j&s(&s − 4 − j(

j
.

 Z( Rjdsbg sgd fq]og ne e &s( ]mc cdrbqhad gnv hs cdodmcr nm
j- Enq vg]s u]ktd ne j hr e &s( hcdmshb]k sn f&s( hm sgd dw]lokd=
 a( Rnkud sgd hmhsh]k u]ktd oqnakdl

x…… + 3x = e &s(+ x&/( = /+ x…&/( = /.

 b( Sgd rnktshnm hm o]qs &a( cdodmcr nm j+ ats enq rtffbhdmskx
k]qfd s sgd rnktshnm hr ]kv]xr ] rhlokd g]qlnmhb nrbhkk],
shnm ]ants x = 0

3
- Sqx sn cdbhcd gnv sgd ]lokhstcd ne sghr

dudmst]k nrbhkk]shnm cdodmcr nm j- Sgdm bnm“ql xntq bnm,
bktrhnm ax oknsshmf sgd rnktshnm enq ] edv ch—dqdms u]ktdr
ne j-

07- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + 0
2
x… + 3x = ej&s(+ x&/( = /+ x…&/( = /+

vgdqd

ej&s( =

]
0{1j+ 3 − j ≤ s . 3 + j

/+ / ≤ s . 3 − j ]mc s ≥ 3 + j

]mc / . j . 3-
 Z( Rjdsbg sgd fq]og ne e j&s(- Nardqud sg]s sgd ]qd] tmcdq
sgd fq]og hr hmcdodmcdms ne j- He e j&s( qdoqdrdmsr ] enqbd+ sghr
ld]mr sg]s sgd oqnctbs ne sgd l]fmhstcd ne sgd enqbd ]mc sgd
shld hmsdqu]k ctqhmf vghbg hs ]bsr cndr mns cdodmc nm j-
 a( Vqhsd e j&s( hm sdqlr ne sgd tmhs rsdo etmbshnm ]mc sgdm
rnkud sgd fhudm hmhsh]k u]ktd oqnakdl-
 b( Okns sgd rnktshnm enq j = 1+ j = 0+ ]mc j = 0

1
- Cdrbqhad

gnv sgd rnktshnm cdodmcr nm j-

QdrnmZmbd Zmc AdZsr- Hm Rdbshnm 3-5 vd nardqudc sg]s ]m
tmc]lodc g]qlnmhb nrbhkk]snq &rtbg ]r ] roqhmf,l]rr rxr,
sdl( vhsg ] rhmtrnhc]k enqbhmf sdql dwodqhdmbdr qdrnm]mbd he
sgd eqdptdmbx ne sgd enqbhmf sdql hr sgd r]ld ]r sgd m]stq]k
eqdptdmbx- He sgd enqbhmf eqdptdmbx hr rkhfgskx ch—dqdms eqnl
sgd m]stq]k eqdptdmbx+ sgdm sgd rxrsdl dwghahsr ] ad]s-

Hm Oqnakdlr 08 sgqntfg 12+ vd dwoknqd sgd d—dbs ne rnld
mnmrhmtrnhc]k odqhnchb enqbhmf etmbshnmr9
08- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + x = e &s(+ x&/( = /+ x…&/( = /+

vgdqd

e &s( = 0 + 1
m∑

j=0
&−0(jtj𝜉&s(.

 Z( Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl-
 a( Kds m = 04 ]mc okns sgd fq]og ne e &s( ]mc x&s( enq
/ ≤ s ≤ 5/ nm sgd r]ld rds ne bnnqchm]sd ]wdr- Cdrbqhad sgd
rnktshnm ]mc dwok]hm vgx hs adg]udr ]r hs cndr-
 b( Hmudrshf]sd gnv sgd rnktshnm bg]mfdr ]r m hmbqd]rdr-
Vg]s g]oodmr ]r m → ∞=

1.- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + /.0x… + x = e &s(+ x&/( = /+ x…&/( = /+

vgdqd e &s( hr sgd r]ld ]r hm Oqnakdl 08-
 Z( Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl-
 a( Okns sgd fq]og ne e &s( ]mc x&s( nm sgd r]ld rds ne bnnqch,
m]sd ]wdr- Trd ] k]qfd dmntfg u]ktd ne m ]mc ] knmf dmntfg
s,hmsdqu]k rn sg]s sgd sq]mrhdms o]qs ne sgd rnktshnm g]r adbnld
mdfkhfhakd ]mc sgd rsd]cx rs]sd hr bkd]qkx rgnvm-
 b( Drshl]sd sgd ]lokhstcd ]mc eqdptdmbx ne sgd rsd]cx,rs]sd
o]qs ne sgd rnktshnm-
 c( Bnlo]qd sgd qdrtksr ne o]qs &a( vhsg sgnrd eqnl Rdb,
shnm 3-5 enq ] rhmtrnhc]kkx enqbdc nrbhkk]snq-

10- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + x = f&s(+ x&/( = /+ x…&/( = /+

vgdqd

f&s( = 0 +
m∑

j=0
&−0(jtj𝜉&s(.

 Z( Cq]v sgd fq]og ne f&s( nm ]m hmsdqu]k rtbg ]r / ≤ s ≤ 5𝜉-
Bnlo]qd sgd fq]og vhsg sg]s ne e &s( hm Oqnakdl 08&](-
 a( Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl-
 b( Kds m = 04 ]mc okns sgd fq]og ne sgd rnktshnm enq
/ ≤ s ≤ 5/- Cdrbqhad sgd rnktshnm ]mc dwok]hm vgx hs adg]udr
]r hs cndr- Bnlo]qd hs vhsg sgd rnktshnm ne Oqnakdl 08-
 c( Hmudrshf]sd gnv sgd rnktshnm bg]mfdr ]r m hmbqd]rdr-
Vg]s g]oodmr ]r m → ∞=

11- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + /.0x… + x = f&s(+ x&/( = /+ x…&/( = /+

vgdqd f&s( hr sgd r]ld ]r hm Oqnakdl 10-
 Z( Okns sgd fq]og ne sgd rnktshnm- Trd ] k]qfd dmntfg u]ktd
ne m ]mc ] knmf dmntfg s,hmsdqu]k rn sg]s sgd sq]mrhdms o]qs
ne sgd rnktshnm g]r adbnld mdfkhfhakd ]mc sgd rsd]cx rs]sd hr
bkd]qkx rgnvm-
 a( Drshl]sd sgd ]lokhstcd ]mc eqdptdmbx ne sgd rsd]cx,rs]sd
o]qs ne sgd rnktshnm-
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 b( Bnlo]qd sgd qdrtksr ne o]qs &a( vhsg sgnrd eqnl Oqna,
kdl 1/ ]mc eqnl Rdbshnm 3-5 enq ] rhmtrnhc]kkx enqbdc nrbhk,
k]snq-

12- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + x = e &s(+ x&/( = /+ x…&/( = /+

vgdqd

e &s( = 0 + 1
m∑

j=0
&−0(jt00j{3&s(.

Nardqud sg]s sghr oqnakdl hr hcdmshb]k sn Oqnakdl 08 dwbdos
sg]s sgd eqdptdmbx ne sgd enqbhmf sdql g]r addm hmbqd]rdc
rnldvg]s-

 Z( Ehmc sgd rnktshnm ne sghr hmhsh]k u]ktd oqnakdl-
 a( Kds m ≥ 22 ]mc okns x&s( ]mc e &s( enq / ≤ s ≤ 8/ nq knmfdq
nm sgd r]ld rds ne bnnqchm]sd ]wdr- Xntq okns rgntkc rgnv ]
bkd]qkx qdbnfmhy]akd ad]s-
 b( Eqnl sgd fq]og hm o]qs &a(+ drshl]sd sgd ’rknv odqhnc–
]mc sgd ’e]rs odqhnc– enq sghr nrbhkk]snq-
 c( Enq ] rhmtrnhc]kkx enqbdc nrbhkk]snq+ hs v]r rgnvm hm Rdb,
shnm 3-5 sg]s sgd ’rknv eqdptdmbx– hr fhudm ax |𝜓 − 𝜓/|{1+
vgdqd 𝜓/ hr sgd m]stq]k eqdptdmbx ne sgd rxrsdl ]mc 𝜓
hr sgd enqbhmf eqdptdmbx- Rhlhk]qkx+ sgd ’e]rs eqdptdmbx– hr
&𝜓 + 𝜓/({1- Trd sgdrd dwoqdrrhnmr sn b]kbtk]sd sgd ’e]rs od,
qhnc– ]mc sgd ’rknv odqhnc– enq sgd nrbhkk]snq hm sghr oqnakdl-
Gnv vdkk cn sgd qdrtksr bnlo]qd vhsg xntq drshl]sdr eqnl
o]qs &b(=

4-6 Hlotkrd Etmbshnmr
Hm rnld ]ookhb]shnmr+ hs hr mdbdrr]qx sn cd]k vhsg ogdmnldm] ne ]m hlotkrhud m]stqdˆenq
dw]lokd+ unks]fdr nq enqbdr ne k]qfd l]fmhstcd sg]s ]bs nudq udqx rgnqs shld hmsdqu]kr- Rtbg
oqnakdlr nesdm kd]c sn ch—dqdmsh]k dpt]shnmr ne sgd enql

Zx…… + ax… + bx = f&s(+ &0(

vgdqd f&s( hr k]qfd ctqhmf ] rgnqs shld hmsdqu]k s/ ≤ s . s/ + 𝛿 ]mc hr nsgdqvhrd ydqn-
Nmd ld]rtqd ne sgd rsqdmfsg ne sgd hmots etmbshnm hr nas]hmdc ax cd“mhmf sgd hmsdfq]k

H&𝛿( ]r

H&𝛿( = ∫
s/+𝛿

s/
f&s( cs. &1(

Nq+ rhmbd f&s( = / ntsrhcd ne sgd hmsdqu]k Zs/+ s/ + 𝛿(+

H&𝛿( = ∫
∞

−∞
f&s( cs. &2(

Enq dw]lokd+ sgd hmhsh]k u]ktd oqnakdl enq ] l]rr,roqhmf rxrsdl ]s dpthkhaqhtl ctqhmf
/ ≤ s . s/+ rtccdmkx rds hmsn lnshnm ax rsqhjhmf sgd l]rr vhsg ] g]lldq ]s shld s/+ hr

lx…… + 𝛽x… + jx = f&s(+ x&/( = /+ x…&/( = /+ &3(

vgdqd sgd mnmgnlnfdmdntr sdql f&s( qdoqdrdmsr ] enqbd ne k]qfd l]fmhstcd ]mc rgnqs ctq],
shnm+ ]r rgnvm hm Ehftqd 4-6-0- Gnvdudq hsr cds]hkdc adg]uhnq l]x ad chffbtks nq hlonrrhakd
sn ]rbdqs]hm-

Hm ]ookhb]shnmr vgdqd f&s( qdoqdrdmsr ] enqbd+ H&𝛿( hr qdedqqdc sn ]r sgd sns]k hlotkrd
ne sgd enqbd nudq sgd shld hmsdqu]k Zs/+ s/ + 𝛿( ]mc g]r sgd ogxrhb]k tmhsr ne lnldmstl
&enqbd % shld(- Oqhnq sn shld s/ sgd l]rr g]r ydqn lnldmstl+ ats ctqhmf sgd shld hmsdq,
u]k Zs/+ s/ + 𝛿( ]m ]lntms ne lnldmstl dpt]k sn H&𝛿( hr sq]mredqqdc sn sgd l]rr- Sgd hcd]
sg]s vd vhrg sn pt]mshex gdqd hr sg]s sgd cnlhm]ms bnmsqhatshnm sn sgd rxrsdl qdronmrd x&s(
enq shldr s ≥ s/ + 𝛿 hr oqhl]qhkx cdsdqlhmdc ax sgd l]fmhstcd ne sgd hlotkrd H&𝛿( q]sgdq
sg]m sgd cds]hkdc adg]uhnq ne sgd enqbhmf etmbshnm f&s(- Sghr hr hkktrsq]sdc ax sgd enkknvhmf
dw]lokd-
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x

ss. s.L)

EHFTQD 4-6-0 ? enqbd ne k]qfd l]fmhstcd ]bshud ctqhmf sgd rgnqs shld hmsdqu]k
Zs/+ s/ + 𝛿(-

DW;LOKD
0

Kds H/ ad ] qd]k mtladq ]mc kds 𝛿 ad ] rl]kk onrhshud bnmrs]ms- Rtoonrd sg]s s/ = / ]mc sg]s
f&s( hr fhudm ax f&s( = H/𝛾𝛿&s(+ vgdqd

𝛾𝛿&s( =
t/&s( − t𝛿&s(

𝛿
=

⎧
⎪
⎨
⎪⎩

0
𝛿
+ / ≤ s . 𝛿+

/+ s . / nq s ≥ 𝛿+
&4(

vgdqd t/ ]mc t𝛿 ]qd tmhs rsdo etmbshnmr- Fq]ogr ne 𝛾𝛿 enq u]qhntr rl]kk u]ktdr ne 𝛿 ]qd rgnvm
hm Ehftqd 4-6-1- Rhmbd sgd ]qd] admd]sg sgd fq]og ne 𝛾𝛿&s( hr dpt]k sn 0 enq d]bg 𝛿 < /+ Dp- &2(
hlokhdr sg]s H&𝛿( = H/ enq d]bg 𝛿 < /-

. .�.4 .�0 .�04 .�1 .�14 .�/ .�/4 .�2 .�24

4

0.

04

1.

14
x

s

.�.4 s(

.�0 s(

.�14 s(

EHFTQD 4-6-1 Fq]ogr ne 𝛾𝛿&s( enq 𝛿 = /.14+ /.0+ ]mc /-/4-

? lncdk enq ] rhlokd+ tmc]lodc+ l]rr,roqhmf rxrsdl &l = 0+ 𝛽 = /+ j = 0( hm ] rs]sd ne
dpthkhaqhtl ]s s = /+ ]mc rtaidbsdc sn sgd enqbd H/𝛾𝛿&s( oqdrbqhadc hm Dp- &4(+ hr

x…… + x = H/𝛾𝛿&s(+ x&/( = /+ x…&/( = /. &5(
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Sgd qdronmrd+ d]rhkx nas]hmdc ax trhmf K]ok]bd sq]mrenqlr+ hr

x𝛿&s( =
H/
𝛿
!t/&s(Z0 − anr&s([ − t𝛿&s(Z0 − anr&s − 𝛿([}

=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

/+ s . /+

H/
𝛿

Z0 − anr&s([ + / ≤ s . 𝛿+

H/
𝛿

Zanr&s − 𝛿( − anr&s([ + s ≥ 𝛿.

&6(

Eqnl Dp- &6(+

x/&s( = ihl
𝛿→/

x𝛿&s( = t/&s(H/ rhm&s( =

]
/+ s . /+
H/ rhm&s(+ s ≥ /.

&7(

Sgd qdrtks enq s = / bnldr eqnl sgd rdbnmc khmd nm sgd qhfgs rhcd ne Dp- &6(+ vgdqd x𝛿&/( = /
enq d]bg 𝛿 < /- Bnmrdptdmskx+ sgd khlhs hr ydqn- Enq ]mx “wdc s < /+ vd trd sgd sghqc khmd nm
sgd qhfgs rhcd ne Dp- &6( rhmbd ]r 𝛿 sdmcr sn ydqn+ hs dudmst]kkx ltrs ad kdrr sg]m s- Sgdm ax
K´G”nohs]k´r qtkd+

ihl
𝛿→/

H/
anr&s − 𝛿( − anr&s(

𝛿
= H/ ihl𝛿→/

rhm&s − 𝛿( = H/ rhm s. &8(

Sgd fq]ogr ne x𝛿 enq H/ = 0+ 1 ]mc 𝛿 = /.0+ /./0+ / hm Ehftqd 4-6-2 rgnv sg]s sgd qdronmrd
hr qdk]shudkx hmrdmrhshud sn u]qh]shnm hm rl]kk u]ktdr ne 𝛿- Ehftqd 4-6-2 ]krn hkktrsq]sdr sg]s
sgd ]lokhstcd ne sgd qdronmrd hr cdsdqlhmdc ax H/+ ] e]bs qd]chkx ]oo]qdms hm sgd enql ne
dwoqdrrhnmr &6( ]mc &7(-

x

s

.�2

.�7

0�1

0�3

1�.

.�1

.�3

0�.

0�2

0�7

.�4 0�. 0�4 1�. 1�4

H.L9L1

H.L9L0
9L.�1

9L.�09L.

9L.

9L.�0
9L.�1

EHFTQD 4-6-2 Qdronmrd ne x…… + x = H/𝛾𝛿&s(+ x&/( = /+ x…&/( = / enq H/ = 0+ 1+ ]mc
𝛿 = /.1 &ak]bj(+ /-0 &khfgs aktd(+ / &c]qj aktd(-
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PdlRpi- Eqnl Dp- &7( vd mnsd sg]s ihls→/− x/&s( = ihl
s → /
s . /

x/&s( = / ]mc ihls→/+ x/&s( =

ihl
s → /
s < /

x/&s( = /+ rn x/&s( hr bnmshmtntr ]s s = /+ ]mc sgd “qrs hmhsh]k bnmchshnm hm sgd hmhsh]k u]ktd

oqnakdl &5( hr r]shr“dc- Sgd rdmrd hm vghbg sgd rdbnmc hmhsh]k bnmchshnm hr r]shr“dc hr entmc ax
bnmrhcdqhmf

x…/&s( =

]
/+ s . /+
H/ anr s+ s < /.

&0/(

Rhmbd ihls→/− x…/&s( = / ats ihls→/+ x/&s( = ihls→/+ H/ anr s = H/+ x…/&s( hr mns bnmshmtntr ]s s = /-
Sgdqdenqd hs hr mdbdrr]qx sn hmsdqoqds sgd rdbnmc hmhsh]k bnmchshnm+ x …&/( = /+ ]r adhmf r]shr“dc hm
sgd rdmrd sg]s ihls→/− x…&s( = /-

▶ Cde hmhs hnm ne sgd Tmhs Hlotkrd Etmbs hnm- Hs hr rnldvg]s sdchntr “qrs sn rnkud ]m hmhsh]k u]ktd
oqnakdl trhmf 𝛾𝛿&s − s/( sn lncdk ]m hmots otkrd ]mc sgdm sn bnlotsd sgd khlhshmf adg]u,
hnq ne sgd rnktshnm ]r 𝛿 → /- Sghr sxod ne ]m]kxrhr b]m trt]kkx ad ]unhcdc ax hmsqnctbhmf
]m hcd]khydc naidbs+ sgd tmhs hlotkrd etmbshnm 𝛾+ sg]s hlo]qsr ]m hlotkrd ne l]fmhstcd 0
]s s = s/+ ats hr ydqn enq ]kk u]ktdr ne s nsgdq sg]m s/- Sgd oqnodqshdr sg]s cd“md sgd ’etmb,
shnm– 𝛾+ l]cd oqdbhrd hm sgd enkknvhmf rs]sdldmsr+ cdqhud eqnl sgd khlhshmf adg]uhnq ne 𝛾𝛿
]r 𝛿 → /9

0-
𝛾&s − s/( = ihl

𝛿→/
𝛾𝛿&s − s/( = /+ s ≠ s/+ &00(

1- enq ]mx etmbshnm bnmshmtntr nm ]m hmsdqu]k Z ≤ s/ . a bnms]hmhmf s/+

∫
a

Z
e &s(𝛾&s − s/( cs = ihl

𝛿→/∫
a

Z
e &s(𝛾𝛿&s − s/( cs = e &s/(. &01(

Sgd “qrs oqnodqsx hr ctd sn sgd e]bs sg]s 𝛾𝛿&s − s/( hr mnmydqn nm sgd hmsdqu]k
Zs/+ s/ + 𝛿(+ rn ]mx s ≠ s/ ltrs khd ntsrhcd sgd hmsdqu]k enq rtffbhdmskx rl]kk u]ktdr ne 𝛿-
Sn tmcdqrs]mc sgd rdbnmc oqnodqsx+ mnsd sg]s he 𝛿 . a − s/+ Zs/+ s/ + 𝛿( ⊂ ZZ+ a( ]mc sgdqdenqd

∫
a

Z
e &s(𝛾𝛿&s − s/( cs = 0

𝛿 ∫
s/+𝛿

s/
e &s( cs = 0

𝛿
� 𝛿 � e &s±( = e &s±(+ &02(

enq rnld mtladq s± vhsg s/ ≤ s± ≤ s/ + 𝛿- Sgd rdbnmc dpt]khsx hm Dp- &02( enkknvr eqnl sgd
ld]m u]ktd sgdnqdl enq hmsdfq]kr- Rhmbd s/ ≤ s± ≤ s/ + 𝛿+ s± → s/ ]r 𝛿 → /- Bnmrdptdmskx+
e &s±( → e &s/( ]r 𝛿 → / rhmbd e hr bnmshmtntr ]s s/- Mnsd sg]s he e &s( = 0+ Dpr- &00( ]mc &01(
hlokx sg]s

∫
a

Z
𝛾 &s − s/( cs =

]
0+ he Z ≤ s/ . a+
/+ he s/ ∉ ZZ+ a(.

Sgdqd hr mn nqchm]qx etmbshnm ne sgd jhmc rstchdc hm dkdldms]qx b]kbtktr sg]s r]shr“dr
ansg ne Dpr- &00( ]mc &01(- Sgd ’etmbshnm– 𝛾+ cd“mdc ax sgnrd dpt]shnmr+ hr ]m dw]lokd ne
vg]s ]qd jmnvm ]r fdmdq]khydc etmbshnmr: hs hr trt]kkx b]kkdc sgd Chq]b cdksZ etmbshnm-
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▶ Sgd K]ok]bd Sq]mrenql ne 𝛾’ p − p/( - Rhmbd d−rs hr ] bnmshmtntr etmbshnm ne s enq ]kk s ]mc r+
Dp- &01( fhudr

�!𝛾&s − s/(} = ∫
∞

/
d−rs𝛾&s − s/( cs = d−rs/ &03(

enq ]kk s/ ≥ /- Hm sgd hlonqs]ms b]rd vgdm s/ = /+

�!𝛾&s(} = ∫
∞

/
d−rs𝛾&s( cs = 0. &04(

Hs hr nesdm bnmudmhdms sn hmsqnctbd sgd cdks] etmbshnm vgdm vnqjhmf vhsg hlotkrd oqna,
kdlr ]mc sn nodq]sd enql]kkx nm hs ]r sgntfg hs vdqd ] etmbshnm ne sgd nqchm]qx jhmc- Sghr
hr hkktrsq]sdc hm sgd dw]lokdr adknv- Hs hr hlonqs]ms sn qd]khyd+ gnvdudq+ sg]s sgd tkshl]sd
itrsh“b]shnm ne rtbg oqnbdctqdr ltrs qdrs nm ] b]qdetk ]m]kxrhr ne sgd khlhshmf nodq]shnmr
hmunkudc- Rtbg ] qhfnqntr l]sgdl]shb]k sgdnqx g]r addm cdudknodc+ ats vd cn mns chrbtrr
hs gdqd-

DW;LOKD
1

Hm sgd hmhsh]k u]ktd oqnakdl &5( ne Dw]lokd 0+ vd qdok]bd sgd lncdk ne sgd hmots otkrd 𝛾𝛿 +
ax 𝛾+

x…… + x = H/𝛾&s(+ x&/( = /+ x…&/( = /.

Rhmbd�!𝛾&s(}= 0+ K]ok]bd sq]mrenqlhmf sgd hmhsh]k u]ktd oqnakdl fhudr &r1 + 0(X&r(= H/
]mc sgdqdenqd X&r( = H/{&r1 + 0(- Sgtr x&s( = �−0!X&r(} = H/ rhm s-

?ksgntfg sgd hmhsh]k bnmchshnm x&/( = / hr r]shr“dc ax sghr rnktshnm+ sgd rdbnmc
hmhsh]k bnmchshnm hr mns rhmbd x…&/( = H/- Gnvdudq+ he vd lnqd oqnodqkx vqhsd1 sgd
rnktshnm ]r x&s( = t/&s(H/ rhm s+ ansg hmhsh]k bnmchshnmr ]qd r]shr“dc hm sgd rdmrd sg]s
ihls→/− x&s( = ihls→/− x…&s( = /+ ]r chrbtrrdc hm sgd qdl]qj enkknvhmf Dw]lokd 0- Ogxrh,
b]kkx rod]jhmf+ sgd cdks] hlotkrd cdkhudqdc sn sgd rxrsdl b]trdr ] chrbnmshmthsx hm sgd ud,
knbhsx x…&s( ]s s = /: adenqd sgd hlotkrd x…&s( = /+ ]esdq sgd hlotkrd x…&s( = H/ anr s-

DW;LOKD
2

Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

1x…… + x… + 1x = 𝛾&s − 4(+ &05(

x&/( = /+ x…&/( = /. &06(

Sn rnkud sgd fhudm oqnakdl+ vd s]jd sgd K]ok]bd sq]mrenql ne sgd ch—dqdmsh]k dpt]shnm
]mc trd sgd hmhsh]k bnmchshnmr+ nas]hmhmf

&1r1 + r + 1(X&r( = d−4r.
1Sn rdd sghr+ mnsd sg]s sgd rnktshnm sn x…… + x = H/𝛾&s − s/(+ x&s/( = /+ x…&s/( = /+ vgdqd s/ < / hr
x&s: s/( = ts/ &s(H/ rhm&s − s/(: kds s/ → / sn fds x&s: /( = t/&s(H/ rhm s = t&s(H/ rhm&s(+ vgdqd vd g]ud trdc sgd
cd“mhshnmr enq t&s( ]mc t/&s( fhudm ax Dpr- &0( ]mc &1( hm Rdbshnm 4-4-
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Sgtr

X&r( = d−4r

1r1 + r + 1
= d−4r

1
0

}
r + 0

3

(1
+ 04

05

. &07(

Ax Sgdnqdl 4-1-0 nq eqnl khmd 8 ne S]akd 4-2-0+

�−0

⎧
⎪
⎨
⎪⎩

0
}

r + 0
3

(1
+ 04

05

⎫
⎪
⎬
⎪⎭
= 3|

04
d−s{3 rhm

|
04
3

s. &08(

Gdmbd+ ax Sgdnqdl 4-4-0+ vd g]ud

x = �−0!X&r(} = 1|
04

t4&s(d−&s−4({3 rhm
|

04
3

&s − 4(+ &1/(

vghbg hr sgd enql]k rnktshnm ne sgd fhudm oqnakdl- Hs hr ]krn onrrhakd sn vqhsd x hm sgd enql

x =

⎧
⎪
⎪
⎨
⎪
⎪⎩

/+ s . 4+

1|
04

d−&s−4({3 rhm
|

04
3

&s − 4(+ s ≥ 4.
&10(

Sgd fq]og ne sgd rnktshnm &1/(+ nq &10(+ hr rgnvm hm Ehftqd 4-6-3-

y.�1

y.�0

.�0

.�1

.�/

.�2

x

s1 2 3 7 0. 01 02 03 07 1. 11

EHFTQD 4-6-3 Rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &05(+ &06(-

Rhmbd sgd hmhsh]k bnmchshnmr ]s s = / ]qd gnlnfdmdntr ]mc mn dwsdqm]k dwbhs]shnm nbbtqr
tmshk s = 4+ sgdqd hr mn qdronmrd hm sgd hmsdqu]k / . s . 4- Sgd hlotkrd ]s s = 4 oqnctbdr ]
cdb]xhmf nrbhkk]shnm sg]s odqrhrsr hmcd“mhsdkx- Sgd qdronmrd hr bnmshmtntr ]s s = 4 cdrohsd sgd
rhmftk]qhsx hm sgd enqbhmf etmbshnm ]s sg]s onhms- Gnvdudq sgd “qrs cdqhu]shud ne sgd rnktshnm
g]r ] itlo chrbnmshmthsx ]s s = 4+ ]mc sgd rdbnmc cdqhu]shud g]r ]m hm“mhsd chrbnmshmthsx
sgdqd- Sghr hr qdpthqdc ax sgd ch—dqdmsh]k dpt]shnm &05(+ rhmbd ] rhmftk]qhsx nm nmd rhcd ne
sgd dpt]shnm ltrs ad a]k]mbdc ax ] bnqqdronmchmf rhmftk]qhsx nm sgd nsgdq rhcd-
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▶ 𝛾’ p − p/( ]r sgd Cdq hu]s hud ne t’ p − p/( - Hm uhdv ne sgd cd“mhshnm ne 𝛾&s − s/( fhudm hm Dpr- &00( ]mc
&01(+ hs enkknvr sg]s dhsgdq

∫
s

−∞
𝛾&/ − s/( c/ =

]
/+ s . s/+
0+ s < s/+

&11(

nq

∫
s

−∞
𝛾&/ − s/( c/ = t&s − s/( &12(

enq ]kk s ≠ s/- Enql]kkx ch—dqdmsh]shmf ansg rhcdr ne Dp- &12( vhsg qdrodbs sn s ]mc sqd]shmf
𝛾&s − s/( ]r ]m nqchm]qx etmbshnm rtbg sg]s sgd hmcd“mhsd hmsdfq]k nm sgd kdes,g]mc rhcd ne
Dp- &12( ]bst]kkx r]shr“dr sgd etmc]ldms]k sgdnqdl ne b]kbtktr+ vd “mc sg]s

𝛾&s − s/( = t…&s − s/(+ &13(

sg]s hr+ sgd cdks] etmbshnm hr sgd cdqhu]shud ne sgd tmhs rsdo etmbshnm- Hm sgd bnmsdws ne sgd
sgdnqx ne fdmdqZkhydc etmbshnmr+ nq chrsqhatshnmr+ sghr hr hmcddc sqtd hm ] qhfnqntr rdmrd-

Vd mnsd sg]s sgd rs]sdldms hm Dp- &13( hr bnmrhrsdms vhsg ]m dpthu]kdms rs]sdldms hm sgd
r,cnl]hm- He vd enql]kkx ]ookx sgd qdrtks �!e …&s(} = rE&r( − e &/( sn t…&s − s/( enq s/ < /+
vd “mc sg]s�!t…&s − s/(} = �!t…s/ &s(} = rd−rs/{r − ts/ &/( = d−rs/ = �!𝛾&s − s/(}+ hm ]fqdd,
ldms vhsg Dp- &03(- Kdsshmf s/ → / dwsdmcr sgd qdrtks sn �!t…&s(} = 0 = �!𝛾&s(}-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 01+ “mc sgd rnktshnm ne sgd
fhudm hmhsh]k u]ktd oqnakdl ]mc cq]v hsr fq]og9
0- x…… + 1x… + 1x = 𝛾&s − 𝜉(:
x&/( = /+ x…&/( = 0

1- x…… + 3x = 𝛾&s − 𝜉( − 𝛾&s − 1𝜉(:
x&/( = /+ x…&/( = /

2- x…… + 2x… + 1x = 𝛾&s − 4( + t0/&s(:
x&/( = /+ x…&/( = 0

1

3- x…… − x = −1/𝛾&s − 2(:
x&/( = 3+ x…&/( = 2

4- x…… + 1x… + 2x = rhm s + 𝛾&s − 2𝜉(:
x&/( = /+ x…&/( = /

5- x…… + 3x = 𝛾&s − 3𝜉(:
x&/( = 0

1
+ x…&/( = /

6- x…… + x = 𝛾&s − 1𝜉( anr s:
x&/( = /+ x…&/( = 0

7- x…… + 3x = 1𝛾&s − 𝜉{3(:
x&/( = /+ x…&/( = /

8- x…… + x = t𝜉{1&s( + 2𝛾&s − 2𝜉{1( − t1𝜉&s(:
x&/( = /+ x…&/( = /

0.- 1x…… + x… + 5x = 𝛾&s − 𝜉{5( rhm s:
x&/( = /+ x…&/( = /

00- x…… + 1x… + 1x = anr s + 𝛾&s − 𝜉{1(:
x&/( = /+ x…&/( = /
01- x&3( − x = 𝛾&s − 0(: x&/( = /+ x…&/( = /+
x……&/( = /+ x………&/( = /

02- Bnmrhcdq ]f]hm sgd rxrsdl hm Dw]lokd 2 ne sghr rdbshnm+
hm vghbg ]m nrbhkk]shnm hr dwbhsdc ax ] tmhs hlotkrd ]s s = 4-
Rtoonrd sg]s hs hr cdrhqdc sn aqhmf sgd rxrsdl sn qdrs ]f]hm ]e,
sdq dw]bskx nmd bxbkdˆsg]s hr+ vgdm sgd qdronmrd “qrs qdstqmr
sn dpthkhaqhtl lnuhmf hm sgd onrhshud chqdbshnm-
 Z( Cdsdqlhmd sgd hlotkrd j𝛾&s − s/( sg]s rgntkc ad ]ookhdc
sn sgd rxrsdl hm nqcdq sn ]bbnlokhrg sghr naidbshud- Mnsd sg]s
−j hr sgd l]fmhstcd ne sgd hlotkrd ]mc s/ hr sgd shld ne hsr
]ookhb]shnm-
 a( Rnkud sgd qdrtkshmf hmhsh]k u]ktd oqnakdl ]mc okns hsr rn,
ktshnm sn bnm“ql sg]s hs adg]udr hm sgd rodbh“dc l]mmdq-

03- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + 𝛽x… + x = 𝛾&s − 0(+ x&/( = /+ x…&/( = /+

vgdqd 𝛽 hr sgd c]lohmf bndffbhdms &nq qdrhrs]mbd(-
 Z( Kds 𝛽 = 0

1
- Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

]mc okns hsr fq]og-
 a( Ehmc sgd shld s0 ]s vghbg sgd rnktshnm ]ss]hmr hsr l]wh,
ltl u]ktd- ?krn “mc sgd l]whltl u]ktd x0 ne sgd rnktshnm-
 b( Kds 𝛽 = 0

3
]mc qdod]s o]qsr &]( ]mc &a(-

 c( Cdsdqlhmd gnv s0 ]mc x0 u]qx ]r 𝛽 cdbqd]rdr- Vg]s ]qd
sgd u]ktdr ne s0 ]mc x0 vgdm 𝛽 = /=
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04- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + 𝛽x… + x = j𝛾&s − 0(+ x&/( = /+ x…&/( = /+

vgdqd ∣j∣ hr sgd l]fmhstcd ne ]m hlotkrd ]s s = 0 ]mc 𝛽 hr sgd
c]lohmf bndffbhdms &nq qdrhrs]mbd(-
 Z( Kds 𝛽 = 0

4
- Ehmc sgd u]ktd ne j enq vghbg sgd qdronmrd g]r

] od]j u]ktd ne 5: b]kk sghr u]ktd j0-
 a( Qdod]s o]qs &]( enq 𝛽 = 0

0/
-

 b( Cdsdqlhmd gnv j0 u]qhdr ]r 𝛽 cdbqd]rdr- Vg]s hr sgd
u]ktd ne j0 vgdm 𝛽 = /=

05- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + x = ej&s(+ x&/( = /+ x…&/( = /+

vgdqd ej&s( = Zt2−j&s( − t2+j&s([{1j vhsg / . j ≤ 0-
 Z( Ehmc sgd rnktshnm x = 𝜏&s+ j( ne sgd hmhsh]k u]ktd oqnakdl-
 a( B]kbtk]sd ihlj→/ 𝜏&s+ j( eqnl sgd rnktshnm entmc hm
o]qs &](-
 b( Nardqud sg]s ihlj→/ ej&s( = 𝛾&s − 2(- Ehmc sgd rnktshnm
𝜏/&s( ne sgd fhudm hmhsh]k u]ktd oqnakdl+ vhsg e j&s( qdok]bdc
ax 𝛾&s − 2(- Hr hs sqtd sg]s 𝜏/&s( = ihlj→/ 𝜏&s+ j(=
 c( Okns𝜏&s+ 0

1
(+𝜏&s+ 0

3
(+ ]mc𝜏/&s( nm sgd r]ld ]wdr- Cdrbqhad

sgd qdk]shnm adsvddm 𝜏&s+ j( ]mc 𝜏/&s(-

Oqnakdlr 06 sgqntfg 11 cd]k vhsg sgd d—dbs ne ] rdptdmbd ne
hlotkrdr nm ]m tmc]lodc nrbhkk]snq- Rtoonrd sg]s

x…… + x = e &s(+ x&/( = /+ x…&/( = /.

Enq d]bg ne sgd enkknvhmf bgnhbdr enq e &s(9
 Z( Sqx sn oqdchbs sgd m]stqd ne sgd rnktshnm vhsgnts rnkuhmf
sgd oqnakdl-
 a( Sdrs xntq oqdchbshnm ax “mchmf sgd rnktshnm ]mc cq]vhmf
hsr fq]og-
 b( Cdsdqlhmd vg]s g]oodmr ]esdq sgd rdptdmbd ne hlotkrdr
dmcr-

06- e &s( =
1/√

j=0
𝛾&s − j𝜉(

07- e &s( =
1/√

j=0
&−0(j+0𝛾&s − j𝜉(

08- e &s( =
1/√

j=0
𝛾&s − j𝜉{1(

1.- e &s( =
1/√

j=0
&−0(j+0𝛾&s − j𝜉{1(

10- e &s( =
04√

j=0
𝛾Zs − &1j − 0(𝜉[

11- e &s( =
3/√

j=0
&−0(j+0𝛾&s − 04j{3(

12- Sgd onrhshnm ne ] bdqs]hm khfgskx c]lodc nrbhkk]snq r]shr,
“dr sgd hmhsh]k u]ktd oqnakdl

x…… + /.0x… + x =
1/∑

j=0
&−0(j+0𝛾&s − j𝜉(+

x&/( = /+ x…&/( = /.

Nardqud sg]s+ dwbdos enq sgd c]lohmf sdql+ sghr oqnakdl hr
sgd r]ld ]r Oqnakdl 07-
 Z( Sqx sn oqdchbs sgd m]stqd ne sgd rnktshnm vhsgnts rnkuhmf
sgd oqnakdl-
 a( Sdrs xntq oqdchbshnm ax “mchmf sgd rnktshnm ]mc cq]vhmf
hsr fq]og-
 b( Cdsdqlhmd vg]s g]oodmr ]esdq sgd rdptdmbd ne hlotkrdr
dmcr-

13- Oqnbddc ]r hm Oqnakdl 12 enq sgd nrbhkk]snq r]shrexhmf

x…… + /.0x… + x =
04∑

j=0
𝛾Zs − &1j − 0(𝜉[+

x&/( = /+ x…&/( = /.

Nardqud sg]s+ dwbdos enq sgd c]lohmf sdql+ sghr oqnakdl hr
sgd r]ld ]r Oqnakdl 10-
14-  Z( Ax sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr+ rgnv sg]s
sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

x…… + 1x… + 1x = e &s(+ x&/( = /+ x…&/( = /

hr

x = ∫
s

/
d−&s−/(e &/( rhm&s − /( c/.

 a( Rgnv sg]s he e &s( = 𝛾 &s − 𝜉(+ sgdm sgd rnktshnm ne o]qs &](
qdctbdr sn

x = t𝜉&s(d−&s−𝜉( rhm&s − 𝜉(.

 b( Trd ] K]ok]bd sq]mrenql sn rnkud sgd fhudm hmhsh]k u]ktd
oqnakdl vhsg e &s( = 𝛾&s − 𝜉( ]mc bnm“ql sg]s sgd rnktshnm
]fqddr vhsg sgd qdrtks ne o]qs &a(-

4-7 Bnmunktshnm Hmsdfq]kr ]mc
Sgdhq ;ookhb]shnmr
Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x…… + x = f&s(+ x&/( = /+ x…&/( = /+ &0(

vgdqd sgd hmots f&s( hr ]rrtldc sn ad ohdbdvhrd bnmshmtntr ]mc ne dwonmdmsh]k nqcdq enq
s ≥ /- Trhmf sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr &rdd Rdbshnm 3-6(+ vd b]m dwoqdrr sgd
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rnktshnm ne Dp- &0( hm sgd hmsdfq]k enql

x&s( = ∫
s

/
rhm&s − /(f&/( c/. &1(

Sgd hmsdfq]k nodq]shnm hmunkuhmf rhm s ]mc f&s( sg]s ]ood]qr nm sgd qhfgs,g]mc rhcd ne Dp- &1(+
sdqldc ] bnmunktshnm hmsdfq]k+ hr ]m dw]lokd ne sgd sxod ne nodq]shnm sg]s ]qhrdr m]stq]kkx
hm qdoqdrdmshmf sgd qdronmrd nq ntsots x&s( ne ] khmd]q bnmrs]ms bndffbhdms dpt]shnm sn ]m
hmots etmbshnm f&s( hm sgd s,cnl]hm- Nsgdq ok]bdr vgdqd bnmunktshnm hmsdfq]kr ]qhrd ]qd hm
u]qhntr ]ookhb]shnmr hm vghbg sgd adg]uhnq ne sgd rxrsdl ]s shld s cdodmcr nm mns nmkx hsr
rs]sd ]s shld s ats ]krn hsr o]rs ghrsnqx- Rxrsdlr ne sghr jhmc ]qd rnldshldr b]kkdc gdqdchs]qx
rxrsdlr ]mc nbbtq hm rtbg chudqrd “dkcr ]r mdtsqnm sq]mronqs+ uhrbndk]rshbhsx+ ]mc onotk]shnm
cxm]lhbr- ? enql]k cd“mhshnm ne sgd nodq]shnm dwghahsdc hm Dp- &1( enkknvr-

▶ Cde hm hs hnm ]mc Oqnodqs hdr ne Bnmunkts hnm-

CDEHMHSHNM
4-7-0

Kds e &s( ]mc f&s( ad ohdbdvhrd bnmshmtntr etmbshnmr nm Z/+ ∞(- Sgd bnmunktshnm ne e Zmc
f hr cd“mdc ax

g&s( = ∫
s

/
e &s − /(f&/( c/. &2(

Sgd hmsdfq]k hm Dp- &2( hr jmnvm ]r ] bnmunktshnm hmsdfqZk- Hs hr bnmudmshnm]k sn dlog]rhyd
sg]s sgd bnmunktshnm hmsdfq]k b]m ad sgntfgs ne ]r ] ’fdmdq]khydc oqnctbs– ax vqhshmf

g&s( = &e ± f(&s(. &3(

Sgd bnmunktshnm e± f g]r rdudq]k ne sgd oqnodqshdr ne nqchm]qx ltkshokhb]shnm- Sgdrd oqno,
dqshdr ]qd rtll]qhydc hm sgd enkknvhmf sgdnqdl-

SGDNQDL
4-7-1

e ± f = f ± e &bnllts]shud k]v( &4(

e ± &f0 + f1( = e ± f0 + e ± f1 &chrsqhatshud k]v( &5(

&e ± f( ± g = e ± &f ± g( &]rrnbh]shud k]v( &6(

e ± / = / ± e = /. &7(

Oqnne Sgd oqnne ne Dp- &4( adfhmr vhsg sgd cd“mhshnm ne e ± f+

& e ± f(&s( = ∫
s

/
e &s − /(f&/( c/.

Bg]mfhmf sgd u]qh]akd ne hmsdfq]shnm eqnl / sn t = s − /+ vd fds

& e ± f(&s( = −∫
/

s
e &t(f&s − t( ct = ∫

s

/
f&s − t(e &t( ct = &f ± e (&s(.
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Sgd oqnner ne oqnodqshdr &5( ]mc &6( ]qd kdes ]r dwdqbhrdr- Dpt]shnm &7( enkknvr eqnl sgd e]bs
sg]s e &s − /( � / = /-

Sgdqd ]qd nsgdq oqnodqshdr ne nqchm]qx ltkshokhb]shnm sg]s sgd bnmunktshnm hmsdfq]k cndr
mns g]ud- Enq dw]lokd+ hs hr mns sqtd+ hm fdmdq]k+ sg]s e ± 0 hr dpt]k sn e - Sn rdd sghr+ mnsd sg]s

&e ± 0(&s( = ∫
s

/
e &s − /( � 0 c/ = ∫

s

/
e &t( ct+

vgdqd t = s − /. Sgtr+ he &e ± 0(&s( = e &s(+ hs ltrs ad sgd b]rd sg]s e …&s( = e &s( ]mc sgdqdenqd
e &s( = bds- Rhmbd e &/( = &e ± 0(&/( = /+ hs enkknvr sg]s b = /- Sgdqdenqd sgd nmkx e r]shrexhmf
&e ± 0(&s( = e &s( hr sgd ydqn etmbshnm- Rhlhk]qkx+ e ± e hr mns mdbdrr]qhkx mnmmdf]shud- Rdd
Oqnakdl 1 enq ]m dw]lokd-

▶ Sgd Bnmunkts hnm Sgdnqdl- Kds tr ]f]hm bnmrhcdq sgd hmhsh]k u]ktd oqnakdl &0(- Ax Sgdnqdl 3-1-0+
Dp- &1( hr sgd tmhptd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &0( enq s ≥ /- Nm sgd nsgdq g]mc+
K]ok]bd sq]mrenqlhmf sgd hmhsh]k u]ktd oqnakdl &0( ]mc rnkuhmf enq X&r( = �!x&s(} rgnv sg]s

X&r( = 0
0 + r1 F&r(+

vgdqd F = �!f}- Ax Sgdnqdl 4-2-0+ sgdqd hr nmd ]mc nmkx nmd bnmshmtntr udqrhnm ne sgd
hmudqrd K]ok]bd sq]mrenql ne X&r(- Vd ltrs sgdqdenqd bnmbktcd sg]s

∫
s

/
rhm&s − /(f&/( c/ = �−0

]
0

0 + r1 F&r(
{

+ &8(

nq dpthu]kdmskx+

�
]
∫

s

/
rhm&s − /(f&/( c/

{
= 0

0 + r1 F&r( = �!rhm s}�!f&s(}. &0/(

Dpt]khsx adsvddm sgd K]ok]bd sq]mrenql ne sgd bnmunktshnm ne svn etmbshnmr ]mc sgd oqnc,
tbs ne sgd K]ok]bd sq]mrenqlr ne sgd svn etmbshnmr hmunkudc hm sgd bnmunktshnm nodq]shnm+ ]r
dwoqdrrdc hm Dp- &0/(+ hr ]m hmrs]mbd ne sgd enkknvhmf fdmdq]k qdrtks-

SGDNQDL
4-7-2

Bnmunktshnm Sgdnqdl- He E&r( = �!e &s(} ]mc F&r( = �!f&s(} ansg dwhrs enq r < Z ≥ /+
sgdm

G&r( = E&r(F&r( = �!g&s(}+ r < Z+ &00(

vgdqd

g&s( = ∫
s

/
e &s − /(f&/( c/ = ∫

s

/
e &/(f&s − /( c/. &01(

Oqnne Vd mnsd “qrs sg]s he

E&r( = ∫
∞

/
d−r𝜈 e &𝜈( c𝜈

]mc

F&r( = ∫
∞

/
d−r/f&/( c/+
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sgdm

E&r(F&r( = ∫
∞

/
d−r𝜈 e &𝜈( c𝜈 ∫

∞

/
d−r/f&/( c/. &02(

Rhmbd sgd hmsdfq]mc ne sgd “qrs hmsdfq]k cndr mns cdodmc nm sgd hmsdfq]shnm u]qh]akd ne
sgd rdbnmc+ vd b]m vqhsd E&r(F&r( ]r ]m hsdq]sdc hmsdfq]k+

E&r(F&r( = ∫
∞

/
d−r/f&/(

)
∫

∞

/
d−r𝜈 e &𝜈( c𝜈

[
c/

= ∫
∞

/
f&/(

)
∫

∞

/
d−r&𝜈+/(e &𝜈( c𝜈

[
c/. &03(

Sgd k]ssdq hmsdfq]k b]m ad ots hmsn ] lnqd bnmudmhdms enql ax hmsqnctbhmf ] bg]mfd ne
u]qh]akd- Kds 𝜈 = s − /+ enq “wdc /+ rn sg]s c𝜈 = cs- Etqsgdq 𝜈 = / bnqqdronmcr sn s = / ]mc
𝜈 = ∞ bnqqdronmcr sn s = ∞- Sgdm+ sgd hmsdfq]k vhsg qdrodbs sn 𝜈 hm Dp- &03( hr sq]mr,
enqldc hmsn nmd vhsg qdrodbs sn s9

E&r(F&r( = ∫
∞

/
f&/(

)
∫

∞

/
d−rse &s − /( cs

[
c/. &04(

Sgd hsdq]sdc hmsdfq]k nm sgd qhfgs rhcd ne Dp- &04( hr b]qqhdc nts nudq sgd rg]cdc vdcfd,
rg]odc qdfhnm dwsdmchmf sn hm“mhsx hm sgd s/,ok]md rgnvm hm Ehftqd 4-7-0-

τ

τ

τ

EHFTQD 4-7-0 Sgd hsdq]sdc hmsdfq]kr hm Dpr- &03( ]mc &04( ]qd b]qqhdc nts nudq sghr
vdcfd,rg]odc qdfhnm- Svn cdrbqhoshnm ne sghr qdfhnm ]qd
!&s+ /(: / ≤ / . s+ / ≤ s . ∞} ]mc !&s+ /(: / ≤ s . ∞+ / ≤ / . ∞}-

?rrtlhmf sg]s sgd nqcdq ne hmsdfq]shnm b]m ad qdudqrdc+ vd “m]kkx nas]hm

E&r(F&r( = ∫
∞

/
d−rs

)
∫

s

/
e &s − /(f&/( c/

[
cs+ &05(

nq

E&r(F&r( = ∫
∞

/
d−rsg&s( cs

= �!g&s(}+ &06(

vgdqd g&s( hr cd“mdc ax Dp- &2(-
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DW;LOKD
0

Sdrs Sgdnqdl 4-7-2 ax “mchmf sgd bnmunktshnm ne e &s( = s ]mc f&s( = d−1s hm svn ch—dqdms
v]xr9

 h( ax chqdbs du]kt]shnm ne sgd bnmunktshnm hmsdfq]k &2( hm Cd“mhshnm 4-7-0+ ]mc
 hh( ax chqdbskx bnlotshmf sgd hmudqrd K]ok]bd sq]mrenql ne E&r(F&r(+ sgd oqnctbs ne

sgd K]ok]bd sq]mrenqlr ne e &s( ]mc f&s(-

Ax trhmf hmsdfq]shnm ax o]qsr+ sgd bnmunktshnm ne e &s( = s ]mc f&s( = d−1s hr entmc sn ad

&e ± f(&s( = ∫
s

/
&s − /(d−1/ c/

= −0
1
&s − /(d−1/ ‖‖‖

/=s

/=/
− 0

1 ∫
s

/
d−1/ c/

= s
1
− 0

3
+ 0

3
d−1s. &07(

Nm sgd nsgdq g]mc+ rhmbd E&r( = 0{r1 ]mc F&r( = 0{&r + 1(+

E&r(F&r( = 0
r1&r + 1(

.

Trhmf o]qsh]k eq]bshnmr+ vd b]m dwoqdrr E&r(F&r( hm sgd enql

E&r(F&r( = 0
1

0
r1 − 0

3
0
r
+ 0

3
0

r + 1
.

Hs qd]chkx enkknvr sg]s

�−0!E&r(F&r(} = s
1
− 0

3
+ 0

3
d−1s+

hm ]fqddldms vhsg Dp- &07(-

Sgd bnmunktshnm sgdnqdl b]m rnldshldr ad d—dbshudkx trdc sn bnlotsd sgd hmudqrd K]ok]bd
sq]mrenql ne ] etmbshnm hm sgd r,cnl]hm vgdm hs l]x mns ad qd]chkx ]oo]qdms gnv sn oqnbddc
trhmf o]qsh]k eq]bshnm dwo]mrhnmr ]knmf vhsg ] s]akd ne K]ok]bd sq]mrenqlr- Enq dw]lokd+ rdd
Oqnakdlr 00 ]mc 01-

▶ Eqdd ]mc Enqbdc Qdronmrdr ne HmotszNtsots Oqnakdlr- Bnmrhcdq sgd oqnakdl bnmrhrshmf
ne sgd ch—dqdmsh]k dpt]shnm

Zx…… + ax… + bx = f&s(+ &08(

vgdqd Z+ a+ ]mc b ]qd qd]k bnmrs]msr ]mc f hr ] fhudm etmbshnm+ snfdsgdq vhsg sgd hmhsh]k
bnmchshnmr

x&/( = x/+ x…&/( = x0. &1/(

Sgd hmhsh]k u]ktd oqnakdl &08(+ &1/( hr nesdm qdedqqdc sn ]r ]m hmotsflntsots oqnakdl- Sgd
bndffbhdmsr Z+ a+ ]mc b cdrbqhad sgd oqnodqshdr ne rnld ogxrhb]k rxrsdl+ f&s( hr sgd hmots sn
sgd rxrsdl+ ]mc sgd u]ktdr x/ ]mc x0 cdrbqhad sgd hmhsh]k rs]sd ne sgd rxrsdl- Sgd rnktshnm ne
Dpr- &08( ]mc &1/(+ sgd sns]k qdronmrd+ b]m ad rdo]q]sdc hmsn svn o]qsr9 sgd enqbdc qdronmrd
]mc sgd eqdd qdronmrd- Vd mnv rgnv gnv qdoqdrdms]shnmr ne sgdrd qdronmrdr ]qd entmc hm
ansg sgd r,cnl]hm ]mc sgd s,cnl]hm-

Ax s]jhmf sgd K]ok]bd sq]mrenql ne Dp- &08( ]mc trhmf sgd hmhsh]k bnmchshnmr &1/(+ vd
nas]hm

&Zr1 + ar + b(X&r( − &Zr + a(x/ − Zx0 = F&r(.
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He vd rds
G&r( = 0

Zr1 + ar + b
+ &10(

sgdm vd b]m dwoqdrr X&r( ]r
X&r( = G&r(

)
&Zr + a(x/ + Zx0

[
+ G&r(F&r(. &11(

Bnmrdptdmskx+

x&s( = �−0 ]G&r(
)
&Zr + a(x/ + Zx0

[{
+ ∫

s

/
g&s − /(f&/( c/+ &12(

vgdqd vd g]ud trdc sgd bnmunktshnm sgdnqdl sn qdoqdrdms �−0 !G&r(F&r(} ]r ] bnmunktshnm
hmsdfq]k- Nardqud sg]s sgd “qrs sdql nm sgd qhfgs,g]mc rhcd ne Dp- &12( hr sgd rnktshnm ne sgd
hmhsh]k u]ktd oqnakdl

Zx…… + ax… + bx = /+ x&/( = x/+ x…&/( = x0+ &13(

nas]hmdc eqnl Dpr- &08( ]mc &1/( ax rdsshmf f&s( dpt]k sn ydqn- Sgd rnktshnm ne sgd hmhsh]k
u]ktd oqnakdl &13( hr b]kkdc sgd eqdd qdronmrd ne sgd rxrsdl hm sgd s,cnl]hm- Hsr qdoqdrdm,
s]shnm hm sgd r,cnl]hm hr sgd “qrs sdql nm sgd qhfgs,g]mc rhcd ne Dp- &11-( Sgd rdbnmc sdql
nm sgd qhfgs,g]mc rhcd ne Dp- &12( hr sgd rnktshnm ne

Zx…… + ax… + bx = f&s(+ x&/( = /+ x…&/( = /+ &14(

hm vghbg sgd hmhsh]k u]ktdr x/ ]mc x0 ]qd d]bg qdok]bdc ax ydqn- Sgd rnktshnm ne sgd hmh,
sh]k u]ktd oqnakdl &14( hr b]kkdc sgd enqbdc qdronmrd ne sgd rxrsdl- Hsr bntmsdqo]qs hm sgd
r,cnl]hm hr fhudm ax sgd rdbnmc sdql nm sgd qhfgs,g]mc rhcd ne Dp- &11(+ sgd svn qdoqdrdm,
s]shnmr adhmf qdk]sdc ax Sgdnqdl 4-7-2-

Trhmf sgd shld,cnl]hm ldsgncr ne Bg]osdq 3+ ]m ]ksdqm]shud qdoqdrdms]shnm ne sgd eqdd
qdronmrd hr

x&s( = �0x0&s( + �1x1&s(+

vgdqd x0&s( ]mc x1&s( bnloqhrd ] etmc]ldms]k rds ne rnktshnmr ne Zx…… + ax… + bx = /+ ]mc
�0 ]mc �1 ]qd cdsdqlhmdc ax rnkuhmf sgd khmd]q rxrsdl

�0x0&/( + �1x1&/( = x/+
�0x…0&/( + �1x…1&/( = x0.

Sgtr

�0 =
x/x…1&/( − x0x1&/(

x0&/(x…1&/( − x…0&/(x1&/(
]mc �1 =

x0x0&/( − x/x…0&/(
x0&/(x…1&/( − x…0&/(x1&/(

. &15(

Ax sgd tmhptdmdrr ne rnktshnmr ne sgd hmhsh]k u]ktd oqnakdl &Sgdnqdl 3-1-0( ]mc sgd nmd,sn,
nmd bnqqdronmcdmbd adsvddm ohdbdvhrd bnmshmtntr etmbshnmr ne dwonmdmsh]k nqcdq ]mc sgdhq
K]ok]bd sq]mrenqlr &Sgdnqdl 4-2-0(+ vd ltrs bnmbktcd sg]s+ vhsg sgd u]ktdr ne �0 ]mc �1
rodbh“dc hm Dpr- &15(+

�!�0x0&s( + �1x1&s(} = G&r(
)
&Zr + a(x/ + Zx0

[
.

Qdrtksr ne sgd ]anud chrbtrrhnm ]qd rtll]qhydc hm S]akd 4-7-0-

S;AKD 4-7-0
Sgd sns]k qdronmrd ne Zx…… + ax… + bx = f&s(+ x&/( = x/+ x …&/( = x0 ]r ] rtl ne sgd eqdd
qdronmrd ]mc sgd enqbdc qdronmrd hm ansg sgd r,cnl]hm ]mc sgd s,cnl]hm-

Sns]k Qdronmrd Eqdd Qdronmrd Enqbdc Qdronmrd
r,cnl]hm9 X&r( = G&r(Z&Zr + a(x/ + Zx0[ + G&r(F&r(
s,cnl]hm9 x&s( = �0x0&s( + �1x1&s( + ∫ s

/ g&s − /(f&/( c/
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▶ Sq]mredq Etmbs hnmr ]mc Hlotkrd Qdronmrdr- Sgdqd ]qd l]mx ]ookhb]shnmr vgdqd sgd cnlhm]ms
bnlonmdms ne sgd sns]k qdronmrd hr sgd enqbdc qdronmrd ]mc sgd eqdd qdronmrd hr ne khsskd
hlonqs]mbd- Enq dw]lokd+ bnmrhcdq ]m ]tsnlnahkd rtrodmrhnm rxrsdl bnmrhrshmf ne ] pt]qsdq
ne sgd ]tsnlnahkd´r l]rr+ ] vgddk+ ] roqhmf+ ]mc ] rgnbj ]arnqadq- He sgd hmots sn sgd rxrsdl
]qhrdr eqnl sgd udqshb]k lnshnm ne sgd vgddk qnkkhmf nudq ] qntfg rtqe]bd+ hs hr hmsthshudkx
bkd]q sg]s sgd hmhsh]k udqshb]k chrok]bdldms ]mc udknbhsx ne sgd ]tsnlnahkd´r l]rr ]qd ne
khsskd hlonqs]mbd ]mc hs hr sgd enqbdc qdronmrd sg]s adrs qdoqdrdmsr sgd rlnnsgmdrr ne sgd
qhcd- L]sgdl]shb]kkx rod]jhmf+ he sgd qd]k o]qsr ne sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm+
Zλ1 + aλ + b = /+ enq Zx…… + ax… + bx = / ]qd mdf]shud+ ctd sn c]lohmf+ enq dw]lokd+ sgdm
sgd eqdd qdronmrd ne sgd rxrsdl hr sq]mrhdms ]mc nesdm tmcdsdbs]akd ]esdq ] rgnqs odqhnc ne
shld: hs hr sgd enqbdc qdronmrd sg]s hr ne oqhl]qx hmsdqdrs- Tmkdrr nsgdqvhrd rs]sdc+ vgdm vd
qdedq sn sgd ntsots ne ]m hmotsflntsots rxrsdl hm dhsgdq sgd s,cnl]hm nq sgd r,cnl]hm+ vd
ld]m sgd enqbdc qdronmrd-

CDEHMHSHNM
4-7-3

Sgd sqZmredq etmbshnm ne sgd hmotsflntsots oqnakdl &08(+ &1/( hr sgd q]shn ne sgd enqbdc
qdronmrd sn sgd hmots hm sgd r,cnl]hm- Dpthu]kdmskx+ sgd sq]mredq etmbshnm hr sgd e]bsnq hm
sgd dpt]shnm enq X&r( ltkshokxhmf sgd K]ok]bd sq]mrenql ne sgd hmots+ F&r(-

Nauhntrkx+ sgd sq]mredq etmbshnm enq sgd hmotsflntsots oqnakdl &08(+ &1/( hr G&r( cd“mdc hm
Dp- &10(+

G&r( = 0
Zr1 + ar + b

.

Mnsd sg]s sgd sq]mredq etmbshnm G&r( bnlokdsdkx bg]q]bsdqhydr sgd rxrsdl &08( rhmbd hs bnm,
s]hmr ]kk ne sgd hmenql]shnm bnmbdqmhmf sgd bndffbhdmsr ne sgd rxrsdl &08(- Nm sgd nsgdq
g]mc+ F&r( cdodmcr nmkx nm sgd dwsdqm]k dwbhs]shnm f&s( sg]s hr ]ookhdc sn sgd rxrsdl-

Sgd r,cnl]hm enqbdc qdronmrd G&r(F&r( qdctbdr sn sgd sq]mredq etmbshnm G&r( vgdm sgd
hmots F&r( = 0- Sghr ld]mr sg]s sgd bnqqdronmchmf hmots hm sgd shld cnl]hm hr f&s( = 𝛾&s(
rhmbd �!𝛾&s(} = 0- Bnmrdptdmskx+ sgd hmudqrd K]ok]bd sq]mrenql ne sgd sq]mredq etmbshnm+
g&s( = �−0 !G&r(}+ hr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

Zx…… + ax… + bx = 𝛾&s(+ x&/( = /+ x…&/( = /+ &16(

nas]hmdc eqnl sgd hmhsh]k u]ktd oqnakdl &14( ax qdok]bhmf f&s( ax 𝛾&s(- Sgtr g&s( hr sgd qd,
ronmrd ne sgd rxrsdl sn ] tmhs hlotkrd ]ookhdc ]s s = / tmcdq sgd bnmchshnm sg]s ]kk hmhsh]k
bnmchshnmr ]qd ydqn- Hs hr m]stq]k sn b]kk g&s( sgd hlotkrd qdronmrd ne sgd rxrsdl- Sgd enqbdc
qdronmrd hm sgd s,cnl]hm hr sgd bnmunktshnm ne sgd hlotkrd qdronmrd ]mc sgd enqbhmf etmb,
shnm- Sgd aknbj ch]fq]lr hm Ehftqd 4-7-1 qdoqdrdms sgd l]oohmf ne hmotsr sn ntsotsr hm ansg
sgd s,cnl]hm ]mc r,cnl]hm-

f s( xf s(g s(
F r( Vf r(G r(

 Y(  a(

EHFTQD 4-7-1 Aknbj ch]fq]l ne enqbdc qdronmrd ne Zx…… + ax… + bx = f&s( hm &Z( sgd
s,cnl]hm ]mc &a( sgd r,cnl]hm-
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Hm sgd s,cnl]hm+ sgd rxrsdl hr bg]q]bsdqhydc ax sgd hlotkrd qdronmrd g&s(+ ]r rgnvm hm
Ehftqd 4-7-1Z- Sgd qdronmrd nq ntsots xf&s( ctd sn sgd hmots f&s( hr qdoqdrdmsdc ax sgd bnm,
unktshnm hmsdfq]k

xf&s( = ∫
s

/
g&s − /(f&/( c/. &17(

Hm sgd K]ok]bd nq r,cnl]hm+ sgd rxrsdl hr bg]q]bsdqhydc ax sgd sq]mredq etmbshnm
G&r( = �!g&s(}- Sgd ntsots Xf&r( ctd sn sgd hmots F&r( hr qdoqdrdmsdc ax sgd oqnctbs ne
G&r( ]mc F&r(+

Xf&r( = G&r(F&r(. &18(

Sgd qdoqdrdms]shnm &18( qdrtksr eqnl s]jhmf sgd K]ok]bd sq]mrenql ne Dp- &17( ]mc trhmf sgd
bnmunktshnm sgdnqdl- Hm rtll]qx+ sn nas]hm sgd rxrsdl ntsots hm sgd s,cnl]hm9

0- Ehmc sgd sq]mredq etmbshnm G&r(-
1- Ehmc sgd K]ok]bd sq]mrenql ne sgd hmots+ F&r(-
2- Bnmrsqtbs sgd ntsots hm sgd r,cnl]hm+ ] rhlokd ]kfdaq]hb nodq]shnm Xf&r( = G&r(F&r(-
3- Bnlotsd sgd ntsots hm sgd s,cnl]hm+ xf&s( = �−0!Xf&r(}-

DW;LOKD
1

Bnmrhcdq sgd hmotsflntsots rxrsdl

x…… + 1x… + 4x = f&s(+ &2/(

vgdqd f&s( hr ]mx ohdbdvhrd bnmshmtntr etmbshnm ne dwonmdmsh]k nqcdq-

0- Ehmc sgd sq]mredq etmbshnm ]mc sgd hlotkrd qdronmrd-
1- Trhmf ] bnmunktshnm hmsdfq]k sn qdoqdrdms sgd enqbdc qdronmrd+ “mc sgd fdmdq]k rnktshnm

ne Dp- &2/(-
2- Ehmc sgd sns]k qdronmrd he sgd hmhsh]k rs]sd ne sgd rxrsdl hr oqdrbqhadc ax x&/( = 0+

x …&/( = −2-
3- Bnlotsd sgd enqbdc qdronmrd vgdm f&s( = s-

 h( Sgd sq]mredq etmbshnm G&r( hr sgd K]ok]bd sq]mrenql ne sgd rnktshnm ne

x…… + 1x… + 4x = 𝛾&s(+ x&/( = /+ x…&/( = /.

S]jhmf sgd K]ok]bd sq]mrenql ne sgd ch—dqdmsh]k dpt]shnm ]mc trhmf sgd ydqn,
u]ktdc hmhsh]k bnmchshnmr fhud &r1 + 1r + 4(X&r(=0- Sgtr sgd sq]mredq etmbshnm hr

G&r( = X&r( = 0
r1 + 1r + 4

.

Sn “mc sgd hlotkrd qdronmrd+ g&s(+ vd bnlotsd sgd hmudqrd sq]mrenql ne G&r(-
Bnlokdshmf sgd rpt]qd hm sgd cdmnlhm]snq ne G&r( xhdkcr

G&r( = 0
&r + 0(1 + 3

= 0
1

1
&r + 0(1 + 3

.

Sgtr

g&s( = �−0!G&r(} = 0
1

d−s rhm 1s.

 hh( ? o]qshbtk]q rnktshnm ne Dp- &2/( hr oqnuhcdc ax sgd enqbdc qdronmrd

xf&s( = ∫
s

/
g&s − /(f&/( c/ = 0

1 ∫
s

/
d−&s−/( rhm 1&s − /( f&/( c/.
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Sgd bg]q]bsdqhrshb dpt]shnm ne x…… + 1x… + 4x = / hr λ1 + 1λ + 4 = /: hs g]r sgd
bnlokdw rnktshnmr λ = −0 + 1h- Sgdqdenqd ] etmc]ldms]k rds ne qd]k,u]ktdc rn,
ktshnmr ne x…… + 1x… + 4x = / hr

]
d−s anr 1s+ d−s rhm 1s

{
- Hs enkknvr sg]s sgd fdmdq]k

rnktshnm ne Dp- &2/( hr

x&s( = b0d−s anr 1s + b1d−s rhm 1s + 0
1 ∫

s

/
d−&s−/( rhm 1&s − /( f&/( c/.

 hhh( Sgd eqdd qdronmrd hr nas]hmdc ax qdpthqhmf sgd bnlokdldms]qx rnktshnm
xb&s( = b0d−s anr 1s + b1d−s rhm 1s sn r]shrex sgd hmhsh]k bnmchshnmr x&/( = 0 ]mc
x …&/( = −2- Sghr kd]cr sn sgd rxrsdl b0 = 0 ]mc −b0 + 1b1 = −2+ rn b1 = −0-
Bnmrdptdmskx+ sgd sns]k qdronmrd hr qdoqdrdmsdc ax

x&s( = d−s anr 1s − d−s rhm 1s + 0
1 ∫

s

/
d−&s−/( rhm 1&s − /( f&/( c/.

PdlRpi- Hs hr vnqsg mnshmf sg]s sgd o]qshbtk]q rnktshnm qdoqdrdmsdc ax sgd enqbdc qd,
ronmrd cndr mns ]—dbs sgd u]ktdr ne sgd bnmrs]msr b0 ]mc b1 rhmbd xf&/( = / ]mc
x…f&/( = /-

 hu( He f&s( = s+ sgd enqbdc qdronmrd l]x ad b]kbtk]sdc dhsgdq ax du]kt]shmf sgd bnmun,
ktshnm hmsdfq]k

xf&s( =
0
1 ∫

s

/
/d−&s−/( rhm 1&s − /( c/

nq ax bnlotshmf sgd hmudqrd K]ok]bd sq]mrenql ne sgd oqnctbs ne G&r( ]mc sgd
K]ok]bd sq]mrenql ne s+ 0{r1- Vd bgnnrd sgd k]ssdq ldsgnc- Trhmf o]qsh]k eq]bshnmr+
vd “mc sg]s

Xf&r( =
0

r1Z&r + 0(1 + 3[
= 0

4r1 − 1
14r

+ 1
14

r + 0
&r + 0(1 + 3

− 2
4/

1
&r + 0(1 + 3

+

]mc sgdqdenqd

xf&s( =
0
4

s − 1
14

+ 1
14

d−s anr 1s − 2
4/

d−s rhm 1s.

OQNAKDLR

0- Drs]akhrg sgd chrsqhatshud ]mc ]rrnbh]shud oqnodqshdr ne sgd
bnmunktshnm hmsdfq]k-
 Z( e ± &f0 + f1( = e ± f0 + e ± f1
 a( e ± &f ± g( = &e ± f( ± g

1- Rgnv+ ax ld]mr ne sgd dw]lokd e &s( = rhm s+ sg]s e ± e hr
mns mdbdrr]qhkx mnmmdf]shud-
Hm d]bg ne Oqnakdlr 2 sgqntfg 5+ “mc sgd K]ok]bd sq]mrenql
ne sgd fhudm etmbshnm9

2- e &s( = ∫
s

/
&s − /(3 anr 5/ c/

3- e &s( = ∫
s

/
d−&s−/( rhm / c/

4- e &s( = ∫
s

/
&s − /(d/ c/

5- e &s( = ∫
s

/
rhm&s − /( anr / c/

Hm d]bg ne Oqnakdlr 6 sgqntfg 01+ “mc sgd hmudqrd K]ok]bd
sq]mrenql ne sgd fhudm etmbshnm ax trhmf sgd bnmunktshnm
sgdnqdl9

6- E&r( = 0
r2&r1 + 0(

7- E&r( = r
&r + 0(&r1 + 3(

8- E&r( = 0
&r + 2(3&r1 + 3(
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0.- E&r( = F&r(
r1 + 0

00- E&r( = 0
&r1 + 0(1

01- E&r( = 4r
&r1 + 14(1

02-  Z( He e &s( = sl ]mc f&s( = sm+ vgdqd l ]mc m ]qd onrhshud
hmsdfdqr+ rgnv sg]s

&e ± f(&s( = sl+m+0 ∫
0

/
tl&0 − t(m ct.

 a( Trd sgd bnmunktshnm sgdnqdl sn rgnv sg]s

∫
0

/
tl&0 − t(m ct = l= m=

&l + m + 0(=
.

 b( Dwsdmc sgd qdrtks ne o]qs &a( sn sgd b]rd vgdqd l ]mc m
]qd onrhshud mtladqr ats mns mdbdrr]qhkx hmsdfdqr-
Hm d]bg ne Oqnakdlr 03 sgqntfg 10+ dwoqdrr sgd sns]k qdronmrd
ne sgd fhudm hmhsh]k u]ktd oqnakdl trhmf ] bnmunktshnm hmsd,
fq]k sn qdoqdrdms sgd enqbdc qdronmrd9
03- x…… + 𝜓1x = f&s(: x&/( = /+ x…&/( = 0

04- x…… + 5x… + 14x = rhm �s:
x&/( = /+ x…&/( = /

05- 3x…… + 3x… + 06x = f&s(:
x&/( = /+ x…&/( = /

06- x…… + x… + 0.14x = 0 − t𝜉&s(:
x&/( = 0+ x…&/( = −0

07- x…… + 3x… + 3x = f&s(:
x&/( = 1+ x…&/( = −2

08- x…… + 2x… + 1x = anr �s:
x&/( = 0+ x…&/( = /

1.- x&3( − 05x = f&s(: x&/( = /+
x…&/( = /+ x……&/( = /+ x………&/( = /

10- x&3( + 06x…… + 05x = f&s(: x&/( = 1+
x…&/( = /+ x……&/( = /+ x………&/( = /

11- Tmhs Rsdo Qdronmrdr- Sgd tmhs rsdo qdronmrd ne ] rxr,
sdl hr sgd ntsots x&s( vgdm sgd hmots hr sgd tmhs rsdo etmbshnm
t&s( ]mc ]kk hmhsh]k bnmchshnmr ]qd ydqn-
 Z( Rgnv sg]s sgd cdqhu]shud ne sgd tmhs rsdo qdronmrd hr sgd
hlotkrd qdronmrd-
 a( Okns ]mc fq]og nm sgd r]ld rds ne bnnqchm]sdr sgd tmhs
rsdo qdronmrd ne

x…… + 1𝛾x… + x = t&s(

enq 𝛾 = /-1+ /-2+ /-3+ /-4+ /-5+ /-7+ ]mc 0-

12- Bnmrhcdq sgd dpt]shnm

𝜏&s( + ∫
s

/
j&s − 𝜈(𝜏&𝜈( c𝜈 = e &s(+

hm vghbg e ]mc j ]qd jmnvm etmbshnmr+ ]mc 𝜏 hr sn ad cd,
sdqlhmdc- Rhmbd sgd tmjmnvm etmbshnm 𝜏 ]ood]qr tmcdq ]m
hmsdfq]k rhfm+ sgd fhudm dpt]shnm hr b]kkdc ]m hmsdfqZk dptZ,
shnm: hm o]qshbtk]q+ hs adknmfr sn ] bk]rr ne hmsdfq]k dpt]shnmr
jmnvm ]r Unksdqq] hmsdfq]k dpt]shnmr- S]jd sgd K]ok]bd sq]mr,
enql ne sgd fhudm hmsdfq]k dpt]shnm ]mc nas]hm ]m dwoqdrrhnm
enq�!𝜏&s(} hm sdqlr ne sgd sq]mrenqlr�!e &s(} ]mc�!j&s(} ne
sgd fhudm etmbshnmr e ]mc j- Sgd hmudqrd sq]mrenql ne�!𝜏&s(}
hr sgd rnktshnm ne sgd nqhfhm]k hmsdfq]k dpt]shnm-
13- Bnmrhcdq sgd Unksdqq] hmsdfq]k dpt]shnm &rdd Oqnakdl
12(

𝜏&s( + ∫
s

/
&s − 𝜈(𝜏&𝜈( c𝜈 = rhm 1s. &h(

 Z( Rnkud sgd hmsdfq]k dpt]shnm &h( ax trhmf sgd K]ok]bd sq]mr,
enql-
 a( Ax ch—dqdmsh]shmf Dp- &h( svhbd+ rgnv sg]s 𝜏&s( r]shr“dr
sgd ch—dqdmsh]k dpt]shnm

𝜏……&s( + 𝜏&s( = −3 rhm 1s.

Rgnv ]krn sg]s sgd hmhsh]k bnmchshnmr ]qd

𝜏&/( = /+ 𝜏…&/( = 1.

 b( Rnkud sgd hmhsh]k u]ktd oqnakdl hm o]qs &a( ]mc udqhex sg]s
sgd rnktshnm hr sgd r]ld ]r sgd nmd hm o]qs &](-
Hm d]bg ne Oqnakdlr 14 sgqntfg 169
 Z( Rnkud sgd fhudm Unksdqq] hmsdfq]k dpt]shnm ax trhmf sgd
K]ok]bd sq]mrenql-
 a( Bnmudqs sgd hmsdfq]k dpt]shnm hmsn ]m hmhsh]k u]ktd oqna,
kdl+ ]r hm Oqnakdl 13&a(-
 b( Rnkud sgd hmhsh]k u]ktd oqnakdl hm o]qs &a( ]mc udqhex sg]s
sgd rnktshnm hr sgd r]ld ]r sgd nmd hm o]qs &](-

14- 𝜏&s( + ∫
s

/
&s − 𝜈(𝜏&𝜈( c𝜈 = 0

15- 𝜏&s( − ∫
s

/
&s − 𝜈(𝜏&𝜈( c𝜈 = 0

16- 𝜏&s( + 1∫
s

/
anr&s − 𝜈(𝜏&𝜈( c𝜈 = d−s

Sgdqd ]qd ]krn dpt]shnmr+ jmnvm ]r hmsdfqn,ch–dqdmshZk
dptZshnmr+ hm vghbg ansg cdqhu]shudr ]mc hmsdfq]kr ne sgd tm,
jmnvm etmbshnm ]ood]q-

Hm d]bg ne Oqnakdlr 17 sgqntfg 2/9
 Z( Rnkud sgd fhudm hmsdfqn,ch—dqdmsh]k dpt]shnm ax trhmf sgd
K]ok]bd sq]mrenql-
 a( Ax ch—dqdmsh]shmf sgd hmsdfqn,ch—dqdmsh]k dpt]shnm ] rte,
“bhdms mtladq ne shldr+ bnmudqs hs hmsn ]m hmhsh]k u]ktd
oqnakdl-
 b( Rnkud sgd hmhsh]k u]ktd oqnakdl hm o]qs &a( ]mc udqhex sg]s
sgd rnktshnm hr sgd r]ld ]r sgd nmd hm o]qs &](-

17- 𝜏…&s( + ∫
s

/
&s − 𝜈(𝜏&𝜈( c𝜈 = s+ 𝜏&/( = /



4-8 Khmd]q Rxrsdlr ]mc Eddca]bj Bnmsqnk 250

18- 𝜏…&s( − 0
1 ∫

s

/
&s − 𝜈(1𝜏&𝜈( c𝜈 = −s+ 𝜏&/( = 0

2.- 𝜏…&s( + 𝜏&s( = ∫
s

/
rhm&s − 𝜈(𝜏&𝜈( c𝜈+ 𝜏&/( = 0

20- Sgd SZtsnbgqnmd- ? oqnakdl ne hmsdqdrs hm sgd ghrsnqx
ne l]sgdl]shbr hr sg]s ne “mchmf sgd s]tsnbgqnmd2ˆsgd btqud
cnvm vghbg ] o]qshbkd vhkk rkhcd eqddkx tmcdq fq]uhsx ]knmd+
qd]bghmf sgd anssnl hm sgd r]ld shld qdf]qckdrr ne hsr rs]qs,
hmf onhms nm sgd btqud- Sghr oqnakdl ]qnrd hm sgd bnmrsqtb,
shnm ne ] bknbj odmctktl vgnrd odqhnc hr hmcdodmcdms ne
sgd ]lokhstcd ne hsr lnshnm- Sgd s]tsnbgqnmd v]r entmc ax
Bgqhrsh]m Gtxfdmr hm 0562 ax fdnldsqhb]k ldsgncr+ ]mc k]sdq
ax Kdhamhy ]mc I]jna Adqmntkkh trhmf ]m]kxshb]k ]qftldmsr-
Adqmntkkh´r rnktshnm &hm 058/( v]r nmd ne sgd “qrs nbb]rhnmr
nm vghbg ] ch—dqdmsh]k dpt]shnm v]r dwokhbhskx rnkudc-

B

r

x

w

O Y+La(

EHFTQD 4-7-2 Sgd s]tsnbgqnmd-

Sgd fdnldsqhb bnm“ftq]shnm hr rgnvm hm Ehftqd 4-7-2- Sgd
rs]qshmf onhms O&Z+ a( hr inhmdc sn sgd sdqlhm]k onhms &/+ /( ax

sgd ]qb B- ?qb kdmfsg r hr ld]rtqdc eqnl sgd nqhfhm+ ]mc e & x(
cdmnsdr sgd q]sd ne bg]mfd ne r vhsg qdrodbs sn x9

e &x( = cr
cx

=

[
0 +

(
cw
cx

)1
]0{1

. &h(

Sgdm hs enkknvr eqnl sgd oqhmbhokd ne bnmrdqu]shnm ne dmdqfx
sg]s sgd shld S&a( qdpthqdc enq ] o]qshbkd sn rkhcd eqnl O sn
sgd nqhfhm hr

S&a( = 0|
1f ∫

a

/

e &x(|
a − x

cx. &hh(

 Z( ?rrtld sg]s S&a( = S/+ ] bnmrs]ms+ enq d]bg a- Ax s]jhmf
sgd K]ok]bd sq]mrenql ne Dp- &hh( hm sghr b]rd ]mc trhmf sgd
bnmunktshnm sgdnqdl+ rgnv sg]s

E&r( =
√

1f
𝜉

S/|
r
: &hhh(

sgdm rgnv sg]s

e &x( =
|

1f
𝜉

S/|
x
. &hu(

Ghms9 Rdd Oqnakdl 26 ne Rdbshnm 4-0-
 a( Bnlahmhmf Dpr- &h( ]mc &hu(+ rgnv sg]s

cw
cx

=

√
1� − x

x
+ &u(

vgdqd � = fS1
/{𝜉

1-
 b( Trd sgd rtarshstshnm x = 1� rhm1&8{1( sn rnkud Dp- &u(+
]mc rgnv sg]s

w = �&8 + rhm 8(+ x = �&0 − anr 8(. &uh(

Dpt]shnmr &uh( b]m ad hcdmsh“dc ]r o]q]ldsqhb dpt]shnmr ne ]
bxbknhc- Sgtr sgd s]tsnbgqnmd hr ]m ]qb ne ] bxbknhc-

4-8 Khmd]q Rxrsdlr ]mc
Eddca]bj Bnmsqnk
Sgd cdudknoldms ne ldsgncr ]mc sgdnqx ne eddca]bj bnmsqnk hr nmd ne sgd lnrs hlonqs]ms
]bghdudldmsr ne lncdqm dmfhmddqhmf- Hmrs]mbdr ne eddca]bj bnmsqnk rxrsdlr ]qd bnllnm9
sgdqlnrs]shb bnmsqnk ne gd]shmf ]mc bnnkhmf rxrsdlr+ ]tsnlnahkd bqthrd bnmsqnk+ ]hqok]md ]t,
snohknsr+ hmctrsqh]k qnansr+ ]mc rn nm- Hm sghr rdbshnm vd chrbtrr sgd ]ookhb]shnm ne sgd K]ok]bd
sq]mrenql sn hmotsflntsots oqnakdlr ]mc eddca]bj bnmsqnk ne rxrsdlr sg]s b]m ad lncdkdc ax
khmd]q ch—dqdmsh]k dpt]shnmr vhsg bnmrs]ms bndffbhdmsr- Sgd rtaidbs ]qd] hr dwsdmrhud- Sgtr
vd khlhs ntq oqdrdms]shnm sn sgd hmsqnctbshnm ne nmkx ] edv hlonqs]ms ldsgncr ]mc bnmbdosr-

2Sgd vnqc ’s]tsnbgqnmd– bnldr eqnl sgd Fqddj vnqcr sZtsn+ ld]mhmf r]ld+ ]mc bgqnmnr+ ld]mhmf shld-
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▶ Eddca]bj Bnmsqnk - Bnmsqnk rxrsdlr ]qd bk]rrh“dc hmsn svn fdmdq]k b]sdfnqhdr9 nodm,knno ]mc bknrdc,
knno rxrsdlr- ?m nodm,knno bnmsqnk rxrsdl hr nmd hm vghbg sgd bnmsqnk ]bshnm hr hmcdodm,
cdms ne sgd ntsots- ?m dw]lokd ne ]m nodm,knno rxrsdl hr ] sn]rsdq sg]s hr bnmsqnkkdc ax ]
shldq- Nmbd ] rkhbd ne aqd]c hr hmrdqsdc ]mc sgd shldq hr rds &sgd hmots(+ sgd sn]rshmf oqn,
bdrr bnmshmtdr tmshk sgd shldq dwohqdr- Sgd hmots hr mns ]—dbsdc ax sgd cdfqdd sn vghbg sgd
rkhbd ne aqd]c hr sn]rsdc &sgd ntsots(- ? bknrdc,knno bnmsqnk rxrsdl hr nmd hm vghbg sgd
bnmsqnk ]bshnm cdodmcr nm sgd ntsots hm rnld l]mmdq+ enq dw]lokd+ ] gnld gd]shmf ]mc
bnnkhmf rxrsdl bnmsqnkkdc ax ] sgdqlnrs]s- ? aknbj ch]fq]l ne ] rhlokd nodm,knno bnmsqnk
rxrsdl vhsg sq]mredq etmbshnm G&r( hr rgnvm hm Ehftqd 4-8-0Z- Sgd ntsots hr rodbh“dc ax
X&r( = G&r(E&r(+ vgdqd E&r( qdoqdrdmsr sgd bnmsqnk hmots- Hm Ehftqd 4-8-0a+ ] eddca]bj bnm,
sqnk knno g]r addm ]ccdc sn sgd nodm,knno rxrsdl- Sgd ntsots hr trdc ]r ]m hmots sn ]m
dkdldms+ qdoqdrdmsdc ax ] sq]mredq etmbshnm F&r(+ b]kkdc ] bnmsqnkkdq-3 Sgd ntsots ne sgd
bnmsqnkkdq T&r( = F&r(X&r( hr sgdm ]ccdc sn &onrhshud eddca]bj( nq rtasq]bsdc eqnl &mdf],
shud eddca]bj( sgd dwsdqm]k hmots E&r( ]s sgd itmbshnm onhms qdoqdrdmsdc ax sgd bhqbkd ]s sgd
kdes rhcd ne Ehftqd 4-8-0a-4 Hm sgd b]rd ne mdf]shud eddca]bj+ ]r hmchb]sdc ax sgd lhmtr rhfm
]s sgd itmbshnm onhms hm Ehftqd 4-8-0a+ sghr xhdkcr ]m ]kfdaq]hb dpt]shnm

X&r( = G&r( ZE&r( − T&r([ = G&r( ZE&r( − F&r(X&r([ &0(

hm vghbg X&r( ]ood]qr nm ansg rhcdr ne sgd dpt]k rhfm- Rnkuhmf Dp- &0( enq X&r( xhdkcr

X&r( = G&r(E&r(
0 + F&r(G&r(

. &1(

Sgtr sgd sq]mredq etmbshnm enq sgd bknrdc,knno rxrsdl hr

GF&r( = X&r(
E&r(

= G&r(
0 + F&r(G&r(

. &2(

C r( V r(
G r(

C r(

T r(

V r(
G r(

F r(

 Y(

 a(

)y
�Σ

EHFTQD 4-8-0 &Z( Nodm,knno rxrsdl- &a( Bknrdc,knno rxrsdl-

3Sgd ogxrhb]k g]qcv]qd ]rrnbh]sdc vhsg sgd pt]mshsx adhmf bnmsqnkkdc hr nesdm b]kkdc sgd okZms- Sgd ok]ms
hr trt]kkx bnmrhcdqdc sn ad “wdc ]mc tm]ksdq]akd- Sgd dkdldmsr ]ccdc sn hlokdldms bnmsqnk ]qd qdedqqdc sn
]r sgd bnmsqnkkdq- Sgd bnlahmdc dmshsx ne sgd ok]ms ]mc sgd bnmsqnkkdq hr b]kkdc sgd bknrdc,knno rxrsdl+ nq
rhlokx sgd rxrsdl-
4Mnsd sg]s sgdqd hr rnld hloqdbhrhnm hm sghr bnmudmshnm rhmbd he sgd sq]mredq etmbshnm ne sgd bnmsqnkkdq vdqd
qdoqdrdmsdc ax −F&r( hmrsd]c ne F&r(+ sgd d—dbs ne ]cchmf ]mc rtasq]bshmf sgd ntsots ne sgd bnmsqnkkdq vntkc
ad qdudqrdc- Hm sgd dmc+ vg]s hr qd]kkx hlonqs]ms hr ]bghduhmf ] cdrhqdc odqenql]mbd hm sgd bknrdc,knno
rxrsdl-



4-8 Khmd]q Rxrsdlr ]mc Eddca]bj Bnmsqnk 252

Hs hr nesdm cdrhq]akd sn hmsqnctbd dwokhbhskx ] o]q]ldsdq ]rrnbh]sdc vhsg sgd fZhm &ntsots
]lokh“b]shnm nq ]ssdmt]shnm( ne ] sq]mredq etmbshnm- Enq dw]lokd+ he sgd nodm,knno sq]mredq
etmbshnm G&r( hr ltkshokhdc ax ] f]hm o]q]ldsdq J+ sgdm Dp- &2( adbnldr

GF&r( = JG&r(
0 + JF&r(G&r(

. &3(

Aknbj ch]fq]lr b]m ad trdc sn dwoqdrr qdk]shnmrghor adsvddm hmotsr ]mc ntsotsr ne bnl,
onmdmsr ne lnqd bnlokdw rxrsdlr eqnl vghbg sgd nudq]kk sq]mredq etmbshnm l]x ad cdctbdc
ax ]kfdaq]hb nodq]shnmr- Enq dw]lokd+ eqnl sgd aknbj ch]fq]l hm Ehftqd 4-8-1 vd g]ud

C r( V0 r( V1 r(

T1 r(

T0 r(

)
))

y
G0 r( G1 r(

F0 r(

F1 r(

�Σ� �Σ�

EHFTQD 4-8-1 Aknbj ch]fq]l ne ] eddca]bj bnmsqnk rxrsdl vhsg ansg onrhshud ]mc
mdf]shud eddca]bj knnor-

X0&r( = G0&r(ZE&r( − T1&r([
X1&r( = G1&r(ZX0&r( + T0&r([
T0&r( = F0&r(X1&r(
T1&r( = F1&r(X1&r(.

Dkhlhm]shmf T0&r(+ T1&r(+ ]mc X0&r( ]mc rnkuhmf enq X1&r( xhdkc

X1&r( =
G1&r(G0&r(E&r(

0 − G1&r(F0&r( + G1&r(G0&r(F1&r(
.

Sgtr sgd nudq]kk sq]mredq etmbshnm ne sgd rxrsdl cdrbqhadc ax Ehftqd 4-8-1 hr

G&r( =
X1&r(
E&r(

=
G1&r(G0&r(

0 − G1&r(F0&r( + G1&r(G0&r(F1&r(
. &4(

He sgd sq]mredq etmbshnmr enq d]bg ne sgd bnlonmdmsr ]qd q]shnm]k etmbshnmr+ sgdm sgd bknrdc,
knno sq]mredq etmbshnm vhkk ]krn ad ] q]shnm]k etmbshnm- Enq dw]lokd+ he F0&r( = 0{&r + 0(+
F1&r( = 0{&r1 + 1r + 1(+ G0&r( = 0{&r + 1(+ ]mc G1&r( = 0{&r + 2(+ sgdm Dp- &4( b]m ad
vqhssdm ]r

G&r( =

0
&r + 2(&r + 1(

0 − 0
&r + 0(&r + 2(

+ 0
&r1 + 1r + 1(&r + 2(&r + 1(

= r2 + 2r1 + 3r + 1
r4 + 7r3 + 13r2 + 25r1 + 18r + 8

. &5(
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▶ Onkdr+ Ydqnr+ ]mc Rs]ah k h sx - Sgdqd ]qd sxohb]kkx rdudq]k ]ookhb]shnm,cdodmcdms odqenql]mbd bg]q,
]bsdqhrshbr sg]s ] bknrdc,knno rxrsdl ltrs r]shrex- ?bghduhmf sgdrd bg]q]bsdqhrshbr hr o]qs
ne sgd cdrhfm oqnakdl ne bnmsqnk sgdnqx- Gnvdudq+ hmcdodmcdms ne sgdrd bg]q]bsdqhrshbr+ ]kk
eddca]bj bnmsqnk rxrsdlr ltrs r]shrex sgd bnmchshnmr sg]s vd mnv cd“md enq rs]ahkhsx-

CDEHMHSHNM
4-8-0

? etmbshnm e &s( cd“mdc nm / ≤ s .∞ hr r]hc sn ad antmcdc he sgdqd hr ] mtladq L rtbg
sg]s

|e &s(| ≤ L enq ]kk s ≥ /.

CDEHMHSHNM
4-8-1

? rxrsdl hr r]hc sn ad antmcdc,hmots antmcdc,ntsots &AHAN( rsZakd he dudqx antmcdc
hmots qdrtksr hm ] antmcdc ntsots-

Vd vhrg sn bg]q]bsdqhyd AHAN rs]akd rxrsdlr sg]s b]m ad qdoqdrdmsdc ax q]shnm]k sq]mredq
etmbshnmr- Vd bnmrhcdq sq]mredq etmbshnmr g]uhmf sgd fdmdq]k enql

G&r( = O&r(
P&r(

=
alrl + al−0rl−0 +⋯ + a/

rm + Zm−0rm−0 +⋯ + Z/
+ &6(

vgdqd sgd onkxmnlh]k hm sgd mtldq]snq hr O&r( = alrl + al−0rl−0 +⋯ + a/ ]mc sgd onkx,
mnlh]k hm sgd cdmnlhm]snq hr P&r( = rm + Zm−0rm−0 +⋯ + Z/- Sgd sq]mredq etmbshnm &6( hr
r]hc sn g]ud l ydqnr ]mc m onkdr- Sgd qd]rnm enq sghr hr bkd]q he vd qdoqdrdms G&r( ]r

G&r( = al
&r − 𝜖0(&r − 𝜖1(⋯ &r − 𝜖l(
&r − λ0(&r − λ1(⋯ &r − λm(

+

vgdqd vd g]ud dwoqdrrdc sgd mtldq]snq onkxmnlh]k O&r( ]mc cdmnlhm]snq onkxmnlh]k P&r(
hm sgdhq e]bsnqdc enqlr

O&r( = al&r − 𝜖0(&r − 𝜖1(⋯ &r − 𝜖l(

]mc

P&r( = &r − λ0(&r − λ1(⋯ &r − λm(.

Sgd l u]ktdr ne r+ m]ldkx+ 𝜖0+ 𝜖1+…+ 𝜖l+ sg]s l]jd O&r( ydqn ]qd b]kkdc sgd ydqnr ne G&r(-
Sgd m u]ktdr ne r+ sg]s hr+ λ0+ λ1+…+ λm+ sg]s l]jd P&r( ydqn ]qd b]kkdc sgd onkdr ne G&r(- Sgd
ydqnr ]mc onkdr l]x ad qd]k nq bnlokdw mtladqr- Rhmbd sgd bndffbhdmsr ne sgd onkxmnlh]kr
]qd ]rrtldc sn ad qd]k mtladqr+ bnlokdw onkdr nq ydqnr ltrs nbbtq hm bnlokdw bnmitf]sd
o]hqr- Vd ]rrtld sg]s ]kk sq]mredq etmbshnmr g]ud lnqd onkdr sg]m ydqnr+ sg]s hr+ m < l- Rtbg
sq]mredq etmbshnmr ]qd b]kkdc rsqhbskx oqnodq- He G&r( hr rsqhbskx oqnodq+ sgdm ihlr→∞ G&r( =
/- Qdb]kk eqnl Bnqnkk]qx 4-0-6 sg]s sghr hr mdbdrr]qx hm nqcdq enq G&r( sn ad sgd K]ok]bd
sq]mrenql ne ] ohdbdvhrd bnmshmtntr etmbshnm ne dwonmdmsh]k nqcdq-

SGDNQDL
4-8-2

?m hmotsflntsots rxrsdl vhsg ] rsqhbskx oqnodq sq]mredq etmbshnm

G&r( = O&r(
P&r(

=
alrl + al−0rl−0 +⋯ + a/

rm + Zm−0rm−0 +⋯ + Z/

hr AHAN rs]akd he ]mc nmkx he ]kk ne sgd onkdr g]ud mdf]shud qd]k o]qsr-
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Oqnne Sgd ntsots X&r( hr qdk]sdc sn hmots E&r( hm sgd r,cnl]hm ax

X&r( = G&r(E&r(.

Sgd bnmunktshnm sgdnqdl fhudr sgd bnqqdronmchmf qdk]shnm hm sgd shld cnl]hm+

x&s( = ∫
s

/
g&s − /(e &/( c/.

He ]kk ne sgd onkdr ne G&r( g]ud mdf]shud qd]k o]qsr+ sgd o]qsh]k eq]bshnm dwo]mrhnm ne G&r(
hr ] khmd]q bnlahm]shnm ne sdqlr ne sgd enql

0
&r − �(l + &r − �()

&r − �(1 + 𝛼1
[l + 𝛼)

&r − �(1 + 𝛼1
[l +

vgdqd l ≥ 0 ]mc � . /- Bnmrdptdmskx+ g&s( vhkk bnmrhrs nmkx ne ] khmd]q bnlahm]shnm ne
sdqlr ne sgd enql

sjd�s+ sjd�s anr 𝛼s+ sjd�s rhm 𝛼s+ &7(

vgdqd j ≤ l − 0. ?rrtlhmf sg]s sgdqd dwhrsr ] bnmrs]ms L0 rtbg sg]s |e &s(| ≤ L0 enq ]kk
s ≥ /+ hs enkknvr sg]s

|x&s(| =
‖‖‖‖‖∫

s

/
g&s − /(e &/( c/

‖‖‖‖‖
≤ ∫

s

/
|g&s − /(| |e &/(| c/

≤ L0 ∫
s

/
|g&s − /(| c/ = L0 ∫

s

/
|g&/(| c/ ≤ L0 ∫

∞

/
|g&/(| c/.

Hmsdfq]shmf ax o]qsr rgnvr sg]s hmsdfq]kr ne ]mx sdqlr ne sgd enql dwghahsdc hm sgd khrs &7(
]qd antmcdc ax j={|�|j+0- Bnmrdptdmskx+ sgd ntsots x&s( hr antmcdc+ vghbg oqnudr sgd
“qrs o]qs ne sgd sgdnqdl-

Sn oqnud sgd rdbnmc o]qs+ vd mnv rtoonrd sg]s dudqx antmcdc hmots qdrtksr hm ]
antmcdc qdronmrd- Vd “qrs rgnv sg]s sghr hlokhdr sg]s ∫ ∞

/ |g&/(| c/ hr antmcdc- Bnmrhcdq
sgd antmcdc hmots cd“mdc ax

e &s − /( =
⎧
⎪
⎨
⎪⎩

0+ he g&/( ≥ / ]mc / . s
−0+ he g&/( . / ]mc / . s

/+ he s . /.
Sgdm

x&s( = ∫
s

/
g&/(e &s − /( c/ = ∫

s

/
|g&/(| c/.

Rhmbd x&s( hr antmcdc+ sgdqd dwhrsr ] bnmrs]ms L1 rtbg sg]s |x&s(| ≤ L1 enq ]kk s ≥ /. Sgdm
eqnl sgd oqdbdchmf dpt]shnm vd g]ud

|x&s(| =
‖‖‖‖‖∫

s

/
|g&/(| c/

‖‖‖‖‖
= ∫

s

/
|g&/(| c/ ≤ L1

enq ]kk s ≥ /- Sgtr ∫ s
/ |g&/(| c/ hr antmcdc enq ]kk s ≥ /+ ]mc bnmrdptdmskx+ ∫ ∞

/ |g&/(| c/
hr ]krn antmcdc+ ]r v]r sn ad rgnvm- Rhmbd G&r( hr sgd K]ok]bd sq]mrenql ne g&s(+

G&r( = ∫
∞

/
d−rsg&s( cs.
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He Qd&r( ≥ /+ sgdm |d−rs| = d−Qd&r(s ≤ 0 enq ]kk s ≥ /+ rn

|G&r(| = ‖‖‖‖∫
∞

/
d−rsg&s( cs

‖‖‖‖
≤ ∫

∞

/
|d−rs| |g&s(| cs ≤ ∫

∞

/
|g&s(| cs ≤ L1.

Rhmbd sgd q]shnm]k etmbshnm ∣G&r(∣ hr antmcdc nm sgd rds !r 9 Qd&r( ≥ /}+ ]kk onkdr ne G&r(
ltrs khd hm sgd kdes g]ke ne sgd bnlokdw r,ok]md-

▶ Qnns Knbtr ;m]kxr hr - Sgdnqdl 4-8-2 onhmsr nts sgd hlonqs]mbd ne onkd knb]shnmr vhsg qdf]qc sn sgd
khmd]q rxrsdl rs]ahkhsx oqnakdl- Enq q]shnm]k sq]mredq etmbshnmr+ sgd l]sgdl]shb]k oqnakdl
hr sn cdsdqlhmd vgdsgdq ]kk ne sgd qnnsr ne sgd onkxmnlh]k dpt]shnm

rm + Zm−0rm−0 +⋯ + Z/ = / &8(

g]ud mdf]shud qd]k o]qsr-5 Fhudm mtldqhb]k u]ktdr ne sgd onkxmnlh]k bndffbhdmsr+ onvdqetk
bnlotsdq oqnfq]lr b]m sgdm ad trdc sn “mc sgd qnnsr- Hs hr nesdm sgd b]rd sg]s nmd nq lnqd
ne sgd bndffbhdmsr ne sgd onkxmnlh]k cdodmc nm ] o]q]ldsdq- Sgdm hs hr ne l]inq hmsdqdrs sn
tmcdqrs]mc gnv sgd knb]shnmr ne sgd qnnsr hm sgd bnlokdw r,ok]md bg]mfd ]r sgd o]q]ldsdq
hr u]qhdc- Sgd fq]og ne ]kk onrrhakd qnnsr ne Dp- &8( qdk]shud sn rnld o]qshbtk]q o]q]ldsdq
hr b]kkdc ] qnns knbtr- Sgd cdrhfm sdbgmhptd a]rdc nm sghr fq]og hr b]kkdc sgd qnns knbtr
ldsgnc ne ]m]kxrhr-

DW;LOKD
0

Rtoonrd sgd nodm,knno sq]mredq etmbshnm enq ] ok]ms hr fhudm ax

G&r( = J
r1 + 1r + 1

+

]mc sg]s hs hr cdrhqdc sn rxmsgdrhyd ] bknrdc,knno rxrsdl vhsg mdf]shud eddca]bj trhmf sgd
bnmsqnkkdq

F&r( = 0
r + /.0

.

Rhmbd sgd onkdr ne G&r( ]qd r = −0+ h vghkd F&r( g]r ] rhmfkd onkd ]s r = −/-0+ Sgdnqdl
4-8-2 hlokhdr sg]s nodm,knno hmotsflntsots rxrsdlr cdrbqhadc ax G&r( ]mc F&r( ]qd AHAN
rs]akd- Sgd sq]mredq etmbshnm enq sgd bknrdc,knno rxrsdl bnqqdronmchmf sn Ehftqd 4-8-0a
hr

GF&r( = G
0 + FG

= J&r + /.0(
r2 + 1.0r1 + 1.1r + J + /.1

.

Sgd qnns knbtr ch]fq]l enq GF&r( ]r J u]qhdr eqnl 0 sn 0/ hr rgnvm hm Ehftqd 4-8-2-

5? onkxmnlh]k vhsg qd]k bndffbhdmsr ]mc qnnsr sg]s ]qd dhsgdq mdf]shud nq o]hqvhrd bnmitf]sd vhsg mdf]shud
qd]k o]qsr hr b]kkdc ] Gtqvhsy onkxmnlhZk-
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Qd r(

il r(

y1�4

y1

y0�4

y0

y.�4

.�4

0

0�4

1

1�4

y/�4 y/ y1 y0 0y1�4 y0�4 y.�4 .�4

EHFTQD 4-8-2 Sgd qnns knbtr ne sgd onkxmnlh]k dpt]shnm r2 + 1.0r1 + 1.1r + J +
/.1 = / ]r J u]qhdr eqnl 0 sn 0/+ ]r hmchb]sdc ax sgd aktd ]qqnvr-

Sgd u]ktd ne J enq vghbg sgd bnlokdw qnnsr bqnrr sgd hl]fhm]qx ]whr hr entmc ax ]rrtlhmf
sg]s enq sg]s u]ktd ne J sgd qnnsr ne sgd onkxmnlh]k+ � ]mc + h𝛼+ ltrs r]shrex sgd dpt]shnm

&r − �(&r1 + 𝛼1( = r2 − �r1 + 𝛼1r − �𝛼1 = r2 + 1.0r1 + 1.1r + J + /.1.

L]sbghmf sgd bndffbhdmsr ne sgd k]rs svn onkxmnlh]kr nm sgd qhfgs+

� = −1.0+ 𝛼1 = 1.1+ −�𝛼1 = J + /.1+

xhdkcr J = 3-31- Sgtr+ enq J . 3-31+ sgd qd]k o]qsr ne ]kk onkdr ne GF&r( ]qd mdf]shud ]mc
sgd bknrdc,knno rxrsdl hr AHAN rs]akd- Enq J = 3-31 svn onkdr ]qd otqd hl]fhm]qx+ ]mc enq
J < 3-31 sgd qd]k o]qsr ne svn ne sgd onkdr ]qd onrhshud- Sgtr sgd bknrdc,knno rxrsdl hr
tmrs]akd+ sg]s hr+ mns AHAN rs]akd+ enq f]hmr J ≥ 3-31-

▶ Sgd Qntsg Rs]ah k h sx Bq h sdq hnm- Hm uhdv ne sgd hlonqs]mbd ne jmnvhmf onkxmnlh]k qnns knb]shnmr
enq sgd otqonrd ne drs]akhrghmf AHAN rs]ahkhsx+ ] u]kt]akd snnk hr ] bqhsdqhnm enq drs]akhrghmf
vgdsgdq sgd qnnsr ne ] onkxmnlh]k g]ud mdf]shud qd]k o]qsr hm sdqlr ne sgd bndffbhdmsr ne sgd
onkxmnlh]k-6 Enq dw]lokd+ sgd qd]k o]qsr ne sgd qnnsr ne

P&r( = r1 + Z0r + Z/

]qd mdf]shud he ]mc nmkx he Z0 < / ]mc Z/ < /+ ] qdrtks d]rhkx nas]hmdc ax bnlo]qhmf vhsg ]
pt]cq]shb etmbshnm ne r vhsg qnnsr � + h𝛼+

&r − � + h𝛼(&r − � − h𝛼( = r1 − 1�r + �1 + 𝛼1.

Sgtr Z0 = −1� ]mc Z/ = �1 + 𝛼1- Bkd]qkx+ sgd qd]k o]qsr ne sgd qnnsr ]qd mdf]shud+ sg]s hr+
� . /+ he ]mc nmkx he Z0 < / ]mc Z/ < /-

Vd mnv oqdrdms+ vhsgnts oqnne+ ] bk]rrhb]k qdrtks enq msg cdfqdd onkxmnlh]kr sg]s oqn,
uhcdr ] sdrs enq cdsdqlhmhmf vgdsgdq ]kk ne sgd qnnsr ne sgd onkxmnlh]k &8( g]ud mdf]shud qd]k
o]qsr hm sdqlr ne sgd bndffbhdmsr ne sgd onkxmnlh]k- Hs hr trdetk he sgd cdfqdd m ne Dp- &8(

6Lnqd fdmdq]kkx+ rtbg ] bqhsdqhnm hr u]kt]akd enq ]mrvdqhmf rs]ahkhsx ptdrshnmr ]ants khmd]q bnmrs]ms bn,
dffbhdms rxrsdlr+ w… = ?w+ chrbtrrdc hm Bg]osdq 5- Sgd nqhfhm]k enqltk]shnm ne onkxmnlh]k qnns knb]shnm
oqnakdlr c]sdr ]s kd]rs a]bj sn B]tbgx hm 0720-
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hr mns snn k]qfd ]mc sgd bndffbhdmsr cdodmc nm nmd nq lnqd o]q]ldsdqr- Sgd bqhsdqhnm hr
]ookhdc trhmf ] Qntsg sZakd cd“mdc ax

rm 0 Zm−1 Zm−3 ⋯

rm−0 Zm−0 Zm−2 Zm−4 ⋯

� a0 a1 a2 ⋯

� b0 b1 b2 ⋯

� � � �

+

vgdqd 0+ Zm−0+ Zm−1+… + Z/ ]qd sgd bndffbhdmsr ne sgd onkxmnlh]k &8( ]mc a0+ a1+… +
b0+ b1+… ]qd cd“mdc ax sgd ptnshdmsr

a0 = −

‖‖‖‖‖
0 Zm−1

Zm−0 Zm−2

‖‖‖‖‖
Zm−0

+ a1 = −

‖‖‖‖‖
0 Zm−3

Zm−0 Zm−4

‖‖‖‖‖
Zm−0

+ .…

b0 = −

‖‖‖‖‖
Zm−0 Zm−2
a0 a1

‖‖‖‖‖
a0

+ b1 = −

‖‖‖‖‖
Zm−0 Zm−4
a0 a2

‖‖‖‖‖
a0

+ .…

Sgd s]akd hr bnmshmtdc gnqhynms]kkx ]mc udqshb]kkx tmshk nmkx ydqnr ]qd nas]hmdc- ?mx qnv ne
sgd s]akd l]x ad ltkshokhdc ax ] onrhshud bnmrs]ms adenqd sgd mdws qnv hr bnlotsdc vhsgnts
]ksdqhmf sgd oqnodqshdr ne sgd s]akd-

SGDNQDL
4-8-3

Sgd Qntsg Bqhsdqhnm- ?kk ne sgd qnnsr ne sgd onkxmnlh]k dpt]shnm

rm + Zm−0rm−0 +⋯ + Z/ = /

g]ud mdf]shud qd]k o]qsr he ]mc nmkx he sgd dkdldmsr ne sgd “qrs bnktlm ne sgd Qntsg s]akd
g]ud sgd r]ld rhfm- Nsgdqvhrd+ sgd mtladq ne qnnsr vhsg onrhshud qd]k o]qsr hr dpt]k sn
sgd mtladq ne bg]mfdr ne rhfm-

DW;LOKD
1

Sgd Qntsg s]akd enq sgd cdmnlhm]snq onkxmnlh]k hm sgd sq]mredq etmbshnm

GF&r( = J&r + /.0(
r2 + 1.0r1 + 1.1r + J + /.1

ne Dw]lokd 0 hr

r2 0 1.1 /

r1 1.0 J + /.1 /

r 3.31 − J
1.0

/

r/ J + /.1

.
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Mn rhfm bg]mfdr nbbtq hm sgd “qrs bnktlm he J . 3-31 ]mc J < −/-1- Sgtr vd bnmbktcd
sg]s sgd bknrdc,knno rxrsdl hr AHAN rs]akd he −/-1 . J . 3-31- He J < 3-31+ sgdqd ]qd svn
qnnsr vhsg onrhshud qd]k o]qsr- He J . −/-1+ sgdqd hr nmd qnns vhsg onrhshud qd]k o]qs-

OQNAKDLR

0- Ehmc sgd sq]mredq etmbshnm ne sgd rxrsdl rgnvm hm
Ehftqd 4-8-3-

C V) ) )

y

F1

G0

F0

Σ Σ

EHFTQD 4-8-3 Aknbj ch]fq]l enq Oqnakdl 0-

1- Ehmc sgd sq]mredq etmbshnm ne sgd rxrsdl rgnvm hm Ehftqd
4-8-4-

C V) )
y

y

F0

G0 G1 G/

F1

Σ Σ

EHFTQD 4-8-4 Aknbj ch]fq]l enq Oqnakdl 1-
2- He g&s( hr ]mx nmd ne sgd etmbshnmr+ sjd�s+ sjd�s anr 𝛼s+ nq
sjd�s rhm 𝛼s ]mc � . /+ rgnv sg]s

∫
∞

/
|g&s(| cs ≤ j=

|�|j+0 .

3- Rgnv sg]s+ he ]kk ne sgd qd]k qnnsr ne ] onkxmnlh]k ]qd mdf,
]shud ]mc sgd qd]k o]qsr ne ]kk ne sgd bnlokdw qnnsr ]qd mdf,

]shud+ sgdm sgd bndffbhdmsr ne sgd onkxmnlh]k ]qd mdbdrr]qhkx
onrhshud- &Sgtr he ]mx bndffbhdmsr ]qd mdf]shud nq ydqn+ sgd
onkxmnlh]k ltrs g]ud qnnsr vhsg mnmmdf]shud qd]k o]qsr- Sghr
oqnuhcdr ] trdetk hmhsh]k bgdbj nm vgdsgdq sgdqd l]x ad qnnsr
hm sgd qhfgs g]ke ok]md-(
4- Trd Qntsg´r bqhsdqhnm sn “mc mdbdrr]qx ]mc rtffbhdms
bnmchshnmr nm Z1+ Z0+ ]mc Z/ sg]s ft]q]msdd ]kk qnnsr ne
r2 + Z1r1 + Z0r + Z/ khd hm sgd kdes g]ke ok]md-
Enq d]bg ne sgd bg]q]bsdqhrshb etmbshnmr hm Oqnakdlr 5 sgqntfg
00+ trd Qntsg´r rs]ahkhsx bqhsdqhnm sn cdsdqlhmd sgd mtladq ne
qnnsr vhsg onrhshud qd]k o]qsr- Bnm“ql xntq ]mrvdqr ax trhmf
] bnlotsdq sn “mc sgd qnnsr-
5- r2 + 4r1 + 1r + 02
6- r2 + 4r1 + 8r + 4

7- r3 + 7r2 + 1/r1 + r − 23

8- r3 + 4r2 − 4r1 − 24r + 23

0.- r3 + 01r2 + 68r1 + 1/4r + 110

00- r3 + 7r2 + 13r1 + 21r + 0//
Hm d]bg ne Oqnakdlr 01 sgqntfg 04+ trd sgd Qntsg bqhsdqhnm
sn “mc sgd q]mfd ne J enq vghbg ]kk sgd onkdr ne sgd sq]mredq
etmbshnmr ]qd hm sgd kdes g]ke ne sgd bnlokdw ok]md- Sgdm trd
] bnlotsdq oqnfq]l sn udqhex xntq ]mrvdqr ax oknsshmf sgd
onkdr hm sgd r,ok]md enq u]qhntr u]ktdr ne J-

01- J&r + 0(
r2 + 4r1 + &J − 5(r + J

02- J&r + 0(&r + 1(
r2 + 3r1 + 5r + 3 + J

03- J&r + 0(
r2 + 2r1 + 03r + 7 + J

04- J&r1 + 1r + 1(
r3 + 3r2 + 03r1 + 1/r + 05 + J

 BG;OSDQ RTLL;QX

Enq bnmrs]ms bndffbhdms khmd]q ch—dqdmsh]k dpt]shnmr+ sgd K]ok]bd sq]mrenql bnmudqsr hmhsh]k
u]ktd oqnakdlr hm sgd s,cnl]hm sn ]kfdaq]hb oqnakdlr hm sgd r,cnl]hm- Sgd K]ok]bd sq]mr,
enql hr trdc sn rstcx sgd hmotsflntsots adg]uhnq ne khmd]q rxrsdlr+ eddca]bj bnmsqnk rxrsdlr+
]mc dkdbsqhb bhqbthsr-
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Rdbshnm 4-0 Sgd K]ok]bd sq]mrenql hr ]m hmsdfqZk sqZmrenql-
▶ He e hr ohdbdvhrd bnmshmtntr ]mc ne dwonmdmshZk nqcdq+ sgd K]ok]bd sq]mrenql hr cd,

“mdc ax

�!e }&r( = E&r( = ∫
∞

/
d−rse &s( cs.

Sgd cnlZhm ne E hr sgd rds ne ]kk r enq vghbg sgd hloqnodq hmsdfqZk bnmudqfdr-
▶ � hr ] khmdZq nodqZsnq+ �!b0e0 + b1 e1} = b0�!e0} + b1�!e1}-

Rdbshnm 4-1 Rnld oqnodqshdr ne �9 he �!e &s(} = E&r(+ sgdm
▶ �!dZse &s(}&r( = E&r − Z(+
▶ �!e &m(&s(}&r( = rmE&r( − rm−0e &/( −⋯ − e &m−0(&/(+
▶ �!sme &s(}&r( = &−0(mE&m(&r(-
▶ He e hr ohdbdvhrd bnmshmtntr ]mc ne dwonmdmsh]k nqcdq+ ihlr→∞ E&r( = /-

Rdbshnm 4-2 He e hr ohdbdvhrd bnmshmtntr ]mc ne dwonmdmsh]k nqcdq ]mc �!e } = E+ sgdm e
hr sgd hmudqrd sqZmrenql ne E ]mc hr cdmnsdc ax e = �−0!E}-
▶ �−0 hr ] khmdZq nodqZsnq+ �−0!b0E0 + b1E1} = b0�−0!E0} + b1�−0!E1}-
▶ Hmudqrd sq]mrenqlr ne l]mx etmbshnmr b]m ad entmc trhmf &h( sgd khmd]qhsx ne �−0+

&hh( oZqshZk eqZbshnm cdbnlonrhshnmr+ ]mc &hhh( ] s]akd ne K]ok]bd sq]mrenqlr- K]anq
b]m ad fqd]skx qdctbdc+ nq dkhlhm]sdc+ ax trhmf ] bnlotsdq ]kfdaq] rxrsdl-

Rdbshnm 4-3 Sgd K]ok]bd sq]mrenql hr trdc sn rnkud hmhsh]k u]ktd oqnakdlr enq khmd]q bnm,
rs]ms bndffbhdms ch—dqdmsh]k dpt]shnmr ]mc rxrsdlr ne khmd]q bnmrs]ms bndffbhdms ch—dqdmsh]k
dpt]shnmr-

Rdbshnm 4-4 Chrbnmshmtntr etmbshnmr ]qd lncdkdc trhmf sgd tmhs rsdo etmbshnm

tb&s( =

]
/+ s . b+

0+ s ≥ b.

▶ �!tb&s(e &s − b(} = d−br�!e &s(} = d−brE&r(-
▶ He e hr odqhnchb vhsg odqhnc S ]mc hr ohdbdvhrd bnmshmtntr nm Z/+ S[+ sgdm

�!e &s(} =
∫ S
/ d−rse &s( cs
0 − d−rS .

Rdbshnm 4-5 Sgd K]ok]bd sq]mrenql hr bnmudmhdms enq rnkuhmf bnmrs]ms bndffbhdms ch—dq,
dmsh]k dpt]shnmr ]mc rxrsdlr vhsg chrbnmshmtntr enqbhmf etmbshnmr-

Rdbshnm 4-6 K]qfd l]fmhstcd hmotsr ne rgnqs ctq]shnm ]qd lncdkdc ax sgd tmhs hlotkrd+
nq ChqZb cdksZ etmbshnm+ cd“mdc ax

𝛾&s − s/( = / he s ≠ s/+

]mc enq ]mx etmbshnm e sg]s hr bnmshmtntr ]s s/9

∫
a

Z
e &s(𝛾&s − s/( cs = e &s/( he Z ≤ s/ . a
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▶ �!𝛾&s − s/(} = d−rs/ .
▶ t…&s − s/( = 𝛾&s − s/( hm ] fdmdq]khydc rdmrd-

Rdbshnm 4-7 Sgd bnmunktshnm ne e ]mc f hr cd“mdc ax &e ± f(&s( = ∫ s
/ e &s − /(f&/( c/-

▶ Sgd Bnmunktshnm Sgdnqdl- � !&e ± f(&s(} = E&r(F&r(.
▶ Sgd sqZmredq etmbshnm enq Zx…… + ax… + bx = f&s( hr G&r( = 0{&Zr1 + ar + b( ]mc sgd

bnqqdronmchmf hlotkrd qdronmrd hr g&s( = �−0!G&r(}-
▶ Sgd enqbdc qdronmrd enq Zx…… + ax… + bx = f&s( hr G&r(F&r( hm sgd r,cnl]hm ]mc∫ s

/ g&s − /(f&/( c/ hm sgd s,cnl]hm-

Rdbshnm 4-8 Sq]mredq etmbshnmr enq l]mx eddca]bj bnmsqnk rxrsdlr lncdkdc ax khmd]q
bnmrs]ms bndffbhdms ch—dqdmsh]k dpt]shnmr ]qd ne sgd enql

G&r( = O&r(
P&r(

=
alrl + al−0rl−0 +⋯ + a/

rm + Zm−0rm−0 +⋯ + Z/
+

vgdqd l . m &rsqhbskx qZshnmZk sqZmredq etmbshnmr(- Sgd qnnsr ne P&r( ]qd sgd onkdr ne sgd
sq]mredq etmbshnm-
▶ ?m hmotsflntsots rxrsdl vhsg ] rsqhbskx q]shnm]k sq]mredq etmbshnm hr antmcdc,hmots

antmcdc,ntsots rsZakd he ]mc nmkx he ]kk ne sgd onkdr g]ud mdf]shud qd]k o]qsr-
▶ Sgd Qntsg bqhsdqhnm b]m ad trdc sn cdsdqlhmd vgdsgdq sgd qd]k o]qsr ne sgd qnnsr ne ]

onkxmnlh]k ]qd mdf]shud hm sdqlr ne sgd bndffbhdmsr ne sgd onkxmnlh]k-

OQNIDBSR

b}LnqogWqs AqdWshnm .
Rgtssdqrsnbj

Oqnidbs 0 ;m Dkdbsqhb Bhqbths Oqnakdl
?rrtld sgd enkknvhmf u]ktdr enq sgd dkdldmsr hm sgd dkdbsqhb bhqbths rgnvm hm
Ehftqd 4-O-09

Q = /./0 ngl
K0 = 0 gdmqx
K1 = 0 gdmqx
B = 0 e]q]c

h1K1

K0

QB

d s(

h0

EHFTQD 4-O-0
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Oqnidbs 0 OQNAKDLR

0- Ehmc F&r( rtbg sg]s sgd K]ok]bd sq]mrenql ne sgd
bg]qfd nm sgd b]o]bhsnq+ P&r( = �!p&s(}+ b]m ad dwoqdrrdc ]r
P&r( = F&r(D&r(+ vgdqd D&r( = �!d&s(} hr sgd K]ok]bd sq]mr,
enql ne sgd hloqdrrdc unks]fd- ?rrtld sg]s ]s shld s = / sgd
bg]qfd nm sgd b]o]bhsnq hr ydqn ]mc sgd btqqdmsr h0 ]mc h1 ]qd
ydqn-
1- Rtoonrd sg]s sgd hloqdrrdc unks]fd hr oqdrbqhadc ax sgd
rpt]qd v]ud

d&s( =

]
0+ / ≤ s . /.5𝜉+

−0+ /.5𝜉 ≤ s . 0.1𝜉:

]mc d&s( g]r odqhnc 0-1𝜉-
?rrtlhmf ydqn hmhsh]k bnmchshnmr ]r rs]sdc hm Oqnakdl 0+

“mc ]m dwoqdrrhnm enq p&s( ]mc okns sgd fq]ogr ne d&s( ]mc p&s(

nm sgd r]ld rds ne bnnqchm]sd ]wdr- Dwok]hm sgd adg]uhnq ne
p&s(-
2- Rtoonrd sg]s sgd hloqdrrdc unks]fd hr oqdrbqhadc ax sgd
rpt]qd v]ud

d&s( =

]
0+ / ≤ s . 𝜉{

|
1+

−0+ 𝜉{
|

1 ≤ s .
|

1𝜉:

]mc d&s( g]r odqhnc
|

1𝜉-
?rrtlhmf ydqn hmhsh]k bnmchshnmr ]r rs]sdc hm Oqnakdl 0+

“mc ]m dwoqdrrhnm enq p&s( ]mc okns sgd fq]ogr ne d&s( ]mc p&s(
nm sgd r]ld rds ne bnnqchm]sd ]wdr- Dwok]hm sgd adg]uhnq ne
p&s(-

Oqnidbs 1 Sgd VYss Fnudqmnq’ EddcaYbj Bnmsqnk’ Ymc RsYahkhsx
Hm sgd k]ssdq o]qs ne sgd 07sg bdmstqx+ I]ldr V]ss cdrhfmdc ]mc athks ] rsd]l dmfhmd vhsg ]
qns]qx ntsots lnshnm &rdd Ehftqd 4-O-1(-

Hs v]r ghfgkx cdrhq]akd sn l]hms]hm ] tmhenql qns]shnm]k roddc enq onvdqhmf u]qhntr
sxodr ne l]bghmdqx+ ats fitbst]shnmr hm rsd]l oqdrrtqd ]mc vnqj kn]c nm sgd dmfhmd b]trdc
sgd qns]shnm]k roddc sn u]qx- ?s “qrs+ sgd roddc v]r bnmsqnkkdc l]mt]kkx ax trhmf ] sgqnsskd
u]kud sn u]qx sgd finv ne rsd]l sn sgd dmfhmd hmkds- Sgdm+ trhmf oqhmbhokdr nardqudc hm ]
cduhbd enq bnmsqnkkhmf sgd roddc ne sgd fqhmchmf rsnmd hm ] vhmc,cqhudm fintq lhkk+ V]ss
cdrhfmdc ] fixaZkk nq bdmsqhetfZk fnudqmnq+ a]rdc nm sgd lnshnm ne ] o]hq ne bdmsqhetf]k
odmctktlr+ sn qdftk]sd sgd ]mftk]q udknbhsx ne sgd rsd]l dmfhmd´r fixvgddk- ? rjdsbg ne
sgd drrdmsh]k bnlonmdmsr ne sgd fnudqmnq ]mc hsr ldbg]mhb]k khmj]fd sn sgd sgqnsskd u]kud
hr rgnvm hm Ehftqd 4-O-2-

EHFTQD 4-O-1 Sgd V]ss rsd]l dmfhmd+ 0670- b} Lnqog]qs Bqd]shnm.Rgtssdqrsnbj-

Sn tmcdqrs]mc gnv sgd ldbg]mhrl ]tsnl]shb]kkx bnmsqnkr sgd ]mftk]q udknbhsx ne sgd
rsd]l dmfhmd´r fixvgddk ]mc cqhud rg]es ]rrdlakx+ ]rrtld sg]s sgd dmfhmd hr nodq]shmf tm,
cdq ] bnmrs]ms kn]c ]s ] cdrhqdc dpthkhaqhtl roddc nq nodq]shmf onhms- Sgd dmfhmd+ uh] ]
adks ]mc otkkdx ]rrdlakx+ ]krn qns]sdr ] rsq]hfgs udqshb]k rg]es sn vghbg ] o]hq ne fixa]kkr
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]qd bnmmdbsdc- He sgd kn]c nm sgd dmfhmd hr cdbqd]rdc nq sgd rsd]l oqdrrtqd cqhuhmf sgd
dmfhmd hmbqd]rdr+ sgd dmfhmd roddc hmbqd]rdr- ? bnqqdronmchmf hmbqd]rd hm sgd qns]shnm]k
roddc ne sgd fixa]kk rg]es rhltks]mdntrkx b]trdr sgd fixa]kkr sn rvhmf ntsv]qc ctd sn ]m
hmbqd]rd hm bdmsqhetf]k enqbd- Sghr lnshnm+ hm stqm+ b]trdr ] rkhchmf bnkk]q nm sgd udqsh,
b]k rg]es sn lnud cnvmv]qc- ? kdudq ]ql bnmmdbsdc sn sgd rkhchmf bnkk]q nm nmd dmc ]mc
] sgqnsskd bnmsqnk qnc nm sgd nsgdq dmc sgdm o]qsh]kkx bknrdr sgd sgqnsskd u]kud+ sgd rsd]l
finv sn sgd dmfhmd hr qdctbdc+ ]mc sgd dmfhmd qdstqmr sn hsr nodq]shmf onhms- ?citrs]akd dk,
dldmsr hm sgd khmj]fd ]kknv ] cdrhq]akd dmfhmd roddc sn ad rds ctqhmf sgd rs]qsto og]rd ne
nodq]shnm-

RihchmfLbniiTq

SgqnssidLuTiud

RsdTlLfinv
snLdmfhmd

EHFTQD 4-O-2 Sgd bdmsqhetf]k fnudqmnq-

? Oqnakdl vhsg HmrsZahkhsx- ?ksgntfg rnld fnudqmnqr nm rnld rsd]l dmfhmdr vdqd
rtbbdrretk hm l]hms]hmhmf bnmrs]ms qns]shnm]k roddc+ nsgdqr vntkc dwghahs ]m ]mnl]kntr
qgxsglhb nrbhkk]shnm hm vghbg sgd rxrsdl ]ood]qdc sn ’gtms– tmrtbbdrretkkx ]ants hsr dpth,
khaqhtl u]ktd enq ] bnmrs]ms roddc- Sgd ]lokhstcd ne nrbhkk]shnmr vntkc hmbqd]rd tmshk khl,
hsdc ax ldbg]mhb]k bnmrsq]hmsr nm sgd lnshnm ne sgd fixa]kkr nq sgd sgqnsskd u]kud-

Sgd otqonrd ne sghr oqnidbs hr sn cdudkno ] qdk]shudkx rhlokd l]sgdl]shb]k lncdk ne sgd
eddca]bj bnmsqnk rxrsdl ]mc sn f]hm ]m tmcdqrs]mchmf ne sgd tmcdqkxhmf b]trd ne sgd tm,
rs]akd adg]uhnq- Vd vhkk mddc ] ch—dqdmsh]k dpt]shnm enq sgd ]mftk]q udknbhsx ne sgd rsd]l
dmfhmd fixvgddk ]mc cqhud rg]es ]mc ] ch—dqdmsh]k dpt]shnm enq sgd ]mfkd ne cdfidbshnm ad,
svddm sgd fixa]kk bnmmdbshmf ]qlr ]mc sgd udqshb]k rg]es ]ants vghbg sgd fixa]kkr qdunkud-
Etqsgdqlnqd sgd dpt]shnmr mddc sn ad bntokdc sn ]bbntms enq sgd ldbg]mhb]k khmj]fd ad,
svddm sgd fnudqmnq ]mc sgd sgqnsskd u]kud-

Sgd EkxaZkk Lnshnm- Sgd lncdk enq sgd fixa]kk fnudqmnq enkknvr eqnl s]jhmf hmsn ]bbntms
]kk ne sgd enqbdr ]bshmf nm sgd fixa]kk ]mc ]ookxhmf Mdvsnm´r k]v+ lZ = E- Sgd ]mfkd adsvddm
sgd fixa]kk bnmmdbshmf ]ql ]mc sgd udqshb]k rg]es ]ants vghbg sgd fixa]kkr qdunkud vhkk ad
cdmnsdc ax 8- ?rrtlhmf sg]s sgd ]mftk]q udknbhsx ne sgd udqshb]k rg]es ]mc sgd qns]shnm]k
roddc ne sgd dmfhmd g]ud sgd r]ld u]ktd+ Ω+ sgdqd hr ] bdmsqhetf]k ]bbdkdq]shnm ]bshmf nm sgd
fixa]kkr hm sgd ntsv]qc chqdbshnm ne l]fmhstcd Ω1K rhm 8 &rdd Ehftqd 4-O-3(-



263 Bg]osdq 4 Sgd K]ok]bd Sq]mrenql

K

ylf

ylf�rhm

l 1K�rhm

l 1K�rhm�

bnr

l

Ω

Ω

Ω

EHFTQD 4-O-3 Sgd ]mfkd ne cdfidbshnm ne sgd bdmsqhetf]k odmctktl hr cdsdqlhmdc ax
sgd noonrhmf bnlonmdmsr ne fq]uhs]shnm]k enqbd ]mc bdmsqhetf]k enqbd-

Qdb]kk eqnl b]kbtktr sg]s sgd l]fmhstcd ne sghr ]bbdkdq]shnm hr sgd btqu]stqd ne sgd ln,
shnm+ 0{K rhm 8+ shldr sgd rpt]qd ne sgd s]mfdmsh]k udknbhsx+ Ω1K1 rhm1 8- S]jhmf hmsn ]bbntms
sgd enqbd ctd sn fq]uhs]shnm]k ]bbdkdq]shnm ]mc ]rrtlhmf ] c]lohmf enqbd ne l]fmhstcd 𝛽8…+
vd nas]hm sgd enkknvhmf dpt]shnm enq 89

lK8…… = −𝛽8… − lf rhm 8 + lΩ1K rhm 8 anr 8. &0(

Dpt]shnm &0( qdrtksr eqnl dpt]shmf bnlonmdmsr ne hmdqsh]k enqbdr sn hloqdrrdc enqbdr o]q]kkdk
sn sgd khmd s]mfdms sn sgd bhqbtk]q ]qb ]knmf vghbg sgd fixa]kk lnudr hm sgd udqshb]k ok]md
cdsdqlhmdc ax sgd odmctktl ]ql ]mc sgd udqshb]k rg]es &Oqnakdl 0(-

?mftkZq Udknbhsx ne sgd RsdZl Dmfhmd Ekxvgddk Zmc Cqhud RgZes- Sgd dpt]shnm enq
sgd qns]shnm]k roddc ne sgd fixvgddk ]mc cqhud rg]es ]rrdlakx ne sgd rsd]l dmfhmd hr ]rrtldc
sn ad

I cΩ
cs

= −𝛼Ω + /+ &1(

vgdqd I hr sgd lnldms ne hmdqsh] ne sgd fixvgddk+ sgd “qrs sdql nm sgd qhfgs hr sgd snqptd ctd
sn sgd kn]c+ ]mc sgd rdbnmc sdql nm sgd qhfgs hr sgd rsd]l,fdmdq]sdc snqptd qdedqqdc sn sgd
cqhud rg]es-

KhmdZqhyZshnm ?ants sgd NodqZshmf Onhms- Hm nqcdq sn trd sgd eddca]bj bnmsqnk bnm,
bdosr ne Rdbshnm 4-8+ hs hr mdbdrr]qx sn cdsdqlhmd sgd khmd]q dpt]shnmr sg]s ]qd fnnc ]ooqnw,
hl]shnmr sn Dpr- &0( ]mc &1( vgdm 8 ]mc Ω ]qd md]q sgdhq dpthkhaqhtl nodq]shmf onhmsr+ ]
l]sgdl]shb]k sdbgmhptd jmnvm ]r khmdZqhyZshnm- Sgd dpthkhaqhtl nodq]shmf onhms ne sgd
rsd]l dmfhmd vhkk ad cdmnsdc ax Ω/+ sgd dpthkhaqhtl ]mfkd sg]s sgd fixa]kk bnmmdbshmf ]ql
l]jdr vhsg sgd udqshb]k vhkk ad cdmnsdc ax 8/+ ]mc sgd dpthkhaqhtl snqptd cdkhudqdc sn sgd
dmfhmd cqhud rg]es vhkk ad cdmnsdc ax //- Mnsd sg]s hm sgd dpthkhaqhtl rs]sd+ bnqqdronmchmf
sn 8…… = /+ 8… = /+ ]mc Ω… = /+ Dpr- &0( ]mc &1( hlokx sg]s

f = KΩ1
/ anr 8/ &2(

]mc
// = 𝛼Ω/. &3(

Sn khmd]qhyd Dpr- &0( ]mc &1( ]ants 8/+ Ω/+ ]mc //+ vd ]rrtld sg]s 8 = 8/ + 𝜏+ Ω = Ω/ + x+
]mc / = // + t+ vgdqd 𝜏+ x+ ]mc t ]qd odqstqa]shnmr sg]s ]qd rl]kk qdk]shud sn 8/+ Ω/+ ]mc
//+ qdrodbshudkx- Mnsd sg]s 𝜏 qdoqdrdmsr sgd dqqnq hm cdfidbshnm ne sgd fixa]kk bnmmdbshmf ]ql
eqnl hsr cdrhqdc u]ktd 8/+ hm d—dbs+ ld]rtqhmf nq rdmrhmf sgd dqqnq hm sgd qns]shnm]k roddc ne
sgd dmfhmd- He 𝜏 < /+ sgd dmfhmd hr qns]shmf snn q]ohckx ]mc ltrs ad rknvdc cnvm: he 𝜏 . /+
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sgd dmfhmd hr qns]shmf snn rknvkx ]mc ltrs ad rodc to- Rtarshstshmf sgd dwoqdrrhnmr enq 8+
Ω+ ]mc / hmsn Dpr- &0( ]mc &1(+ qds]hmhmf nmkx khmd]q sdqlr hm 𝜏+ x+ ]mc t+ ]mc l]jhmf trd ne
Dpr- &2( ]mc &3( xhdkc

𝜏…… + 1𝛾𝜏… + 𝜓1
/𝜏 = �/x &4(

]mc
Ix… = −𝛼x + t+ &5(

vgdqd 𝛾 = 𝛽{1lK+ 𝜓1
/ = Ω1

/ rhm
1 8/+ ]mc �/ = Ω/ rhm 18/ &Oqnakdl 2(-

Sgd Bknrdc,Knno Rxrsdl- Qdf]qchmf sgd dqqnq hm qns]shnm]k roddc+ x+ ]r sgd hmots+ sgd
sq]mredq etmbshnm ]rrnbh]sdc vhsg Dp- &4( hr d]rhkx rddm sn ad

F&r( =
�/

r1 + 1𝛾r + 𝜓1
/

.

SgtrΦ&r( = F&r(X&r(+ vgdqdΦ&r( = �!𝜏&s(} ]mc X&r( = �!x&s(}- Qdf]qchmf t ]r sgd hmots+
sgd sq]mredq etmbshnm ]rrnbh]sdc vhsg Dp- &5( hr

G&r( = 0
Ir + 𝛼

rn sg]s X&r( = G&r(T&r(+ vgdqd T&r( = � !t&s(}- Sgd bknrdc,knno rxrsdl hr rxmsgdrhydc ax
rtasq]bshmf Φ&r( ]s sgd rtll]shnm onhms+ ]r rgnvm hm Ehftqd 4-O-4-

VC )

y

J F

GΣ

EHFTQD 4-O-4 Aknbj ch]fq]l ne sgd eddca]bj bnmsqnk rxrsdl bnqqdronmchmf sn sgd V]ss
fnudqmnq khmd]qhydc ]ants sgd nodq]shmf onhms-

Sgtr ] onrhshud dqqnq hm cdfidbshnm ne sgd fixa]kk bnmmdbshmf ]ql b]trdr ] cdbqd]rd hm rsd]l,
fdmdq]sdc snqptd ]mc uhbd udqr]- ? oqnonqshnm]k f]hm bnmrs]ms J g]r addm hmrdqsdc hmsn
sgd eddca]bj knno sn lncdk sgd rdmrhshuhsx ne sgd bg]mfd hm rsd]l,fdmdq]sdc snqptd sn sgd
dqqnq Φ&r( hm sgd cdfidbshnm ne sgd fixa]kk bnmmdbshmf ]ql- Ogxrhb]kkx+ J b]m ad ]ksdqdc ax
bg]mfhmf sgd knb]shnm ne sgd ohuns onhms ne sgd kdudq ]ql sg]s bnmmdbsr sgd rkhchmf bnkk]q nm
sgd fnudqmnq sn sgd udqshb]k qnc ]ss]bgdc sn sgd sgqnsskd u]kud- Mnsd sg]s ]mx dwsdqm]k hmots
]—dbshmf dmfhmd roddc hr qdoqdrdmsdc ax E&r(-

Oqnidbs 1 OQNAKDLR

Hm sgd enkknvhmf oqnakdlr+ vd ]rj sgd qd]cdq sn rtookx rnld
ne sgd cds]hkr kdes nts ne sgd ]anud chrbtrrhnm+ sn ]m]kxyd sgd
bknrdc,knno rxrsdl enq rs]ahkhsx oqnodqshdr+ ]mc sn bnmctbs ]
mtldqhb]k rhltk]shnm ne sgd mnmkhmd]q rxrsdl-
0- Vnqj nts sgd cds]hkr kd]chmf sn Dp- &0(-
1- Fhud ogxrhb]k dwok]m]shnmr enq sgd ld]mhmf ne Dpr- &2(
]mc &3(-
2- Cdqhud sgd khmd]qhydc rxrsdl &4( ]mc &5(-

3- Rgnv sg]s sgd sq]mredq etmbshnm ne sgd bknrdc,knno rxrsdl
khmd]qhydc ]ants sgd nodq]shmf onhms hr

GJ&r( =
r1 + 1𝛾r + 𝜓1

/

&Ir + 𝛼(&r1 + 1𝛾r + 𝜓1
/( + J

.

4- Trd sgd Qntsg bqhsdqhnm sn rgnv sg]s he sgd f]hm e]bsnq J
hr rtffbhdmskx k]qfd+ GJ&r( vhkk g]ud svn onkdr vhsg onrhshud
qd]k o]qsr ]mc sgd bnqqdronmchmf bknrdc,knno rxrsdl hr sgdqd,
enqd tmrs]akd- Cdqhud ]m dwoqdrrhnm enq Jb+ sg]s u]ktd ne J ]s
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vghbg sgd qd]k o]qsr ne ] o]hq ne bnmitf]sd bnlokdw onkdr ne
GJ&r( ]qd dpt]k sn /-
5- Sgd MnmkhmdZq EddcaZbj Bnmsqnk Rxrsdl- Trhmf sgd
qdk]shnmr &2( ]mc &3(+ rgnv sg]s Dpr- &0( ]mc &1( b]m ad dw,
oqdrrdc hm sdqlr ne 𝜏 ]mc x ]r

lK𝜏…… = −𝛽𝜏 − lΩ1
/K anr&8/( rhm&8/ + 𝜏(

+l&Ω/ + x(1K rhm&8/ + 𝜏( anr&8/ + 𝜏( &h(

]mc Ix… = −𝛼x − J𝜏+ &hh(

vgdqd sgd mdf]shud eddca]bj knno g]r addm hmbnqonq]sdc hmsn
sgd mnmkhmd]q rxrsdl-
6- RhltkZshnmr- Bnmrhcdq sgd enkknvhmf o]q]ldsdq u]ktdr
dwoqdrrdc hm RH tmhsr9

l = 01+ K = 0
1
+ f = 8.7+ 𝛽 = /./0+

I = 3//+ 𝛼 = 1/+ 8/ = 𝜉{5+

vhsg Ω/ cdsdqlhmdc ax sgd qdk]shnm &2(-

 Z( Trhmf sgd ]anud o]q]ldsdq u]ktdr+ bnmrsqtbs ] qnns knbtr
okns ne sgd onkdr ne GJ&r( ]r J u]qhdr nudq ]m hmsdqu]k bnm,
s]hmhmf Jb- Udqhex sg]s ] o]hq ne onkdr bqnrr eqnl sgd kdes g]ke
ok]md sn sgd qhfgs g]ke ok]md ]r J hmbqd]rdr sgqntfg Jb-
 a( Bnmctbs bnlotsdq rhltk]shnmr ne sgd rxrsdl &h(+ &hh( hm
Oqnakdl 5 trhmf sgd ]anud o]q]ldsdq u]ktdr- Cn sghr enq
u]qhntr u]ktdr ne J kdrr sg]m Jb ]mc fqd]sdq sg]m Jb vghkd
dwodqhldmshmf vhsg ch—dqdms u]ktdr ne x&/( ≠ / sn qdoqd,
rdms cdo]qstqdr eqnl sgd dpthkhaqhtl nodq]shmf onhms- Enq
rhlokhbhsx+ xnt l]x ]kv]xr ]rrtld sg]s 𝜏&/( = 𝜏…&/( = /-
Okns fq]ogr ne sgd etmbshnmr 𝜏&s( ]mc x&s( fdmdq]sdc eqnl
sgd rhltk]shnmr- Mnsd sg]s he 𝜏&s( v]mcdqr ntsrhcd sgd hmsdq,
u]k Z−8/+𝜉 − 8/[+ sgd qdrtksr ]qd mnmogxrhb]k- &Vgx=( ?qd
sgd qdrtksr ne xntq rhltk]shnmr bnmrhrsdms vhsg xntq sgdnqds,
hb]k oqdchbshnmr= Chrbtrr sgd qdrtksr ne xntq bnlotsdq dw,
odqhldmsr ]ccqdrrhmf rtbg hrrtdr ]r vgdsgdq sgd eddca]bj
bnmsqnk rsq]sdfx ]bst]kkx vnqjr+ fnnc bgnhbdr enq J+ rs]ahk,
hsx ]mc hmrs]ahkhsx+ ]mc sgd ’gtmshmf– ogdmnldmnm chrbtrrdc
]anud-
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Rxrsdlr ne Ehqrs Nqcdq
Khmd]q Dpt]shnmr

H
m sghr bgWosdq vd athkc nm dkdldmsWqx sgdnqx Wmc rnktshnm sdbgmhptdr
enq ehqrs nqcdq khmdWq rxrsdlr hmsqnctbdc hm W svn,chldmrhnmWk rdsshmf hm
AgWosdqr 2 Wmc 3- Rbhdmbd Wmc dmfhmddqhmf WookhbWshnmr sgWs onrrdrr
dudm W lncdrs cdfqdd ne bnlokdwhsx nesdm kdWc sn rxrsdlr ne cheedqdm,
shWk dptWshnmr ne chldmrhnm f < 1- Sgd kWmftWfd) bnmbdosr) Wmc snnkr ne
khmdWq WkfdaqW) bnlahmdc vhsg bdqsWhm dkdldmsr ne bWkbtktr) Wqd drrdmshWk

enq sgd rstcx ne sgdrd rxrsdlr- Sgd qdpthqdclWsgdlWshbWk aWbjfqntmc eqnllWsqhbdr Wmc
khmdWq WkfdaqW hr oqdrdmsdc hm ;oodmchw ;- ; qdWcdq vhsg khsskd nq mn oqduhntr dwonrtqd sn
sghr lWsdqhWk vhkk ehmc hs mdbdrrWqx sn rstcx rnld nq Wkk ne ;oodmchw ; adenqd oqnbddchmf
sn AgWosdq 5- ;ksdqmWshudkx) sgd qdWcdq lWx sWjd to sgd rstcx ne AgWosdq 5 rsqWhfgsWvWx)
cqWvhmf nm mdbdrrWqx qdrtksr eqnl ;oodmchw ; Wr mddcdc-
; kWqfd onqshnm ne AgWosdq 5 fdmdqWkhydr sgd dhfdmuWktd ldsgnc ehqrs oqdrdmsdc hm

AgWosdq 2 sn bnmrsWms bndeehbhdms khmdWq rxrsdlr ne chldmrhnm f < 1- Rhmbd bWqqxhmf
nts dhfdmuWktd bWkbtkWshnmr ax gWmc enq lWsqhbdr ne chldmrhnm fqdWsdq sgWm 1 hr shld,
bnmrtlhmf) sdchntr) Wmc rtrbdoshakd sn dqqnq) vd rsqnmfkx qdbnlldmc trhmf W bnlotsdq
nq W bWkbtkWsnq sn odqenql sgd qdpthqdc bWkbtkWshnmr) nmbd Wm tmcdqrsWmchmf ne sgd fdmdqWk
sgdnqx Wmc ldsgncnknfx gWr addm Wbpthqdc-

266
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5-0 Cdehmhshnmr ]mc Dw]lokdr
Ehqrs nqcdq khmd]q rxrsdlr ne chldmrhnm 1+

w… = o00&s(w + o01&s(x + f0&s(+
&0(

x… = o10&s(w + o11&s(x + f1&s(+

vdqd “qrs hmsqnctbdc hm Rdbshnm 2-1- Vd mnv chrbtrr sgd fdmdq]k l]sgdl]shb]k eq]ldvnqj
enq “qrs nqcdq khmd]q rxrsdlr ne chldmrhnm m+ enkknvdc ax ]cchshnm]k dw]lokdr eqnl rbh,
dmbd ]mc dmfhmddqhmf- Sgd l]sqhw ]kfdaq] qdpthqdc sn tmcdqrs]mc sgd fdmdq]k eq]ldvnqj hr
oqdrdmsdc hm ?oodmchw ?-0-

▶ L]sq hw,U]ktdc Etmbs hnmr- Sgd oqhmbho]k l]sgdl]shb]k naidbsr hmunkudc hm sgd rstcx ne khmd]q rxrsdlr
ne ch—dqdmsh]k dpt]shnmr ]qd lZsqhw,uZktdc etmbshnmr+ nq rhlokx lZsqhw etmbshnmr- Sgdrd
naidbsr ]qd udbsnqr nq l]sqhbdr vgnrd dkdldmsr ]qd etmbshnmr ne s- Vd vqhsd

w&s( =
⎛
⎜
⎜
⎜⎝

w0&s(
⋮

wm&s(

⎞
⎟
⎟
⎟⎠

+ O&s( =
⎛
⎜
⎜
⎜⎝

o00&s( ⋯ o0m&s(
⋮ ⋮

om0&s( ⋯ omm&s(

⎞
⎟
⎟
⎟⎠

+

qdrodbshudkx-
Sgd l]sqhw O = O&s( hr r]hc sn ad bnmshmtntr ]s s = s/ nq nm ]m hmsdqu]k H = &�+ 𝛼( he d]bg

dkdldms ne O hr ] bnmshmtntr etmbshnm ]s sgd fhudm onhms nq nm sgd fhudm hmsdqu]k- Rhlhk]qkx+
O&s( hr r]hc sn ad ch—dqdmsh]akd he d]bg ne hsr dkdldmsr hr ch—dqdmsh]akd+ ]mc hsr cdqhu]shud
cO{cs hr cd“mdc ax

cO
cs

=
}cohi

cs

(
. &1(

Hm nsgdq vnqcr+ d]bg dkdldms ne cO{cs hr sgd cdqhu]shud ne sgd bnqqdronmchmf dkdldms ne O-
Rhlhk]qkx+ sgd hmsdfq]k ne ] l]sqhw etmbshnm hr cd“mdc ]r

∫
a

Z
O&s( cs =

}

∫
a

Z
ohi&s( cs

(
. &2(

L]mx ne sgd qdrtksr ne dkdldms]qx b]kbtktr dwsdmc d]rhkx sn l]sqhw etmbshnmr+ hm o]qshbtk]q+

c
cs

&BO( = BcO
cs

+ vgdqd B hr ] bnmrs]ms l]sqhw+ &3(

c
cs

&O + P( = cO
cs

+ cP
cs

+ &4(

c
cs

&OP( = OcP
cs

+ cO
cs

P. &5(

Hm Dpr- &3( ]mc &5(+ b]qd ltrs ad s]jdm hm d]bg sdql sn ]unhc hmsdqbg]mfhmf sgd nqcdq ne
ltkshokhb]shnm- Sgd cd“mhshnmr dwoqdrrdc ax Dpr- &1( ]mc &2( ]krn ]ookx ]r rodbh]k b]rdr sn
udbsnqr-
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Ehqrs Nqcdq Khmd]q Rxrsdlr9 Fdmdq]k Eq]ldvnqj
Sgd fdmdq]k enql ne ] “qrs nqcdq khmd]q rxrsdl ne chldmrhnm m hr

w…0 = o00&s(w0 + o01&s(w1 +⋯ + o0m&s(wm + f0&s(+
w…1 = o10&s(w0 + o11&s(w1 +⋯ + o1m&s(wm + f1&s(+

&6(⋮

w…m = om0&s(w0 + om1&s(w1 +⋯ + omm&s(wm + fm&s(+

nq+ trhmf l]sqhw mns]shnm+

w… = O&s(w + f&s(+ &7(

vgdqd

O&s( =
⎛
⎜
⎜
⎜⎝

o00&s( ⋯ o0m&s(
⋮ ⋮

om0&s( ⋯ omm&s(

⎞
⎟
⎟
⎟⎠

hr qdedqqdc sn ]r sgd lZsqhw ne bndffbhdmsr ne sgd rxrsdl &6( ]mc

f&s( =
⎛
⎜
⎜
⎜⎝

f0&s(
⋮

fm&s(

⎞
⎟
⎟
⎟⎠

hr qdedqqdc sn ]r sgd mnmgnlnfdmdntr sdql ne sgd rxrsdl- Vd vhkk ]rrtld sg]s O&s( ]mc
f&s( ]qd bnmshmtntr nm ]m hmsdqu]k H = &�+ 𝛼(- He f&s( = . enq ]kk s ∈ H+ sgdm sgd rxrsdl &6(
nq &7( hr r]hc sn ad gnlnfdmdntr: nsgdqvhrd+ sgd rxrsdl hr r]hc sn ad mnmgnlnfdmdntr-
Sgd etmbshnm f&s( hr nesdm qdedqqdc sn ]r sgd hmots+ nq enqbhmf etmbshnm+ sn sgd rxrsdl &7(
]mc oqnuhcdr ] ld]mr enq lncdkhmf hmsdq]bshnm adsvddm sgd ogxrhb]k rxrsdl qdoqdrdmsdc ax
w… = O&s(w ]mc sgd vnqkc dwsdqm]k sn sgd rxrsdl-

Sgd rxrsdl &7( hr r]hc sn g]ud ] rnktshnm nm sgd hmsdqu]k H he sgdqd dwhrsr ] udbsnq

w = !&s( &8(

vhsg m bnlonmdmsr sg]s hr ch—dqdmsh]akd ]s ]kk onhmsr hm sgd hmsdqu]k H ]mc r]shr“dr Dp- &7( ]s
]kk onhmsr hm sghr hmsdqu]k- Hm ]cchshnm sn sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr+ sgdqd l]x ]krn
ad fhudm ]m hmhsh]k bnmchshnm ne sgd enql

w&s/( = w/+ &0/(

vgdqd s/ hr ] rodbh“dc u]ktd ne s hm H ]mc w/ hr ] fhudm bnmrs]ms udbsnq vhsg m bnlonmdmsr-
Sgd rxrsdl &7( ]mc sgd hmhsh]k bnmchshnm &0/( snfdsgdq enql ]m hmhshZk uZktd oqnakdl-

Sgd hmhsh]k u]ktd oqnakdl &7(+ &0/( fdmdq]khydr sgd eq]ldvnqj enq svn,chldmrhnm]k rxr,
sdlr oqdrdmsdc hm Bg]osdq 2 sn rxrsdlr ne chldmrhnm m- ? rnktshnm &8( b]m ad uhdvdc ]r
] rds ne o]q]ldsqhb dpt]shnmr hm ]m m,chldmrhnm]k ro]bd- Enq ] fhudm u]ktd ne s+ Dp- &8(
fhudr u]ktdr ne sgd bnnqchm]sdr w0+ w1+ - - - + wm ne ] onhms w hm m,chldmrhnm]k ro]bd+ Qm- ?r s
bg]mfdr+ sgd bnnqchm]sdr hm fdmdq]k ]krn bg]mfd- Sgd bnkkdbshnm ne onhmsr bnqqdronmchmf sn
� . s . 𝛼 enqlr ] btqud hm sgd ro]bd- ?r vhsg svn,chldmrhnm]k rxrsdlr+ hs hr nesdm gdkoetk
sn sghmj ne sgd btqud ]r sgd sq]idbsnqx+ nq o]sg+ ne ] o]qshbkd lnuhmf hm ]bbnqc]mbd vhsg sgd
rxrsdl &7(- Sgd hmhsh]k bnmchshnm &0/( cdsdqlhmdr sgd rs]qshmf onhms ne sgd lnuhmf o]qshbkd-
Sgd bnlonmdmsr ne w ]qd ]f]hm qdedqqdc sn ]r rsZsd uZqhZakdr ]mc sgd udbsnq w = !&s( hr qd,
edqqdc sn ]r sgd rsZsd ne sgd rxrsdl ]s shld s- Sgd hmhsh]k bnmchshnm &0/( oqdrbqhadr sgd rs]sd
ne sgd rxrsdl ]s shld s/- Fhudm sgd hmhsh]k bnmchshnm &0/(+ sgd ch—dqdmsh]k dpt]shnm &7( hr ]
qtkd enq ]cu]mbhmf sgd rs]sd ne sgd rxrsdl sgqntfg shld-
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▶ Khmd]q gsg Nqcdq Dpt]s hnmr- Rhmfkd dpt]shnmr ne ghfgdq nqcdq b]m ]kv]xr ad sq]mrenqldc hmsn rxr,
sdlr ne “qrs nqcdq dpt]shnmr- Sghr hr trt]kkx qdpthqdc he ] mtldqhb]k ]ooqn]bg hr ok]mmdc+
adb]trd ]klnrs ]kk bncdr enq fdmdq]shmf mtldqhb]k ]ooqnwhl]shnmr sn rnktshnmr ne ch—dqdm,
sh]k dpt]shnmr ]qd vqhssdm enq rxrsdlr ne “qrs nqcdq dpt]shnmr- ?m msg nqcdq khmd]q ch—dqdmsh]k
dpt]shnm hm rs]mc]qc enql hr fhudm ax

cmx
csm + o0&s(

cm−0x
csm−0 +⋯ + om−0&s(

cx
cs

+ om&s(x = f&s(. &00(

Vd vhkk ]rrtld sg]s sgd etmbshnmr o0+… + om ]mc f ]qd bnmshmtntr qd]k,u]ktdc etmbshnmr nm
rnld hmsdqu]k H = &�+ 𝛼(- Rhmbd Dp- &00( hmunkudr sgd msg cdqhu]shud ne x vhsg qdrodbs sn
s+ hs vhkk+ rn sn rod]j+ qdpthqd m hmsdfq]shnmr sn rnkud Dp- &00(- D]bg ne sgdrd hmsdfq]shnmr
hmsqnctbdr ]m ]qahsq]qx bnmrs]ms- Gdmbd vd b]m dwodbs sg]s+ sn nas]hm ] tmhptd rnktshnm+ hs
hr mdbdrr]qx sn rodbhex m hmhsh]k bnmchshnmr+

x&s/( = x/+ x…&s/( = x0+ … + x&m−0(&s/( = xm−0. &01(

Sn sq]mrenql Dp- &00( hmsn ] rxrsdl ne m “qrs nqcdq dpt]shnmr+ vd hmsqnctbd sgd u]qh]akdr
w0+ w1+ - - - + wm cd“mdc ax

w0 = x+ w1 = x…+ w2 = x……+ … + wm = x&m−0(. &02(

Hs sgdm enkknvr hlldch]sdkx sg]s

w…0 = w1+
w…1 = w2+

⋮ &03(
w…m−0 = wm+

]mc+ eqnl Dp- &00(+

w…m = −om&s(w0 − om−0&s(w1 −⋯ − o0&s(wm + f&s(. &04(

Trhmf l]sqhw mns]shnm+ sgd rxrsdl &03(+ &04( b]m ad vqhssdm ]r

w… =

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

/ 0 / / ⋯ /
/ / 0 / ⋯ /
⋮ ⋮ ⋮ ⋮ ⋮

/ / / / ⋯ 0
−om&s( −om−0&s( −om−1&s( −om−2&s( ⋯ −o0&s(

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

w +

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
/
⋮

/
f&s(

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

+ &05(

vgdqd w = &w0+… + wm(S - Trhmf sgd cd“mhshnmr enq sgd rs]sd u]qh]akdr hm sgd khrs &02(+ sgd
hmhsh]k bnmchshnm enq Dp- &05( hr dwoqdrrdc ax

w&s/( =

⎛
⎜
⎜
⎜
⎜⎝

x/
x0
⋮

xm−0

⎞
⎟
⎟
⎟
⎟⎠

. &06(

;ookhb]shnmr Lncdkdc ax Ehqrs Nqcdq Khmd]q Rxrsdlr
Hm oqduhntr bg]osdqr vd g]ud oqhl]qhkx dmbntmsdqdc “qrs nqcdq rxrsdlr ne chldmrhnm 1+
]ksgntfg rxrsdlr ne ghfgdq chldmrhnm ]ood]q hm rnld ne sgd oqnidbsr- Vd mnv oqdrdms
rdudq]k ]cchshnm]k dw]lokdr ne ]ookhb]shnmr sg]s hkktrsq]sd gnv ghfgdq chldmrhnm]k khmd]q
rxrsdlr b]m ]qhrd-
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▶ Bntokdc L]rr,Roq hmf Rxrsdlr- Hmsdqbnmmdbsdc rxrsdlr ne l]rrdr ]mc roqhmfr ]qd nesdm trdc ]r
] rs]qshmf onhms hm lncdkhmf fidwhakd ldbg]mhb]k rsqtbstqdr nq nsgdq rxrsdlr hcd]khydc ]r
]m ]rrnqsldms ne dk]rshb]kkx bntokdc anchdr &enq ]m dw]lokd+ rdd Oqnidbs 0 ]s sgd dmc ne sghr
bg]osdq(- ?r ] bnmrdptdmbd ne Mdvsnm´r rdbnmc k]v ne lnshnm+ sgd l]sgdl]shb]k cdrbqhoshnm
ne sgd cxm]lhbr qdrtksr hm ] bntokdc rxrsdl ne rdbnmc nqcdq dpt]shnmr- Trhmf sgd r]ld
sdbgmhptd sg]s v]r cdlnmrsq]sdc ]anud sn bnmudqs ] rhmfkd ghfgdq nqcdq dpt]shnm hmsn ]
rxrsdl ne “qrs nqcdq dpt]shnmr+ vd rgnv gnv ] rxrsdl ne rdbnmc nqcdq dpt]shnmr hr d]rhkx
bnmudqsdc sn ] “qrs nqcdq rxrsdl- Bnmrhcdq svn l]rrdr+ l0 ]mc l1+ bnmmdbsdc sn sgqdd
roqhmfr hm sgd ]qq]mfdldms rgnvm hm Ehftqd 5-0-0Z-

j0 j1

j1 x1�}�x0(

C0 s(

C0 s( C1 s(

j0x0

j2

x1x0

l1l0

l0

j2 x1

C1 s(
j1 x1�}�x0( l1

 Y(

 a(

EHFTQD 5-0-0 &Z( ? svn,l]rr+ sgqdd,roqhmf rxrsdl- &a( Eqdd,ancx ch]fq]lr ne sgd
enqbdr ]bshmf nm d]bg ne sgd l]rrdr-

Sgd l]rrdr ]qd bnmrsq]hmdc sn lnud nmkx hm sgd gnqhynms]k chqdbshnm nm ] eqhbshnmkdrr rtq,
e]bd tmcdq sgd hmfitdmbd ne dwsdqm]k enqbdr E0&s( ]mc E1&s(- Sgd roqhmfr+ ]rrtldc sn nadx
Gnnjd´r k]v+ g]ud roqhmf bnmrs]msr j0+ j1+ ]mc j2- Chrok]bdldmsr ne l0 ]mc l1 eqnl sgdhq
dpthkhaqhtl onrhshnmr ]qd cdmnsdc ax x0 ]mc x1+ qdrodbshudkx- Enq rhlokhbhsx+ vd mdfkdbs sgd
d—dbsr ne eqhbshnm- ?hcdc ax sgd eqdd,ancx ch]fq]lr hm Ehftqd 5-0-0a+ sgd enkknvhmf ch—dqdm,
sh]k dpt]shnmr qdrtks eqnl dpt]shmf sgd hmdqsh]k enqbd ne d]bg l]rr &l]rr shldr ]bbdkdq]shnm(
sn sgd sns]khsx ne dwsdqm]k enqbdr ]bshmf nm sgd l]rr+

l0
c1x0
cs1 = j1& x1 − x0( − j0x0 + E0&s(

= −&j0 + j1(x0 + j1x1 + E0&s(+
&07(

l1
c1x1
cs1 = −j2x1 − j1& x1 − x0( + E1&s(

= j1x0 − &j1 + j2(x1 + E1&s(.

Enq dw]lokd+ he x1 < x0 < / ]r rgnvm hm Ehftqd 5-0-0Z+ sgdm sgd enqbd jx0 dwdqsdc nm l0
ax sgd kdes lnrs roqhmf onhmsr hm sgd mdf]shud chqdbshnm rhmbd sg]s roqhmf hr hm ]m dknmf]sdc
rs]sd+ vghkd sgd enqbd j1 & x1 − x0( dwdqsdc nm l0 ax sgd lhcckd roqhmf onhmsr hm sgd onrhshud
chqdbshnm rhmbd sg]s roqhmf hr ]krn hm ]m dknmf]sdc rs]sd- Sgd rdbnmc dpt]shnm enkknvr ax
]ookxhmf ]m]knfntr qd]rnmhmf sn l1- Bnmrhcdqhmf hmrs]ms]mdntr bnm“ftq]shnmr nsgdq sg]m
x1 < x0 < / xhdkcr sgd r]ld rds ne dpt]shnmr- Rodbhexhmf sgd chrok]bdldms ]mc udknbhsx ne
d]bg l]rr ]s shld s = / oqnuhcdr hmhsh]k bnmchshnmr enq sgd rxrsdl &07(+

x0&/( = x0/+ x1&/( = x1/+ x…0&/( = ℏ0/+ x…1&/( = ℏ1/. &08(
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Sgd rdbnmc nqcdq rxrsdl &07( hr rtartldc vhsghm sgd eq]ldvnqj ne “qrs nqcdq rxrsdlr ax
hmsqnctbhmf sgd rs]sd u]qh]akdr

w0 = x0+ w1 = x1+ w2 = x…0+ w3 = x…1.

Sgdm

w…0 = w2+
w…1 = w3+

&1/(w…2 = −
j0 + j1

l0
w0 +

j1
l0

w1 +
0

l0
E0&s(+

w…3 =
j1
l1

w0 −
j1 + j2

l1
w1 +

0
l1

E1&s(+

vgdqd vd g]ud trdc Dpr- &07( sn nas]hm sgd k]rs svn dpt]shnmr- Trhmf l]sqhw mns]shnm+ sgd
rxrsdl &1/( hr dwoqdrrdc ]r

w… =

⎛
⎜
⎜
⎜
⎜⎝

/ / 0 /
/ / / 0

−&j0 + j1({l0 j1{l0 / /
j1{l1 −&j1 + j2({l1 / /

⎞
⎟
⎟
⎟
⎟⎠

w +

⎛
⎜
⎜
⎜
⎜⎝

/
/

E0&s({l0
E1&s({l1

⎞
⎟
⎟
⎟
⎟⎠

+ &10(

vgdqd w = &w0+ w1+ w2+ w3(S - Sgd hmhsh]k bnmchshnm enq sgd “qrs nqcdq rxrsdl &10( hr sgdm
w&/( = &x0/+ x1/+ ℏ0/+ ℏ1/(S - Trhmf sgd o]q]ldsdq u]ktdr l0 = l1 = j0 = j1 = j2 = 0 ]mc
tmcdq sgd bnmchshnm ne ydqn hmotsr+ Ehftqd 5-0-1 rgnvr bnlonmdms oknsr ne sgd rnktshnm ne
Dp- &10( rtaidbs sn sgd hmhsh]k bnmchshnm w&/( = &−2+ 1+ /+ /(S + sg]s hr+ sgd kdes l]rr hr otkkdc
sgqdd tmhsr sn sgd kdes ]mc qdkd]rdc vhsg ydqn hmhsh]k udknbhsx+ vghkd sgd qhfgs l]rr hr rhltk,
s]mdntrkx otkkdc svn tmhsr sn sgd qhfgs ]mc qdkd]rdc vhsg ydqn hmhsh]k udknbhsx-

}4

}3

}2

}1

}0

0

1

2

3

4

w+�u

s0 1 2 3 4 5 6 7 8 0/

w�<�w0 s( w�<�w1 s( u�<�w2 s( u�<�w3 s(

EHFTQD 5-0-1 Sgd qdronmrd &chrok]bdldmsr ]mc udknbhshdr ne sgd l]rrdr( ne sgd rxrsdl
&10( rtaidbs sn sgd hmhsh]k bnmchshnmr w0&/( = −2+ w1&/( = 1+ w2&/( = /+
w3&/( = /: l0 = l1 = j0 = j1 = j2 = 0 ]mc E0&s( = E1&s( = /-

Rnktshnmr ne Dp- &10( ]qd ]m]kxydc hm Rdbshnm 5-3 trhmf sgd dhfdmu]ktd ldsgnc-
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▶ Bnlo]qsldms Lncdkr - ? eqdptdmskx trdc lncdkhmf o]q]chfl hcd]khydr sgd ogxrhb]k+ ahnknfhb]k+ nq dbn,
mnlhb rxrsdl ]r ] bnkkdbshnm ne rtatmhsr+ nq bnloZqsldmsr+ sg]s dwbg]mfd bnmsdmsr &l]s,
sdq+ dmdqfx+ b]ohs]k+ dsb-( vhsg nmd ]mnsgdq- Bnlo]qsldms lncdkr vdqd “qrs dmbntmsdqdc hm
Rdbshnm 1-2+ vgdqd sgd lncdkr g]c nmkx nmd bnlo]qsldms: mnv vd dwsdmc sg]s lncdkhmf
oqnbdrr sn rhst]shnmr vhsg ltkshokd bnlo]qsldmsr- Sgd ]lntms ne l]sdqh]k hm d]bg bnlo]qs,
ldms hr qdoqdrdmsdc ax ] bnlonmdms ne ] rs]sd udbsnq ]mc ch—dqdmsh]k dpt]shnmr ]qd trdc sn
cdrbqhad sgd sq]mronqs ne l]sdqh]k adsvddm bnlo]qsldmsr- Enq dw]lokd+ ] lncdk enq kd]c
hm sgd gtl]m ancx uhdvr sgd ancx ]r bnlonrdc ne aknnc &Bnlo]qsldms 0(+ rnes shrrtd
&Bnlo]qsldms 1(+ ]mc anmdr &Bnlo]qsldms 2(+ ]r rgnvm hm Ehftqd 5-0-2-

j20

j02

j/0
tqhmd

Bnlo^qsldms�2
Anmdr
w2 s(

Bnlo^qsldms�0
Aknnc
w0 s(

j10

j01

j/1
odqrohq^shnm+
g^hq+�m^hkr

Bnlo^qsldms�1
Rnes�Shrrtd

w1 s(

Kd^c�hmots+ K s(

EHFTQD 5-0-2 ? sgqdd,bnlo]qsldms lncdk ne kd]c hm sgd gtl]m ancx-

Kd]c dmsdqr sgd aknnc eqnl sgd dmuhqnmldms sgqntfg sgd f]rsqnhmsdrshm]k sq]bs ]mc ktmfr
]mc hr s]jdm to q]ohckx ax sgd khudq ]mc jhcmdxr- Hs hr ]arnqadc kdrr q]ohckx ax nsgdq rnes
shrrtdr+ ]mc udqx rknvkx ax sgd anmdr- Kd]c hr sgdm dkhlhm]sdc eqnl sgd aknnc uh] tqhmd+
edbdr+ rjhm+ g]hq+ ]mc m]hkr-

Cdmnsd sgd ]lntms ne kd]c hm Bnlo]qsldms h ax wh&s( ]mc sgd q]sd ]s vghbg kd]c lnudr
eqnl Bnlo]qsldms h sn Bnlo]qsldms i ax sgd q]sd bnmrs]ms jih- Hm sghr dw]lokd+ sgd ]lntms
ne kd]c hr ld]rtqdc hm lhbqnfq]lr &0 lhbqnfq]l = 0/−5 fq]l( ]mc shld hr ld]rtqdc hm
c]xr- Sgd q]sd bnmrs]msr g]ud tmhsr ne 0.c]x- Ch—dqdmsh]k dpt]shnmr cdrbqhahmf sgd dwbg]mfd
ne kd]c adsvddm bnlo]qsldmsr ]qd nas]hmdc ax ]ookxhmf sgd l]rr a]k]mbd k]v+

cw
cs

= hmots q]sd − ntsots q]sd+ &11(

sn d]bg bnlo]qsldms- Enq dw]lokd+ sgd kd]c hmots q]sd sn Bnlo]qsldms 2 hr nas]hmdc ax
ltkshokxhmf sgd ]lntms ne kd]c hm Bnlo]qsldms 0+ w0+ ax sgd q]sd bnmrs]ms j20- Sgd qdrtkshmf
hmots q]sd hr j20w0- Rhlhk]qkx+ sgd kd]c ntsots q]sd eqnl Bnlo]qsldms 2 hr j02w2- ?ookhb]shnm
ne sgd a]k]mbd k]v &11( sn Bnlo]qsldms 2 sgdm xhdkcr sgd ch—dqdmsh]k dpt]shnm

w…2 = j20w0 − j02w2

sg]s cdrbqhadr sgd q]sd ne bg]mfd ne kd]c vhsg qdrodbs sn shld hm Bnlo]qsldms 2-
He sgd q]sd ]s vghbg kd]c kd]udr sgd ancx sgqntfg tqhmd hr cdmnsdc ax j/0+ sgd q]sd ne

knrr uh] odqrohq]shnm+ g]hq+ ]mc m]hkr hr cdmnsdc ax j/1+ ]mc sgd dwonrtqd kdudk sn kd]c hm sgd
dmuhqnmldms hr cdmnsdc ax K &vhsg tmhsr ne lhbqnfq]l.c]x(+ sgd oqhmbhokd ne l]rr a]k]mbd
]ookhdc sn d]bg ne sgd sgqdd bnlo]qsldmsr qdrtksr hm sgd enkknvhmf rxrsdl ne dpt]shnmr9

w…0 = &K + j01w1 + j02w2( − &j10 + j20 + j/0(w0+
w…1 = j10w0 − &j/1 + j01(w1+ &12(
w…2 = j20w0 − j02w2.

Mnsd sg]s sgdrd dpt]shnmr ]rrtld sg]s sgdqd hr mn sq]mredq ne kd]c adsvddm rnes shrrtd ]mc
anmdr-
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Vd bnmrhcdq ] b]rd hm vghbg sgd ]lntms ne kd]c hm d]bg bnlo]qsldms hr hmhsh]kkx ydqn
ats sgd kd]c,eqdd ancx hr sgdm rtaidbsdc sn ] bnmrs]ms kdudk ne dwonrtqd nudq ] 254,c]x
shld odqhnc- Sghr hr enkknvdc ax bnlokdsd qdlnu]k ne sgd rntqbd sn rdd gnv pthbjkx sgd
]lntms ne kd]c hm d]bg bnlo]qsldms cdbqd]rdr- Hm Oqnakdl 01+ Rdbshnm 5-5+ xnt ]qd ]rjdc
sn rnkud sgd hmhsh]k u]ktd oqnakdl enq sgd rxrsdl &12( sg]s xhdkcr sgd bnlonmdms oknsr rgnvm
hm Ehftqd 5-0-3-

1// 5// 0+/// 0+3// 0+7//

1// 5// 0+/// 0+3// 0+7//

4//

0+///

0+4//

1+///
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3/
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Shld� c^xr(

 Y(

Shld� c^xr(

 a(

Kd^c�hm�rnes�shrrtd+�w1 s(

Kd^c�hm�aknnc+�w0 s(

Kd^c�hm�anmdr+�w2 s(

Kd
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EHFTQD 5-0-3 &Z( ?lntmsr ne kd]c hm ancx bnlo]qsldmsr ctqhmf ]mc ]esdq ]m dwonrtqd
odqhnc ne nmd xd]q- &a( Kd]c hmots sn Bnlo]qsldms 0 &aknnc(-

Mnsd sg]s nmbd sgd rntqbd hr qdlnudc+ kd]c hr dkhlhm]sdc eqnl sgd aknnc ]mc rnes shrrtdr
e]hqkx q]ohckx+ ats odqrhrsr hm sgd anmdr enq ] ltbg knmfdq shld- L]sgdl]shb]kkx+ sgd rknv
cdb]x hm sgd ]lntms ne kd]c hm sgd anmdr hr ctd sn sgd e]bs sg]s sgd q]sd bnmrs]ms j02 hr udqx
rl]kk qdk]shud sn sgd nsgdq q]sd bnmrs]msr-

▶ Khmd]q Bnmsqnk Rxrsdlr- Sgdqd ]qd l]mx ogxrhb]k+ ahnknfhb]k+ ]mc dbnmnlhb rxrsdlr hm vghbg hs hr
cdrhq]akd sn bnmsqnk+ nq rsddq+ sgd rs]sd ne sgd rxrsdl sn rnld cdrhqdc u]ktd nq ]knmf rnld
cdrhqdc o]sg hm sgd rs]sd ro]bd- ? rs]mc]qc l]sgdl]shb]k lncdk enq khmd]q bnmsqnk rxrsdlr
bnmrhrsr ne sgd o]hq ne dpt]shnmr

w… = ?w + At&s( &13(
x = Bw+ &14(

vgdqd ? hr ]m m % m rxrsdl lZsqhw+ A hr ]m m % l hmots lZsqhw+ ]mc B hr ]m q % m ntsots
lZsqhw- Dpt]shnm &13( hr qdedqqdc sn ]r sgd okZms dptZshnm+ vgdqd]r sgd khmd]q ]kfdaq]hb
dpt]shnm &14(+ hr qdedqqdc sn ]r sgd ntsots dptZshnm- Sgd ntsots x+ ] udbsnq etmbshnm vhsg
q bnlonmdmsr+ ]kknvr enq sgd onrrhahkhsx sg]s rnld bnlonmdmsr ne w l]x mns ad chqdbskx
nardqu]akd+ nq enq sgd onrrhahkhsx sg]s nmkx bdqs]hm khmd]q bnlahm]shnmr ne sgd rs]sd u]qh]akdr
]qd nardqudc nq ld]rtqdc- Sgd l % 0 udbsnq etmbshnm t&s( hr sgd okZms hmots- Mnsd sg]s
At&s(+ ]m m % 0 udbsnq+ hr rhlokx ] mnmgnlnfdmdntr sdql hm Dp- &13(-
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? bnllnm sxod ne bnmsqnk oqnakdl hr sn bgnnrd nq cdrhfm sgd hmots t&s( hm nqcdq sn
]bghdud rnld cdrhqdc naidbshud- ?r ]m dw]lokd+ bnmrhcdq ]f]hm sgd uhaq]shnm oqnakdl bnm,
rhrshmf ne svn l]rrdr ]mc sgqdd roqhmfr rgnvm hm Ehftqd 5-0-0- Fhudm ]m hmhsh]k rs]sd &hmhsh]k
onrhshnm ]mc udknbhsx ne d]bg l]rr(+ rtoonrd sgd naidbshud hr sn aqhmf sgd dmshqd rxrsdl sn
dpthkhaqhtl ctqhmf ] rodbh“dc shld hmsdqu]k Z/+ S [ ax ]ookxhmf ] rths]akd enqbhmf etmbshnm
nmkx sn sgd l]rr nm sgd kdes- Vd l]x vqhsd sgd rxrsdl ne dpt]shnmr &10( hm sgd enql

w… =

⎛
⎜
⎜
⎜
⎜⎝

/ / 0 /
/ / / 0

−&j0 + j1({l0 j1{l0 / /
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t&s(+ &15(

vgdqd vd g]ud rds t&s( = E0&s({l0 ]mc E1&s( = /- Sgd rxrsdl ]mc hmots l]sqhbdr hm
Dp- &15( ]qd

? =
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⎜
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−&j0 + j1({l0 j1{l0 / /
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⎜
⎜
⎜
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/
/
0
/

⎞
⎟
⎟
⎟
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+

qdrodbshudkx- He vd ]rrtld sg]s sgd dmshqd rs]sd ne sgd rxrsdl hr nardqu]akd+ sgdm sgd ntsots
l]sqhw hr B = H3 ]mc x = H3w = w- Fhudm ]m hmhsh]k rs]sd w&/( = w/+ sgd bnmsqnk oqnakdl sgdm
hr sn rodbhex ]m ]bbdkdq]shnm t&s( = E0&s({l0 sg]s hr sn ad ]ookhdc sn l]rr l0 nudq sgd shld
hmsdqu]k / ≤ s ≤ S rn sg]s w&S( = .- Nauhntrkx+ ]m drrdmsh]k “qrs rsdo hr sn ]rbdqs]hm vgdsgdq
sgd cdrhqdc naidbshud b]m ad ]bghdudc- ? fdmdq]k ]mrvdq sn sghr ptdrshnm hr oqnuhcdc+ hm
Oqnidbs 2 ]s sgd dmc ne sghr bg]osdq+ hm sgd bnmsdws ne ]m ]m]knfntr rxrsdl ne sgqdd l]rrdr ]mc
entq roqhmfr- Trhmf sgd ldsgncr oqdrdmsdc hm sgd ]enqdldmshnmdc oqnidbs+ ]m hmots etmbshnm
t&s( sg]s cqhudr sgd rxrsdl &15( eqnl sgd hmhsh]k rs]sd w&/( = &−2+ 1+ /+ /(S sn dpthkhaqhtl
nudq sgd shld hmsdqu]k / ≤ s ≤ 0/ hr rgnvm hm Ehftqd 5-0-4-

0 1 2 3 4 5 6 7 8 0/

/

}4/

}34

}3/

}24

}2/

}14

}1/

}04

}0/

}4

t

s

t�<�t s(

EHFTQD 5-0-4 Sgd ]bbdkdq]shnm t&s(+ / ≤ s ≤ S ]ookhdc sn sgd kdes l]rr hm Ehftqd 5-0-0
cqhudr sgd rxrsdl eqnl hsr hmhsh]k rs]sd w&/( = &−2+ 1+ /+ /( sn dpthkhaqhtl
]s shld S &rdd Ehftqd 5-0-5(: l0 = l1 = j0 = j1 = j2 = 0+
t&s( = E0&s({l0+ E1&s( = /+ ]mc S = 0/-
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}4/

}3/

}2/

}1/

}0/

0/

1/

w+�u

s0 1 2 3 4 5 6 7 8 0/

u�<�w2 s(

w�<�w1 s(

w�<�w0 s(

u�<�w3 s(

EHFTQD 5-0-5 Sgd qdronmrd &chrok]bdldmsr ]mc udknbhshdr ne sgd l]rrdr( ne sgd rxrsdl
&15( rtaidbs sn sgd hmhsh]k bnmchshnmr w0&/( = −2+ w1&/( = 1+ w2&/( = /+
w3&/( = /+ l0 = l1 = j0 = j1 = j2 = 0 ]mc sgd bnmsqnk hmots t&s( rgnvm
hm Ehftqd 5-0-4-

Fq]ogr ne sgd qdrtkshmf l]rr chrok]bdldmsr ]mc udknbhshdr ]qd rgnvm hm Ehftqd 5-0-5-
?ksgntfg sgd hmhsh]k lnshnm hr rhlhk]q sn sg]s ne sgd tmenqbdc qdronmrd rgnvm hm Ehftqd 5-0-1+
rtardptdms lnshnm hr fqd]skx lnch“dc ]r sgd hmots ]bbdkdq]shnm enqbdr sgd rxrsdl sn ] rs]sd
ne qdrs-

▶ Sgd Rs]sd U]q h]akd ;ooqn]bg sn Bhqbths ;m]kxr hr - Dmdqfx rsnq]fd dkdldmsr hm ]m dkdbsqhb]k
mdsvnqj ]qd sgd b]o]bhsnqr ]mc sgd hmctbsnqr- Sgd dmdqfx hm ] bg]qfdc b]o]bhsnq hr ctd sn
sgd rdo]q]shnm ne bg]qfd nm hsr ok]sdr- Sgd dmdqfx hm ]m hmctbsnq hr rsnqdc hm hsr l]fmdshb
“dkc- Sgd rs]sd u]qh]akdr ne sgd bhqbths ]qd sgd rds ne u]qh]akdr ]rrnbh]sdc vhsg sgd dmdqfx
ne sgd dmdqfx rsnq]fd dkdldmsr+ m]ldkx+ sgd unks]fd ne d]bg b]o]bhsnq ]mc sgd btqqdms hm
d]bg hmctbsnq- ?ookhb]shnm ne Jhqbggn—´r btqqdms k]v ]mc Jhqbggn—´r unks]fd k]v xhdkcr
] “qrs nqcdq rxrsdl ne ch—dqdmsh]k dpt]shnmr enq sgdrd rs]sd u]qh]akdr- Sgdm+ fhudm sgd hmh,
sh]k bnmchshnmr ne sgdrd u]qh]akdr+ sgd bnlokdsd qdronmrd ne sgd bhqbths sn ] enqbhmf etmbshnm
&rtbg ]r ]m hloqdrrdc unks]fd rntqbd( hr bnlokdsdkx cdsdqlhmdc- Nauhntrkx+ dkdbsqhb]k mds,
vnqjr bnmrhrshmf ne gtmcqdcr nq sgntr]mcr ne rsnq]fd dkdldmsr kd]c sn “qrs nqcdq rxrsdlr
ne bnqqdronmchmfkx k]qfd chldmrhnm-

Sn hkktrsq]sd sgd rs]sd u]qh]akd ]ooqn]bg+ vd bnmrhcdq sgd dkdbsqhb bhqbths rgnvm hm Ehf,
tqd 5-0-6-

QBd s(

h0

h2

h1

K0 K1

EHFTQD 5-0-6 ?m dkdbsqhb]k mdsvnqj bnlonrdc ne svn knnor-

Sgdqd ]qd svn rs]sd u]qh]akdr+ h0 ]mc h1+ qdoqdrdmshmf sgd btqqdmsr o]rrhmf sgqntfg d]bg
ne sgd svn hmctbsnqr+ ]mc nmd rs]sd u]qh]akd+ ℏ+ qdoqdrdmshmf sgd unks]fd nm sgd b]o]bhsnq- Vd
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sgdqdenqd ]mshbho]sd ] bntokdc rxrsdl ne sgqdd “qrs nqcdq ch—dqdmsh]k dpt]shnmr cdrbqhahmf
sghr mdsvnqj-

Rtllhmf sgd unks]fdr ]bqnrr d]bg ne sgd bhqbths dkdldmsr hm sgd kdes knno ne sgd mdsvnqj
xhdkcr

K0h …0 + ℏ = d&s(. &16(

Rhlhk]qkx+ rtllhmf sgd unks]fdr ]bqnrr d]bg ne sgd bhqbths dkdldmsr hm sgd qhfgs knno ne sgd
mdsvnqj xhdkcr

K1h …1 + Qh1 − ℏ = /. &17(

Mnsd sg]s ]cchmf Dp- &16( sn Dp- &17( fhudr sgd rtl ne sgd unks]fd cqnor ]qntmc sgd ntsdq
knno+

K0h …0 + K1h …1 + Qh1 = d&s(+

] qdctmc]ms dpt]shnm rhmbd hs b]m ad nas]hmdc eqnl Dpr- &16( ]mc &17(- Mdws+ Jhqbggn—´r
btqqdms k]v ]ookhdc sn sgd mncd bnmmdbshmf K0+ K1+ ]mc B xhdkcr

h0 = h1 + h2

nq h2 = h0 − h1- Rhmbd sgd unks]fd nm sgd b]o]bhsnq hr fhudm ax ℏ = p{B+ vgdqd p hr sgd bg]qfd
nm sgd b]o]bhsnq+ hs enkknvr sg]s

Bℏ… = p… = h2 = h0 − h1. &18(

Dpt]shnmr &16( sgqntfg &18( ]qd dffbhdmskx qdoqdrdmsdc hm l]sqhw mns]shnm ax

⎛
⎜
⎜
⎜
⎜⎝

h …0
h …1
ℏ…

⎞
⎟
⎟
⎟
⎟⎠

=

⎛
⎜
⎜
⎜
⎜⎝

/ / −0{K0

/ −Q{K1 0{K1

0{B −0{B /

⎞
⎟
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜
⎜⎝

h0

h1

ℏ

⎞
⎟
⎟
⎟
⎟⎠

+

⎛
⎜
⎜
⎜
⎜⎝

0{K0

/

/

⎞
⎟
⎟
⎟
⎟⎠

d&s(+ &2/(

vgdqd vd g]ud dwoqdrrdc sgd rxrsdl hm ] enql ]m]knfntr sn Dp- &13(- Fhudm hmhsh]k bnmch,
shnmr enq d]bg ne sgd rs]sd u]qh]akdr+ sgd bnlokdsd qdronmrd ne sgd dkdbsqhb]k mdsvnqj rgnvm
hm Ehftqd 5-0-6 sn sgd hmots d&s( b]m ad entmc ax rnkuhmf sgd rxrsdl &2/( rtaidbs sn sgd
oqdrbqhadc hmhsh]k bnmchshnmr- Sgd ntsots unks]fd ]bqnrr sgd qdrhrsnq+ ℏQ = Qh1+ b]m ad bnm,
udmhdmskx dwoqdrrdc hm sgd enql ne sgd ntsots dpt]shnm &14(+

ℏQ = &/ Q /(
⎛
⎜
⎜
⎜⎝

h0
h1
ℏ

⎞
⎟
⎟
⎟⎠
.

He vd ]rrtld ydqn hmhsh]k bnmchshnmr enq sgd rs]sd u]qh]akdr ]mc bhqbths o]q]ldsdq u]ktdr
K0 = 2

1 + K1 = 0
1 + B = 3

2 + ]mc Q = 0+ Ehftqd 5-0-7 rgnvr sgd ntsots unks]fd ℏQ&s( = QhQ&s(
]bqnrr sgd qdrhrsnq ctd sn ] g]qlnmhb hmots d&s( = rhm$s vhsg $ = 0

1 &Ehftqd 5-0-7Z( ]mc
$ = 1 &Ehftqd 5-0-7a(-

?s sgd knvdq eqdptdmbx sgd ]lokhstcd ne sgd rsd]cx,rs]sd qdronmrd hr ]ooqnwhl]sdkx dpt]k
sn 0+ vgdqd]r ]s sgd ghfgdq eqdptdmbx sgd rsd]cx,rs]sd qdronmrd hr fqd]skx ]ssdmt]sdc- Vhsg
sgd fhudm o]q]ldsdq u]ktdr+ sgd bhqbths ]bsr ]r ] knv,oZrr ’ksdq- Knv,eqdptdmbx hmots rhfm]kr
d&s( o]rr sgqntfg sgd bhqbths d]rhkx+ vghkd ghfg,eqdptdmbx rhfm]kr ]qd fqd]skx ]ssdmt]sdc- Hm
Rdbshnm 5-5+ vd “mc sgd ]lokhstcd ne sgd rsd]cx,rs]sd ntsots ℏQ&s( ne sgd bhqbths enq ]kk
eqdptdmbhdr-
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}0

}/-4

/-4

0

 Y(

uQ+�d

s

d�<�d s(

uQ�<�uQ s(

}0

}/-4

/-4

0

 a(

uQ+�d

s

d�<�d s(

uQ�<�uQ s(

4 0/ 04 1/ 14 2/

4 0/ 04 1/ 14 2/

EHFTQD 5-0-7 Ntsots unks]fd ℏQ&s( = QhQ&s( ]bqnrr sgd qdrhrsnq ne sgd bhqbths hm
Ehftqd 5-0-6 ctd sn sgd hmots d&s( = rhm$s9 &Z( $ = 0

1
+ &a( $ = 1-

OQNAKDLR

0- He ?&s( =
⎛
⎜
⎜
⎜⎝

ds 1d−s d1s

4ds d−s −d1s

−ds 2d−s 4d1s

⎞
⎟
⎟
⎟⎠

]mc

A&s( =
⎛
⎜
⎜
⎜⎝

1ds d−s 3d1s

−ds 2d−s d1s

3ds −d−s −d1s

⎞
⎟
⎟
⎟⎠

+ “mc9

 Z( ? + 2A  a( ?A

 b( c?{cs  c( ∫ 0
/ ?&s( cs

1- Udqhex sg]s w = d−s

⎛
⎜
⎜
⎜⎝

5
−7
−3

⎞
⎟
⎟
⎟⎠
+ 1d1s

⎛
⎜
⎜
⎜⎝

/
0

−0

⎞
⎟
⎟
⎟⎠

r]shr“dr

w… =
⎛
⎜
⎜
⎜⎝

0 0 0
1 0 −0
/ −0 0

⎞
⎟
⎟
⎟⎠
w.

2- Udqhex sg]s 𝚽 =
⎛
⎜
⎜
⎜⎝

ds d−1s d2s

−3ds −d−1s 1d2s

−ds −d−1s d2s

⎞
⎟
⎟
⎟⎠

r]shr“dr sgd l],

sqhw ch—dqdmsh]k dpt]shnm

𝚽… =
⎛
⎜
⎜
⎜⎝

0 −0 3
2 1 −0
1 0 −0

⎞
⎟
⎟
⎟⎠
𝚽.

Hm d]bg ne Oqnakdlr 3 sgqntfg 8+ sq]mrenql sgd dpt]shnm hmsn
]m dpthu]kdms “qrs nqcdq rxrsdl9
3- x&3( + 5x……… + 2x = s
4- sx……… + &rhm s(x…… + 7x = anr s
5- s&s − 0(x&3( + dsx…… + 3s1x = /
6- x……… + sx…… + s1x… + s1x = im s
7- &w − 3(x&3( + &w + 0(x…… + &s}m w(x = /
8- &w1 − 1(x&5( + w1x…… + 2x = /
0.- Cdqhud sgd ch—dqdmsh]k dpt]shnmr enq w0&s( ]mc w1&s( hm sgd
rxrsdl &12( ax ]ookxhmf sgd a]k]mbd k]v &11( sn sgd bnlo]qs,
ldms lncdk hkktrsq]sdc hm Ehftqd 5-0-2-
00- Cdsdqlhmd sgd l]sqhw J ]mc hmots f&s( he sgd rxrsdl &12(
hr sn ad dwoqdrrdc trhmf l]sqhw mns]shnm+ w… = Jw + f&s(-
01- Ehmc ] rxrsdl ne “qrs nqcdq khmd]q ch—dqdmsh]k dpt],
shnmr enq sgd entq rs]sd u]qh]akdr ne sgd bhqbths rgnvm hm Ehf,
tqd 5-0-8-

B0d s(

h0

h2

h1

K0 K1

B1

Q

EHFTQD 5-0-8
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02- ?m hmhsh]k ]lntms � ne ] sq]bdq &rtbg ]r ] cxd nq ]
q]chn]bshud hrnsnod( hr hmidbsdc hmsn Bnlo]qsldms 0 ne sgd
svn,bnlo]qsldms rxrsdl rgnvm hm Ehftqd 5-0-0/- ?s shld
s < /+ kds w0&s( ]mc w1&s( cdmnsd sgd ]lntms ne sq]bdq hm
Bnlo]qsldms 0 ]mc Bnlo]qsldms 1+ qdrodbshudkx- Sgtr tm,
cdq sgd bnmchshnmr rs]sdc+ w0&/( = � ]mc w1&/( = /- Sgd
]lntmsr ]qd qdk]sdc sn sgd bnqqdronmchmf bnmbdmsq]shnmr 𝜋0&s(
]mc 𝜋1&s( ax sgd dpt]shnmr

w0 = 𝜋0U0 ]mc w1 = 𝜋1U1+ &h(

vgdqd U0 ]mc U1 ]qd sgd bnmrs]ms qdrodbshud unktldr ne sgd
bnlo]qsldmsr-

j10

j01
w0 s(+ 0 s(+�U0 w1 s(+ 1 s(+�U1! !

EHFTQD 5-0-0. ? bknrdc svn,bnlo]qsldms rxrsdl-

Sgd ch—dqdmsh]k dpt]shnmr sg]s cdrbqhad sgd dwbg]mfd ne sq]bdq
adsvddm sgd bnlo]qsldmsr ]qd

cw0

cs
= −j10𝜋0 + j01𝜋1

&hh(
cw1

cs
= j10𝜋0 − j01𝜋1+

nq+ trhmf sgd qdk]shnmr hm &h(+

cw0

cs
= −K10w0 + K01w1

&hhh(
cw1

cs
= K10w0 − K01w1+

vgdqd K10 = j10{U0 hr sgd eqZbshnmZk stqmnudq qZsd ne Bnl,
o]qsldms 0 vhsg qdrodbs sn 1 ]mc K01 = j01{U1 hr sgd eqZb,
shnmZk stqmnudq qZsd ne Bnlo]qsldms 1 vhsg qdrodbs sn 0-
 Z( Trd Dpr- &hhh( sn rgnv sg]s

c
cs

Zw0&s( + w1&s([ = /

]mc sgdqdenqd w0&s( + w1&s( = � enq ]kk s ≥ /+ sg]s hr+ sgd sq]bdq
hr bnmrdqudc-
 a( Trd sgd dhfdmu]ktd ldsgnc sn “mc sgd rnktshnm ne sgd
rxrsdl &hhh( rtaidbs sn sgd hmhsh]k bnmchshnmr w0&/( = � ]mc
w1&/( = /-
 b( Vg]s ]qd sgd khlhshmf u]ktdr w̄0 = ihls→∞ w0&s( ]mc
w̄1 = ihls→∞ w1&s(= Dwok]hm gnv sgd q]sd ne ]ooqn]bg sn sgd
dpthkhaqhtl onhms &w̄0+ w̄1( cdodmcr nm K01 ]mc K10-
 c( Fhud ] pt]khs]shud rjdsbg ne sgd og]rd onqsq]hs enq sgd rxr,
sdl &hhh(-
 d( Okns sgd fq]ogr ne w̄0{� ]mc w̄1{� ]r ] etmbshnm ne
K10{K01 ≥ / nm sgd r]ld rds ne bnnqchm]sdr ]mc dwok]hm sgd
ld]mhmf ne sgd fq]ogr-
03-  Z( Trhmf l]sqhw mns]shnm+ rgnv sg]s sgd rxrsdl ne rdb,
nmc nqcdq dpt]shnmr &07( enq sgd chrok]bdldmsr x = & x0+ x1(S

ne sgd l]rrdr b]m ad vqhssdm hm sgd enql

x…… = Jx + e&s(.

 a( Tmcdq vg]s bnmchshnmr nm j0+ j1+ j2+ l0+ ]mc l1 hr J ]
rxlldsqhb l]sqhw=
04- Bnmrhcdq sgd ok]ms dpt]shnm &15( enq sgd bnmsqnk rxrsdl
bnmrhrshmf ne svn l]rrdr ]mc sgqdd roqhmfr- Cdsdqlhmd ] rths,
]akd ntsots l]sqhw B enq ]m ntsots dpt]shnm &14( he nmkx sgd
chrok]bdldms ne l1 hr nardqu]akd-

5-1 A]rhb Sgdnqx ne Ehqrs Nqcdq
Khmd]q Rxrsdlr
Sgd sgdnqx oqdrdmsdc hm sghr rdbshnm fdmdq]khydr sn ghfgdq chldmrhnmr sgd sgdnqx enq svn,
chldmrhnm]k khmd]q rxrsdlr hmsqnctbdc hm Rdbshnmr 2-1 ]mc 3-1- Sgd dwsdmrhnm ne sghr sgdnqx
qdpthqdr cd“mhshnmr enq khmd]qkx cdodmcdms ]mc khmd]qkx hmcdodmcdms rdsr ne udbsnqr &rdd ?o,
odmchw ?-1(- Vd vhkk ]krn trd sgd cdsdqlhm]ms ne ]m m % m l]sqhw &h( sn cdsdqlhmd he hsr
bnktlmr ]qd khmd]qkx cdodmcdms nq khmd]qkx hmcdodmcdms ]mc &hh( sn sdrs vgdsgdq ] rxrsdl ne
m khmd]q ]kfdaq]hb dpt]shnmr hm m tmjmnvmr g]r ] tmhptd rnktshnm &rdd Sgdnqdlr ?-2-5 ]mc
?-2-6 hm ?oodmchw ?-2(-

Trhmf sgd l]sqhw mns]shnm ne Rdbshnm 5-0+ sgd “qrs nqcdq khmd]q rxrsdl ne chldmrhnm m hr

w… = O&s(w + f&s(. &0(

Bnmchshnmr tmcdq vghbg ] tmhptd rnktshnm sn sgd hmhsh]k u]ktd oqnakdl ]rrnbh]sdc vhsg
Dp- &0( dwhrsr ]qd oqnuhcdc ax sgd enkknvhmf fdmdq]khy]shnm ne Sgdnqdl 2-1-0-
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SGDNQDL
5-1-0

&Dwhrsdmbd Zmc Tmhptdmdrr enq Ehqrs Nqcdq KhmdZq Rxrsdlr(- He O&s( ]mc f&s( ]qd bnm,
shmtntr nm ]m nodm hmsdqu]k H = &�+ 𝛼(+ sgdm sgdqd dwhrsr ] tmhptd rnktshnm w = !&s( ne sgd
hmhsh]k u]ktd oqnakdl

w… = O&s(w + f&s(+ w&s/( = w/+ &1(

vgdqd s/ hr ]mx onhms hm H+ ]mc w/ hr ]mx bnmrs]ms udbsnq vhsg m bnlonmdmsr- Lnqdnudq
sgd rnktshnm dwhrsr sgqntfgnts sgd hmsdqu]k H-

Sgd oqnne ne sghr sgdnqdl+ snn chffbtks sn hmbktcd gdqd+ b]m ad entmc hm lnqd ]cu]mbdc
annjr nm ch—dqdmsh]k dpt]shnmr- Gnvdudq+ itrs ]r hm sgd svn,chldmrhnm]k b]rd+ sgd sgdnqdl
hr d]rx sn ]ookx- He sgd etmbshnmr o00+ o01+… + omm+ f0+… + fm ]qd bnmshmtntr nm sgd hmsdqu]k
H bnms]hmhmf sgd onhms s/+ sgdm vd ]qd ]rrtqdc sg]s nmd ]mc nmkx nmd rnktshnm dwhrsr nm H+
hqqdrodbshud ne sgd udbsnq w/ ne oqdrbqhadc hmhsh]k u]ktdr- ? bnllnmkx nbbtqqhmf rodbh]k
b]rd ne sgd hmhsh]k u]ktd oqnakdl &1( hr

w… = ?w+ w&/( = w/+ &2(

vgdqd ? hr ] bnmrs]ms m % m l]sqhw- Rhmbd sgd bndffbhdmsr ne ? ]qd bnmshmtntr enq ]kk u]ktdr
ne s+ Sgdnqdl 5-1-0 ft]q]msddr sg]s ] rnktshnm dwhrsr ]mc hr tmhptd nm sgd dmshqd s,]whr- Sgd
rstcx ne rnktshnmr ne sgd bnmrs]ms bndffbhdms hmhsh]k u]ktd oqnakdl &2(+ a]rdc nm dhfdmu]ktd
ldsgncr+ hr s]jdm to hm sgd mdws rdbshnm-

Hm sghr rdbshnm vd chrbtrr oqnodqshdr ]mc rsqtbstqd ne rnktshnmr ne sgd gnlnfdmdntr
dpt]shnm

w… = O&s(w &3(

nas]hmdc eqnl Dp- &0( ax rdsshmf f&s( = .- Sgd rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm+
w… = O&s(w + f&s(+ hr cd]ks vhsg hm Rdbshnm 5-5-

Vd trd sgd mns]shnm

w0&s( =

⎛
⎜
⎜
⎜
⎜⎝

w00&s(
w10&s(
⋮

wm0&s(

⎞
⎟
⎟
⎟
⎟⎠

+ … + wj&s( =

⎛
⎜
⎜
⎜
⎜⎝

w0j&s(
w1j&s(
⋮

wmj&s(

⎞
⎟
⎟
⎟
⎟⎠

+ …

sn cdrhfm]sd rodbh“b rnktshnmr ne sgd rxrsdl &3(- Mnsd sg]s whi&s( qdedqr sn sgd hsg bnlonmdms
ne sgd isg rnktshnm wi&s(- ?m dwoqdrrhnm ne sgd enql

b0w0 +⋯ + bjwj+

vgdqd b0+ - - - + bj ]qd ]qahsq]qx bnmrs]msr+ hr b]kkdc ] khmdZq bnlahmZshnm ne rnktshnmr-
Sgd enkknvhmf qdrtks+ ] fdmdq]khy]shnm ne Sgdnqdl 2-2-0+ hr sgd oqhmbho]k chrshmfthrghmf

oqnodqsx ne khmd]q rxrsdlr- Sghr oqnodqsx hr mns rg]qdc ax mnmkhmd]q rxrsdlr-
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SGDNQDL
5-1-1

 Oqhmbhokd ne Rtodqonrhshnm(- He w0+ w1+… + wj ]qd rnktshnmr ne sgd gnlnfdmdntr khmd]q
rxrsdl

w… = O&s(w &4(

nm sgd hmsdqu]k H = &�+ 𝛼(+ sgdm sgd khmd]q bnlahm]shnm

b0w0 + b1w1 +⋯ + bjwj

hr ]krn ] rnktshnm ne Dp- &4( nm H-

Oqnne Kds w = b0w0 + b1w1 +⋯ + bjwj- Sgd qdrtks enkknvr eqnl sgd khmd]q nodq]shnmr ne l]sqhw
ltkshokhb]shnm ]mc ch—dqdmsh]shnm9

O&s(w = O&s(Zb0w0 +⋯ + bjwj[
= b0O&s(w0 +⋯ + bjO&s(wj

= b0w…0 +⋯ + bjw…j = w….

Vd trd Sgdnqdl 5-1-1 sn dmk]qfd ] “mhsd rds ne rnktshnmr !w0+ w1+… + wj} sn ] j,enkc hm“mhsd
e]lhkx ne rnktshnmr b0w0 + b1w1 +⋯ + bjwj o]q]ldsdqhydc ax b0+ - - - + bj- Hm sgd chrbtrrhnm
sg]s enkknvr+ vd rgnv sg]s ]kk rnktshnmr ne Dp- &4( ]qd bnms]hmdc hm ]m m,o]q]ldsdq e]lhkx
b0w0 + b1w1 +⋯ + bmwm+ oqnuhcdc sg]s sgd m rnktshnmr w0+ - - - + wm ]qd chrshmbs hm ] rdmrd l]cd
oqdbhrd ax sgd enkknvhmf cd“mhshnm-

CDEHMHSHNM
5-1-2

Sgd m udbsnq etmbshnmr w0+ - - - + wm ]qd r]hc sn ad khmdZqkx hmcdodmcdms nm Zm hmsdquZk H
he sgd nmkx bnmrs]msr b0+ b1+ - - - + bm rtbg sg]s

b0w0&s( +⋯ + bmwm&s( = . &5(

enq ]kk s ∈ H ]qd b0 = b1 = ⋯ = bm = /- He sgdqd dwhrs bnmrs]msr b0+ b1+ - - - + bm+ mns Zkk
ydqn+ rtbg sg]s Dp- &5( hr sqtd enq ]kk s ∈ H+ sgd udbsnq etmbshnmr ]qd r]hc sn ad khmdZqkx
cdodmcdms nm H-

DW;LOKD
0

Rgnv sg]s sgd udbsnq etmbshnmr

w0&s( =
⎛
⎜
⎜
⎜⎝

d−1s

/
−d−1s

⎞
⎟
⎟
⎟⎠

]mc w1&s( =
⎛
⎜
⎜
⎜⎝

ds

ds

ds

⎞
⎟
⎟
⎟⎠

]qd khmd]qkx hmcdodmcdms nm H = &−∞+ ∞(-
Sn oqnud hmcdodmcdmbd+ vd ]rrtld sg]s

b0w0&s( + b1w1&s( = . &6(

hr sqtd enq ]kk s ∈ H- Rdsshmf s = / hm Dp- &6( kd]cr sn sgd qdpthqdldms

b0

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠
+ b1

⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠

+
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vghbg hr dpthu]kdms sn sgd rxrsdl ne khmd]q dpt]shnmr

b0 + b1 = /+
b1 = /+ &7(

−b0 + b1 = /.

Rhmbd sgd nmkx rnktshnm ne sgd rxrsdl &7( hr b0 = b1 = /+ vd bnmbktcd sg]s sgd udbsnq etmbshnmr
w0 ]mc w1 ]qd khmd]qkx hmcdodmcdms nm ]mx hmsdqu]k bnms]hmhmf s = / ]mc+ hm o]qshbtk]q+ ]qd
khmd]qkx hmcdodmcdms nm H = &−∞+ ∞(-

DW;LOKD
1

Rgnv sg]s sgd udbsnq etmbshnmr

w0&s( =
⎛
⎜
⎜
⎜⎝

0 + s
s

0 − s

⎞
⎟
⎟
⎟⎠

+ w1&s( =
⎛
⎜
⎜
⎜⎝

2
s + 1

s

⎞
⎟
⎟
⎟⎠

+ ]mc w2&s( =
⎛
⎜
⎜
⎜⎝

0 − 1s
1 − s
2s − 1

⎞
⎟
⎟
⎟⎠

]qd khmd]qkx cdodmcdms nm H = &−∞+ ∞(-
Vd adfhm ax ]rrtlhmf sg]s

b0w0&s( + b1w1&s( + b2w2&s( = . enq ]kk s ∈ H+ &8(

]mc ]ssdlos sn cdsdqlhmd bnmrs]msr b0+ b1+ ]mc b2+ mns ]kk ne vghbg ]qd ydqn+ rtbg sg]s bnmch,
shnm &8( hr ] sqtd rs]sdldms- B]mchc]sd u]ktdr enq b0+ b1+ ]mc b2 ]qd entmc ax du]kt]shmf sgd
dpt]shnm hm bnmchshnm &8( ]s ] o]qshbtk]q u]ktd ne s ∈ H- Enq dw]lokd+ bgnnrhmf s = / xhdkcr
sgd rxrsdl ne dpt]shnmr

b0

⎛
⎜
⎜
⎜⎝

0
/
0

⎞
⎟
⎟
⎟⎠
+ b1

⎛
⎜
⎜
⎜⎝

2
1
/

⎞
⎟
⎟
⎟⎠
+ b2

⎛
⎜
⎜
⎜⎝

0
1

−1

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠

+ &0/(

vghbg hr dpthu]kdms sn sgd rxrsdl ne khmd]q dpt]shnmr

b0 + 2b1 + b2 = /+
1b1 + 1b2 = /+ &00(

b0 − 1b2 = /.

Trhmf F]trrh]m dkhlhm]shnm+ vd “mc sgd fdmdq]k rnktshnm ne sgd rxrsdl &00( sn ad

b = �

⎛
⎜
⎜
⎜⎝

1
−0

0

⎞
⎟
⎟
⎟⎠

+

vgdqd � hr ]qahsq]qx- Rdsshmf � = 0 fhudr tr b0 = 1+ b1 = −0+ ]mc b2 = 0- Sgtr Dp- &0/( hr
sqtd enq sgdrd u]ktdr ne b0+ b1+ ]mc b2+ sg]s hr+ sgd sgqdd udbsnqr &0+ /+ 0(S + &2+ 1+ /(S + ]mc
&0+ 1+ −1(S ]qd khmd]qkx cdodmcdms- Vd rshkk mddc sn udqhex sg]s sgd rs]sdldms &8( hr sqtd trhmf
sgd u]ktdr b0 = 1+ b1 = −0+ ]mc b2 = 0- Rhmbd

1
⎛
⎜
⎜
⎜⎝

0 + s
s

0 − s

⎞
⎟
⎟
⎟⎠
− 0

⎛
⎜
⎜
⎜⎝

2
s + 1

s

⎞
⎟
⎟
⎟⎠
+ 0

⎛
⎜
⎜
⎜⎝

0 − 1s
1 − s

2s − 1

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

1 + 1s − 2 + 0 − 1s
1s − s − 1 + 1 − s

1 − 1s − s + 2s − 1

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠

enq ]kk s ∈ H+ vd bnmbktcd sg]s w0+ w1+ ]mc w2 ]qd khmd]qkx cdodmcdms udbsnq etmbshnmr nm H-
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Hm Rdbshnm 2-2 sgd Vqnmrjh]m ne svn udbsnq etmbshnmr vhsg svn bnlonmdmsr v]r cd“mdc-
Vd mnv dwsdmc sgd cd“mhshnm sn rdsr ne m udbsnq etmbshnmr+ d]bg vhsg m bnlonmdmsr-

CDEHMHSHNM
5-1-3

Kds w0+ - - - + wm ad m rnktshnmr ne sgd gnlnfdmdntr khmd]q rxrsdl ne ch—dqdmsh]k dpt]shnmr
w… = O&s(w ]mc kds W&s( ad sgd m % m l]sqhw vgnrd i sg bnktlm hr wi &s(+ i = 0+ - - - + m+

W&s( =
⎛
⎜
⎜
⎜⎝

w00&s( ⋯ w0m&s(
⋮ ⋮

wm0&s( ⋯ wmm&s(

⎞
⎟
⎟
⎟⎠
. &01(

Sgd VqnmrjhZm V = VZw0+… + wm[ ne sgd m rnktshnmr w0+… + wm hr cd“mdc ax

VZw0+… + wm[&s( = cds W&s(. &02(

Sgd mdws sgdnqdl rgnvr gnv V hr trdc sn sdrs vgdsgdq ] rds ne m rnktshnmr ne w… = O&s(w hr
khmd]qkx hmcdodmcdms nq khmd]qkx cdodmcdms nm ]m hmsdqu]k H-

SGDNQDL
5-1-4

Kds w0+… + wm ad rnktshnmr ne w… = O&s(w nm ]m hmsdqu]k H = &�+ 𝛼( hm vghbg O&s( hr bnm,
shmtntr-

 h( He w0+… + wm ]qd khmd]qkx hmcdodmcdms nm H+ sgdm VZw0+… + wm[&s( ≠ / ]s dudqx onhms
hm H+

 hh( He w0+… + wm ]qd khmd]qkx cdodmcdms nm H+ sgdm VZw0+… + wm[&s( = / ]s dudqx onhms
hm H-

Oqnne ?rrtld “qrs sg]s w0+… + wm ]qd khmd]qkx hmcdodmcdms nm H- Vd sgdm v]ms sn rgnv sg]s
VZw0+… + wm[&s( ≠ / sgqntfgnts H- Sn cn sghr+ vd ]rrtld sgd bnmsq]qx+ sg]s hr+ sgdqd
hr ] onhms s/ ∈ H rtbg sg]s VZw0+… + wm[&s/( = /- Sghr ld]mr sg]s sgd bnktlm udbsnqr
!w0&s/(+… + wm&s/(} ]qd khmd]qkx cdodmcdms &Sgdnqdl ?-2-5( rn sg]s sgdqd dwhrs bnmrs]msr
b̂0+… + b̂m+ mns ]kk ydqn+ rtbg sg]s b̂0w0&s/( +⋯ + b̂mwm&s/( = .- Sgdm Sgdnqdl 5-1-1 hl,
okhdr sg]s !&s( = b̂0w0&s( +⋯ + b̂mwm&s( hr ] rnktshnm ne w… = O&s(w sg]s r]shr“dr sgd hmh,
sh]k bnmchshnm w&s/( = .- Sgd ydqn rnktshnm ]krn r]shr“dr sgd r]ld hmhsh]k u]ktd oqnakdl-
Sgd tmhptdmdrr o]qs ne Sgdnqdl 5-1-0 sgdqdenqd hlokhdr sg]s ! hr sgd ydqn rnktshnm+ sg]s
hr+ !&s( = b̂0w0&s( +⋯ + b̂mwm&s( = . enq dudqx s ∈ &�+ 𝛼(+ bnmsq]chbshmf ntq nqhfhm]k ]r,
rtloshnm sg]s w0+… + wm ]qd khmd]qkx hmcdodmcdms nm H- Sghr oqnudr &h(-

Sn oqnud &hh(+ ]rrtld sg]s w0+… + wm ]qd khmd]qkx cdodmcdms nm H- Sgdm sgdqd dwhrs
bnmrs]msr �0+… + �m+ mns ]kk ydqn+ rtbg sg]s �0w0&s( +⋯ + �mwm&s( = . enq dudqx s ∈ H-
Bnmrdptdmskx+ enq d]bg s ∈ H+ sgd udbsnqr w0&s(+… + wm&s( ]qd khmd]qkx cdodmcdms- Sgtr
VZw0+… + wm[&s( = / ]s dudqx onhms hm H &Sgdnqdl ?-2-5(-

PdlRpi-Sgd bnmbktrhnm ne Sgdnqdl 5-1-4 gnkcr nmkx enq rnktshnmr ne ] rxrsdl w… = O&s(w nm ]m
hmsdqu]k H vgdqd O&s( hr bnmshmtntr- Enq dw]lokd+ sgd udbsnqr

w0 =

}
s1

1s

(
]mc w1 =

}
s⟩s⟩
1⟩s⟩

(

]ksgntfg khmd]qkx hmcdodmcdms nm H = &−0+ 0(+ r]shrex VZw0+ w1[&/( = / nm H- Sgdqdenqd+ w0 ]mc
w1 cn mns r]shrex sgd gxonsgdrhr ne Sgdnqdl 5-1-4-
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Hs enkknvr eqnl Sgdnqdl 5-1-4 sg]s w0+… + wm ]qd khmd]qkx hmcdodmcdms rnktshnmr ne
w… = O&s(w nm H he ]mc nmkx he VZw0+… + wm[&s( ≠ / enq dudqx s ∈ H- Sgd mdws sgdnqdl rgnvr
sg]s ]kk rnktshnmr ne w… = O&s(w ]qd bnms]hmdc hm sgd m,enkc hm“mhsd e]lhkx b0w0 +⋯ + bmwm+
oqnuhcdc sg]s w0+… + wm ]qd khmd]qkx hmcdodmcdms nm H-

SGDNQDL
5-1-5

Kds w0+… + wm ad rnktshnmr ne

w… = O&s(w &03(

nm sgd hmsdqu]k � . s . 𝛼 rtbg sg]s+ enq rnld onhms s/ ∈ &�+ 𝛼(+ sgd Vqnmrjh]m hr mnmydqn+
VZw0+… + wm[&s/( ≠ /- Sgdm d]bg rnktshnm w = !&s( ne Dp- &03( b]m ad dwoqdrrdc ]r ]
khmd]q bnlahm]shnm ne w0+… + wm+

!&s( = b̂0w0&s( +⋯ + b̂mwm&s(+ &04(

vgdqd sgd bnmrs]msr b̂0+… + b̂m ]qd tmhptdkx cdsdqlhmdc-

Oqnne Kds !&s( ad ] fhudm rnktshnm ne Dp- &03(- He vd rds w/ = !&s/(+ sgdm sgd udbsnq etmbshnm !
hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

w… = O&s(w+ w&s/( = w/. &05(

Ax sgd oqhmbhokd ne rtodqonrhshnm+ sgd khmd]q bnlahm]shnm 𝝓&s( = b0w0&s( +⋯ + bmwm&s(
hr ]krn ] rnktshnm ne &03( enq ]mx bgnhbd ne bnmrs]msr b0+… + bm- Sgd qdpthqdldms
𝝓&s/( = w/ kd]cr sn sgd khmd]q ]kfdaq]hb rxrsdl

W&s/(b = w/+ &06(

vgdqd W&s( hr cd“mdc ax Dp- &01(- Rhmbd VZw0+… + wm[&s/( ≠ /+ sgd khmd]q ]kfdaq]hb rxr,
sdl &06( g]r ] tmhptd rnktshnm &rdd Sgdnqdl ?-2-6( sg]s vd cdmnsd ax b̂0+… + b̂m- Sgtr sgd
o]qshbtk]q ldladq 𝝓&s( = b̂0w0&s( +⋯ + b̂mwm&s( ne sgd m,o]q]ldsdq e]lhkx qdoqdrdmsdc
ax 𝝓&s( ]krn r]shr“dr sgd hmhsh]k u]ktd oqnakdl &05(- Ax sgd tmhptdmdrr o]qs ne Sgdnqdl
5-1-0+ hs enkknvr sg]s ! = 𝝓 = b̂0w0 +⋯ + b̂mwm- Rhmbd ! hr ]qahsq]qx+ sgd qdrtks gnkcr
&vhsg ch—dqdms bnmrs]msr+ ne bntqrd( enq dudqx rnktshnm ne Dp- &03(-

PdlRpi- Hs hr btrsnl]qx sn b]kk sgd m,o]q]ldsdq e]lhkx
b0w0&s( +⋯ + bmwm&s(

sgd fdmdqZk rnktshnm ne Dp- &03( he VZw0+… + wm[&s/( hr mnmydqn enq rnld s/ ∈ &�+ 𝛼(- Sgdnqdl
5-1-5 ft]q]msddr sg]s sgd fdmdq]k rnktshnm hmbktcdr ]kk onrrhakd rnktshnmr ne Dp- &03(- ?mx rds ne
rnktshnmr w0+… + wm ne Dp- &03(+ vghbg ]qd khmd]qkx hmcdodmcdms nm ]m hmsdqu]k � . s . 𝛼+ hr r]hc
sn ad ] etmcZldmsZk rds ne rnktshnmr enq sg]s hmsdqu]k-

DW;LOKD
2

He

? =
⎛
⎜
⎜
⎜⎝

/ −0 1
1 −2 1
2 −2 0

⎞
⎟
⎟
⎟⎠

+

rgnv sg]s

w0&s( = d−1s

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠

+ w1&s( = d−s

⎛
⎜
⎜
⎜⎝

0
0
/

⎞
⎟
⎟
⎟⎠

+ ]mc w2&s( = ds

⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠
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enql ] etmc]ldms]k rds enq

w… = ?w. &07(

Sgdm rnkud sgd hmhsh]k u]ktd oqnakdl bnmrhrshmf ne Dp- &07( rtaidbs sn sgd hmhsh]k bnmchshnm
w&/( = &0+−1+ 0(S -

Rtarshstshmf d]bg ne w0+ w1+ ]mc w2 hmsn Dp- &07( ]mc udqhexhmf sg]s sgd dpt]shnm qdctbdr
sn ]m hcdmshsx+ rgnv sg]s w0+ w1+ ]mc w2 ]qd rnktshnmr ne Dp- &07(- Hm sgd mdws rdbshnm vd vhkk
rgnv xnt gnv sn “mc w0+ w1+ ]mc w2 xntqrdke- Rhmbd

VZw0+ w1+ w2[&/( =

||||||||

0 0 0
/ 0 0

−0 / 0

||||||||
= 0 ≠ /+

hs enkknvr eqnl Sgdnqdl 5-1-5 sg]s w0+ w1+ ]mc w2 enql ] etmc]ldms]k rds enq Dp- &07( ]mc
sg]s sgd fdmdq]k rnktshnm hr w = b0w0&s( + b1w1&s( + b2w2&s(- Rtarshstshmf sgd fdmdq]k rnktshnm
hmsn sgd hmhsh]k bnmchshnm w&/( = &0+−1+ 0(S xhdkcr sgd rxrsdl

⎛
⎜
⎜
⎜⎝

0 0 0
/ 0 0

−0 / 0

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

b0
b1
b2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

0
−1

0

⎞
⎟
⎟
⎟⎠
. &08(

Rnkuhmf Dp- &08( ax F]trrh]m dkhlhm]shnm fhudr b0 = 2+ b1 = −5+ ]mc b2 = 3- Sgtr sgd
rnktshnm ne Dp- &07( r]shrexhmf w&/( = &0+−1+ 0(S hr

w = 2d−1s

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠
− 5d−s

⎛
⎜
⎜
⎜⎝

0
0
/

⎞
⎟
⎟
⎟⎠
+ 3ds

⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠
.

Sgd mdws sgdnqdl rs]sdr sg]s sgd rxrsdl &3( ]kv]xr g]r ]s kd]rs nmd etmc]ldms]k rds ne
rnktshnmr-

SGDNQDL
5-1-6

Kds

d0 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

0
/
/
⋮

/

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

+ d1 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
0
/
⋮

/

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

+ … + dm =

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
/
/
⋮

0

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

:

etqsgdq kds w0+… + wm ad rnktshnmr ne w… = O&s(w sg]s r]shrex sgd hmhsh]k bnmchshnmr

w0&s/( = d0+ … + wm&s/( = dm+

qdrodbshudkx+ vgdqd s/ hr ]mx onhms hm � . s . 𝛼- Sgdm w0+… + wm enql ] etmc]ldms]k rds
ne rnktshnmr ne w… = O&s(w-
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Oqnne Dwhrsdmbd ]mc tmhptdmdrr ne sgd rnktshnmr w0+… + wm ]qd ft]q]msddc ax Sgdnqdl 5-1-0+
]mc hs hr d]rx sn rdd sg]s VZw0+… + wm[&s/( = cds Hm = 0- Hs sgdm enkknvr eqnl Sgdnqdl
5-1-5 sg]s w0+… + wm enql ] etmc]ldms]k rds ne rnktshnmr enq w… = O&s(w-

Nmbd nmd etmc]ldms]k rds ne rnktshnmr g]r addm entmc+ nsgdq rdsr b]m ad fdmdq]sdc ax enql,
hmf &hmcdodmcdms( khmd]q bnlahm]shnmr ne sgd “qrs rds- Enq sgdnqdshb]k otqonrdr+ sgd rds fhudm
ax Sgdnqdl 5-1-6 hr trt]kkx sgd rhlokdrs-

Sn rtll]qhyd+ ]mx rds ne m khmd]qkx hmcdodmcdms rnktshnmr ne sgd rxrsdl &3( enqlr ] etm,
c]ldms]k rds ne rnktshnmr- Tmcdq sgd bnmchshnmr fhudm hm sghr rdbshnm+ rtbg etmc]ldms]k rdsr
]kv]xr dwhrs+ ]mc dudqx rnktshnm ne sgd rxrsdl &3( b]m ad qdoqdrdmsdc ]r ] khmd]q bnlahm]shnm
ne ]mx etmc]ldms]k rds ne rnktshnmr-

▶ Khmd]q gsg Nqcdq Dpt]s hnmr- Qdb]kk eqnl Rdbshnm 5-0 sg]s ax hmsqnctbhmf sgd u]qh]akdr

w0 = x+ w1 = x…+ w2 = x……+ … + wm = x&m−0(+ &1/(

sgd hmhsh]k u]ktd oqnakdl enq sgd khmd]q msg nqcdq dpt]shnm+

cmx
csm + o0&s(

cm−0x
csm−0 +⋯ + om−0&s(

cx
cs

+ om&s(x = f&s(+ &10(

x&s/( = x/+ x…&s/( = x0+ … + x&m−0(&s/( = xm−0+ &11(

b]m ad dwoqdrrdc ]r ]m hmhsh]k u]ktd oqnakdl enq ] “qrs nqcdq rxrsdl+

w… =

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

/ 0 / / ⋯ /
/ / 0 / ⋯ /
⋮ ⋮ ⋮ ⋮ ⋮

/ / / / ⋯ 0
−om&s( −om−0&s( −om−1&s( −om−2&s( ⋯ −o0&s(

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

w +

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
/
⋮

/
f&s(

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

+ &12(

w&s/( =

⎛
⎜
⎜
⎜
⎜⎝

x/
x0
⋮

xm−0

⎞
⎟
⎟
⎟
⎟⎠

+ &13(

vgdqd w = &w0+… + wm(S - Sgdnqdl 5-1-0 sgdm oqnuhcdr rtffbhdms bnmchshnmr enq sgd dwhrsdmbd
]mc tmhptdmdrr ne ] rnktshnm sn sgd hmhsh]k u]ktd oqnakdl &10(+ &11(- Sgdrd bnmchshnmr ]qd
rs]sdc hm sgd enkknvhmf bnqnkk]qx sn Sgdnqdl 5-1-0-

BNQNKK;QX
5-1-7

He sgd etmbshnmr o0&s(+ o1&s(+… + om&s(+ ]mc f&s( ]qd bnmshmtntr nm sgd nodm hmsdqu]k
H = &�+ 𝛼(+ sgdm sgdqd dwhrsr dw]bskx nmd rnktshnm x = 𝜏&s( ne sgd ch—dqdmsh]k dpt]shnm
&10( sg]s ]krn r]shr“dr sgd hmhsh]k bnmchshnmr &11(- Sghr rnktshnm dwhrsr sgqntfgnts sgd
hmsdqu]k H-
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Oqnne Tmcdq sgd rs]sdc bnmchshnmr+ sgd l]sqhw ne bndffbhdmsr ]mc sgd mnmgnlnfdmdntr
sdql hm Dp- &12( ]qd bnmshmtntr nm H- Ax Sgdnqdl 5-1-0+ ] tmhptd rnktshnm
w = !&s( = &𝜏0&s(+… +𝜏m&s((S sn sgd hmhsh]k u]ktd oqnakdl &12(+ &13( dwhrsr sgqntfgnts
H- Sgd cd“mhshnmr enq sgd rs]sd u]qh]akdr hm sgd khrs &1/( sgdm rgnv sg]s x = 𝜏&s( = 𝜏0&s(
hr sgd tmhptd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &10(+ &11(-

Vd mnv qdrsqhbs ntq ]ssdmshnm sn sgd gnlnfdmdntr dpt]shnm ]rrnbh]sdc vhsg Dp- &10(+

cmx
csm + o0&s(

cm−0x
csm−0 +⋯ + om−0&s(

cx
cs

+ om&s(x = /+ &14(

]mc sgd bnqqdronmchmf gnlnfdmdntr rxrsdl ]rrnbh]sdc vhsg Dp- &12(

w… =

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

/ 0 / / ⋯ /
/ / 0 / ⋯ /
⋮ ⋮ ⋮ ⋮ ⋮

/ / / / ⋯ 0
−om&s( −om−0&s( −om−1&s( −om−2&s( ⋯ −o0&s(

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

w. &15(

Trhmf sgd qdk]shnmr &1/(+ sgd rb]k]q etmbshnmr x0+… + xm ]qd rnktshnmr ne Dp- &14( he ]mc
nmkx he sgd m udbsnqr w0 = & x0+ x…0+… + x&m−0(

0 (S +… + wm = & xm+ x…m+… + x&m−0(
m (S ]qd rnktshnmr ne

Dp- &15(- Hm ]bbnqc]mbd vhsg Dp- &02(+ vd vhkk cd“md sgd Vqnmrjh]m ne sgd rb]k]q etmbshnmr
x0+… + xm ax

VZ x0+… + xm[&s( =

|||||||||||

x0&s( x1&s( ⋯ xm&s(
x…0&s( x…1&s( ⋯ x…m&s(
⋮ ⋮ ⋮

x&m−0(
0 &s( x&m−0(

1 &s( x&m−0(
m &s(

|||||||||||

. &16(

Sgdnqdl 5-1-5 sgdm ]kknvr tr sn bnmbktcd sg]s he x0+… + xm ]qd rnktshnmr ne Dp- &14( nm ]m
hmsdqu]k H = &�+ 𝛼( ]mc

VZ x0+… + xm[&s/( ≠ /

enq rnld s/ ∈ &�+ 𝛼(+ sgdm d]bg rnktshnm x = 𝜏&s( ne Dp- &14( b]m ad vqhssdm ]r ] khmd]q bnl,
ahm]shnm ne x0+… + xm+

𝜏&s( = b̂0x0&s( +⋯ + b̂mxm&s(+

vgdqd sgd bnmrs]msr b̂0+… + b̂m ]qd tmhptdkx cdsdqlhmdc- Vd rs]sd sghr qdrtks hm sgd enkknvhmf
bnqnkk]qx sn Sgdnqdl 5-1-5-
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BNQNKK;QX
5-1-8

Kds x0+… + xm ad rnktshnmr ne

cmx
csm + o0&s(

cm−0x
csm−0 +⋯ + om−0&s(

cx
cs

+ om&s(x = / &17(

nm ]m hmsdqu]k H = &�+ 𝛼( hm vghbg o0+… + om ]qd bnmshmtntr- He enq rnld onhms s/ ∈ H sgdrd
rnktshnmr r]shrex

VZ x0+… + xm[&s/( ≠ /+

sgdm d]bg rnktshnm x = 𝜏&s( ne Dp- &17( b]m ad dwoqdrrdc ]r ] khmd]q bnlahm]shnm ne
x0+… + xm+

𝜏&s( = b̂0x0&s( +⋯ + b̂mxm&s(+

vgdqd sgd bnmrs]msr b̂0+… + b̂m ]qd tmhptdkx cdsdqlhmdc-

Sgd sdqlhmnknfx enq rnktshnmr ne sgd msg nqcdq rb]k]q dpt]shnm hr hcdmshb]k sn sg]s trdc enq
rnktshnmr ne w… = O&s(w- ? rds ne rnktshnmr x0+… + xm rtbg sg]s VZ x0+… + xm[&s/( ≠ / enq rnld
s/ ∈ &�+ 𝛼( hr b]kkdc ] etmcZldmsZk rds ne rnktshnmr enq Dp- &17( ]mc sgd m,o]q]ldsdq e]lhkx
qdoqdrdmsdc ax sgd khmd]q bnlahm]shnm

x = b0x0&s( +⋯ + bmxm&s(+

vgdqd b0+… + bm ]qd ]qahsq]qx bnmrs]msr+ hr b]kkdc sgd fdmdqZk rnktshnm ne Dp- &17(- Bnqnk,
k]qx 5-1-8 ft]q]msddr sg]s d]bg rnktshnm ne Dp- &17( bnqqdronmcr sn rnld ldladq ne sghr
m,o]q]ldsdq e]lhkx ne rnktshnmr-

DW;LOKD
3

Rgnv sg]s x0&w( = w+ x1&w( = w−0+ ]mc x2&w( = w1 enql ] etmc]ldms]k rds ne rnktshnmr enq

w2x……… + w1x…… − 1wx… + 1x = / &18(

nm H = &/+∞(-
Rtarshstshmf d]bg ne x0+ x1+ ]mc x2 hmsn Dp- &18( rgnvr sg]s sgdx ]qd rnktshnmr nm sgd fhudm

hmsdqu]k- Sn udqhex sg]s sgd sgqdd etmbshnmr ]qd khmd]qkx hmcdodmcdms nm H+ vd bnlotsd sgd
Vqnmrjh]m

VZ x0+ x1+ x2[&w( =

||||||||

w w−0 w1

0 −w−1 1w
/ 1w−2 1

||||||||
= −5w−0.

Rhmbd VZ x0+ x1+ x2[&w( . / nm H+ Bnqnkk]qx 5-1-8 hlokhdr sg]s w+ w−0+ ]mc w1 enql ] etmc],
ldms]k rds enq Dp- &18(- Mnsd sg]s hs hr nmkx mdbdrr]qx sn bnm“ql sg]s VZ x0+ x1+ x2[ hr mnmydqn
]s nmd onhms hm H: enq dw]lokd+ rgnvhmf sg]s VZ x0+ x1+ x2[&0( = −5 vntkc g]ud rtffbdc-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 5+ cdsdqlhmd hmsdqu]kr hm vghbg
rnktshnmr ]qd rtqd sn dwhrs9
0- x&3( + 4x……… + 3x = s
1- sx……… + &rhm s(x…… + 3x = anr s

2- s&s − 0(x&3( + dsx…… + 6s1x = /
3- x……… + sx…… + 4s1x… + 1s2x = im s
4- &w − 0(x&3( + &w + 4(x…… + &s}m w(x = /
5- &w1 − 14(x&5( + w1x…… + 4x = /
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6- Bnmrhcdq sgd udbsnqr

w0&s( =
⎛
⎜
⎜
⎜⎝

ds

1ds

−ds

⎞
⎟
⎟
⎟⎠

+ w1&s( =
⎛
⎜
⎜
⎜⎝

d−s

−1d−s

d−s

⎞
⎟
⎟
⎟⎠

+

w2&s( =
⎛
⎜
⎜
⎜⎝

1d3s

1d3s

−7d3s

⎞
⎟
⎟
⎟⎠

]mc kds W&s( ad sgd l]sqhw vgnrd bnktlmr ]qd sgd udbsnqr
w0&s(+ w1&s(+ w2&s(- Bnlo]qd sgd ]lntmsr ne vnqj adsvddm sgd
enkknvhmf svn ldsgncr enq nas]hmhmf VZw0+ w1+ w2[&/(9
Ldsgnc 09 Ehqrs “mc ⟩W&s(⟩ ]mc sgdm rds s = /-
Ldsgnc 19 Du]kt]sd W&s( ]s s = / ]mc sgdm “mc ⟩W&/(⟩-
7- Cdsdqlhmd vgdsgdq

w0&s( = d−s

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠

+ w1&s( = d−s

⎛
⎜
⎜
⎜⎝

0
−5

0

⎞
⎟
⎟
⎟⎠

+

w2&s( = d1s

⎛
⎜
⎜
⎜⎝

/
05
−5

⎞
⎟
⎟
⎟⎠

enql ] etmc]ldms]k rds ne rnktshnmr enq w… =
⎛
⎜
⎜
⎜⎝

/ 0 0
0 / 0
0 0 /

⎞
⎟
⎟
⎟⎠
w-

8- Cdsdqlhmd vgdsgdq

w0&s( = d−s

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠

+ w1&s( = d−s

⎛
⎜
⎜
⎜⎝

0
−3

0

⎞
⎟
⎟
⎟⎠

+

w2&s( = d7s

⎛
⎜
⎜
⎜⎝

1
0
1

⎞
⎟
⎟
⎟⎠

enql ] etmc]ldms]k rds ne rnktshnmr enq w… =
⎛
⎜
⎜
⎜⎝

2 1 3
1 / 1
3 1 2

⎞
⎟
⎟
⎟⎠
w-

0.- Hm Rdbshnm 3-1 hs v]r rgnvm sg]s he w0 ]mc w1 ]qd rnktshnmr
ne

w… =

}
o00&s( o01&s(
o10&s( o11&s(

(
w+

nm ]m hmsdqu]k H+ sgdm sgd Vqnmrjh]m V ne w0 ]mc w1 r]shr,
“dr sgd ch—dqdmsh]k dpt]shnm V … = &o00 + o11(V - ? fdmdq]k,
hy]shnm ne sg]s oqnne rgnvr sg]s he w0+… + wm ]qd rnktshnmr ne
Dp- &3( nm H+ sgdm sgd Vqnmrjh]m ne w0+… + wm+ cdmnsdc ax V +
r]shr“dr sgd ch—dqdmsh]k dpt]shnm

V … = &o00 + o11 +⋯ + omm(V = sq&O&s((V . &h(

 Z( Dwok]hm vgx Dp- &h( ]krn hlokhdr sg]s V hr dhsgdq hcdm,
shb]kkx ydqn nq dkrd mdudq u]mhrgdr nm H hm ]bbnqc]mbd vhsg
Sgdnqdl 5-1-4-
 a( He x0+ . . . + xm ]qd rnktshnmr ne Dp- &17(+ “mc ] bntmsdqo]qs
sn Dp- &h( r]shr“dc ax V = VZ x0+ . . . + xm[&s(-
Hm d]bg ne Oqnakdlr 00 sgqntfg 05+ udqhex sg]s sgd fhudm etmb,
shnmr ]qd rnktshnmr ne sgd ch—dqdmsh]k dpt]shnmr+ ]mc cdsdq,
lhmd sgdhq Vqnmrjh]m9
00- x……… + x… = /+ 0+ anr s+ rhm s
01- x&3( + x…… = /+ 0+ s+ anr s+ rhm s
02- x……… + 3x…… − 3x… − 05x = /+ d1s+ d−1s+ d−3s

03- x&3( + 5x……… + 8x…… = /+ 0+ s+ d−2s+ sd−2s

04- wx……… − x…… = /+ 0+ w+ w2

05- w2x……… + w1x…… − 1wx… + 1x = /+ w+ w1+ 0{w
06- Udqhex sg]s sgd ch—dqdmsh]k nodq]snq cd“mdc ax

KZ x[ = x&m( + o0&s(x&m−0( +⋯ + om&s(x

hr ] khmd]q nodq]snq- Sg]s hr+ rgnv sg]s

KZb0x0 + b1x1[ = b0KZ x0[ + b1KZ x1[+

vgdqd x0 ]mc x1 ]qd m shldr ch—dqdmsh]akd etmbshnmr ]mc
b0 ]mc b1 ]qd ]qahsq]qx bnmrs]msr- Gdmbd rgnv sg]s he
x0+ x1+… + xm ]qd rnktshnmr ne KZx[ = /+ sgdm sgd khmd]q bnl,
ahm]shnm b0x0 +⋯ + bmxm hr ]krn ] rnktshnm ne KZ x[ = /-

5-2 Gnlnfdmdntr Khmd]q Rxrsdlr
vhsg Bnmrs]ms Bndeehbhdmsr
Hm Bg]osdq 2 sgd dhfdmu]ktd ldsgnc v]r trdc sn “mc etmc]ldms]k rnktshnm rdsr enq khmd]q
bnmrs]ms bndffbhdms rxrsdlr ne chldmrhnm 1+

w… =

}
Z00 Z01
Z10 Z11

(
w. &0(
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Hm sghr rdbshnm vd dwsdmc sgd dhfdmu]ktd ldsgnc sn sgd rxrsdl

w… = ?w+ &1(

vgdqd ? hr ] qd]k bnmrs]ms m % m l]sqhw- ?r hm Bg]osdq 2+ vd ]rrtld rnktshnmr ne sgd enql

w = dλsu+ &2(

vgdqd sgd rb]k]q λ ]mc sgd bnmrs]ms m % 0 udbsnq u ]qd sn ad cdsdqlhmdc- Sgd rsdor kd]c,
hmf sn sgd dhfdmu]ktd oqnakdl ]qd hcdmshb]k sn sgd svn,chldmrhnm]k b]rd- Rtarshstshmf eqnl
Dp- &2( hmsn Dp- &1(+ vd “mc sg]s

λdλsu = dλs?u+ &3(

vgdqd vd g]ud trdc sgd e]bs sg]s w… = λdλsu- Rhmbd dλs hr mnmydqn+ Dp- &3( qdctbdr sn

λu = ?u+

nq

&? − λHm(u = .+ &4(

vgdqd Hm hr sgd m % m hcdmshsx l]sqhw- Fhudm ] rpt]qd l]sqhw ?+ qdb]kk sg]s sgd oqnakdl ne

h- “mchmf u]ktdr ne λ enq vghbg Dp- &4( g]r mnmsqhuh]k rnktshnm udbsnqr u+ ]mc
hh- “mchmf sgd bnqqdronmchmf mnmsqhuh]k rnktshnmr+

hr jmnvm ]r sgd dhfdmuZktd oqnakdl enq ? &rdd ?oodmchw ?-3(- Vd chrshmfthrg sgd enkknv,
hmf sgqdd b]rdr9

0- ? g]r ] bnlokdsd rds ne m khmd]qkx hmcdodmcdms dhfdmudbsnqr ]mc ]kk ne sgd dhfdmu]ktdr
ne ? ]qd qd]k+

1- ? g]r ] bnlokdsd rds ne m khmd]qkx hmcdodmcdms dhfdmudbsnqr ]mc nmd nq lnqd bnlokdw
bnmitf]sd o]hqr ne dhfdmu]ktdr+

2- ? hr cdedbshud+ sg]s hr+ sgdqd ]qd nmd nq lnqd dhfdmu]ktdr ne ? enq vghbg sgd fdnldsqhb
ltkshokhbhsx hr kdrr sg]m sgd ]kfdaq]hb ltkshokhbhsx &rdd ?oodmchw ?-3(-

Hm sgd qdrs ne sghr rdbshnm+ vd ]m]kxyd sgd “qrs b]rd+ vgdqd]r sgd rdbnmc ]mc sghqc b]rdr ]qd
cd]ks vhsg hm Rdbshnmr 5-3 ]mc 5-6+ qdrodbshudkx-

Sgd L]sqhw 9 Hr Mnmcdedbshud vhsg Qd]k Dhfdmu]ktdr

SGDNQDL
5-2-0

Kds &λ0+ u0(+… + &λm+ um( ad dhfdmo]hqr enq sgd qd]k+ m % m bnmrs]ms l]sqhw ?- ?rrtld sg]s
sgd dhfdmu]ktdr λ0+… + λm ]qd qd]k ]mc sg]s sgd bnqqdronmchmf dhfdmudbsnqr u0+… + um ]qd
khmd]qkx hmcdodmcdms- Sgdm

]
dλ0su0+… + dλmsum

}
&5(

hr ] etmc]ldms]k rds ne rnktshnmr sn w… = ?w nm sgd hmsdqu]k &−∞+∞(- Sgd fdmdq]k rnkt,
shnm ne w… = ?w hr sgdqdenqd fhudm ax

w&s( = b0dλ0su0 +⋯ + bmdλmsum+ &6(

vgdqd b0+… + bm ]qd ]qahsq]qx bnmrs]msr-

PdlRpi- Sgd dhfdmu]ktdr mddc mns ad chrshmbs- ?kk sg]s hr qdpthqdc hr sg]s enq d]bg dhfdmu]ktd
λi+ sgd fdnldsqhb ltkshokhbhsx dpt]kr sgd ]kfdaq]hb ltkshokhbhsx-
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Oqnne Kds

w0&s( = dλ0su0+… + wm&s( = dλmsum.

Vd g]ud w…i = dλisλiui = dλis?ui = ?wi+ rn wi hr ] rnktshnm ne w… = ?w enq d]bg
i = 0+… + m- Sn rgnv sg]s w0+… + wm enql ] etmc]ldms]k rds ne rnktshnmr+ vd du]kt]sd
sgd Vqnmrjh]m+

VZw0+… + wm[&s( = cdsZdλ0su0+… + dλmsum[ = d&λ0+⋯+λm(s cdsZu0+… + um[. &7(

Sgd dwonmdmsh]k etmbshnm hr mdudq ydqn ]mc rhmbd sgd dhfdmudbsnqr u0+… + um ]qd khmd]qkx
hmcdodmcdms+ sgd cdsdqlhm]ms hm sgd k]rs sdql hr mnmydqn- Sgdqdenqd sgd Vqnmrjh]m hr
mnmydqn ]mc sgd qdrtks enkknvr-

DW;LOKD
0

Ehmc sgd fdmdq]k rnktshnm ne

w… =
⎛
⎜
⎜
⎜⎝

−3{4 −0{4 3{4
−0{4 −3{4 −3{4

1{4 −1{4 2{4

⎞
⎟
⎟
⎟⎠
w. &8(

Sgd bg]q]bsdqhrshb onkxmnlh]k ne sgd l]sqhw ? ne bndffbhdmsr hr

⟩? − λH⟩ =
||||||||

−3{4 − λ −0{4 3{4
−0{4 −3{4 − λ −3{4
1{4 −1{4 2{4 − λ

||||||||
= −λ2 − λ1 + λ + 0 = −&λ + 0(1&λ − 0(+

rn sgd dhfdmu]ktdr ne ? ]qd λ0 = −0 ]mc λ1 = 0 vhsg ]kfdaq]hb ltkshokhbhshdr 1 ]mc 0+ qd,
rodbshudkx- Sn “mc sgd dhfdmudbsnq&r( adknmfhmf sn λ0+ vd rds λ = −0 hm &? − λH(u = .- Sghr
fhudr sgd khmd]q ]kfdaq]hb rxrsdl

⎛
⎜
⎜
⎜⎝

0{4 −0{4 3{4
−0{4 0{4 −3{4

1{4 −1{4 7{4

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0
ℏ1
ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
. &0/(

Trhmf dkdldms]qx qnv nodq]shnmr+ vd qdctbd sgd rxrsdl &0/( sn

⎛
⎜
⎜
⎜⎝

0 −0 3
/ / /
/ / /

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0
ℏ1
ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
.

Sgd nmkx bnmrsq]hms nm sgd bnlonmdmsr ne u hr ℏ0 − ℏ1 + 3ℏ2 = /- Rdsshmf ℏ1 = Z0 ]mc
ℏ2 = Z1+ vgdqd Z0 ]mc Z1 ]qd ]qahsq]qx bnmrs]msr+ ]mc sgdm rnkuhmf enq ℏ0 fhud ℏ0 = Z0 − 3Z1-
Bnmrdptdmskx+ sgd fdmdq]k rnktshnm ne &0/( b]m ad qdoqdrdmsdc ax

u =
⎛
⎜
⎜
⎜⎝

Z0 − 3Z1
Z0
Z1

⎞
⎟
⎟
⎟⎠
= Z0

⎛
⎜
⎜
⎜⎝

0
0
/

⎞
⎟
⎟
⎟⎠
+ Z1

⎛
⎜
⎜
⎜⎝

−3
/
0

⎞
⎟
⎟
⎟⎠
. &00(
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Ehqrs+ rdsshmf Z0 = 1 ]mc Z1 = / ]mc sgdm rdsshmf Z0 = 1 ]mc Z1 = 0 xhdkc ] o]hq ne khmd]qkx
hmcdodmcdms dhfdmudbsnqr ]rrnbh]sdc vhsg λ0 = −0+

u0 =
⎛
⎜
⎜
⎜⎝

1
1
/

⎞
⎟
⎟
⎟⎠

]mc u1 =
⎛
⎜
⎜
⎜⎝

−1
1
0

⎞
⎟
⎟
⎟⎠
.

PdlRpi- ?mx bgnhbdr enq Z0 ]mc Z1 sg]s oqnctbd ] o]hq ne khmd]qkx hmcdodmcdms dhfdmudbsnqr enq
λ0 vntkc rtffbd- Enq dw]lokd+ vd bntkc g]ud “qrs rds Z0 = 0 ]mc Z1 = / ]mc sgdm rds Z0 = / ]mc
Z1 = 0- Mnsd sg]s sgd bgnhbdr enq Z0 ]mc Z1 trdc ]anud kd]c sn dhfdmudbsnqr u0 ]mc u1 sg]s ]qd
nqsgnfnm]k &u0 � u1 = /(-

Sn “mc sgd dhfdmudbsnq ]rrnbh]sdc vhsg λ1 = 0+ vd rds λ = 0 hm &? − λH(u = . sn nas]hm
sgd rxrsdl

⎛
⎜
⎜
⎜⎝

−8{4 −0{4 3{4
−0{4 −8{4 −3{4

1{4 −1{4 −1{4

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0
ℏ1
ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
. &01(

Dkdldms]qx qnv nodq]shnmr qdctbd sgd rxrsdl &01( sn

⎛
⎜
⎜
⎜⎝

0 / −0{1
/ 0 0{1
/ / /

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0
ℏ1
ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
. &02(

Dpt]shnm &01( hr sgdqdenqd dpthu]kdms sn sgd svn dpt]shnmr ℏ0 − ℏ2{1 = / ]mc ℏ1 + ℏ2{1 = /-
Sgd fdmdq]k rnktshnm ne sghr o]hq ne dpt]shnmr b]m ad dwoqdrrdc ]r

u = a0

⎛
⎜
⎜
⎜⎝

0
−0

1

⎞
⎟
⎟
⎟⎠

+ &03(

vgdqd a0 hr ]qahsq]qx- Bgnnrhmf a0 = 0 xhdkcr sgd dhfdmudbsnq

u2 =
⎛
⎜
⎜
⎜⎝

0
−0

1

⎞
⎟
⎟
⎟⎠

adknmfhmf sn sgd dhfdmu]ktd λ1 = 0- Sgd fdmdq]k rnktshnm ne Dp- &8( hr sgdqdenqd fhudm ax

w&s( = b0d−s

⎛
⎜
⎜
⎜⎝

1
1
/

⎞
⎟
⎟
⎟⎠
+ b1d−s

⎛
⎜
⎜
⎜⎝

−1
1
0

⎞
⎟
⎟
⎟⎠
+ b2ds

⎛
⎜
⎜
⎜⎝

0
−0

1

⎞
⎟
⎟
⎟⎠
. &04(

Sn gdko tmcdqrs]mc sgd pt]khs]shud adg]uhnq ne ]kk rnktshnmr ne Dp- &8(+ vd hmsqnctbd sgd
rtards R ne Q2 ro]mmdc ax sgd dhfdmudbsnqr u0 ]mc u1+

R = !u 9 u = Z0u0 + Z1u1+ −∞ . Z0+ Z1 . ∞}. &05(
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w2

w0
w1

2
1

0
/

}0
}1

}2

1

0-4

0

/-4

/

}/-4

}0

}1
}0

/
0

1
2

u1

u2

u0

R

EHFTQD 5-2-0 Rnktshnm sq]idbsnqhdr enq sgd rxrsdl &8(-

Fdnldsqhb]kkx+ R bnqqdronmcr sn ] ok]md o]rrhmf sgqntfg sgd nqhfhm- Sghr hr rgnvm hm
Ehftqd 5-2-0- Eqnl Dp- &04( vd rdd sg]s he w&/( ∈ R+ sgdm b2 = /+ ]mc bnmrdptdmskx+ w&s( ∈ R
enq ]kk s ≥ /- Etqsgdqlnqd w&s( → &/+ /+ /(S ]r s → ∞ ctd sn sgd e]bs sg]s sgd dhfdmu]ktd
λ0 = −0 . /- Sgd rsq]hfgs,khmd sq]idbsnqhdr kxhmf hm R hm Ehftqd 5-2-0 bnqqdronmc sn rnkt,
shnmr w&s( ne Dp- &8( vgdqd sgd hmhsh]k bnmchshnmr ]qd rtbg sg]s w&/( = w/ ∈ R- ?krn rgnvm
hm Ehftqd 5-2-0 ]qd sgd fq]ogr ne entq sq]idbsnqhdr &gd]ux btqudr( qdoqdrdmsdc ax Dp- &04( hm
vghbg b2 hr bgnrdm sn ad rkhfgskx onrhshud- Enq d]bg ne sgdrd sq]idbsnqhdr+ sgd hmhsh]k bnmch,
shnm w&/( ∉ R+ ]mc hs hr bkd]q eqnl Dp- &04( ]mc Ehftqd 5-2-0 sg]s d]bg sq]idbsnqx hm sghr b]rd
ltrs ]rxlosnshb]kkx ]ooqn]bg sgd khmd o]rrhmf sgqntfg sgd nqhfhm vhsg chqdbshnm udbsnq u2+
o]q]ldsqhb]kkx dwoqdrrdc ax w = )u2+−∞ . ) . ∞+ ]r s → ∞-

▶ Qd]k ]mc Chrs hmbs Dhfdmu]ktdr- ? eqdptdmskx nbbtqqhmf rodbh]k b]rd enq vghbg sgd fdmdq]k rnktshnm
ne w… = ?w hr ]kv]xr ne sgd enql &6( hr fhudm ax sgd enkknvhmf bnqnkk]qx sn Sgdnqdl 5-2-0-

BNQNKK;QX
5-2-1

Rtoonrd sg]s sgd l]sqhw ? g]r m dhfdmo]hqr &λ0+ u0(+… + &λm+ um( vhsg sgd oqnodqsx sg]s
sgd dhfdmu]ktdr λ0+… + λm ]qd qd]k ]mc chrshmbs- Sgdm

]
dλ0su0+… + dλmsum

}

enql ] etmc]ldms]k rnktshnm rds enq sgd gnlnfdmdntr rxrsdl w… = ?w-

Oqnne Rhmbd sgd dhfdmu]ktdr ]qd chrshmbs+ sgd dhfdmudbsnqr u0+… + um ]qd khmd]qkx hmcdodmcdms-
Sn rdd vgx sghr hr rn+ mnsd sg]s

&? − λhHm(ui = ?ui − λhHmui = λiui − λhui =
⎧
⎪
⎨
⎪⎩

.+ h = i

&λi − λh(ui+ h ≠ i.
&06(
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Ltkshokxhmf

b0u0 +⋯ + bmum = . &07(

ax sgd oqnctbs l]sqhw &? − λm−0Hm(⋯ &? − λ0Hm( ]mc trhmf Dpr- &06( xhdkc sgd dpt]shnm

bm&λm − λ0(⋯ &λm − λm−0(um = .+

Rhmbd sgd dhfdmu]ktdr ]qd chrshmbs ]mc d]bg dhfdmudbsnq hr mns sgd ydqn udbsnq+ sghr hlokhdr
bm = /- Mdws+ ltkshokxhmf

b0u0 +⋯ + bm−0um−0 = .

ax sgd oqnctbs l]sqhw &? − λm−1Hm(⋯ &? − λ0Hm( ]mc ]f]hm trhmf Dpr- &06( xhdkc sgd
dpt]shnm

bm−0&λm−0 − λ0(⋯ &λm−0 − λm−1(um−0 = .+

vghbg hlokhdr sg]s bm−0 = /- Nauhntrkx+ sghr oqnbdrr b]m ad bnmshmtdc sn rgnv sg]s sgd
nmkx bnmrs]msr enq vghbg Dp- &07( hr sqtd ]qd b0 = b1 = ⋯ = bm = /- Sgtr sgd gxonsgdrhr
ne Sgdnqdl &5-2-0( hr r]shr“dc ]mc sgd qdrtks enkknvr-

DW;LOKD
1

Ehmc sgd fdmdq]k rnktshnm ne

w… =

⎛
⎜
⎜
⎜
⎜⎝

−0 −0 0 0
−2 −3 −2 5

/ −2 −1 2
−2 −4 −2 6

⎞
⎟
⎟
⎟
⎟⎠

w. &08(

Sgd bg]q]bsdqhrshb onkxmnlh]k ne sgd l]sqhw ne bndffbhdmsr hr

||||||||||

−0 − λ −0 0 0
−2 −3 − λ −2 5

/ −2 −1 − λ 2
−2 −4 −2 6 − λ

||||||||||

= λ3 − 4λ1 + 3 = &λ + 1(&λ + 0(&λ − 0(&λ − 1(.

Sgtr sgd dhfdmu]ktdr λ0 = −1+ λ1 = −0+ λ2 = 0+ λ3 = 1 ]qd chrshmbs ]mc Bnqnkk]qx 5-2-1 hr
]ookhb]akd- Sgd qdrodbshud dhfdmudbsnqr ]qd entmc sn ad

u0 =

⎛
⎜
⎜
⎜
⎜⎝

0
/

−0
/

⎞
⎟
⎟
⎟
⎟⎠

+ u1 =

⎛
⎜
⎜
⎜
⎜⎝

0
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

+ u2 =

⎛
⎜
⎜
⎜
⎜⎝

0
/
0
0

⎞
⎟
⎟
⎟
⎟⎠

+ u3 =

⎛
⎜
⎜
⎜
⎜⎝

/
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

.

Ne bntqrd+ sgd dhfdmu]ktdr ]mc dhfdmudbsnqr b]m ad entmc d]rhkx ax trhmf ] bnlotsdq nq
b]kbtk]snq- ? etmc]ldms]k rds ne rnktshnmr ne Dp- &08( hr sgdqdenqd

⎧
⎪
⎪
⎨
⎪
⎪⎩

d−1s

⎛
⎜
⎜
⎜
⎜⎝

0
/

−0
/

⎞
⎟
⎟
⎟
⎟⎠

+ d−s

⎛
⎜
⎜
⎜
⎜⎝

0
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

+ ds

⎛
⎜
⎜
⎜
⎜⎝

0
/
0
0

⎞
⎟
⎟
⎟
⎟⎠

+ d1s

⎛
⎜
⎜
⎜
⎜⎝

/
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

⎫
⎪
⎪
⎬
⎪
⎪⎭
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]mc sgd fdmdq]k rnktshnm hr

w = b0d−1s

⎛
⎜
⎜
⎜
⎜⎝

0
/

−0
/

⎞
⎟
⎟
⎟
⎟⎠

+ b1d−s

⎛
⎜
⎜
⎜
⎜⎝

0
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

+ b2ds

⎛
⎜
⎜
⎜
⎜⎝

0
/
0
0

⎞
⎟
⎟
⎟
⎟⎠

+ b3d1s

⎛
⎜
⎜
⎜
⎜⎝

/
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

.

Eqnl sgd fdmdq]k rnktshnm vd b]m cdctbd sgd adg]uhnq ne rnktshnmr enq k]qfd s9 &h( he
b2 = b3 = /+ ihls→∞ w&s( = &/+ /+ /+ /(S : &hh( he b2 ≠ / ]mc b3 = /+ w&s( ]rxlosnshb]kkx ]o,
oqn]bgdr sgd khmd o]rrhmf sgqntfg sgd nqhfhm hm Q3 vhsg chqdbshnm udbsnq u2: &hhh( he b2 ]mc
b3 ]qd ansg mnmydqn+ sgdm ]r s ]ooqn]bgdr hm“mhsx sgd chqdbshnm ne sgd sq]idbsnqx ]ooqn]bgdr
sgd chqdbshnm ne sgd dhfdmudbsnq u3-

▶ Rxlldsq hb L]sq hbdr - Dudm sgntfg sgd l]sqhw hm Dw]lokd 0 g]r ]m dhfdmu]ktd &λ = −0( vhsg ]kfdaq]hb
ltkshokhbhsx 1+ vd vdqd ]akd sn “mc svn khmd]qkx hmcdodmcdms dhfdmudbsnqr u0 ]mc u1- ?r
] bnmrdptdmbd+ vd vdqd ]akd sn bnmrsqtbs sgd fdmdq]k rnktshnm- Hm fdmdq]k+ fhudm ] l]sqhw
?+ sgd fdnldsqhb ltkshokhbhsx ne d]bg dhfdmu]ktd hr kdrr sg]m nq dpt]k sn hsr ]kfdaq]hb ltk,
shokhbhsx- He enq nmd nq lnqd dhfdmu]ktdr ne ? sgd fdnldsqhb ltkshokhbhsx hr kdrr sg]m sgd
]kfdaq]hb ltkshokhbhsx+ sgdm Dp- &1( vhkk mns g]ud ] etmc]ldms]k rds ne rnktshnmr ne sgd enql
&5(- Gnvdudq+ he ? adknmfr sn sgd bk]rr ne qd]k ]mc rxlldsqhb l]sqhbdr+ sgdm Dp- &1( vhkk ]k,
v]xr g]ud ] etmc]ldms]k rds ne rnktshnmr ne sgd enql &5( vhsg sgd fdmdq]k rnktshnm fhudm ax
Dp- &6(- Sghr hr ] bnmrdptdmbd ne sgd enkknvhmf oqnodqshdr ne sgd dhfdmu]ktdr ]mc dhfdmudb,
snqr ne ] qd]k rxlldsqhb l]sqhw ? &rdd ?oodmchw ?-3(9

0- ?kk sgd dhfdmu]ktdr λ0+… + λm ne ? ]qd qd]k-
1- ? g]r ] bnlokdsd rds ne m qd]k ]mc khmd]qkx hmcdodmcdms dhfdmudbsnqr u0+… + um- Etq,

sgdqlnqd dhfdmudbsnqr bnqqdronmchmf sn ch—dqdms dhfdmu]ktdr ]qd nqsgnfnm]k sn nmd
]mnsgdq ]mc ]kk dhfdmudbsnqr adknmfhmf sn sgd r]ld dhfdmu]ktd b]m ad bgnrdm sn ad
nqsgnfnm]k sn nmd ]mnsgdq-

Sgd enkknvhmf bnmshmtntr shld+ chrbqdsd ro]bd lncdk ne o]qshbkd ch—trhnm hm nmd chldmrhnm
kd]cr sn ] “qrs nqcdq rxrsdl ne khmd]q ch—dqdmsh]k dpt]shnmr w… = ?w+ vgdqd ? hr ] rxlldsqhb
l]sqhw-

DW;LOKD
2

Ch–trhnm nm Z Nmd,ChldmrhnmZk KZsshbd vhsg Qdfidbshmf AntmcZqhdr- Bnmrhcdq o]qshbkdr
sg]s b]m nbbtox ]mx ne m dpt]kkx ro]bdc onhmsr kxhmf ]knmf sgd qd]k khmd &] nmd,chldmrhnm]k
k]sshbd(+ ]r rgnvm hm Ehftqd 5-2-1-

w0

j w1�}�w0( j wi}0�}�wi( j wi)0�}�wi( j wm}0�}�wm(

w1 wi wi)0wi}0 wm}0 wm

EHFTQD 5-2-1 Ch—trhnm nm ] nmd,chldmrhnm]k k]sshbd-

He wi&s( hr sgd mtladq ne o]qshbkdr qdrhchmf ]s sgd i sg k]sshbd onhms ]s shld s+ vd l]jd sgd
enkknvhmf ]rrtloshnmr fnudqmhmf sgd lnudldms ne o]qshbkdr eqnl rhsd sn rhsd9

h- o]qshbkd sq]mrhshnmr sn rhsd i ]qd odqlhssdc nmkx eqnl md]qdrs,mdhfganq rhsdr+ ]mc
hh- o]qshbkdr lnud eqnl lnqd onotk]sdc rhsdr sn kdrr onotk]sdc rhsdr vhsg sgd q]sd ne

sq]mrhshnm oqnonqshnm]k sn sgd ch—dqdmbd adsvddm sgd mtladqr ne o]qshbkdr ]s ]ci]bdms
rhsdr-
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Sgd mtladq ne o]qshbkdr ]s d]bg hmsdqhnq onhms ne sgd k]sshbd hr ] chrbqdsd u]qh]akd- Sn lncdk
sghr vhsg ] ch—dqdmsh]k dpt]shnm vd ]ooqnwhl]sd d]bg chrbqdsd u]qh]akd vhsg ] bnmshmtntrkx
ch—dqdmsh]akd u]qh]akd+ ]r vd chc hm sgd onotk]shnm lncdkr hm Bg]osdq 1- Sgdm sgd ch—dqdmsh]k
dpt]shnm cdrbqhahmf sgd q]sd ne bg]mfd hm sgd mtladq ne o]qshbkdr ]s sgd i sg hmsdqhnq onhms ne
sgd k]sshbd hr

cwi

cs
= j&wi−0 − wi( + j&wi+0 − wi( = j&wi−0 − 1wi + wi+0(+ i = 1+… + m − 0+ &1/(

vgdqd j hr ] q]sd bnmrs]ms- Sgd q]sd dpt]shnmr enq sgd mtladqr ne o]qshbkdr ]s sgd kdes ]mc
qhfgs dmconhmsr ]qd

cw0
cs

= j&w1 − w0( &10(

]mc
cwm
cs

= j&wm−0 − wm(+ &11(

qdrodbshudkx- Sgd kdes ]mc qhfgs dmconhmsr ]qd qdedqqdc sn ]r qdfidbshmf antmc]qhdr rhmbd
Dpr- &10( ]mc &11( cn mns odqlhs o]qshbkdr sn drb]od eqnl sgd rds ne k]sshbd onhmsr- Sghr
vhkk ad l]cd duhcdms hm sgd chrbtrrhnm sg]s enkknvr-

Trhmf Dpr- &1/( sgqntfg &11(+ sgd rxrsdl cdrbqhahmf ch—trhnm nm ] k]sshbd bnmrhrshmf ne
m = 2 onhmsr hr dwoqdrrdc hm l]sqhw mns]shnm ]r

w… = j?w+ &12(
vgdqd w = &w0+ w1+ w2(S ]mc

? =
⎛
⎜
⎜
⎜⎝

−0 0 /
0 −1 0
/ 0 −0

⎞
⎟
⎟
⎟⎠
. &13(

Sgd dhfdmu]ktdr ne sgd rxlldsqhb l]sqhw ? ]qd λ0 = /+ λ1 = −0+ ]mc λ2 = −2+ ]mc sgd
bnqqdronmchmf dhfdmudbsnqr ]qd

u0 =
⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠

+ u1 =
⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠

+ u2 =
⎛
⎜
⎜
⎜⎝

0
−1

0

⎞
⎟
⎟
⎟⎠
. &14(

Sgd dhfdmudbsnqr ]qd ltst]kkx nqsgnfnm]k ]mc ]qd eqdptdmskx qdedqqdc sn ]r mnqlZk lncdr-
Oknsr ne sgd bnlonmdmsr ne sgd dhfdmudbsnqr ]qd rgnvm hm Ehftqd 5-2-2-

}0

}0

}/-4
}1

0

0
/-1 /-3 /-5 /-7 0

/-4

/

w2

w1

U2

U0

U1

w0

EHFTQD 5-2-2 Sgd dhfdmudbsnqr+ nq mnql]k lncdr+ ne sgd rxlldsqhb l]sqhw :-
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Sgtr sgd fdmdq]k rnktshnm ne Dp- &12( hr

w&s( = b0

⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠
+ b1d−js

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠
+ b2d−2js

⎛
⎜
⎜
⎜⎝

0
−1

0

⎞
⎟
⎟
⎟⎠
. &15(

Eqnl Dp- &15(+ hs hr bkd]q sg]s

ihl
s→∞

w&s( = b0u0 =
⎛
⎜
⎜
⎜⎝

b0
b0
b0

⎞
⎟
⎟
⎟⎠

+ &16(

sg]s hr+ ]kk rnktshnmr ]ooqn]bg ]m dpthkhaqhtl rs]sd hm vghbg sgd mtladqr ne o]qshbkdr ]s
d]bg ne sgd k]sshbd rhsdr ]qd hcdmshb]k+ sg]s hr+ ] tmhenql chrsqhatshnm- Sgd bnlonmdmsr nm
ansg rhcdr ne Dp- &12( l]x ad rtlldc ax ltkshokxhmf ansg rhcdr ne Dp- &12( &nm sgd kdes(
ax sgd qnv udbsnq &0+ 0+ 0(- Sghr xhdkcr sgd dpt]shnm &c{cs(&w0 + w1 + w2( = / ]mc sgdqdenqd
w0&s( + w1&s( + w2&s( hr bnmrs]ms enq s < /+ ] rs]sdldms sg]s sgd sns]k mtladq ne o]qshbkdr hm sgd
rxrsdl hr bnmrdqudc- Rhmbd ihls→/Zw0&s( + w1&s( + w2&s([ = w0/ + w1/ + w2/+ sgd hmhsh]k sns]k
mtladq ne o]qshbkdr+ ]mc Dp- &16( hlokhdr sg]s ihls→∞Zw0&s( + w1&s( + w2&s([ = 2b0+ hs enkknvr
sg]s 2b0 = w0/ + w1/ + w2/- Bnmrdptdmskx+ b0 = &w0/ + w1/ + w2/({2+ sgd ]udq]fd u]ktd ne sgd
hmhsh]k sns]k mtladq ne o]qshbkdr-

Ax bgnnrhmf b = &0+ 0+ /(S hm sgd fdmdq]k rnktshnm &15(+ bnqqdronmchmf sn sgd hmhsh]k bnm,
chshnm w&/( = &1+ 0+ /(S + cdb]x snv]qc dpthkhaqhtl sg]s hmunkudr nmkx sgd dhfdmudbsnqr u0 ]mc
u1 hr hkktrsq]sdc hm Ehftqd 5-2-3Z+ vgdqd vd g]ud ]krn rds sgd q]sd bnmrs]ms j = 0- Hm sghr b]rd+

/-4 0 0-4 1 1-4 2 2-4 3 3-4 4

/-4

0

0-4

1

/-4

0

0-4

 Y(

 a(

w

w

s

/-4 0 0-4 1 1-4 2 2-4 3 3-4 4 s

w�<�w0 s(

w�<�w1 s(

w�<�w2 s(

w < w0 s(
w�<�w2 s(

w�<�w1 s(

EHFTQD 5-2-3 &Z( Bnlonmdms oknsr ne Dp- &15( vhsg b = &0+ 0+ /(S bnqqdronmchmf
sn sgd hmhsh]k bnmchshnm w&/( = &1+ 0+ /(S - &a( Bnlonmdms oknsr ne

Dp- &15( vhsg b =
}

0+ /+ 0
1

(S
bnqqdronmchmf sn sgd hmhsh]k bnmchshnm

w&/( =
}

2
1
+ /+ 2

1

(
- Hm ansg b]rdr+ j = 0-
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sgd cdb]x q]sd hr bnmsqnkkdc ax sgd dhfdmu]ktd λ1 = −0- Etqsgdqlnqd sgd bnlonmdmsr ne w&s(
]qd ]mshrxlldsqhb ]ants sgd dpthkhaqhtl rnktshnm ctd sn sgd e]bs sg]s u1 hr ]mshrxlldsqhb
]ants hsr lhcckd bnlonmdms &rdd Ehftqd 5-2-2(-

Rhlhk]qkx+ ax bgnnrhmf b =
}

0+ /+ 0
1

(S
hm &15(+ bnqqdronmchmf sn sgd hmhsh]k bnmchshnm

w&/( =
}

2
1 + /+ 2

1

(S
+ cdb]x snv]qc dpthkhaqhtl sg]s hmunkudr nmkx sgd dhfdmudbsnqr u0 ]mc u2

hr rgnvm hm Ehftqd 5-2-3a+ vgdqd ]f]hm j = 0- Hm sghr b]rd+ sgd q]sd ne cdb]x snv]qc dpthkha,
qhtl hr e]rsdq rhmbd hs hr bnmsqnkkdc ax sgd dhfdmu]ktd λ2 = −2- Mnsd ]krn sg]s sgd bnlonmdmsr
ne w&s( ]qd rxlldsqhb ]ants sgd dpthkhaqhtl rnktshnm ctd sn sgd e]bs sg]s u2 hr rxlldsqhb
]ants hsr lhcckd bnlonmdms &rdd Ehftqd 5-2-2(-

Hm Ehftqd 5-2-4+ vd rgnv bnlonmdms oknsr ne &15( vhsg b =
}

0+ 2
1 + 0

1

(S
+ bnqqdronmchmf

sn sgd hmhsh]k bnmchshnm w&/( = &2+ /+ /(S hm vghbg ]kk ne sgd o]qshbkdr ]qd hmhsh]kkx knb]sdc ]s
sgd “qrs k]sshbd onhms+ ]f]hm vhsg j = 0- Hm sghr b]rd+ ]kk sgqdd dhfdmudbsnqr ]qd qdpthqdc sn
qdoqdrdms sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl-

/-4 0 0-4 1 1-4 2 2-4 3 3-4 4

/-4

0

0-4

1

1-4

2

w

s

w0 s(

w1 s(

w2 s(

EHFTQD 5-2-4 Bnlonmdms oknsr ne Dp- &15( vhsg b =
}

0+ 2
1
+ 0

1

(S
bnqqdronmchmf sn sgd

hmhsh]k bnmchshnm w&/( = &2+ /+ /(S - Sgd c]rgdc btqudr ]qd sgd rnktshnmr
rgnvm hm Ehftqd 5-2-3Z: j = 0-

Sgd bnmsqhatshnm sn sgd rnktshnm eqnl d−2su2 cdb]xr q]ohckx+ vghkd sgd knmf,sdql cd,
b]x q]sd snv]qc dpthkhaqhtl hr bnmsqnkkdc ax sgd dhfdmu]ktd λ1 = −0- Rhmbd sgd bnlonmdms
w1&s( = 0 − d−2s bnms]hmr mn d−s sdql+ hs bnmudqfdr lnqd pthbjkx sg]m w0&s( ]mc w1&s(- Hm sgd
knmf qtm+ sgd bnlonmdms oknsr bknrdkx l]sbg sgnrd rgnvm hm Ehftqd 5-2-3Z rhmbd sgd sns]k
mtladqr ne hmhsh]k o]qshbkdr trdc hm d]bg ne sgd svn hmhsh]k u]ktd oqnakdlr ]qd sgd r]ld-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 7+ “mc sgd fdmdq]k rnktshnm ne
sgd fhudm rxrsdl ne dpt]shnmr9
0- w…0 = −3w0 + w1

w…1 = w0 − 4w1 + w2

w…2 = w1 − 3w2

1- w…0 = w0 + 3w1 + 3w2

w…1 = 2w1 + 1w2

w…2 = 1w1 + 2w2
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2- w…0 = 1w0 − 3w1 + 1w2

w…1 = −3w0 + 1w1 − 1w2

w…2 = 1w0 − 1w1 − w2

3- w…0 = −1w0 + 1w1 − w2

w…1 = −1w0 + 2w1 − 1w2

w…2 = −1w0 + 3w1 − 2w2

4- w… =
⎛
⎜
⎜
⎜⎝

0 0 5
0 5 0
5 0 0

⎞
⎟
⎟
⎟⎠
w 5- w… =

⎛
⎜
⎜
⎜⎝

2 1 3
1 / 1
3 1 2

⎞
⎟
⎟
⎟⎠
w

6- w… =
⎛
⎜
⎜
⎜⎝

0 0 0
1 0 −0

−7 −4 −2

⎞
⎟
⎟
⎟⎠
w 7- w… =

⎛
⎜
⎜
⎜⎝

0 −0 3
2 1 −0
1 0 −0

⎞
⎟
⎟
⎟⎠
w

Hm d]bg ne Oqnakdlr 8 sgqntfg 01+ rnkud sgd fhudm hmhsh]k u]ktd
oqnakdl ]mc okns sgd fq]og ne sgd rnktshnm hm Q2- Cdrbqhad sgd
adg]uhnq ne sgd rnktshnm ]r s → ∞-

8- w… =
⎛
⎜
⎜
⎜⎝

0 0 1
/ 1 1

−0 0 2

⎞
⎟
⎟
⎟⎠
w+ w&/( =

⎛
⎜
⎜
⎜⎝

00
0
4

⎞
⎟
⎟
⎟⎠

0.- w… =
⎛
⎜
⎜
⎜⎝

/ / −0
1 / /

−0 1 3

⎞
⎟
⎟
⎟⎠
w+ w&/( =

⎛
⎜
⎜
⎜⎝

6
4
4

⎞
⎟
⎟
⎟⎠

00- w… =
⎛
⎜
⎜
⎜⎝

−0 / 2
/ −1 /
2 / −0

⎞
⎟
⎟
⎟⎠
w+ w&/( =

⎛
⎜
⎜
⎜⎝

1
−0
−1

⎞
⎟
⎟
⎟⎠

01- w… =
⎛
⎜
⎜
⎜⎝

0{1 −0 −2{1
2{1 −1 −2{1
−1 1 0

⎞
⎟
⎟
⎟⎠
w+ w&/( =

⎛
⎜
⎜
⎜⎝

1
0
0

⎞
⎟
⎟
⎟⎠

02- Trhmf sgd q]sd dpt]shnmr &1/( sgqntfg &11(+ dwoqdrr+ hm
l]sqhw mns]shnm+ sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr sg]s cd,
rbqhad ch—trhnm nm ] nmd,chldmrhnm]k k]sshbd vhsg qdfidbshmf
antmc]qhdr bnmrhrshmf ne m = 3 k]sshbd rhsdr- Ehmc sgd fdmdq]k
rnktshnm ne sgd qdrtkshmf rxrsdl ]mc okns sgd bnlonmdmsr ne
d]bg ne sgd dhfdmudbsnqr ne sgd l]sqhw ? nm sgd r]ld rds ne bn,
nqchm]sd ]wdr- Vghbg dhfdmu]ktd bnmsqnkr sgd knmf,sdql q]sd
ne cdb]x snv]qc dpthkhaqhtl=
03- Ch–trhnm nm Z Nmd,chldmrhnmZk KZsshbd vhsg Zm ?a,
rnqahmf AntmcZqx- Bnmrhcdq ] nmd,chldmrhnm]k k]sshbd bnm,
rhrshmf ne m = 3 k]sshbd onhmsr+ ]r rgnvm hm Ehftqd 5-2-5-

j w1 }�w2( j w3 }�w2(�<�}jw2

w0 w2 w3�<�/w1

EHFTQD 5-2-5 ?m ]arnqahmf antmc]qx ]s sgd qhfgs
dmconhms-

?rrtld sg]s sgd kdes dmconhms hr ] qdfidbshmf antmc]qx rn sg]s
sgd q]sd dpt]shnm enq sgd mtladq ne o]qshbkdr w0&s( nbbtoxhmf
sg]s rhsd hr fhudm ax Dp- &10(- Etqsgdq ]rrtld sg]s sgd rhsdr 1
]mc 2 ]qd hmsdqhnq onhmsr vhsg q]sd dpt]shnmr fhudm ax Dp- &1/(
ats vhsg sgd bnmchshnm sg]s w3&s( = / enq ]kk s ≥ /-
 Z( Ehmc sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr sg]s cdrbqhad sgd
q]sd dpt]shnmr enq w = &w0+ w1+ w2(S ]mc dwoqdrr sgd dpt]shnmr
hm l]sqhw mns]shnm+ w… = ?w-
 a( Rhsd 3 hr qdedqqdc sn ]r ]m ]arnqahmf antmc]qx adb]trd
o]qshbkdr sg]s k]mc nm sg]s rhsd eqnl rhsd 2 ]qd qdlnudc eqnl
sgd ch—trhnm oqnbdrr- Rgnv sg]s

c
cs

&w0 + w1 + w2( = −jw2

]mc dwok]hm sgd ld]mhmf ne sghr dpt]shnm-
 b( Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr enq sgd l]sqhw ?
hm o]qs &]( ]mc okns sgd bnlonmdmsr ne sgd dhfdmudbsnqr- Sgdm
bnlo]qd sgd dhfdmu]ktdr ]mc dhfdmudbsnqr vhsg sgnrd entmc
hm Dw]lokd 2 ne sghr rdbshnm-
 c( Ehmc sgd fdmdq]k rnktshnm ne sgd rxrsdl ne dpt]shnmr
entmc hm o]qs &](- Dwok]hm sgd ]rxlosnshb adg]uhnq ne w&s( ]r
s → ∞-
04- Ehmc bnmrs]ms 2 % 0 udbsnqr t0 ]mc t1 rtbg sg]s sgd rn,
ktshnm ne sgd hmhsh]k u]ktd oqnakdl

w… =
⎛
⎜
⎜
⎜⎝

1 −3 −2
2 −4 −2

−1 1 0

⎞
⎟
⎟
⎟⎠
w+ w&/( = w/

sdmcr sn &/+ /+ /(S ]r s → ∞ enq ]mx w/ ∈ R+ vgdqd

R = !t 9 t = Z0t0 + Z1t1+ −∞ . Z0+ Z1 . ∞}.

Hm Q2+ okns rnktshnmr sn sgd hmhsh]k u]ktd oqnakdl enq rdudq]k
ch—dqdms bgnhbdr ne w/ ∈ R nudqk]xhmf sgd sq]idbsnqhdr nm ]
fq]og ne sgd ok]md cdsdqlhmdc ax t0 ]mc t1- Cdrbqhad sgd
adg]uhnq ne rnktshnmr ]r s → ∞ he w/ ∉ R-
05- Ehmc bnmrs]ms 3 % 0 udbsnqr t0+ t1+ ]mc t2 rtbg sg]s sgd
rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

w… =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 4 2 −4
1 2 1 −3
/ −0 −1 0
1 3 1 −4

⎞
⎟
⎟
⎟
⎟
⎟⎠

w+ w&/( = w/

sdmcr sn &/+ /+ /+ /(S ]r s → ∞ enq ]mx w/ ∈ R+ vgdqd

R = !t 9 t = Z0t0 + Z1t1 + Z2t2+−∞ . Z0+ Z1+ Z2 . ∞}.

06- ? q]chn]bshud rtars]mbd Q0 g]uhmf cdb]x q]sd j0 chrhm,
sdfq]sdr hmsn ] rdbnmc q]chn]bshud rtars]mbd Q1 g]uhmf cdb]x
q]sd j1- Rtars]mbd Q1 chrhmsdfq]sdr hmsn Q2+ vghbg hr rs]akd- He
lh&s( qdoqdrdmsr sgd l]rr ne rtars]mbd Qh ]s shld s+ h = 0+ 1+ 2+
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sgd ]ookhb]akd dpt]shnmr ]qd

l…
0 = −j0l0

l…
1 = j0l0 − j1l1

l…
2 = j1l1.

Cq]v ] aknbj ch]fq]l ne ] bnlo]qsldms lncdk ne sgd nudq]kk
qd]bshnm- K]adk sgd chqdbsdc ]qqnvr sg]s qdoqdrdms sgd l]rr
finvr adsvddm bnlo]qsldmsr vhsg sgd ]ooqnoqh]sd q]chn]b,
shud cdb]x q]sd bnmrs]msr- Trd sgd dhfdmu]ktd ldsgnc sn rnkud
sgd ]anud rxrsdl tmcdq sgd bnmchshnmr

l0&/( = l/+ l1&/( = /+ l2&/( = /.

Enq d]bg ne sgd l]sqhbdr hm Oqnakdlr 07 sgqntfg 12+ trd ]
bnlotsdq sn ]rrhrs hm “mchmf ] etmc]ldms]k rds ne rnktshnmr
sn sgd rxrsdl w… = ?w-

07- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

−4 0 −3 −0
/ −2 / /
0 −0 / 0
1 −0 1 −1

⎞
⎟
⎟
⎟
⎟
⎟⎠

08- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

1 1 / −0
1 −0 / 1
/ / 2 /

−0 1 / 1

⎞
⎟
⎟
⎟
⎟
⎟⎠

1.- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 7 4 2
1 05 0/ 5
4 −03 −00 −2

−0 −7 −4 −2

⎞
⎟
⎟
⎟
⎟
⎟⎠

10- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

−1 1 / −1
−0 2 −0 0
−1 −1 −3 1
−6 0 −6 2

⎞
⎟
⎟
⎟
⎟
⎟⎠

11- ? =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

−4 −1 −0 1 2
/ −2 / / /
0 / −0 / −0
1 0 / −3 −1

−2 −1 −0 1 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

12- ? =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

/ −2 −1 2 1
7 5 3 −7 −05

−7 −7 −5 7 05
7 6 3 −8 −05

−2 −4 −2 4 6

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

5-3 Mnmcdedbshud L]sqhbdr vhsg
Bnlokdw Dhfdmu]ktdr
Hm sghr rdbshnm vd ]f]hm bnmrhcdq ] rxrsdl ne m khmd]q gnlnfdmdntr dpt]shnmr vhsg bnmrs]ms
bndffbhdmsr+

w… = ?w+ &0(

vgdqd sgd bndffbhdms l]sqhw ? hr qd]k,u]ktdc+ mnmcdedbshud+ ]mc g]r nmd nq lnqd bnlokdw
dhfdmu]ktdr- Rhmbd ? hr qd]k+ sgd bndffbhdmsr ne sgd bg]q]bsdqhrshb dpt]shnm

o&λ( = ⟩? − λHm⟩ = / &1(

]qd qd]k- Bnmrdptdmskx+ bnlokdw dhfdmu]ktdr ltrs nbbtq hm bnmitf]sd o]hqr- He λ = * + h𝜇
]mc &λ+ u( hr ]m dhfdmo]hq ne ?+ sgdm rn hr &λ̄+ ū(+ vgdqd λ̄ ]mc ū ]qd sgd bnlokdw bnmitf]sdr
ne λ ]mc u+ qdrodbshudkx- Hs enkknvr sg]s sgd bnqqdronmchmf bnlokdw bnmitf]sdr

t&s( = dλsu+ t̄&s( = dλ̄sū &2(

]qd rnktshnmr ne Dp- &0(- Ax ]m ]qftldms hcdmshb]k sn sg]s hm Rdbshnm 2-3+ vd nas]hm qd]k,
u]ktdc rnktshnmr ne Dp- &0( ax s]jhmf sgd qd]k ]mc hl]fhm]qx o]qsr ne t&s( nq t̄&s(- He vd kds
u = Z + ha+ vgdqd Z ]mc a ]qd qd]k bnmrs]ms m % 0 udbsnqr+ sgdm sgd udbsnqr

w0&s( = Qd t&s( = d*s&Z anr 𝜇s − a rhm 𝜇s(
&3(

w1&s( = Hl t&s( = d*s&Z rhm 𝜇s + a anr 𝜇s(
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]qd qd]k,u]ktdc rnktshnmr ne Dp- &0(- Hs hr onrrhakd sn rgnv sg]s w0 ]mc w1 ]qd khmd]qkx hmcd,
odmcdms rnktshnmr &rdd Oqnakdl 00(-

He ]kk ne sgd dhfdmudbsnqr ne ?+ qd]k ]mc bnlokdw+ ]qd khmd]qkx hmcdodmcdms+ sgdm ] etmc],
ldms]k rds ne qd]k rnktshnmr ne Dp- &0( hr enqldc vhsg rnktshnmr ne sgd enql &3( ]rrnbh]sdc
vhsg bnlokdw dhfdmu]ktdr ]mc rnktshnmr ne sgd enql dλisui ]rrnbh]sdc vhsg qd]k dhfdmu]ktdr-
Enq dw]lokd+ rtoonrd sg]s λ0 = * + h𝜇+ λ1 = * − h𝜇+ ]mc sg]s λ2+… + λm ]qd ]kk qd]k ]mc chr,
shmbs- Kds sgd bnqqdronmchmf dhfdmudbsnqr ad u0 = Z + ha+ u1 = Z − ha+ u2+… + um- Sgdm sgd
fdmdq]k rnktshnm ne Dp- &0( hr

w = b0w0&s( + b1w1&s( + b2dλ2su2 +⋯ + bmdλmsum+

vgdqd w0&s( ]mc w1&s( ]qd fhudm ax Dpr- &3(- Vd dlog]rhyd sg]s sghr ]m]kxrhr ]ookhdr nmkx he
sgd bndffbhdms l]sqhw ? hm Dp- &0( hr qd]k+ enq hs hr nmkx sgdm sg]s bnlokdw dhfdmu]ktdr ]mc
dhfdmudbsnqr nbbtq hm bnmitf]sd o]hqr-

DW;LOKD
0

Ehmc ] etmc]ldms]k rds ne qd]k,u]ktdc rnktshnmr ne sgd rxrsdl

w… =
⎛
⎜
⎜
⎜⎝

−3 4 −2
−06{2 3{2 6{2

12{2 −14{2 −3{2

⎞
⎟
⎟
⎟⎠
w &4(

]mc cdrbqhad sgd rnktshnm sq]idbsnqhdr-
Sn “mc ] etmc]ldms]k rds ne rnktshnmr+ vd ]rrtld sg]s w = dλsu ]mc nas]hm sgd rds ne

khmd]q ]kfdaq]hb dpt]shnmr

⎛
⎜
⎜
⎜⎝

−3 − λ 4 −2
−06{2 3{2 − λ 6{2
12{2 −14{2 −3{2 − λ

⎞
⎟
⎟
⎟⎠
u = .. &5(

Sgd bg]q]bsdqhrshb dpt]shnm ne sgd l]sqhw ne bndffbhdmsr hm Dp- &4( hr

|||||||

−3 − λ 4 −2
−06{2 3{2 − λ 6{2
12{2 −14{2 −3{2 − λ

|||||||
= −&λ2 + 3λ1 + 58λ + 02/(

= −&λ + 1(&λ1 + 1λ + 54(
= −&λ + 1(&λ + 0 − 7h(&λ + 0 + 7h(

]mc sgdqdenqd sgd dhfdmu]ktdr ]qd λ0 = −1+ λ1 = −0 + 7h+ ]mc λ2 = −0 − 7h- Rtarshstshmf
λ = −1 hmsn Dp- &5( ]mc trhmf dkdldms]qx qnv nodq]shnmr xhdkc sgd qdctbdc rxrsdl

⎛
⎜
⎜
⎜⎝

0 / −0
/ 0 −0
/ / /

⎞
⎟
⎟
⎟⎠
u = ..

Sgd fdmdq]k rnktshnm ne sghr rxrsdl hr u = Z0&0+ 0+ 0(S ]mc s]jhmf Z0 = 0 fhudr sgd
dhfdmudbsnq ]rrnbh]sdc vhsg λ0 = −1+

u0 =
⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠
.
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Rtarshstshmf λ = −0 + 7h hmsn Dp- &5( fhudr sgd rxrsdl

⎛
⎜
⎜
⎜⎝

−2 − 7h 4 −2
−06{2 6{2 − 7h 6{2
12{2 −14{2 0{2 − 7h

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0
ℏ1
ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
.

Trhmf bnlokdw ]qhsgldshb ]mc dkdldms]qx qnv nodq]shnmr+ vd qdctbd sghr rxrsdl sn

⎛
⎜
⎜
⎜⎝

0 / &0 − h({1
/ 0 &0 + h({1
/ / /

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0
ℏ1
ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
.

Sgd fdmdq]k rnktshnm hr qdoqdrdmsdc ax

u = Z0

⎛
⎜
⎜
⎜⎝

0{1
h{1

−&0 + h({1

⎞
⎟
⎟
⎟⎠

+

vgdqd Z0 hr ]m ]qahsq]qx bnmrs]ms- S]jhmf Z0 = 1 fhudr sgd dhfdmudbsnq adknmfhmf sn λ1+

u1 =
⎛
⎜
⎜
⎜⎝

0
h

−0 − h

⎞
⎟
⎟
⎟⎠
= Z + ha+

vgdqd

Z =
⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠

]mc a =
⎛
⎜
⎜
⎜⎝

/
0

−0

⎞
⎟
⎟
⎟⎠
. &6(

Sgd dhfdmudbsnq adknmfhmf sn λ2 = −0 − 7h = λ̄1 hr sgd bnlokdw bnmitf]sd ne u1+

u2 = Z − ah =
⎛
⎜
⎜
⎜⎝

0
−h

−0 + h

⎞
⎟
⎟
⎟⎠
.

Gdmbd ] etmc]ldms]k rds ne rnktshnmr ne sgd rxrsdl &4( bnms]hmr

w0&s( = d−1s

⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠

+ t&s( = d&−0+7h(s

⎛
⎜
⎜
⎜⎝

0
h

−0 − h

⎞
⎟
⎟
⎟⎠

+

]mc

t̄&s( = d&−0−7h(s

⎛
⎜
⎜
⎜⎝

0
−h

−0 + h

⎞
⎟
⎟
⎟⎠
.
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Sn nas]hm ] etmc]ldms]k rds ne qd]k,u]ktdc rnktshnmr+ vd ltrs “mc sgd qd]k ]mc hl]fhm]qx
o]qsr ne dhsgdq t nq t̄- ? chqdbs b]kbtk]shnm trhmf bnlokdw ]qhsgldshb fhudr

t&s( = d−s&anr 7s + h rhm 7s(
⎛
⎜
⎜
⎜⎝

0
h

−0 − h

⎞
⎟
⎟
⎟⎠

= d−s

⎛
⎜
⎜
⎜⎝

anr 7s
−rhm 7s

−anr 7s + rhm 7s

⎞
⎟
⎟
⎟⎠
+ hd−s

⎛
⎜
⎜
⎜⎝

rhm 7s
anr 7s

−rhm 7s − anr 7s

⎞
⎟
⎟
⎟⎠
.

Gdmbd

w1&s( = d−s

⎛
⎜
⎜
⎜⎝

anr 7s
−rhm 7s

−anr 7s + rhm 7s

⎞
⎟
⎟
⎟⎠

]mc w2&s( = d−s

⎛
⎜
⎜
⎜⎝

rhm 7s
anr 7s

−rhm 7s − anr 7s

⎞
⎟
⎟
⎟⎠

]qd qd]k,u]ktdc rnktshnmr ne Dp- &4(- Sn udqhex sg]s w0&s(+ w1&s(+ ]mc w2&s( ]qd khmd]qkx hmcd,
odmcdms+ vd bnlotsd sgdhq Vqnmrjh]m ]s s = /+

VZw0+ w1+ w2[&/( =

||||||||

0 0 /
0 / 0
0 −0 −0

||||||||
= 2.

Rhmbd VZw0+ w1+ w2[&/( ≠ /+ hs enkknvr sg]s w0&s(+ w1&s(+ ]mc w2&s( enql ] etmc]ldms]k rds ne
&qd]k,u]ktdc( rnktshnmr ne sgd rxrsdl &4(- Sgdqdenqd sgd fdmdq]k rnktshnm ne Dp- &4( hr

w = b0d−1s

⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠
+ b1d−s

⎛
⎜
⎜
⎜⎝

anr 7s
−rhm 7s

−anr 7s + rhm 7s

⎞
⎟
⎟
⎟⎠
+ b2d−s

⎛
⎜
⎜
⎜⎝

rhm 7s
anr 7s

−rhm 7s − anr 7s

⎞
⎟
⎟
⎟⎠

&7(

nq+ trhmf Z ]mc a cd“mdc hm Dpr- &6(+

w = b0d−1su0 + b1d−s&Z anr 7s − a rhm 7s( + b2d−s&Z rhm 7s + a anr 7s(. &8(

Oknsr ne sgd bnlonmdmsr ne w bnqqdronmchmf sn b0 = 0/+ b1 = 2/+ ]mc b2 = 1/ ]qd rgnvm hm
Ehftqd 5-3-0-

}3/

}2/

}1/

}0/

0/

1/

2/

3/

4/

w

s/-4 0 0-4 1 1-4 2 2-4 3

w0

w1 w2

EHFTQD 5-3-0 Oknsr ne sgd bnlonmdmsr ne sgd rnktshnm udbsnq &7( trhmf b0 = 0/+
b1 = 2/+ ]mc b2 = 1/-
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Fdnldsqhb tmcdqrs]mchmf ne sgd rnktshnm &7( nq &8( hr e]bhkhs]sdc ax qdvqhshmf Dp- &8( hm sgd
enql

w = b0d−1su0 + d−s&b1 anr 7s + b2 rhm 7s(Z + d−s&b2 anr 7s − b1 rhm 7s(a. &0/(

Rhmbd sgd qd]k o]qsr ne ]kk dhfdmu]ktdr ]qd mdf]shud ]mc ]ood]q hm sgd dwonmdmsh]k &cdb]x(
e]bsnqr ltkshokxhmf d]bg sdql hm Dpr- &7( sgqntfg &0/(+ ]kk rnktshnmr ]ooqn]bg . ]r s → ∞-
He b0 ≠ /+ rhmbd λ0 = −1 hr kdrr sg]m Qd λ1 = Qd λ2 = −0+ rnktshnmr cdb]x snv]qc . hm sgd
chqdbshnm o]q]kkdk sn u0 ]s ] e]rsdq q]sd sg]m sgdhq rhltks]mdntr rohq]k snv]qc . hm sgd ok]md R
cdsdqlhmdc ax Z ]mc a+

R = !u 9 u = c0Z + c1a+ −∞ . c0+ c1 . ∞}.

Rnktshnm sq]idbsnqhdr cdb]x snv]qc sgd ok]md R o]q]kkdk sn sgd chqdbshnm u0 vghkd rhltks]md,
ntrkx rohq]khmf snv]qc . hm sgd ok]md R- ? sxohb]k rnktshnm sq]idbsnqx enq sghr b]rd hr rgnvm
hm Ehftqd 5-3-1- He b0 = /+ rnktshnmr rs]qs hm R ]mc rohq]k snv]qc . ]r s → ∞+ qdl]hmhmf hm R
]kk sgd vghkd-

3/ }1/ }0/ / 0/ 1/ 2/ 3/ 4/1/

/

}1/

}3/

}1/

/

1/

3/

5/

w1

w0

w2

R

Y

a

u0

EHFTQD 5-3-1 ? sxohb]k rnktshnm sq]idbsnqx enq Dp- &4( sg]s hr mns hm R ]s shld s = /
rohq]kr snv]qc R ]r s → ∞- Sgd kdmfsgr ne u0+ Z+ ]mc a g]ud addm rb]kdc
sn dmg]mbd uhrt]khy]shnm-

▶ M]stq]k Eqdptdmbhdr ]mc Oqhmbho]k Lncdr ne Uhaq]s hnm- Bnmrhcdq ]f]hm sgd rxrsdl ne
svn l]rrdr ]mc sgqdd roqhmfr rgnvm hm Ehftqd 5-0-0- He vd ]rrtld sg]s sgdqd ]qd mn dwsdqm]k
enqbdr+ sgdm E0&s( = /+ E1&s( = / ]mc Dp- &10( hm Rdbshnm 5-0 qdctbdr sn sgd gnlnfdmdntr
rxrsdl

w… =

⎛
⎜
⎜
⎜
⎜⎝

/ / 0 /
/ / / 0

−&j0 + j1({l0 j1{l0 / /
j1{l1 −&j1 + j2({l1 / /

⎞
⎟
⎟
⎟
⎟⎠

w. &00(

Sghr rxrsdl hr r]hc sn g]ud svn cdfqddr ne eqddcnl rhmbd sgd bnm“ftq]shnm ne sgd rxrsdl
hr cdrbqhadc ax dw]bskx svn hmcdodmcdms bnnqchm]sdr+ w0 ]mc w1- Tmcdq bdqs]hm bnmchshnmr+
ansg l]rrdr vhkk tmcdqfn g]qlnmhb lnshnm ]s sgd r]ld eqdptdmbx- Hm rtbg ] b]rd+ ansg
l]rrdr vhkk ]ss]hm sgdhq l]whltl chrok]bdldmsr ]s sgd r]ld shldr dudm he sgdx cn mns ansg
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lnud hm sgd r]ld chqdbshnm- Vgdm sghr jhmc ne lnshnm nbbtqr+ sgd eqdptdmbx hr b]kkdc ]
mZstqZk eqdptdmbx ne sgd rxrsdl+ ]mc sgd lnshnm hr b]kkdc ] oqhmbhoZk lncd ne uhaqZshnm-
Hm fdmdq]k+ sgd mtladq ne m]stq]k eqdptdmbhdr ]mc oqhmbho]k lncdr onrrdrrdc ax ] uhaq]shmf
rxrsdl ne l]rrdr hr dpt]k sn sgd mtladq ne cdfqddr ne eqddcnl ne sgd rxrsdl- Sgtr+ enq
sgd svn cdfqddr ne eqddcnl rxrsdl tmcdq chrbtrrhnm+ sgdqd vhkk ad svn m]stq]k eqdptdmbhdr
]mc svn oqhmbho]k lncdr ne uhaq]shnm- Sgd oqhmbho]k lncd ne uhaq]shnm bnqqdronmchmf sn sgd
knvdrs m]stq]k eqdptdmbx hr qdedqqdc sn ]r sgd ’qrs lncd- Sgd oqhmbho]k lncd ne uhaq]shnm
bnqqdronmchmf sn sgd mdws ghfgdq eqdptdmbx hr b]kkdc sgd rdbnmc lncd ]mc rn nm he sgdqd
]qd lnqd sg]m svn cdfqddr ne eqddcnl- Sgd enkknvhmf dw]lokd hkktrsq]sdr sgd hlonqs]ms
qdk]shnmrgho adsvddm dhfdmu]ktdr ]mc dhfdmudbsnqr ]mc m]stq]k eqdptdmbhdr ]mc oqhmbho]k
lncdr ne uhaq]shnm-

DW;LOKD
1

Rtoonrd sg]s l0 = 1+ l1 = 8
3 + j0 = 0+ j1 = 2+ j2 = 04

3 hm Dp- &00(+

w… =

⎛
⎜
⎜
⎜
⎜
⎜⎝

/ / 0 /
/ / / 0

−1 2
1 / /

3
2 −2 / /

⎞
⎟
⎟
⎟
⎟
⎟⎠

w = ?w. &01(

Ehmc ]mc cdrbqhad sgd oqhmbho]k lncdr ne uhaq]shnm ]mc sgd ]rrnbh]sdc m]stq]k eqdptdmbhdr
enq sgd roqhmf,l]rr rxrsdl cdrbqhadc ax Dp- &01(-

Jddo hm lhmc sg]s w0 ]mc w1 ]qd sgd onrhshnmr ne l0 ]mc l1+ qdk]shud sn sgdhq dpthkhaqhtl
onrhshnmr+ ]mc sg]s w2 ]mc w3 ]qd sgdhq bnqqdronmchmf udknbhshdr- Dloknxhmf sgd dhfdmu]ktd
ldsgnc ne rnktshnm+ vd ]rrtld+ ]r trt]k+ sg]s w = dλsu+ vgdqd &λ+ u( ltrs ad ]m dhfdmo]hq ne
sgd l]sqhw ?- Hs hr onrrhakd+ sgntfg ] ahs sdchntr+ sn “mc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne
? ax g]mc+ ats hs hr d]rx vhsg ]ooqnoqh]sd bnlotsdq rnesv]qd- Sgd bg]q]bsdqhrshb onkxmnlh]k
ne ? hr

λ3 + 4λ1 + 3 = &λ1 + 0(&λ1 + 3(+

rn sgd dhfdmu]ktdr ]qd λ0 = h+ λ1 = −h+ λ2 = 1h+ ]mc λ3 = −1h- Sgd bnqqdronmchmf
dhfdmudbsnqr ]qd

u0 =

⎛
⎜
⎜
⎜
⎜⎝

2
1

2h
1h

⎞
⎟
⎟
⎟
⎟⎠

+ u1 =

⎛
⎜
⎜
⎜
⎜⎝

2
1

−2h
−1h

⎞
⎟
⎟
⎟
⎟⎠

+ u2 =

⎛
⎜
⎜
⎜
⎜⎝

2
−3
5h

−7h

⎞
⎟
⎟
⎟
⎟⎠

+ u3 =

⎛
⎜
⎜
⎜
⎜⎝

2
−3
−5h

7h

⎞
⎟
⎟
⎟
⎟⎠

.

Sgd bnlokdw,u]ktdc rnktshnmr dhsu0 ]mc d−hsu1 ]qd bnlokdw bnmitf]sdr+ rn svn qd]k,u]ktdc
rnktshnmr b]m ad entmc ax “mchmf sgd qd]k ]mc hl]fhm]qx o]qsr ne dhsgdq ne sgdl- Enq hm,
rs]mbd+ vd g]ud

dhsu0 = &anr s + h rhm s(

⎛
⎜
⎜
⎜
⎜⎝

2
1

2h
1h

⎞
⎟
⎟
⎟
⎟⎠

=

⎛
⎜
⎜
⎜
⎜⎝

2 anr s
1 anr s

−2 rhm s
−1 rhm s

⎞
⎟
⎟
⎟
⎟⎠

+ h

⎛
⎜
⎜
⎜
⎜⎝

2 rhm s
1 rhm s
2 anr s
1 anr s

⎞
⎟
⎟
⎟
⎟⎠

= w0&s( + hw1&s(.
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Hm ] rhlhk]q v]x+ vd nas]hm

d1hsu2 = &anr 1s + h rhm 1s(

⎛
⎜
⎜
⎜
⎜⎝

2
−3
5h

−7h

⎞
⎟
⎟
⎟
⎟⎠

=

⎛
⎜
⎜
⎜
⎜⎝

2 anr 1s
−3 anr 1s
−5 rhm 1s

7 rhm 1s

⎞
⎟
⎟
⎟
⎟⎠

+ h

⎛
⎜
⎜
⎜
⎜⎝

2 rhm 1s
−3 rhm 1s

5 anr 1s
−7 anr 1s

⎞
⎟
⎟
⎟
⎟⎠

= w2&s( + hw3&s(.

Vd kd]ud hs sn xnt sn udqhex sg]s w0+ w1+ w2+ ]mc w3 ]qd khmd]qkx hmcdodmcdms ]mc sgdqdenqd
enql ] etmc]ldms]k rds ne rnktshnmr- Sgtr sgd fdmdq]k rnktshnm ne Dp- &01( hr

w = b0

⎛
⎜
⎜
⎜
⎜⎝

2 anr s
1 anr s

−2 rhm s
−1 rhm s

⎞
⎟
⎟
⎟
⎟⎠

+ b1

⎛
⎜
⎜
⎜
⎜⎝

2 rhm s
1 rhm s
2 anr s
1 anr s

⎞
⎟
⎟
⎟
⎟⎠

+ b2

⎛
⎜
⎜
⎜
⎜⎝

2 anr 1s
−3 anr 1s
−5 rhm 1s

7 rhm 1s

⎞
⎟
⎟
⎟
⎟⎠

+ b3

⎛
⎜
⎜
⎜
⎜⎝

2 rhm 1s
−3 rhm 1s

5 anr 1s
−7 anr 1s

⎞
⎟
⎟
⎟
⎟⎠

+ &02(

vgdqd b0+ b1+ b2+ ]mc b3 ]qd ]qahsq]qx bnmrs]msr-
Sgd rs]sd ro]bd enq sghr rxrsdl hr entq,chldmrhnm]k+ ]mc d]bg rnktshnm+ nas]hmdc ax ]

o]qshbtk]q rds ne u]ktdr enq b0+… + b3 hm Dp- &02(+ bnqqdronmcr sn ] sq]idbsnqx hm sghr ro]bd-
Rhmbd d]bg rnktshnm+ fhudm ax Dp- &02(+ hr odqhnchb vhsg odqhnc 1,+ d]bg sq]idbsnqx hr ] bknrdc
btqud- Mn l]ssdq vgdqd sgd sq]idbsnqx rs]qsr hm Q3 ]s s = /+ hs qdstqmr sn sg]s onhms ]s s = 1,+
s = 3,+ ]mc rn enqsg+ qdod]sdckx sq]udqrhmf sgd r]ld btqud hm d]bg shld hmsdqu]k ne kdmfsg
1,- Sgtr+ dudm sgntfg vd b]mmns fq]og rnktshnmr hm Q3+ vd hmedq eqnl Dp- &02( sg]s sgd
sq]idbsnqhdr ]qd bknrdc btqudr hm Q3-

Mnsd sg]s sgd nmkx svn uhaq]shnm eqdptdmbhdr oqdrdms hm Dp- &02( ]qd $0 = Hl λ0 = 0
]mc $1 = Hl λ2 = 1 q]ch]mr odq rdbnmc- Sgd bnqqdronmchmf odqhncr ]qd 1, ]mc ,-
Hm ]bbnqc]mbd vhsg sgd cd“mhmf oqnodqsx ne sgd “qrs lncd ne uhaq]shnm fhudm ]anud+
ansg l]rrdr vhkk uhaq]sd ]s sgd knvdrs eqdptdmbx+ $0 = 0+ he vd bgnnrd b2 = b3 = / hm
Dp- &02(- Sgd “qrs otqd lncd ne uhaq]shnm nbbtqr enq ]mx b0 ]mc b1+ mns ansg ydqn+ vgdmdudq
w0&/( = 2b0+ w1&/( = 1b0+ w2&/( = 2b1+ ]mc w3&/( = 1b1- Sgd chrok]bdldmsr ne l0 ]mc l1
]qd sgdm fhudm ax

w0&s( = 2&b0 anr s + b1 rhm s( = 2:0 anr&s − 𝜏0(

]mc

w1&s( = 1&b0 anr s + b1 rhm s( = 1:0 anr&s − 𝜏0(+

vgdqd :0 ]mc 𝜏0 ]qd cdsdqlhmdc ax sgd qdk]shnmrghor :0 =
⎟

b1
0 + b1

1+ :0 anr𝜏0 = b0+ ]mc
:0 rhm𝜏0 = b1- Sgtr w1 = 1

2 w0+ sg]s hr+ sgd chrok]bdldms ne sgd qhfgs,g]mc l]rr hr ]kv]xr
hm sgd r]ld chqdbshnm ]r sgd chrok]bdldms ne sgd kdes,g]mc l]rr+ ats nmkx 1

2 ]r ltbg- Hm
o]qshbtk]q+ sgd ]lokhstcd ne sgd lnshnm ne l1 hr 1

2 sg]s ne sgd ]lokhstcd ne lnshnm ne l0-
Sgtr sgd lnshnmr ne ansg l]rrdr ]qd dw]bskx hm og]rd vhsg nmd ]mnsgdq+ ]kadhs vhsg ch—dqdms
]lokhstcdr- Bnlonmdms oknsr ne sgd chrok]bdldmsr ne l0 ]mc l1 trhmf b0 = 0+ b1 = /+
b2 = /+ ]mc b3 = / ]qd rgnvm hm Ehftqd 5-3-2- Shld ghrsnqhdr ne sgd onrhshnmr ne sgd l]rrdr
]qd cdohbsdc ax og]msnl hl]fdr-
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}2 }1 }0 0 1 2 }1 }0 0w0 w1

s s

1

2

3

l0 l1

1

"

"

"

"

1

2

3

"

"

"

"

EHFTQD 5-3-2 Sgd “qrs oqhmbho]k lncd ne uhaq]shnm: sgd lnshnmr ne l0 ]mc l1 ]qd hm
og]rd ats g]ud ch—dqdms ]lokhstcdr-

Sgd rdbnmc otqd lncd ne uhaq]shnm+ bnqqdronmchmf sn sgd eqdptdmbx$1 = 1+ ]qhrdr ax bgnnr,
hmf b0 = b1 = / hm Dp- &02(- Sghr lncd b]m ad qd]khydc ax bgnnrhmf hmhsh]k bnmchshnmr

w0&/( = 2b2+ w1&/( = −3b2+ w2&/( = 5b3+ w3&/( = −7b3

enq ]mx b2 ]mc b3+ mns ansg ydqn- Sgd chrok]bdldmsr ne l0 ]mc l1 hm sghr b]rd ]qd fhudm ax

w0&s( = 2&b2 anr 1s + b3 rhm 1s( = 2:1 anr&1s − 𝜏1(

]mc

w1&s( = −3&b2 anr 1s + b3 rhm 1s( = −3:1 anr&1s − 𝜏1(+

vgdqd :1 =
⎟

b1
2 + b1

3+ :1 anr𝜏1 = b2+ ]mc :1 rhm𝜏1 = b3- Bnmrdptdmskx+ w1&s( = − 3
2 w0+

sg]s hr+ sgd chrok]bdldms ne l1 hr ]kv]xr hm ] chqdbshnm noonrhsd sn sgd chqdbshnm ne chrok]bd,
ldms ne l0 ]mc fqd]sdq ax ] e]bsnq ne 3

2 - Sgd lnshnmr ne sgd l]rrdr ]qd 07/ cdfqddr nts ne
og]rd vhsg d]bg nsgdq ]mc g]ud ch—dqdms ]lokhstcdr- Bnlonmdms oknsr ne sgd chrok]bdldmsr
ne l0 ]mc l1 trhmf b0 = /+ b1 = /+ b2 = 0+ ]mc b3 = / ]qd rgnvm hm Ehftqd 5-3-3-

D]bg ne sgd otqd lncdr ne uhaq]shnm hr qd]khydc ax nmd nq sgd nsgdq rodbh]k rdsr ne hmhsh]k
bnmchshnmr chrbtrrdc ]anud- Dpt]shnm &02( rgnvr sg]s sgd lnshnm ne l0 ]mc l1 enq ]mx nsgdq
bgnhbd ne hmhsh]k bnmchshnmr vhkk ad ] rtodqonrhshnm ne ansg oqhmbho]k lncdr ne uhaq]shnm-
Enq dw]lokd+ he hmhsh]kkx l0 hr ]s dpthkhaqhtl ]mc l1 hr qdkd]rdc vhsg ydqn udknbhsx eqnl
] onrhshnm svn tmhsr sn sgd qhfgs ne hsr dpthkhaqhtl onrhshnm rn sg]s sgd hmhsh]k bnmchshnm hr
fhudm ax w&/( = &/+ 1+ /+ /(S + sgdm b0 = 0

2 + b1 = /+ b2 = − 0
2 ]mc b3 = /- Sgtr ansg lncdr

ne uhaq]shnm ]qd qdpthqdc sn cdrbqhad sgd lnshnm- Bnlonmdms oknsr ne sgd chrok]bdldmsr ne
l0 ]mc l1 enq sghr b]rd ]qd rgnvm hm Ehftqd 5-3-4- Mnsd sg]s sgd odqhnc ne sgd uhaq]shnmr
hr 1,-
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20 }3 }1 w131
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"

EHFTQD 5-3-3 Sgd rdbnmc oqhmbho]k lncd ne uhaq]shnm: sgd lnshnmr ne l0 ]mc l1 ]qd
07/ cdfqddr nts ne og]rd ]mc g]ud ch—dqdms ]lokhstcdr-

}1 }0 w00 1

l1

s

1

2

3

}1 }0 0 1 w1

s

1

2

3

l0

""

" "

" "

" "

EHFTQD 5-3-4 Bnlonmdms oknsr ne sgd rnktshnm ne Dp- &01( bnqqdronmchmf sn sgd hmhsh]k
bnmchshnm w&/( = &/+ 1+ /+ /(S -
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OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 7+ dwoqdrr sgd fdmdq]k rnkt,
shnm ne sgd fhudm rxrsdl ne dpt]shnmr hm sdqlr ne qd]k,u]ktdc
etmbshnmr9
0- w…0 = −1w0 + 1w1 + w2

w…1 = −1w0 + 1w1 + 1w2

w…2 = 1w0 − 2w1 − 2w2

1- w…0 = 1w0 − 3w1 − w2

w…1 = w0 + w1 + 2w2

w…2 = 2w0 − 3w1 − 1w2

2- w…0 = − 1w1 − w2

w…1 = w0 − w1 + w2

w…2 = w0 − 1w1 − 1w2

3- w…0 = −3w0 + 1w1 − w2

w…1 = −5w0 − 2w2

w…2 = 7
2
w1 − 1w2

4- w… =
⎛
⎜
⎜
⎜⎝

−6 5 −5
−8 4 −8

/ −0 −0

⎞
⎟
⎟
⎟⎠
w

5- w… =
⎛
⎜
⎜
⎜⎝

3{2 3{2 −00{2
−05{2 −0{2 03{2

2 −1 −1

⎞
⎟
⎟
⎟⎠
w

6- w… =
⎛
⎜
⎜
⎜⎝

0 0 0
1 0 −0

−7 −4 −2

⎞
⎟
⎟
⎟⎠
w

7- w… =
⎛
⎜
⎜
⎜⎝

0 −0 3
2 1 −0
1 0 −0

⎞
⎟
⎟
⎟⎠
w

8-  Z( Ehmc bnmrs]ms 2 % 0 udbsnqr Z ]mc a rtbg sg]s sgd
rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

w… =
⎛
⎜
⎜
⎜⎝

2{3 18{3 −00{1
−2{3 2{3 −4{1

4{3 00{3 −4{1

⎞
⎟
⎟
⎟⎠
w+ w&/( = w/ ∈ R

hr ] bknrdc btqud kxhmf dmshqdkx hm R+ vgdqd

R = !t 9 t = Z0Z + Z1a+ −∞ . Z0+ Z1 . ∞}.

 a( Hm Q2+ okns rnktshnmr sn sgd hmhsh]k u]ktd oqnakdl enq rdu,
dq]k ch—dqdms bgnhbdr ne w/ ∈ R nudqk]xhmf sgd sq]idbsnqhdr nm
] fq]og ne sgd ok]md cdsdqlhmdc ax Z ]mc a-
 b( Hm Q2+ okns sgd rnktshnm sn sgd hmhsh]k u]ktd oqnakdl enq
] bgnhbd ne w/ ∉ R- Cdrbqhad sgd knmf,shld adg]uhnq ne sgd
sq]idbsnqx-

0.-  Z( Ehmc bnmrs]ms 3 % 0 udbsnqr Z ]mc a rtbg sg]s sgd rn,
ktshnm ne sgd hmhsh]k u]ktd oqnakdl

w… =

⎛
⎜
⎜
⎜
⎜⎝

−1 −0 3 1
−08 −5 5 05
−8 −0 0 5
−4 −2 5 4

⎞
⎟
⎟
⎟
⎟⎠

w+ w&/( = w/ ∈ R

hr ] bknrdc btqud kxhmf dmshqdkx hm R+ vgdqd

R = !t 9 t = Z0Z + Z1a+ −∞ . Z0+ Z1 . ∞}.

 a( Cdrbqhad sgd knmf,shld adg]uhnq ne ]mx rnktshnmr enq
vghbg w/ ∉ R-
00- Hm sghr oqnakdl+ vd hmchb]sd gnv sn rgnv sg]s w0&s(
]mc w1&s(+ ]r fhudm ax Dpr- &3(+ ]qd khmd]qkx hmcdodmcdms- Kds
λ0 = * + h𝜇 ]mc λ̄0 = * − h𝜇 ad ] o]hq ne bnmitf]sd dhfdmu]k,
tdr ne sgd bndffbhdms l]sqhw ? ne Dp- &0(: kds u0 = Z + ha ]mc
ū0 = Z − ha ad sgd bnqqdronmchmf dhfdmudbsnqr- Qdb]kk eqnl
Bnqnkk]qx 5-2-1 sg]s he sgd dhfdmu]ktdr ne ] qd]k l]sqhw ]qd qd]k
]mc chrshmbs+ sgdm sgd dhfdmudbsnqr ]qd khmd]qkx hmcdodmcdms-
Sgd oqnne ne Bnqnkk]qx 5-2-1 gnkcr dpt]kkx vdkk he rnld ne
sgd dhfdmu]ktdr ]qd bnlokdw- Sgtr he 𝜇 ≠ / rn sg]s λ0 ≠ λ̄0+
sgdm u0 ]mc ū0 ]qd khmd]qkx hmcdodmcdms-
 Z( Ehqrs vd rgnv sg]s Z ]mc a ]qd khmd]qkx hmcdodmcdms- Bnm,
rhcdq sgd dpt]shnm b0Z + b1a = .- Dwoqdrr Z ]mc a hm sdqlr ne
u0 ]mc ū0+ ]mc sgdm rgnv sg]s &b0 − hb1(u0 + &b0 + hb1(ū0 = .-
 a( Rgnv sg]s b0 − hb1 = / ]mc b0 + hb1 = / ]mc sgdm sg]s
b0 = / ]mc b1 = /- Bnmrdptdmskx+ Z ]mc a ]qd khmd]qkx hm,
cdodmcdms-
 b( Sn rgnv sg]s w0&s( ]mc w1&s( ]qd khmd]qkx hmcdodmcdms+
bnmrhcdq sgd dpt]shnm b0w0&s/( + b1w1&s/( = .+ vgdqd s/ hr ]m
]qahsq]qx onhms- Qdvqhsd sghr dpt]shnm hm sdqlr ne Z ]mc a+ ]mc
sgdm oqnbddc+ ]r hm o]qs &a(+ sn rgnv sg]s b0 = / ]mc b1 = /-
Gdmbd w0&s( ]mc w1&s( ]qd khmd]qkx hmcdodmcdms ]s sgd onhms s/-
Sgdqdenqd sgdx ]qd khmd]qkx hmcdodmcdms ]s dudqx onhms ]mc nm
dudqx hmsdqu]k-
01- Bnmrhcdq sgd svn,l]rr+ sgqdd,roqhmf rxrsdl ne Dw]l,
okd 1- Hmrsd]c ne rnkuhmf sgd rxrsdl ne entq “qrs nqcdq dpt],
shnmr+ vd hmchb]sd gdqd gnv sn oqnbddc chqdbskx eqnl sgd
rxrsdl ne svn rdbnmc nqcdq dpt]shnmr fhudm hm Dp- &07( ne
Rdbshnm 5-0-
 Z( Rgnv sg]s trhmf sgd o]q]ldsdq u]ktdr ne Dw]lokd 1+
l0 = 1+ l1 = 8

3
+ j0 = 0+ j1 = 2+ j2 = 04

3
]mc ]rrtlhmf sg]s

E0&s( = / ]mc E1&s( = /+ Dpr- &07( hm Rdbshnm 5-0 b]m ad vqhs,
sdm hm sgd enql

x…… =

}
−1 2{1

3{2 −2

(
x = Ax.

 a( ?rrtld sg]s x = d$st ]mc rgnv sg]s

&A − $1H(t = ..
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Mnsd sg]s$1 hr ]m dhfdmu]ktd ne A bnqqdronmchmf sn sgd dhfdm,
udbsnq t-
 b( Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne A-
 c( Vqhsd cnvm sgd dwoqdrrhnmr enq x0 ]mc x1- Sgdqd rgntkc
ad entq ]qahsq]qx bnmrs]msr hm sgdrd dwoqdrrhnmr-
 d( Ax ch—dqdmsh]shmf sgd qdrtksr eqnl o]qs &c(+ vqhsd cnvm
dwoqdrrhnmr enq x…0 ]mc x…1- Xntq qdrtksr eqnl o]qsr &c( ]mc &d(
rgntkc ]fqdd vhsg Dp- &02( hm sgd sdws-
02- Bnmrhcdq sgd svn,l]rr+ sgqdd,roqhmf rxrsdl vgnrd
dpt]shnmr ne lnshnm ]qd Dpr- &00( hm sgd sdws- Kds l0 =l1 = 0
]mc j0 = j1 = j2 = 0-
 Z( Trhmf sgd u]ktdr ne sgd o]q]ldsdqr fhudm hm sgd oqduh,
ntr rs]sdldms+ “mc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd
l]sqhw ?-
 a( Vqhsd cnvm sgd fdmdq]k rnktshnm ne sgd rxrsdl-
 b( Enq d]bg etmc]ldms]k lncd+ cq]v fq]ogr ne w0 udqrtr
s ]mc w1 udqrtr s ]mc cdrbqhad sgd etmc]ldms]k lncdr ne
uhaq]shnm-
 c( Bnmrhcdq sgd hmhsh]k bnmchshnmr w&/( = &−0+ 2+ /+ /(S -
Du]kt]sd sgd ]qahsq]qx bnmrs]msr hm sgd fdmdq]k rnktshnm hm o]qs
&a( ]mc okns fq]ogr ne w0 udqrtr s ]mc w1 udqrtr s-
 d( Bnmrhcdq nsgdq hmhsh]k bnmchshnmr ne xntq nvm bgnhbd+ ]mc
okns fq]ogr ne w0 udqrtr s ]mc w1 udqrtr s hm d]bg b]rd-
03- Bnmrhcdq sgd svn,l]rr+ sgqdd,roqhmf rxrsdl vgnrd
dpt]shnmr ne lnshnm ]qd Dpr- &00( hm sgd sdws- Kds l0 =l1 =l
]mc j0 = j1 = j2 = j- Ehmc sgd fdmdq]k rnktshnm hm sdqlr ne
sgd o]q]ldsdq $ =

√
j{l- Hm sdqlr ne $+ vg]s ]qd sgd oqhm,

bho]k lncdr ne uhaq]shnm ]mc sgd bnqqdronmchmf m]stq]k eqd,
ptdmbhdr=
Enqd]bg ne sgd l]sqhbdr hm Oqnakdlr 04 sgqntfg 07+ trd ]
bnlotsdq sn ]rrhrs hm “mchmf ] etmc]ldms]k rds ne qd]k rnkt,
shnmr sn sgd rxrsdl w… = ?w-

04- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

−2 5 1 −1
1 −2 −5 1

−3 7 2 −3
1 −1 −5 0

⎞
⎟
⎟
⎟
⎟
⎟⎠

05- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

−2 −3 4 8
−1 −4 3 01
−1 / −0 1

/ −1 1 2

⎞
⎟
⎟
⎟
⎟
⎟⎠

06- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

−2 −4 7 03
−5 −7 00 16
−5 −3 6 06

/ −1 1 3

⎞
⎟
⎟
⎟
⎟
⎟⎠

07- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

/ 2 / −1
−0{1 0 −2 −4{1

/ 2 −4 −2
0 2 / −2

⎞
⎟
⎟
⎟
⎟
⎟⎠

5-4 Etmc]ldms]k L]sqhbdr ]mc sgd
Dwonmdmsh]k ne ] L]sqhw

Etmc]ldms]k L]sqhbdr
Sgd rsqtbstqd ne sgd rnktshnmr ne khmd]q ch—dqdmsh]k dpt]shnmr b]m ad etqsgdq hkktlhm]sdc ax
hmsqnctbhmf sgd hcd] ne ] etmc]ldms]k l]sqhw- Rtoonrd sg]s w0&s(+… + wm&s( enql ] etmc],
ldms]k rds ne rnktshnmr enq sgd dpt]shnm

w… = O&s(w &0(

nm rnld hmsdqu]k � . s . 𝛼- Sgdm sgd l]sqhw

W&s( = Zw0&s(+ w1&s(+… + wm&s([ =
⎛
⎜
⎜
⎜⎝

w00&s( ⋯ w0m&s(
⋮ ⋮

wm0&s( ⋯ wmm&s(

⎞
⎟
⎟
⎟⎠

+ &1(

vgnrd bnktlmr ]qd sgd udbsnqr w0&s(+… + wm&s(+ hr r]hc sn ad ] etmcZldmsZk lZsqhw enq sgd
rxrsdl &0(- Mnsd sg]s ] etmc]ldms]k l]sqhw hr mnmrhmftk]q rhmbd hsr bnktlmr ]qd khmd]qkx
hmcdodmcdms udbsnqr &rdd Sgdnqdlr 5-1-4+ 5-1-5 ]mc sgd qdl]qj enkknvhmf Sgdnqdl 5-1-5(-
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DW;LOKD
0

Ehmc ] etmc]ldms]k l]sqhw enq sgd rxrsdl

w… =

}
0 0
3 0

(
w. &2(

Mnsd sg]s Dp- &2( hr sgd r]ld rxrsdl ne ch—dqdmsh]k dpt]shnmr bnmrhcdqdc hm Dw]lokd 3 ne
Rdbshnm 2-2-

Trhmf sgd dhfdmu]ktd ldsgnc+ vd “mc sgd o]hq ne khmd]qkx hmcdodmcdms rnktshnmr

w0&s( =

}
d2s

1d2s

(
+ w1&s( =

}
d−s

−1d−s

(
+

ne Dp- &2(- Sgtr ] etmc]ldms]k l]sqhw enq sgd rxrsdl &2( hr

W&s( =

}
d2s d−s

1d2s −1d−s

(
. &3(

Sgd rnktshnmr nas]hmdc eqnl sghr etmc]ldms]k l]sqhw ]qd bnmrhrsdms vhsg sgd fdmdq]k rnkt,
shnm nas]hmdc hm Dw]lokd 3 ne Rdbshnm 2-2-

Sgd rnktshnm ne ]m hmhsh]k u]ktd oqnakdl b]m ad vqhssdm udqx bnlo]bskx hm sdqlr ne ] etmc],
ldms]k l]sqhw- Sgd fdmdq]k rnktshnm ne Dp- &0( hr

w = b0w0&s( +⋯ + bmwm&s( &4(

nq+ hm sdqlr ne W&s(+

w = W&s(b+ &5(

vgdqd b hr ] bnmrs]ms udbsnq vhsg ]qahsq]qx bnlonmdmsr b0+… + bm- Enq ]m hmhsh]k u]ktd oqna,
kdl bnmrhrshmf ne sgd ch—dqdmsh]k dpt]shnm &0( ]mc sgd hmhsh]k bnmchshnm

w&s/( = w/+ &6(

vgdqd s/ hr ] fhudm onhms hm � . s . 𝛼 ]mc w/ hr ] fhudm hmhsh]k udbsnq+ hs hr nmkx mdbdrr]qx sn
bgnnrd sgd udbsnq b hm Dp- &5( rn ]r sn r]shrex sgd hmhsh]k bnmchshnm &6(- Gdmbd b ltrs r]shrex

W&s/(b = w/. &7(

Sgdqdenqd+ rhmbd W&s/( hr mnmrhmftk]q+

b = W−0&s/(w/

]mc

w = W&s(W−0&s/(w/ &8(

hr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &0(+ &6(- Vd dlog]rhyd+ gnvdudq+ sg]s sn rnkud ]
fhudm hmhsh]k u]ktd oqnakdl+ nmd vntkc nqchm]qhkx rnkud Dp- &7( ax qnv qdctbshnm ]mc sgdm
rtarshstsd enq b hm Dp- &5(+ q]sgdq sg]m bnlotsd W−0&s/( ]mc trd Dp- &8(-

Qdb]kk sg]s d]bg bnktlm ne sgd etmc]ldms]k l]sqhw W hr ] rnktshnm ne Dp- &0(- Hs enkknvr
sg]s W r]shr“dr sgd l]sqhw ch—dqdmsh]k dpt]shnm

W… = O&s(W. &0/(
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Sghr qdk]shnm hr qd]chkx bnm“qldc ax bnlo]qhmf sgd svn rhcdr ne Dp- &0/( bnktlm ax bnktlm+

Zw…0+… + w…m[
⏞⏟⏟⏟⏞⏟⏟⏟⏟

W…

= ZO&s(w0+… + O&s(wm[
⏞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

O&s(W

.

Rnldshldr hs hr bnmudmhdms sn l]jd trd ne sgd rodbh]k etmc]ldms]k l]sqhw+ cdmnsdc ax "&s(+
vgnrd bnktlmr ]qd sgd udbsnqr w0&s(+… + wm&s( cdrhfm]sdc hm Sgdnqdl 5-1-6- Adrhcdr sgd
ch—dqdmsh]k dpt]shnm &0(+ enq d]bg i = 0+… + m+ sgdrd udbsnqr r]shrex sgd hmhsh]k bnmchshnm

wi&s/( = di =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
⋮

/
0
/
⋮

/

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

� isg onrhshnm-

Sgtr "&s( g]r sgd oqnodqsx sg]s

"&s/( =

⎛
⎜
⎜
⎜
⎜⎝

0 / ⋯ /
/ 0 ⋯ /
⋮ ⋮ ⋱ ⋮

/ / ⋯ 0

⎞
⎟
⎟
⎟
⎟⎠

= Hm. &00(

Vd vhkk ]kv]xr qdrdqud sgd rxlank " sn cdmnsd sgd etmc]ldms]k l]sqhw r]shrexhmf sgd hmhsh]k
bnmchshnm &00( ]mc trd W vgdm ]m ]qahsq]qx etmc]ldms]k l]sqhw hr hmsdmcdc- Hm sdqlr ne
"&s(+ sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &0(+ &6( hr dudm rhlokdq hm ]ood]q]mbd: rhmbd
"−0&s/( = Hm+ hs enkknvr eqnl Dp- &8( sg]s

w = "&s(w/. &01(

PdlRpi- ?ksgntfg sgd etmc]ldms]k l]sqhw "&s( hr nesdm lnqd bnlokhb]sdc sg]m W&s(+ hs hr drod,
bh]kkx gdkoetk he sgd r]ld rxrsdl ne ch—dqdmsh]k dpt]shnmr hr sn ad rnkudc qdod]sdckx rtaidbs sn
l]mx ch—dqdms hmhsh]k bnmchshnmr- Sghr bnqqdronmcr sn ] fhudm ogxrhb]k rxrsdl sg]s b]m ad rs]qsdc
eqnl l]mx ch—dqdms hmhsh]k rs]sdr- He sgd etmc]ldms]k l]sqhw "&s( g]r addm cdsdqlhmdc+ sgdm sgd
rnktshnm enq d]bg rds ne hmhsh]k bnmchshnmr b]m ad entmc rhlokx ax l]sqhw ltkshokhb]shnm+ ]r hm,
chb]sdc ax Dp- &01(- Sgd l]sqhw "&s( sgtr qdoqdrdmsr ] sq]mrenql]shnm ne sgd hmhsh]k bnmchshnmr
w/ hmsn sgd rnktshnm w&s( ]s ]m ]qahsq]qx shld s- Bnlo]qhmf Dpr- &8( ]mc &01( l]jdr hs bkd]q sg]s
"&s( = W&s(W−0&s/(-

DW;LOKD
1

Enq sgd rxrsdl &2( ne Dw]lokd 0+ “mc sgd etmc]ldms]k l]sqhw " rtbg sg]s "&/( = H1-
Sgd bnktlmr ne " ]qd rnktshnmr ne Dp- &2( sg]s r]shrex sgd hmhsh]k bnmchshnmr

w0&/( =

}
0
/

(
+ w1&/( =

}
/
0

(
.

Rhmbd sgd fdmdq]k rnktshnm ne Dp- &2( hr

w = b0d2s

}
0
1

(
+ b1d−s

}
0

−1

(
+
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vd b]m “mc sgd rnktshnm r]shrexhmf sgd “qrs rds ne sgdrd hmhsh]k bnmchshnmr ax bgnnrhmf
b0 = b1 = 0

1 : rhlhk]qkx+ vd nas]hm sgd rnktshnm r]shrexhmf sgd rdbnmc rds ne hmhsh]k bnmchshnmr
ax bgnnrhmf b0 = 0

3 ]mc b1 = − 0
3 - Gdmbd

"&s( =

}
&d2s + d−s({1 &d2s − d−s({3

d2s − d−s &d2s + d−s({1

(
.

Dpthu]kdmskx+ "&s( b]m ad entmc ax bnlotshmf sgd l]sqhw oqnctbs

"&s( = W&s(W−0&/( =

}
d2s d−s

1d2s −1d−s

(}
0{1 0{3
0{1 −0{3

(

=

}
&d2s + d−s({1 &d2s − d−s({3

d2s − d−s &d2s + d−s({1

(
.

Mnsd sg]s sgd dkdldmsr ne "&s( ]qd lnqd bnlokhb]sdc sg]m sgnrd ne sgd etmc]ldms]k l]sqhw
W&s( fhudm ax Dp- &3(: gnvdudq+ hs hr mnv d]rx sn cdsdqlhmd sgd rnktshnm bnqqdronmchmf sn
]mx rds ne hmhsh]k bnmchshnmr-

Sgd L]sqhw Dwonmdmsh]k Etmbshnm c?p

Qdb]kk sg]s sgd rnktshnm ne sgd rb]k]q hmhsh]k u]ktd oqnakdl

w… = Zw+ w&/( = w/+ &02(

vgdqd Z hr ] bnmrs]ms+ hr

w = w/dZs.

Mnv bnmrhcdq sgd bnqqdronmchmf hmhsh]k u]ktd oqnakdl enq ]m m % m rxrsdl+ m]ldkx+

w… = ?w+ w&/( = w/+ &03(

vgdqd ? hr ] bnmrs]ms l]sqhw- ?ookxhmf sgd qdrtksr ne sghr rdbshnm sn sgd oqnakdl &03(+ vd
b]m vqhsd hsr rnktshnm ]r

w = "&s(w/+ &04(

vgdqd "&/( = Hm- Bnlo]qhmf sgd oqnakdlr &02( ]mc &03(+ ]mc sgdhq rnktshnmr+ rtffdrsr sg]s
sgd l]sqhw "&s( lhfgs g]ud ]m dwonmdmsh]k bg]q]bsdq- Vd mnv dwoknqd sghr onrrhahkhsx-

Sgd rb]k]q dwonmdmsh]k etmbshnm dZs b]m ad qdoqdrdmsdc ax sgd onvdq rdqhdr

dZs = 0 + Zs + 0
1=

Z1s1 + 0
2=

Z2s2 +⋯ =
∞∑

j=/

Zjsj

j=
+ &05(

vghbg bnmudqfdr enq ]kk s- Ax ]m]knfx vhsg sgd onvdq rdqhdr &05(+ vd mnv cd“md sgd rxlankhb
dwoqdrrhnm d?s-
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CDEHMHSHNM
5-4-0

Kds ? ad ]m m % m bnmrs]ms l]sqhw- Sgd lZsqhw dwonmdmshZk etmbshnm+ cdmnsdc ax d?s+
hr cd“mdc sn ad

d?s = Hm + ?s + 0
1=

?1s1 + 0
2=

?2s2 +⋯ =
∞∑

j=/
?j sj

j=
. &06(

PdlRpi- Sgd onvdqr ne ? sg]s ]ood]q hm Dp- &06( rxlankhb]kkx qdoqdrdms l]sqhw oqnctbsr+ vhsg
?/ = Hm ax bnmudmshnm+ ?1 = ??+ ?2 = ???+ ]mc rn enqsg- Rhmbd ? hr ]m m % m l]sqhw+ d]bg
sdql hm sgd rdqhdr hr ]m m % m l]sqhw+ ]r hr ]mx o]qsh]k rtl RM&s( =

∑M
j=/ ?jsj{j=- Fhudm ]mx

m % m l]sqhw ?+ hs b]m ad rgnvm sg]s d]bg dkdldms]k rdptdmbd &h-d-+ sgd rdptdmbd ]rrnbh]sdc vhsg
d]bg dmsqx( hm sgd rdptdmbd ne m % m l]sqhbdr RM&s( bnmudqfdr enq ]kk s ]r M → ∞- Sgtr d?s hr
]m m % m l]sqhw dpt]k sn sgd khlhs ne sgd bnmudqfdms rdptdmbd ne o]qsh]k rtlr+ ihlM→∞ RM&s(-
Etqsgdqlnqd sgd bnmudqfdmbd hr rtffbhdmskx q]ohc sg]s ]kk nodq]shnmr odqenqldc nm sgd rdqhdr
&06(+ rtbg ]r sdql,ax,sdql ch—dqdmsh]shnm+ ]qd itrsh“dc-

DW;LOKD
2

Trd Cd“mhshnm 5-4-0 sn “mc d?s he

? =

}
0 0
/ 0

(
.

Mnshmf sg]s

?1 =

}
0 1
/ 0

(
+ ?2 =

}
0 2
/ 0

(
+ … + ?j =

}
0 j
/ 0

(
+…

]mc trhmf Dp- &06(+ vd “mc sg]s

d?s =

}
0 /
/ 0

(
+ s

0=

}
0 0
/ 0

(
+ s1

1=

}
0 1
/ 0

(
+⋯ + sj

j=

}
0 j
/ 0

(
+⋯

=

}∑∞
j=/ sj{j=

∑∞
j=0 jsj{j=

/
∑∞

j=/ sj{j=

(
=

}∑∞
j=/ sj{j= s

∑∞
j=/ sj{j=

/
∑∞

j=/ sj{j=

(

=

}
ds sds

/ ds

(
+

vgdqd vd g]ud trdc sgd rdqhdr &05( vhsg Z = 0-

Hm fdmdq]k+ hs hr mns onrrhakd sn hcdmshex sgd dmsqhdr ne d?s hm sdqlr ne dkdldms]qx etmbshnmr
eqnl sgdhq hm“mhsd rdqhdr qdoqdrdms]shnmr+ dudm he sgd hm“mhsd rdqhdr b]m ad entmc- Gnv,
dudq nmd e]lhkx ne l]sqhbdr enq vghbg sgd dmsqhdr nm sgd qhfgs,g]mc rhcd ne Dp- &06( ]qd
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hcdmsh“]akd eqnl sgdhq hm“mhsd rdqhdr qdoqdrdms]shnm hr sgd bk]rr ne ch]fnm]k l]sqhbdr+ r]x+

C =

⎛
⎜
⎜
⎜
⎜⎝

λ0 / ⋯ /
/ λ1 ⋯ /
⋮ ⋮ ⋱ ⋮

/ / ⋯ λm

⎞
⎟
⎟
⎟
⎟⎠

. &07(

Hm sghr b]rd+ sgd onvdqr ne C ]qd d]rx sn b]kbtk]sd+

C1 =

⎛
⎜
⎜
⎜
⎜
⎜⎝

λ1
0 / ⋯ /

/ λ1
1 ⋯ /

⋮ ⋮ ⋱ ⋮

/ / ⋯ λ1
m

⎞
⎟
⎟
⎟
⎟
⎟⎠

+ … + Cj =

⎛
⎜
⎜
⎜
⎜
⎜⎝

λj
0 / ⋯ /

/ λj
1 ⋯ /

⋮ ⋮ ⋱ ⋮

/ / ⋯ λj
m

⎞
⎟
⎟
⎟
⎟
⎟⎠

+ … .

Hs enkknvr sg]s

dCs =
∑∞

j=/
Cj sj

j=
=

⎛
⎜
⎜
⎜
⎜
⎜⎝

∑∞
j=/ λ

j
0sj{j= / ⋯ /

/
∑∞

j=/ λ
j
1sj{j= ⋯ /

⋮ ⋮ ⋮

/ / ⋯
∑∞

j=/ λ
j
msj{j=

⎞
⎟
⎟
⎟
⎟
⎟⎠

=

⎛
⎜
⎜
⎜
⎜⎝

dλ0s / ⋯ /
/ dλ1s ⋯ /
⋮ ⋮ ⋮

/ / ⋮ dλms

⎞
⎟
⎟
⎟
⎟⎠

. &08(

Sgd mdws sgdnqdl rgnvr sgd dpthu]kdmbx ne d?s ]mc sgd etmc]ldms]k l]sqhw "&s( enq sgd
rxrsdl w… = ?w-

SGDNQDL
5-4-1

He ? hr ]m m % m bnmrs]ms l]sqhw+ sgdm

d?s = "&s(. &1/(

Bnmrdptdmskx+ sgd rnktshnm sn sgd hmhsh]k u]ktd oqnakdl w… = ?w+ w&/( = w/+ hr w = d?sw/-

Oqnne Ch—dqdmsh]shmf sgd rdqhdr &06( sdql ax sdql+ vd nas]hm

c
cs

d?s = c
cs

}
Hm + ?s + 0

1=
?1s1 + 0

2=
?2s2 +⋯

(

=
}
? + 0

0=
?1s + 0

1=
?2s1 +⋯

(

= ?
}
Hm + ?s + 0

1=
?1s1 +⋯

(

= ?d?s.
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Sgtr d?s r]shr“dr sgd ch—dqdmsh]k dpt]shnm
c
cs

d?s = ?d?s. &10(

Etqsgdq+ vgdm s = /+ d?s r]shr“dr sgd hmhsh]k bnmchshnm

d?s|||s=/
= Hm. &11(

Sgd etmc]ldms]k l]sqhw " r]shr“dr sgd r]ld hmhsh]k u]ktd oqnakdl ]r d?s+ m]ldkx+

"… = ?"+ "&/( = Hm.

Ax sgd tmhptdmdrr o]qs ne Sgdnqdl 5-1-0 &dwsdmcdc sn l]sqhw ch—dqdmsh]k dpt]shnmr(+ vd
bnmbktcd sg]s d?s ]mc sgd etmc]ldms]k l]sqhw "&s( ]qd hcdmshb]k- Sgtr vd b]m vqhsd sgd
rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &03( hm sgd enql

w = d?sw/.

Dpt]shnmr &10( ]mc &11( rgnv sg]s svn oqnodqshdr ne dZs+ m]ldkx+ c&dZs({cs = ZdZs ]mc
dZ�/ = 0+ fdmdq]khyd sn d?s- Sgd enkknvhmf sgdnqdl rtll]qhydr rnld ]cchshnm]k oqnodqshdr
ne dZs sg]s ]qd ]krn rg]qdc ax d?s-

SGDNQDL
5-4-2

Kds ? ]mc A ad m % m bnmrs]ms l]sqhbdr ]mc s+ ) ad qd]k nq bnlokdw mtladqr- Sgdm+

 Z( d?&s+)( = d?sd?) .
 a( ? bnlltsdr vhsg d?s+ sg]s hr+ ?d?s = d?s?-
 b( &d?s(−0 = d−?s-
 c( d&?+A(s = d?sdAs he ?A = A?+ sg]s hr+ he ? ]mc A bnlltsd-

Oqnne  Z( Eqnl sgd rdqhdr &06(+

?d?s = ?
}
Hm + ?s + 0

1=
?1s1 + 0

2=
?2s2 +⋯

(

=
}
? + ?1s + 0

1=
?2s1 + 0

2=
?3s2 +⋯

(

=
}
Hm + ?s + 0

1=
?1s1 + 0

2=
?2s2 +⋯

(
? = d?s?.

 a( Kds "&s( = d&?+A(s ]mc "̂&s( = d?sdAs- Sgdm " hr sgd tmhptd rnktshnm sn

"… = &? + A("+ "&/( = Hm. &12(

Rhmbd vd ]qd ]rrtlhmf sg]s ? ]mc A bnlltsd+ hs enkknvr sg]s d?sA = Ad?s- Sgd
]qftldms l]jdr trd ne sgd rdqhdr qdoqdrdms]shnm &06( enq d?s ]mc hr hcdmshb]k sn sg]s
trdc hm sgd oqnne ne o]qs &a(- Sgdm

"̂… = ?d?sdAs + d?sAdAs = ?d?sdAs + Ad?sdAs = &? + A(d?sdAs = &? + A("̂.

Rhmbd "̂&/( = Hm+ "̂ hr ]krn ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &12(- Sgd qdrtks
enkknvr eqnl sgd tmhptdmdrr o]qs ne Sgdnqdl 5-1-0-
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 b( Ltkshokxhmf sgd rdqhdr enq d?s ]mc d?) hm ] l]mmdq ]m]knfntr sn ltkshokxhmf onkx,
mnlh]k dwoqdrrhnmr ]mc qdfqntohmf sdqlr ]ooqnoqh]sdkx xhdkc

d?sd?) =
}
Hm +?s+ 0

1=
?1s1 + 0

2=
?2s2 + ⋯

(}
Hm +?)+ 0

1=
?1)1 + 0

2=
?2)2 + ⋯

(

= Hm + ?&s + )( + 0
1=

?1&s + )(1 + 0
2=

?2&s + )(2 +⋯

= d?&s+)(.

 c( Rdsshmf ) = −s hm qdrtks &b( fhudr d?&s+&−s(( = d?sd?&−s(+ nq Hm = d?sd−?s- Sgtr
d−?s = &d?s(−0-

Ldsgncr enq Bnmrsqtbshmf c?p

Fhudm ]m m % m bnmrs]ms l]sqhw ?+ vd mnv chrbtrr qdk]shnmrghor adsvddm ch—dqdms qdoqd,
rdms]shnmr ne sgd etmc]ldms]k l]sqhw d?s enq sgd rxrsdl

w… = ?w &13(

sg]s oqnuhcd oq]bshb]k ldsgncr enq hsr bnmrsqtbshnm-
He ] etmc]ldms]k rds ne rnktshnmr+ !w0&s(+ w1&s(+ w2&s(}+ vgdqd

w0&s( =

⎛
⎜
⎜
⎜
⎜⎝

w00&s(
w10&s(
⋮

wm0&s(

⎞
⎟
⎟
⎟
⎟⎠

+ w1&s( =

⎛
⎜
⎜
⎜
⎜⎝

w01&s(
w11&s(
⋮

wm1&s(

⎞
⎟
⎟
⎟
⎟⎠

+ … + wm&s( =

⎛
⎜
⎜
⎜
⎜⎝

w0m&s(
w1m&s(
⋮

wmm&s(

⎞
⎟
⎟
⎟
⎟⎠

+

ne Dp- &13( hr ]u]hk]akd+ sgdm ax Sgdnqdl 5-4-1+

d?s = W&s(W−0&/(+ &14(

vgdqd

W&s( = Zw0&s(+ w1&s(+… + wm&s([ =
⎛
⎜
⎜
⎜⎝

w00&s( ⋯ w0m&s(
⋮ ⋮

wm0&s( ⋯ wmm&s(

⎞
⎟
⎟
⎟⎠
.

DW;LOKD
3

Ehmc d?s enq sgd rxrsdl

w… =

}
0 −0
0 2

(
= ?w. &15(

Sgdm “mc sgd hmudqrd &d?s(−0 ne d?s-
? etmc]ldms]k rds ne rnktshnmr sn Dp- &15( v]r entmc hm Dw]lokd 2 ne Rdbshnm 2-4- Rhmbd

sgd bg]q]bsdqhrshb dpt]shnm ne ? hr &λ − 1(1+ sgd nmkx dhfdmu]ktd ne ?+ λ0 = 1+ g]r ]kfdaq]hb
ltkshokhbhsx 1- Gnvdudq sgd fdnldsqhb ltkshokhbhsx ne λ0 hr 0 rhmbd sgd nmkx dhfdmudbsnq
sg]s b]m ad entmc hr u0 = &0+−0(S - Sgtr nmd rnktshnm ne Dp- &15( hr w0&s( = d1s&0+−0(S - ?
rdbnmc khmd]qkx hmcdodmcdms rnktshnm+

w1&s( = sd1s

}
0

−0

(
+ d1s

}
/

−0

(
=

}
sd1s

−&0 + s(d1s

(
+
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hr entmc trhmf sgd ldsgnc ne fdmdq]khydc dhfdmudbsnqr enq rxrsdlr ne chldmrhnm 1 chrbtrrdc
hm Rdbshnm 2-4- Sgtr ] etmc]ldms]k l]sqhw enq Dp- &15( hr

W&s( = Zw0&s(+ w1&s([ =

}
d1s sd1s

−d1s −&0 + s(d1s

(
.

Trhmf &14( fhudr

d?s = W&s(W−0&/(

=

}
d1s sd1s

−d1s −&0 + s(d1s

(}
0 /

−0 −0

(

=

}
&0 − s(d1s −sd1s

sd1s &0 + s(d1s

(
. &16(

Ax o]qs &b( ne Sgdnqdl 5-4-2+ sgd hmudqrd ne d?s hr nas]hmdc ax qdok]bhmf s ax −s hm sgd
l]sqhw &16(+

&d?s(−0 = d−?s =

}
&0 + s(d−1s sd−1s

−sd−1s &0 − s(d−1s

(
.

▶ c?p Vgdm 9 h r Mnmcdedbs hud- Hm sgd b]rd sg]s ? g]r m khmd]qkx hmcdodmcdms dhfdmudbsnqr !u0+… + um}+
sgdm+ ax Sgdnqdl 5-2-0+ ] etmc]ldms]k rds enq Dp- &13( hr !dλ0su0+ dλ1su1+… + dλmsum}- Hm sghr
b]rd+

W&s( =
)
dλ0su0+ dλ1su1+… + dλmsum

[

=

⎛
⎜
⎜
⎜
⎜⎝

dλ0sℏ00 dλ1sℏ01 ⋯ dλmsℏ0m

dλ0sℏ10 dλ1sℏ11 ⋯ dλmsℏ1m

⋮ ⋮ ⋮

dλ0sℏm0 dλ1sℏm1 ⋯ dλmsℏmm

⎞
⎟
⎟
⎟
⎟⎠

= SdCs+ &17(

vgdqd

S = Zu0+ u1+… + um[ =

⎛
⎜
⎜
⎜
⎜⎝

ℏ00 ℏ01 ⋯ ℏ0m

ℏ10 ℏ11 ⋯ ℏ1m

⋮ ⋮ ⋮

ℏm0 ℏm1 ⋯ ℏmm

⎞
⎟
⎟
⎟
⎟⎠

]mc dCs hr cd“mdc hm Dp- &08(- Sgd l]sqhw S hr mnmrhmftk]q rhmbd hsr bnktlmr ]qd sgd khm,
d]qkx hmcdodmcdms dhfdmudbsnqr ne ?- Rtarshstshmf SdCs enq W&s( hm Dp- &14( ]mc mnshmf sg]s
W&/( = S ]mc W−0&/( = S−0 fhud tr

d?s =
⏞⏞⏟
SdCs

W&s(
⏞⏞⏟
S−0

W−0&/(

. &18(

Sgtr+ hm sgd b]rd sg]s ? g]r m khmd]qkx hmcdodmcdms dhfdmudbsnqr+ Dp- &18( dwoqdrrdr d?s

chqdbskx hm sdqlr ne sgd dhfdmo]hqr ne ?- Mnsd sg]s he ? hr qd]k+ d?s ltrs ad qd]k ]mc sgdqdenqd
sgd qhfgs,g]mc rhcdr ne Dpr- &14( ]mc &18( ltrs oqnctbd qd]k l]sqhw etmbshnmr dudm he rnld ne
sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ]qd bnlokdw Zrdd Oqnakdl 12 enq ]m ]ksdqm]shud cdqhu]shnm
ne Dp- &18([-
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DW;LOKD
4

Bnmrhcdq ]f]hm sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr

w… = ?w+

vgdqd ? hr fhudm ax Dp- &2(- Trd Dp- &18( sn nas]hm d?s-
Rhmbd sgd dhfdmo]hqr ne ? ]qd &λ0+ u0( ]mc &λ1+ u1( vhsg λ0 = 2+ λ1 = −0+ u0 = &0+ 1(S +

]mc u1 = &0+−1(S +

S =

}
0 0
1 −1

(
+ C =

}
2 /
/ −0

(
+ ]mc dCs =

}
d2s /
/ d−s

(
.

Sgdqdenqd

d?s =

}
0 0
1 −1

(

⏞⏟⏟⏟⏞⏟⏟⏟⏟
S

}
d2s /
/ d−s

(

⏞⏟⏟⏟⏟⏟⏞⏟⏟⏟⏟⏟⏟
dCs

}
0{1 0{3
0{1 −0{3

(

⏞⏟⏟⏟⏟⏟⏟⏟⏟⏞⏟⏟⏟⏟⏟⏟⏟⏟⏟
S−0

=

}
&d2s + d−s({1 &d2s − d−s({3

d2s − d−s &d2s + d−s({1

(
+

hm ]fqddldms vhsg sgd qdrtksr ne Dw]lokd 1- Sghr hr dwodbsdc rhmbd hm Dw]lokd 1+
W&s( = SdCs ]mc W−0&/( = S−0-

▶ Trhmf sgd K]ok]bd Sq]mrenql sn Ehmc c9p- Qdb]kk sg]s sgd ldsgnc ne K]ok]bd sq]mrenqlr v]r
]ookhdc sn bnmrs]ms bndffbhdms+ “qrs nqcdq khmd]q rxrsdlr ne chldmrhnm 1 hm Rdbshnm 4-3- Sgd
ldsgnc fdmdq]khydr hm ] m]stq]k v]x sn “qrs nqcdq khmd]q rxrsdlr ne chldmrhnm m- Gdqd+ vd
]ookx sgd ldsgnc sn sgd l]sqhw hmhsh]k u]ktd oqnakdl

"… = ?"+ "&/( = Hm+ &2/(

vghbg hr dpthu]kdms sn m hmhsh]k u]ktd oqnakdlr enq sgd hmchuhct]k bnktlmr ne "+ d]bg ] “qrs
nqcdq rxrsdl vhsg bndffbhdms l]sqhw ? ]mc hmhsh]k bnmchshnm oqdrbqhadc ax sgd bnqqdronmchmf
bnktlm ne Hm- Vd cdmnsd sgd K]ok]bd sq]mrenql ne "&s( ax

"̂&r( = � !"&s(} &r( = ∫
∞

/
d−rs"&s( cs.

S]jhmf sgd K]ok]bd sq]mrenql ne sgd ch—dqdmsh]k dpt]shnm hm sgd hmhsh]k u]ktd oqnakdl &2/(
xhdkcr

r"̂ −"&/( = ?"̂+

nq

&rHm − ?("̂&r( = Hm+

vgdqd vd g]ud trdc sgd hmhsh]k bnmchshnm hm &2/( ]mc qd]qq]mfdc sdqlr- Hs enkknvr sg]s

"̂&r( = &rHm − ?(−0. &20(

Vd b]m sgdm qdbnudq "&s( = d?s ax s]jhmf sgd hmudqrd K]ok]bd sq]mrenql ne sgd dwoqdrrhnm
nm sgd qhfgs,g]mc rhcd ne Dp- &20(+

d?s = �−0!&rHm − ?(−0}&s(. &21(

Oqnuhcdc sg]s vd b]m “mc sgd hmudqrd K]ok]bd sq]mrenql ne d]bg dmsqx ne sgd l]sqhw
&rHm − ?(−0+ sgd hmudqrhnm enqltk] &21( vhkk xhdkc d?s vgdsgdq ? hr cdedbshud nq
mnmcdedbshud-
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DW;LOKD
5

Ehmc d?s enq sgd rxrsdl

w… =
⎛
⎜
⎜
⎜⎝

3 5 5
0 2 1

−0 −4 −1

⎞
⎟
⎟
⎟⎠
w = ?w.

Sgdm “mc sgd hmudqrd &d?s(−0 = d−?s-
Sgd dhfdmu]ktdr ne ? ]qd λ0 = 0 vhsg ]kfdaq]hb ltkshokhbhsx 0 ]mc λ1 = 1 vhsg ]kfdaq]hb

ltkshokhbhsx 1 ]mc fdnldsqhb ltkshokhbhsx 0+ rn ? hr cdedbshud- Sgtr vd ]ssdlos sn “mc d?s

trhmf sgd K]ok]bd sq]mrenql- Sgd l]sqhw rH2 − ? hr fhudm ax

rH2 − ? =
⎛
⎜
⎜
⎜⎝

r − 3 −5 −5
−0 r − 2 −1

0 4 r + 1

⎞
⎟
⎟
⎟⎠
.

Trhmf ] bnlotsdq ]kfdaq] rxrsdl+ vd “mc sg]s

&rH2 − ?(−0 = 0
&r − 0(&r − 1(1

⎛
⎜
⎜
⎜⎝

r1 − r + 3 5&r − 2( 5&r − 0(
r r1 − 1r − 1 1&r − 0(

−&r + 1( −&4r − 03( &r − 5(&r − 0(

⎞
⎟
⎟
⎟⎠
.

]mc sgdm s]jhmf sgd hmudqrd K]ok]bd sq]mrenql fhudr

d?s =
⎛
⎜
⎜
⎜⎝

&5s − 2(d1s + 3ds 5&1 − s(d1s − 01ds 5sd1s

&1s − 0(d1s + ds &3 − 1s(d1s − 2ds 1sd1s

&2 − 3s(d1s − 2ds &−8 + 3s(d1s + 8ds &0 − 3s(d1s

⎞
⎟
⎟
⎟⎠
.

Qdok]bhmf s ax −s hm sgd k]rs qdrtks d]rhkx oqnuhcdr tr vhsg sgd hmudqrd ne d?s+

d−?s =
⎛
⎜
⎜
⎜⎝

−&5s + 2(d−1s + 3d−s 5&1 + s(d−1s − 01d−s −5sd−1s

−&1s + 0(d−1s + d−s &3 + 1s(d−1s − 2d−s −1sd−1s

&2 + 3s(d−1s − 2d−s −&8 + 3s(d−1s + 8d−s &0 + 3s(d−1s

⎞
⎟
⎟
⎟⎠
.

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 03+ “mc ] etmc]ldms]k l]sqhw
enq sgd fhudm rxrsdl ne dpt]shnmr- Hm d]bg b]rd+ ]krn “mc sgd
etmc]ldms]k l]sqhw d?s-

0- w… =

}
2 −1
1 −1

(
w 1- w… =

}
−2 1

0{1 −2

(
w

2- w… =

}
2 −3
0 −0

(
w 3- w… =

}
0{1 −0{3

0 −0{1

(
w

4- w… =

}
0 −4{1

0{1 −0

(
w 5- w… =

}
−0 −3

0 −0

(
w

6- w… =

}
4 −0
2 0

(
w 7- w… =

}
0 −0
4 −2

(
w

8- w… =

}
1 −0
2 −1

(
w 0.- w… =

}
0{1 0{1

1 −0

(
w

00- w… =

}
−2 3
−0 −1

(
w 01- w… =

}
−2 4{1

−4{1 1

(
w

02- w… =
⎛
⎜
⎜
⎜⎝

0 0 0
1 0 −0

−7 −4 −2

⎞
⎟
⎟
⎟⎠
w 03- w… =

⎛
⎜
⎜
⎜⎝

0 −0 3
2 1 −0
1 0 −0

⎞
⎟
⎟
⎟⎠
w

04- Rnkud sgd hmhsh]k u]ktd oqnakdl

w… =

}
−2 −8

0 −2

(
w+ w&/( =

}
3
0

(

ax trhmf sgd etmc]ldms]k l]sqhw d?s entmc hm Oqnakdl 5-
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05- Rnkud sgd hmhsh]k u]ktd oqnakdl

w… =

}
1 −0
2 −1

(
w+ w&/( =

}
1

−0

(

ax trhmf sgd etmc]ldms]k l]sqhw d?s entmc hm Oqnakdl 8-
Hm d]bg ne Oqnakdlr 06 sgqntfg 1/+ trd sgd ldsgnc ne
K]ok]bd sq]mrenqlr sn “mc sgd etmc]ldms]k l]sqhw d?s9

06- w… =

}
−3 −0

0 −1

(
w 07- w… =

}
4 −0
0 2

(
w

08- w… =

}
−0 −4

0 2

(
w 1.- w… =

⎛
⎜
⎜
⎜⎝

/ 0 −0
0 / 0
0 0 /

⎞
⎟
⎟
⎟⎠
w

10- Bnmrhcdq ]m nrbhkk]snq r]shrexhmf sgd hmhsh]k u]ktd
oqnakdl

t…… + $1t = /+ t&/( = t/+ t…&/( = ℏ/. &h(
 Z( Kds w0 = t+ w1 = t…+ ]mc sq]mrenql Dpr- &h( hmsn sgd enql

w… = ?w+ w&/( = w/. &hh(
 a( Ax trhmf sgd rdqhdr &06(+ rgnv sg]s

d?s = H1 anr$s + ? rhm$s
$

. &hhh(

 b( Ehmc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &hh(-
11- Sgd l]sqhw ne bndffbhdmsr enq sgd rxrsdl ne ch—dqdmsh]k
dpt]shnmr cdrbqhahmf sgd q]chn]bshud cdb]x oqnbdrr hm Oqna,
kdl 06+ Rdbshnm 5-2+ hr

? =
⎛
⎜
⎜
⎜⎝

−j0 / /
j0 −j1 /
/ j1 /

⎞
⎟
⎟
⎟⎠
.

Trd ] bnlotsdq ]kfdaq] rxrsdl sn “mc sgd etmc]ldms]k l],
sqhw d?s ]mc trd sgd qdrtks sn rnkud sgd hmhsh]k u]ktd oqna,
kdl l… = ?l+ l&/( = &l/+ /+ /(S + vgdqd sgd bnlonmdmsr ne
l = &l0+ l1+ l2(S ]qd sgd ]lntmsr ne d]bg ne sgd sgqdd rta,
rs]mbdr Q0+ Q1+ ]mc Q2+ sgd “qrs svn ne vghbg ]qd q]chn]bshud+
vghkd sgd sghqc hr rs]akd-
12- ?rrtld sg]s sgd qd]k m % m l]sqhw ? g]r m khmd]qkx hmcd,
odmcdms dhfdmudbsnqr u0+… + um bnqqdronmchmf sn sgd &onrrh,
akx qdod]sdc ]mc onrrhakx bnlokdw( dhfdmu]ktdr λ0+… + λm- He

S hr sgd l]sqhw vgnrd bnktlmr ]qd sgd dhfdmudbsnqr ne ?+
S = Zu0+… + um[+

hs hr rgnvm hm ?oodmchw ?-3 sg]s

S−0?S = C =

⎛
⎜
⎜
⎜
⎜
⎜⎝

λ0 / ⋯ /
/ λ1 ⋯ /
⋮ ⋮

/ / ⋯ λm

⎞
⎟
⎟
⎟
⎟
⎟⎠

+ &h(

sg]s hr+ ? hr rhlhk]q sn sgd ch]fnm]k l]sqhw
C = ch]f&λ0+… + λm(-
 Z( Trd sgd qdk]shnm hm Dp- &h( sn rgnv sg]s

?m = SCmS−0

enq d]bg m = /+ 0+ 1+… -
 a( Trd sgd qdrtksr hm o]qs &](+ Dp- &06( hm Cd“mhshnm 5-4-0+
]mc Dp- &08( sn rgnv sg]s

d?s = SdCsS−0.

13- Sgd Ldsgnc ne Rtbbdrrhud ?ooqnwhlZshnmr- Bnmrhcdq
sgd hmhsh]k u]ktd oqnakdl

w… = ?w+ w&/( = w/+ &h(
vgdqd ? hr ] bnmrs]ms l]sqhw ]mc w/ hr ] oqdrbqhadc udbsnq-
 Z( ?rrtlhmf sg]s ] rnktshnm w = !&s( dwhrsr+ rgnv sg]s hs
ltrs r]shrex sgd hmsdfq]k dpt]shnm

!&s( = w/ + ∫
s

/
?!&r( cr. &hh(

 a( Rs]qs vhsg sgd hmhsh]k ]ooqnwhl]shnm !&/( = w/- Rtarshstsd
sghr dwoqdrrhnm enq !&s( hm sgd qhfgs,g]mc rhcd ne Dp- &hh( ]mc
nas]hm ] mdv ]ooqnwhl]shnm !&0(&s(- Rgnv sg]s

!&0(&s( = &Hm + ?s(w/. &hhh(

 b( Qdod]s sgd oqnbdrr ]mc sgdqdax nas]hm ] rdptdmbd ne ]o,
oqnwhl]shnmr!&/(+!&0(+!&1(+… +!&m(+…- Trd ]m hmctbshud ]q,
ftldms sn rgnv sg]s

!&m(&s(=
}

Hm +?s+?1 s1

1=
+ ⋯ +?m sm

m=

(
w/. &hu(

 c( Kds m → ∞ ]mc rgnv sg]s sgd rnktshnm ne sgd hmhsh]k u]ktd
oqnakdl &h( hr

!&s( = d?sw/. &u(

5-5 Mnmgnlnfdmdntr Khmd]q Rxrsdlr
U]qh]shnm ne O]q]ldsdqr

Hm sghr rdbshnm vd stqm sn sgd mnmgnlnfdmdntr rxrsdl
w… = O&s(w + f&s(+ &0(

vgdqd sgd m % m l]sqhw O&s( ]mc sgd m % 0 udbsnq f&s( ]qd bnmshmtntr enq � . s . 𝛼- ?rrtld
sg]s ] etmc]ldms]k l]sqhw W&s( enq sgd bnqqdronmchmf gnlnfdmdntr rxrsdl

w… = O&s(w &1(
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g]r addm entmc- Vd trd sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr sn bnmrsqtbs ] o]qshbtk]q
rnktshnm+ ]mc gdmbd sgd fdmdq]k rnktshnm+ ne sgd mnmgnlnfdmdntr rxrsdl &0(-

Rhmbd sgd fdmdq]k rnktshnm ne sgd gnlnfdmdntr rxrsdl &1( hr W&s(b+ hs hr m]stq]k sn oqnbddc
]r hm Rdbshnm 3-6 ]mc sn rddj ] rnktshnm ne sgd mnmgnlnfdmdntr rxrsdl &0( ax qdok]bhmf sgd
bnmrs]ms udbsnq b ax ] udbsnq etmbshnm t&s(- Sgtr vd ]rrtld sg]s

w = W&s(t&s(+ &2(

vgdqd t&s( hr ] udbsnq sn ad cdsdqlhmdc- Tonm ch—dqdmsh]shmf w ]r fhudm ax Dp- &2( ]mc
qdpthqhmf sg]s Dp- &0( ad r]shr“dc+ vd nas]hm

W…&s(t&s( + W&s(t…&s( = O&s(W&s(t&s( + f&s(. &3(

Rhmbd W&s( hr ] etmc]ldms]k l]sqhw+ W…&s( = O&s(W&s( rn sg]s sgd sdqlr hmunkuhmf t&s( cqno
nts: gdmbd Dp- &3( qdctbdr sn

W&s(t…&s( = f&s(. &4(

Qdb]kk sg]s W&s( hr mnmrhmftk]q nm ]mx hmsdqu]k vgdqd O hr bnmshmtntr- Gdmbd W−0&s( dwhrsr+
]mc sgdqdenqd

t…&s( = W−0&s(f&s(. &5(

Sgtr enq t&s( vd b]m rdkdbs ]mx udbsnq eqnl sgd bk]rr ne udbsnqr sg]s r]shrex Dp- &5(: sgdrd
udbsnqr ]qd cdsdqlhmdc nmkx to sn ]m ]qahsq]qx ]cchshud bnmrs]ms udbsnq- Sgdqdenqd vd cdmnsd
t&s( ax

t&s( = ∫ W−0&s(f&s( cs + b+ &6(

vgdqd sgd bnmrs]ms udbsnq b hr ]qahsq]qx- He sgd hmsdfq]k hm Dp- &6( b]m ad du]kt]sdc+ sgdm sgd
fdmdq]k rnktshnm ne sgd rxrsdl &0( hr entmc ax rtarshstshmf enq t&s( eqnl Dp- &6( hm Dp- &2(-
Gnvdudq+ dudm he sgd hmsdfq]k b]mmns ad du]kt]sdc+ vd b]m rshkk vqhsd sgd fdmdq]k rnktshnm ne
Dp- &0( hm sgd enql

w = W&s(b + W&s(∫
s

s0
W−0&r(f&r( cr+ &7(

vgdqd s0 hr ]mx onhms hm sgd hmsdqu]k &�+ 𝛼(- Nardqud sg]s sgd “qrs sdql nm sgd qhfgs rhcd ne
Dp- &7( hr sgd fdmdq]k rnktshnm ne sgd bnqqdronmchmf gnlnfdmdntr rxrsdl &1(+ ]mc sgd rdbnmc
sdql hr ] o]qshbtk]q rnktshnm ne Dp- &0( &rdd Oqnakdl 0(-

Mnv kds tr bnmrhcdq sgd hmhsh]k u]ktd oqnakdl bnmrhrshmf ne sgd ch—dqdmsh]k dpt]shnm &0(
]mc sgd hmhsh]k bnmchshnm

w&s/( = w/. &8(

Vd b]m “mc sgd rnktshnm ne sghr oqnakdl lnrs bnmudmhdmskx he vd bgnnrd sgd knvdq khlhs ne
hmsdfq]shnm hm Dp- &7( sn ad sgd hmhsh]k onhms s/- Sgdm sgd fdmdq]k rnktshnm ne sgd ch—dqdmsh]k
dpt]shnm hr

w = W&s(b + W&s(∫
s

s/
W−0&r(f&r( cr. &0/(
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Enq s = s/+ sgd hmsdfq]k hm Dp- &0/( hr ydqn+ rn sgd hmhsh]k bnmchshnm &8( hr ]krn r]shr“dc he vd
bgnnrd

b = W−0&s/(w/. &00(

Sgdqdenqd

w = W&s(W−0&s/(w/ + W&s(∫
s

s/
W−0&r(f&r( cr. &01(

hr sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl- ?f]hm+ ]ksgntfg hs hr gdkoetk sn trd W−0 sn
vqhsd sgd rnktshnmr &7( ]mc &01(+ hs hr trt]kkx adssdq hm o]qshbtk]q b]rdr sn rnkud sgd mdbdrr]qx
dpt]shnmr ax qnv qdctbshnm sg]m sn b]kbtk]sd W−0&s( ]mc rtarshstsd hmsn Dpr- &7( ]mc &01(-

Sgd rnktshnm &01( s]jdr ] rkhfgskx rhlokdq enql he vd trd sgd etmc]ldms]k l]sqhw "&s(
r]shrexhmf "&s/( = Hm- Hm sghr b]rd+ vd g]ud

w = "&s(w/ +"&s(∫
s

s/
"−0&r(f&r( cr. &02(

▶ Sgd B]rd ne Bnmrs]ms O- He sgd bndffbhdms l]sqhw O&s( hm Dp- &0( hr ] bnmrs]ms l]sqhw+ O&s( = ?+ hs hr
m]stq]k ]mc bnmudmhdms sn trd sgd etmc]ldms]k l]sqhw "&s( = d?s sn qdoqdrdms rnktshnmr sn

w… = ?w + f&s(. &03(

Rhmbd &d?s(−0 = d−?s+ sgd fdmdq]k rnktshnm &0/( s]jdr sgd enql

w = d?sb + d?s ∫
s

s/
d−?rf&r( cr. &04(

He ]m hmhsh]k bnmchshnm hr oqdrbqhadc ]s s = s/ ]r hm Dp- &8(+ sgdm b = d−?s/w/+ ]mc eqnl
Dp- &04(+ vd fds

w = d?&s−s/(w/ + d?s ∫
s

s/
d−?rf&r( cr+ &05(

vgdqd vd g]ud trdc sgd oqnodqsx d?sd−?s/ = d?&s−s/(- He sgd hmhsh]k bnmchshnm hr oqdrbqhadc ]s
s = s/ = /+ Dp- &05( qdctbdr sn

w = d?sw/ + d?s ∫
s

/
d−?rf&r( cr. &06(

DW;LOKD
0

Trd sgd ldsgnc ne u]qh]shnm ne o]q]ldsdqr sn “mc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

w… =

}
−2 3
−1 2

(
w +

}
rhm s

s

(
= ?w + f&s(+ w&/( =

}
/
0

(
. &07(

Sgd b]kbtk]shnmr l]x ad odqenqldc ax g]mc- Gnvdudq hs hr ghfgkx qdbnlldmcdc sn trd
] bnlotsdq ]kfdaq] rxrsdl sn e]bhkhs]sd sgd nodq]shnmr- Sgd dhfdmu]ktdr ne ? ]qd λ0 = 0
]mc λ1 = −0 vhsg dhfdmudbsnqr u0 = &0+ 0(S ]mc u1 = &1+ 0(S + qdrodbshudkx- ? etmc]ldms]k
l]sqhw enq sgd gnlnfdmdntr dpt]shnm w… = ?w hr sgdqdenqd

W&s( =

}
ds 1d−s

ds d−s

(
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]mc hs enkknvr sg]s

d?s = W&s(W−0&/( =

}
1d−s − ds 1ds − 1d−s

d−s − ds 1ds − d−s

(
.

? o]qshbtk]q rnktshnm ne sgd ch—dqdmsh]k dpt]shnm &07( hr

wo&s( = d?s ∫
s

/
d−?rf&r( cr =

}
−3s + 2

1 ds − d−s − 0
1 anr s + 2

1 rhm s
−0 − 2s + 2

1 ds − 0
1 d−s + rhm s

(
.

Sgtr sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl hr

w = d?sw/ + wo&s(

=

}
1ds − 1d−s

1ds − d−s

(
+

}
−3s + 2

1 ds − d−s − 0
1 anr s + 2

1 rhm s
−0 − 2s + 2

1 ds − 0
1 d−s + rhm s

(

=

}
6
1 ds − 2d−s + 2

1 rhm s − 0
1 anr s − 3s

6
1 ds − 2

1 d−s + rhm s − 2s − 0

(
.

Mnsd sg]s sghr hr hm ]fqddldms vhsg sgd rnktshnm entmc trhmf sgd ldsgnc ne K]ok]bd sq]mr,
enqlr hm Dw]lokd 3 ne Rdbshnm 4-3-

Tmcdsdqlhmdc Bndeehbhdmsr ]mc Eqdptdmbx Qdronmrd
Sgd ldsgnc ne tmcdsdqlhmdc bndffbhdmsr+ chrbtrrdc hm Rdbshnm 3-4+ b]m ad trdc sn “mc ]
o]qshbtk]q rnktshnm ne

w… = ?w + f&s(

he ? hr ]m m % m bnmrs]ms l]sqhw ]mc sgd dmsqhdr ne f&s( bnmrhrs ne onkxmnlh]kr+ dwonmdmsh]k
etmbshnmr+ rhmdr ]mc bnrhmdr+ nq “mhsd rtlr ]mc oqnctbsr ne sgdrd etmbshnmr- Sgd ldsgnc,
nknfx cdrbqhadc hm Rdbshnm 3-4 dwsdmcr hm ] m]stq]k v]x sn sgdrd sxodr ne oqnakdlr ]mc
hr chrbtrrdc hm sgd dwdqbhrdr &rdd Oqnakdlr 03fl05(- Hm sgd mdws dw]lokd+ vd hkktrsq]sd sgd
ldsgnc ne tmcdsdqlhmdc bndffbhdmsr hm sgd rodbh]k ats hlonqs]ms b]rd ne cdsdqlhmhmf sgd
eqdptdmbx qdronmrd ]mc f]hm etmbshnm enq ] “qrs nqcdq+ bnmrs]ms bndffbhdms khmd]q rxrsdl
vgdm sgdqd hr ] rhmfkd+ nq nmd,chldmrhnm]k+ hmots ]mc sgd qd]k o]qsr ne sgd dhfdmu]ktdr ne sgd
rxrsdl l]sqhw ]qd ]kk mdf]shud- Hm Oqnidbs 1 ]s sgd dmc ne sghr bg]osdq+ ]m ]m]knfntr oqna,
kdl ]qhrdr hm sgd ]m]kxrhr ne sgd qdronmrd ne s]kk athkchmfr sn d]qsgpt]jd,hmctbdc rdhrlhb
uhaq]shnmr-

DW;LOKD
1

Bnmrhcdq sgd bhqbths rgnvm hm Ehftqd 5-5-0 sg]s v]r chrbtrrdc hm Rdbshnm 5-0- Trhmf sgd
bhqbths o]q]ldsdq u]ktdr K0 = 2

1 + K1 = 0
1 + B = 3

2 + ]mc Q = 0+ “mc sgd eqdptdmbx qdronmrd
]mc okns ] fq]og ne sgd f]hm etmbshnm enq sgd ntsots unks]fd ℏQ = Qh1&s( ]bqnrr sgd qdrhrsnq
hm sgd bhqbths-
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QBd s(

h0

h2

h1

K0 K1

EHFTQD 5-5-0 ?m dkdbsqhb bhqbths vhsg hmots d = d&s( ]mc ntsots ℏQ = Qh1&s(-

Ax rdsshmf w = & h0 h1 ℏ (S + vd l]x dwoqdrr Dp- &2/( hm Rdbshnm 5-0 ]r

w… = ?w + Ad&s(+ &08(

vgdqd

? =
⎛
⎜
⎜
⎜⎝

/ / −0{K0
/ −Q{K1 0{K1

0{B −0{B /

⎞
⎟
⎟
⎟⎠

]mc A =
⎛
⎜
⎜
⎜⎝

0{K0
/
/

⎞
⎟
⎟
⎟⎠
.

Sgd eqdptdmbx qdronmrd hr entmc hm ] l]mmdq ]m]knfntr sn sg]s enq “mchmf sgd eqdptdmbx
qdronmrd ne ] c]lodc roqhmf,l]rr rxrsdl hm Rdbshnm 3-5- Enq sgd fhudm u]ktdr ne sgd o],
q]ldsdqr+ sgd dhfdmu]ktdr ne sgd rxrsdl l]sqhw ? ]qd λ0 = −0+ λ1 = − 0

1 + h
√

2{1+ ]mc
λ2 = λ̄1 = −0{1 − h

√
2{1-0 Rhmbd sgd qd]k o]qsr ne sgd dhfdmu]ktdr ]qd ]kk mdf]shud+ sgd sq]m,

rhdms o]qs ne ]mx rnktshnm vhkk chd nts+ kd]uhmf+ hm sgd knmf sdql+ nmkx sgd rsd]cx,rs]sd qd,
ronmrd ne sgd rxrsdl sn sgd g]qlnmhb hmots d&s( = dh$s- Sgd eqdptdmbx qdronmrd enq sgd rs]sd
u]qh]akdr hr sgdm entmc ax ]rrtlhmf ] rsd]cx,rs]sd rnktshnm ne sgd enql

w = F&h$(dh$s+ &1/(

vgdqd F&h$( hr ] 2 % 0 eqdptdmbx qdronmrd udbsnq- Rtarshstshmf sgd qhfgs,g]mc rhcd ne
Dp- &1/( enq w hm Dp- &08( ]mc b]mbdkhmf sgd dh$s+ vghbg ]ood]qr hm dudqx sdql+ xhdkc sgd
dpt]shnm

h$F = ?F + A. &10(

Rnkuhmf Dp- &10( enq F+ vd fds

F&h$( = −&? − h$H2(−0A. &11(

Hs enkknvr eqnl Dp- &11( sg]s sgd eqdptdmbx qdronmrd ne sgd ntsots unks]fd ℏQ = Qh1&s( hr
fhudm ax

QF1&h$( = &/ Q /( F&h$(.

Trhmf ] bnlotsdq+ vd b]m rnkud Dp- &10( enq d]bg $ nm ] rtffbhdmskx “md fqhc- Sgd f]hm
etmbshnm Q⟩F1&h$(⟩ du]kt]sdc nm rtbg ] fqhc hr rgnvm hm Ehftqd 5-5-1-

0Sgd bg]q]bsdqhrshb onkxmnlh]k ne ? b]m ad rgnvm sn ad o&λ( = −
)
λ2 + Q

K1
λ1 + 0

B

}
0
K0

+ 0
K1

(
λ + Q

BK0K1

[
-

Sgd Qntsg rs]ahkhsx bqhsdqhnm+ chrbtrrdc hm Rdbshnm 4-8+ b]m sgdm ad trdc sn rgnv sg]s sgd qd]k o]qsr ne ]kk
sgd qnnsr ne o ]qd mdf]shud vgdmdudq K0+ K1+ Q+ ]mc B ]qd onrhshud-
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43-432-421-410-40/-4

0

/-7

/-5

/-3

/-1

Q
F

1 
h�

(

 

 
EHFTQD 5-5-1 Sgd f]hm etmbshnm Q⟩F1&h$(⟩ ne sgd ntsots unks]fd ℏQ = Qℏ&s( ]bqnrr sgd

qdrhrsnq hm sgd dkdbsqhb bhqbths rgnvm hm Ehftqd 5-5-0-

Vhsg sgd rodbh“dc u]ktdr ne sgd bhqbths o]q]ldsdqr+ sgd bhqbths hm Ehftqd 5-5-0 hr ] knv,
oZrr ’ksdq+ sg]s hr+ ] bhqbths n—dqhmf d]rx o]rr]fd sn knv,eqdptdmbx rhfm]kr ]mc chffbtks
o]rr]fd sn ghfg,eqdptdmbx rhfm]kr-

OQNAKDLR

0- ?rrtlhmf sg]s W&s( hr ] etmc]ldms]k l]sqhw enq
w… = O&s(w+ rgnv chqdbskx sg]s

wo = W&s(∫
s

s0
W−0&r(f&r( cr

hr ] o]qshbtk]q rnktshnm ne Dp- &0(+ w… = O&s(w + f&s(-
Hm d]bg ne Oqnakdlr 1 sgqntfg 8+ “mc sgd fdmdq]k rnktshnm ne
sgd fhudm rxrsdl- B]kbtk]shnmr ]qd fqd]skx e]bhkhs]sdc ax trhmf
] bnlotsdq ]kfdaq] rxrsdl-

1- w… =

}
1 −0
2 −1

(
w +

}
ds

s

(

2- w… =

}
0

√
2√

2 −0

(
w +

}
ds

√
2d−s

(

3- w… =

}
1 −4
0 −1

(
w +

}
−anr s
rhm s

(

4- w… =

}
0 0
3 −1

(
w +

}
d−1s

−1ds

(

5- w… =
⎛
⎜
⎜
⎜⎝

/ −0 0
/ 1 /

−1 −0 2

⎞
⎟
⎟
⎟⎠
w +

⎛
⎜
⎜
⎜⎝

0
s

d−s

⎞
⎟
⎟
⎟⎠

6- w… =
⎛
⎜
⎜
⎜⎝

−0{1 0{1 −0{1
−0 −1 0

0{1 0{1 −2{1

⎞
⎟
⎟
⎟⎠
w +

⎛
⎜
⎜
⎜⎝

0
s

00d−2s

⎞
⎟
⎟
⎟⎠

7- w… =
⎛
⎜
⎜
⎜⎝

−3 0 2
/ −1 /

−1 0 0

⎞
⎟
⎟
⎟⎠
w +

⎛
⎜
⎜
⎜⎝

2s
/

2 anr s

⎞
⎟
⎟
⎟⎠

8- w… =
⎛
⎜
⎜
⎜⎝

−0{1 0 0{1
0 −0 0

0{1 0 −0{1

⎞
⎟
⎟
⎟⎠
w +

⎛
⎜
⎜
⎜⎝

/
− rhm s

/

⎞
⎟
⎟
⎟⎠

0.- Ch—trhnm ne o]qshbkdr nm ] k]sshbd vhsg qdfidbshmf antmc,
]qhdr v]r cdrbqhadc hm Dw]lokd 2+ Rdbshnm 5-2- Hm sghr oqna,
kdl+ vd hmsqnctbd ] jmnvm o]qshbkd rntqbd w/&s( = e &s( ]s
sgd kdes dmc ne sgd k]sshbd ]r rgnvm hm Ehftqd 5-5-2- Sqd]s,
hmf knb]shnmr 0 ]mc 1 ]r hmsdqhnq onhmsr ]mc knb]shnm 2 ]r ]
qdfidbshmf antmc]qx+ sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr enq
w = &w0+ w1+ w2(+ sgd mtladq ne o]qshbkdr ]s k]sshbd onhmsr 0+ 1+
]mc 2+ qdrodbshudkx+ hr

w… = j

⎛
⎜
⎜
⎜⎝

−1 0 /
0 −1 0
/ 0 −0

⎞
⎟
⎟
⎟⎠
w + j

⎛
⎜
⎜
⎜⎝

e &s(
/
/

⎞
⎟
⎟
⎟⎠
. &h(

j w/�}�w0( j w1�}�w0(

w0 w1 w2w/�<�e  s(

EHFTQD 5-5-2 Ch—trhnm nm ] k]sshbd vhsg ] o]qshbkd
rntqbd ]s sgd kdes dmconhms-
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 Z( Ehmc ] mtldqhb]k ]ooqnwhl]shnm sn sgd rnktshnm ne Dp- &h(
rtaidbs sn sgd hmhsh]k bnmchshnm w&/( = &/+ /+ /(S he e &s( = 0 ]mc
j = 0- Cq]v bnlonmdms oknsr ne sgd rnktshnm ]mc cdsdqlhmd
ihls→∞ w&s(-
 a( Ehmc ] mtldqhb]k ]ooqnwhl]shnm sn sgd rnktshnm ne Dp- &h(
rtaidbs sn sgd hmhsh]k bnmchshnm w&/(= &/+ /+ /(S he j = 0 ]mc
e &s(=0 − anr$s enq d]bg ne sgd b]rdr $ = 0 ]mc $ = 3- Cq]v
bnlonmdms oknsr ne sgd rnktshnmr hm d]bg ne sgd svn b]rdr-
00- Ehmc mtldqhb]k ]ooqnwhl]shnmr sn sgd hmhsh]k u]ktd oqna,
kdlr onrdc hm Oqnakdl 0/ tmcdq sgd ]rrtloshnm sg]s sgd qhfgs
antmc]qx hr ]m ]arnqahmf antmc]qx &rdd Oqnakdl 03+ Rdb,
shnm 5-2(-
01- Sgd dpt]shnmr oqdrdmsdc hm Rdbshnm 5-0 enq lncdkhmf kd]c
tos]jd+ rtardptdms dwbg]mfd adsvddm shrrtd bnlo]qsldmsr+
]mc qdlnu]k eqnl sgd gtl]m ancx ]qd

w…0 = &K + j01w1 + j02w2( − &j10 + j20 + j/0(w0

w…1 = j10w0 − &j/1 + j01(w1

w…2 = j20w0 − j02w2.

Dloknxhmf sgd ldsgncr ne Rdbshnm 5-5+ “mc sgd rnktshnm
ne sghr rxrsdl rtaidbs sn sgd hmhsh]k bnmchshnmr w0&/( = /+
w1&/( = /+ ]mc w2&/( = / trhmf sgd o]q]ldsdq u]ktdr
j10 = /./00+ j01 = /./01+ j20 = /.//28+ j02 = /.////24+
j/0 = /./10+ j/1 = /./05+ ]mc hmots etmbshnm

K&s( =

{
24+ / ≤ s ≤ 254+
/+ s < 254.

Rnkud sgd oqnakdl hm svn rs]fdr+ sgd “qrs nudq sgd shld
hmsdqu]k / ≤ s ≤ 254 ]mc sgd rdbnmc nudq sgd shld hmsdqu]k
s ≥ 254- Du]kt]sd sgd rnktshnm enq sgd “qrs rs]fd ]s s = 254 sn
oqnuhcd hmhsh]k bnmchshnmr enq sgd rdbnmc rs]fd ne sgd oqnakdl-
Xnt l]x vhrg sn trd ] bnlotsdq sn ]rrhrs xntq b]kbtk]shnmr-
Bgdbj xntq qdrtksr ax bnlo]qhmf fq]ogr ne sgd rnktshnmr vhsg
sgd fq]ogr hm Ehftqd 5-0-3 nq ax bnlo]qhmf vhsg ]m ]ooqnw,
hl]shnm nas]hmdc chqdbskx ax trhmf ]m hmhsh]k u]ktd oqnakdl
rnkudq-
02- Vgdm uhrbntr c]lohmf enqbdr ]qd hmbktcdc ]mc sgd dwsdq,
m]k enqbd E1&s( hr rds sn ydqn+ sgd rxrsdl ne dpt]shnmr cdrbqha,
hmf sgd lnshnm ne sgd bntokdc l]rr,roqhmf rxrsdl rgnvm hm
Ehftqd 5-0-0 ne Rdbshnm 5-0 hr

w… =

⎛
⎜
⎜
⎜
⎜
⎜⎝

/ / 0 /
/ / / 0

−&j0 + j1({l0 j1{l0 −𝛽{l0 /
j1{l1 −&j1 + j2({l1 / −𝛽{l1

⎞
⎟
⎟
⎟
⎟
⎟⎠

w

+

⎛
⎜
⎜
⎜
⎜
⎜⎝

/
/

E0&s({l0

/

⎞
⎟
⎟
⎟
⎟
⎟⎠

+

vgdqd 𝛽 hr sgd c]lohmf bndffbhdms enq ansg l0 ]mc l1- ?r,
rtld ] g]qlnmhb hmots E0&s({l0 = dh$s ]mc trd sgd o]q]ldsdq

u]ktdr l0 = 1+ l1 = 8
3
+ j0 = 0+ j1 = 2+ j2 = 04

3
ne Dw]lokd 1+

Rdbshnm 5-3+ sn bnlotsd ]mc okns sgd fq]ogr ne sgd f]hm etmb,
shnmr ⟩F0&h$(⟩ ]mc ⟩F1&h$(⟩ enq sgd chrok]bdldmsr w0 ]mc w1+
qdrodbshudkx- Bnlo]qd sgd fq]ogr ne sgd f]hm etmbshnmr vhsg
sgd m]stq]k eqdptdmbhdr ne sgd tmc]lodc rxrsdl enq d]bg ne
sgd c]lohmf bndffbhdmsr 𝛽 = 0+ /.4+ ]mc /.0-
Tmcdsdqlhmdc Bndffbhdmsr- Enq d]bg ne sgd mnmgnlnfd,
mdntr sdqlr rodbh“dc hm Oqnakdlr 03 sgqntfg 05+ trd sgd
ldsgnc ne tmcdsdqlhmdc bndffbhdmsr sn “mc ] o]qshbtk]q rn,
ktshnm ne

w… =

}
−1 0

0 −1

(
w + f&s( = ?w + f&s(+ &hh(

fhudm sg]s sgd fdmdq]k rnktshnm ne sgd bnqqdronmchmf gnln,
fdmdntr rxrsdl w… = ?w hr

w = b0d−2s

}
0

−0

(
+ b1d−s

}
0
0

(
.

03- f&s( =

}
/
5s

(
=

}
/
/

(
+ s

}
/
5

(
.

Rhmbd sgd dmsqhdr ne f&s( ]qd khmd]q etmbshnmr ne s+ rtarshstsd
]m dwoqdrrhnm ne sgd enql

wo&s( = sZ + a = s

}
Z0

Z1

(
+

}
a0

a1

(

hmsn Dp- &hh( ]mc l]sbg sgd bndffbhdmsr ne sgd udbsnq onkxmn,
lh]k nm ansg rhcdr ne sgd qdrtkshmf dpt]shnm sn nas]hm sgd svn
rxrsdlr

?Z = −

}
/
2

(
+ ?a = Z.

Rnkud sgd “qrs dpt]shnm enq Z+ rtarshstsd sgd qdrtks hmsn sgd
rdbnmc dpt]shnm+ ]mc rnkud enq a-

04- f&s( =

}
rhm s

/

(
= rhm s

}
0
/

(
.

Rhmbd ]m dmsqx ne f&s( bnms]hmr ] rhmd etmbshnm+ rtarshstsd ]m
dwoqdrrhnm ne sgd enql

wo&s( = &anr s(Z + &rhm s(a

= anr s

}
Z0

Z1

(
+ rhm s

}
a0

a1

(

hmsn Dp- &hh( ]mc l]sbg sgd bndffbhdmsr ne sgd rhmd etmbshnm
]mc sgd bnrhmd etmbshnm nm ansg rhcdr ne sgd qdrtkshmf dpt],
shnm sn nas]hm sgd bntokdc rxrsdlr

?Z = a+ ?a = −Z −

}
0
/

(
.

Rgnv sg]s &?1 + H1(Z = −

}
0
/

(
]mc rnkud enq Z- Sgdm rta,

rshstsd sghr qdrtks hmsn sgd rdbnmc dpt]shnm ]anud ]mc rnkud
enq a-
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05- f&s( =

}
5d−s

/

(
= d−s

}
5
/

(
.

Rhmbd sgd gnlnfdmdntr dpt]shnm g]r ] rnktshnm ne sgd enql
wo&s( = d−sZ+ hs hr mdbdrr]qx sn hmbktcd ansg sd−sZ ]mc d−sa hm
sgd ]rrtldc enql enq sgd o]qshbtk]q rnktshnm+

wo&s( = d−sa + sd−sZ.

Rtarshstsd sghr dwoqdrrhnm hmsn Dp- &hh( trhmf sgd fhudm f ]mc
rgnv sg]s Z ]mc a ltrs ad rdkdbsdc sn r]shrex

&? + H1(Z = .+ &? + H1(a = Z −

}
1
/

(
.

Sgdm “mc Z ]mc a sg]s r]shrex ansg ne sgdrd dpt]shnmr-

5-6 Cdedbshud L]sqhbdr
Vd bnmbktcd sgd bg]osdq nm rxrsdlr ne “qrs nqcdq khmd]q dpt]shnmr vhsg ] chrbtrrhnm ne sgd
b]rd hm vghbg sgd qd]k+ bnmrs]ms l]sqhw ? hr cdedbshud+ sg]s hr+ ? g]r nmd nq lnqd cdedbshud
dhfdmu]ktdr- Qdb]kk sg]s ]m dhfdmu]ktd hr cdedbshud he hsr fdnldsqhb ltkshokhbhsx f hr kdrr sg]m
hsr ]kfdaq]hb ltkshokhbhsx l- Hm nsgdq vnqcr+ sgdqd ]qd edvdq sg]m l khmd]qkx hmcdodmcdms
dhfdmudbsnqr ]rrnbh]sdc vhsg sghr dhfdmu]ktd- Vd hmbktcd sghr rdbshnm enq bnlokdsdmdrr ats
hs l]x ad qdf]qcdc ]r noshnm]k enq sgd enkknvhmf qd]rnmr9

0- Hm sgd l]inqhsx ne ]ookhb]shnmr+ ? g]r ] bnlokdsd rds ne khmd]qkx hmcdodmcdms dhfdmudb,
snqr- Sgtr sgd sgdnqx ]mc ldsgncr oqdrdmsdc hm sgd oqdbdchmf rdbshnmr ]qd ]cdpt]sd
sn g]mckd sgdrd oqnakdlr-

1- Sgd qdod]sdc dhfdmu]ktd oqnakdl enq khmd]q bnmrs]ms bndffbhdms rxrsdlr ne chldmrhnm
1 v]r sqd]sdc hm Rdbshnm 2-4-

2- Enq khmd]q rxrsdlr ne chldmrhnm k]qfdq sg]m+ r]x+ 3+ sgd o]xn— tshkhsx ne “mchmf
]m]kxshb qdoqdrdms]shnmr ne etmc]ldms]k rdsr ne rnktshnmr hr ptdrshnm]akd rhmbd sgd
bnlokdwhsx ne sgd qdoqdrdms]shnmr nesdm qdpthqdr sg]s fq]ogr ne sgd bnlonmdmsr ad
bnmrsqtbsdc hm nqcdq sn gdko tmcdqrs]mc sgdhq adg]uhnq- Sgtr lnrs rbhdmshrsr ]mc
dmfhmddqr qdrnqs chqdbskx sn mtldqhb]k ]ooqnwhl]shnmr hm nqcdq sn nas]hm sgd r]ld
hmenql]shnm-

3- He hs hr mdbdrr]qx sn “mc ]m]kxshb]k qdoqdrdms]shnmr ne etmc]ldms]k rdsr ne rnktshnmr enq
rxrsdlr ne chldmrhnm fqd]sdq sg]m 1 hm sgd b]rd sg]s ? hr cdedbshud+ sgdm ] bnlotsdq
]kfdaq] rxrsdl nq sgd ldsgnc ne K]ok]bd sq]mrenqlr chrbtrrdc hm Rdbshnm 5-4 snfdsgdq
vhsg ] bnlotsdq ]kfdaq] rxrsdl l]x ad trdc sn “mc ]m ]m]kxshb qdoqdrdms]shnm ne d?s

hm sdqlr ne dkdldms]qx etmbshnmr-

▶ Etmc]ldms]k Rdsr enq Cdedbs hud L]sq hbdr - Kds λ ad ]m dhfdmu]ktd ne ? vhsg ]kfdaq]hb ltk,
shokhbhsx l- Sgd enkknvhmf sgdnqdl rgnvr gnv sn “mc l khmd]qkx hmcdodmcdms rnktshnmr ne
w… = ?w ]rrnbh]sdc vhsg λ-

SGDNQDL
5-6-0

Rtoonrd ? hr ] qd]k m % m l]sqhw ]mc λ hr ]m dhfdmu]ktd ne ? vhsg ]kfdaq]hb ltkshokhbhsx
l- Kds u0+… + ul ad khmd]qkx hmcdodmcdms rnktshnmr ne &? − λHm(lu = .- Sgdm

wj = dλs
)
uj +

s
0=

&? − λHm(uj +⋯ + sl−0

&l − 0(=
&? − λHm(l−0uj

[
+ j = 0+… + l+ &0(

]qd khmd]qkx hmcdodmcdms rnktshnmr ne w… = ?w-
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Oqnne Vd qdvqhsd w… = ?w hm sgd enql

w… = &? − λHm(w + λw &1(

]mc rgnv sg]s wj cd“mdc ax Dp- &0( r]shr“dr Dp- &1(- Ch—dqdmsh]shmf sgd dwoqdrrhnm &0(
xhdkcr

cwj
cs

= dλs
)

&? − λHm(uj +⋯ + sl−1

&l − 1(=
&? − λHm(l−0uj

[
+ λwj. &2(

Nm sgd nsgdq g]mc+ ltkshokxhmf wj ax &? − λHm( fhudr

&? − λHm(wj = dλs
)

&? − λHm(uj +⋯ + sl−0

&l − 0(=
&? − λHm(luj

[
. &3(

Rhmbd &? − λHm(luj = .+ sgd k]rs sdql vhsghm sgd aq]bjdsr nm sgd qhfgs,g]mc rhcd ne Dp- &3(
dpt]kr .- Sgdqdenqd Dp- &3( qdctbdr sn

&? − λHm(wj = dλs
)

&? − λHm(uj +⋯ + sl−1

&l − 1(=
&? − λHm(l−0uj

[
. &4(

Eqnl Dpr- &2( ]mc &4(+ vd rdd sg]s
cwj
cs

= &? − λHm(wj + λwj-
Sgd rds ne rnktshnmr !w0+… + wl} hr khmd]qkx hmcdodmcdms nm H = &−∞+ ∞( rhmbd rdsshmf

s = / hm sgd rs]sdldms

b0w0&s( +⋯ + blwl&s( = . enq dudqx s ∈ H

xhdkcr sgd dpt]shnm

b0u0 +⋯ + blul = ..

Rhmbd u0+… + ul ]qd khmd]qkx hmcdodmcdms+ sgd bnmrs]msr b0+… + bl ]qd mdbdrr]qhkx ydqn-

PdlRpi

0- Sgdnqdl 5-6-0 ]ookhdr sn ansg cdedbshud ]mc mnmcdedbshud dhfdmu]ktdr-
1- Enq ?+ ]r rs]sdc hm sgd sgdnqdl+ sgd dwhrsdmbd ne l khmd]qkx hmcdodmcdms rnktshnmr sn

&? − λHm(lu = . hr ft]q]msddc ax Sgdnqdl ?-3-1 hm ?oodmchw ?-3-
2- ?rrtlhmf sg]s ? g]r q dhfdmu]ktdr λ0+… + λq vhsg bnqqdronmchmf ]kfdaq]hb ltkshokhbhshdr

l0+… + lq rtbg sg]s l0 +⋯ + lq = m+ hs b]m ad rgnvm sg]s sgd tmhnm ne sgd rnktshnm rdsr
ne &? − λiHm(liu = . enq i = 0+… + q+ r]x+

]
u&0(

0 +… + u&0(
l0

+… + u&q(
0 +… + u&q(

lq

}
+ hr khmd]qkx hmcd,

odmcdms- Sgtr sgd tmhnm ne sgd rdsr ne rnktshnmr nas]hmdc ax ]ookxhmf Sgdnqdl 5-6-0 sn
d]bg dhfdmu]ktd+

]
w&0(

0 &s(+… + w&0(
l0

&s(+… + w&q(
0 &s(+… + w&q(

lq
&s(
}

+ hr ] etmc]ldms]k rds ne rnkt,
shnmr ne w… = ?w-

3- Sg]s sgdqd dwhrs rnktshnmr sn w… = ?w ne sgd enql &0( hr l]cd ok]trhakd ax mnshmf sg]s d?su
hr ] rnktshnm ne w… = ?w enq ]mx udbsnq u- Sgdqdenqd d?suj enq uj ]r hm Sgdnqdl 5-6-0 hr ]
rnktshnm ne w… = ?w ]mc b]m ad dwoqdrrdc hm sgd enql dλsd&?−λHm(suj- Sgdnqdl 5-6-0 rgnvr
sg]s ] rdqhdr dwo]mrhnm ne d&?−λHm(suj a]rdc nm Dp- &06( hm Rdbshnm 5-4 &vhsg ? qdok]bdc ax
? − λHm( hr ft]q]msddc sn bnmrhrs ne mn lnqd sg]m l mnmydqn sdqlr-

4- He sgd λ hm Sgdnqdl 5-6-0 hr bnlokdw+ λ = * + h𝜇+ 𝜇 ≠ /+ sgdm 1l khmd]qkx hmcdodm,
cdms+ qd]k,u]ktdc rnktshnmr ne w… = ?w ]rrnbh]sdc vhsg λ ]qd !Qd w0+… + Qd wl} ]mc
!Hl w0+… + Hl wl}-
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DW;LOKD
0

Ehmc ] etmc]ldms]k rds ne rnktshnmr enq

w… =

}
0 −0
0 2

(
= ?w. &5(

Sgd bg]q]bsdqhrshb dpt]shnm ne ? hr o&λ( = λ1 − 3λ + 3 = &λ − 1(1+ rn sgd nmkx dhfdmu]ktd
ne ? hr λ0 = 1 vhsg ]kfdaq]hb ltkshokhbhsx 1- Sgtr

&? − λ0H1( =

}
−0 −0

0 0

(
+ &? − λ0H1(1 =

}
/ /
/ /

(
.

Svn khmd]qkx hmcdodmcdms rnktshnmr ne &? − λ0H1(1u = . ]qd u0 = &0+ /(S ]mc u1 = &/+ 0(S -
Enkknvhmf Sgdnqdl 5-6-0+ vd “mc svn khmd]qkx hmcdodmcdms rnktshnmr

ŵ0&s( = dλ0sZu0 + s&? − λ0H1(u0[

= d1s

[}
0
/

(
+ s

}
−0

0

(]
= d1s

}
0 − s

s

(

]mc

ŵ1&s( = dλ0sZu1 + s&? − λ0H1(u1[

= d1s

[}
/
0

(
+ s

}
−0

0

(]
= d1s

}
−s

0 + s

(
.

Bnlo]qhmf vhsg sgd etmbshnmr hm sgd etmc]ldms]k rds enq Dp- &5( entmc hm Dw]lokd 3+
Rdbshnm 5-4+

w0&s( = d1s

}
0

−0

(
+ w1&s( = d1s

}
s

−0 − s

(
+

vd rdd sg]s ŵ0&s( = w0&s( − w1&s( ]mc ŵ1&s( = −w1&s(- Rhmbd sgd etmc]ldms]k l]sqhw
Ŵ&s( = Zŵ0&s(+ ŵ1&s([ r]shr“dr Ŵ&/( = H1+ hs enkknvr sg]s Ŵ&s( = d?s-

DW;LOKD
1

Ehmc ] etmc]ldms]k rds ne rnktshnmr enq

w… =
⎛
⎜
⎜
⎜⎝

3 5 5
0 2 1

−0 −4 −1

⎞
⎟
⎟
⎟⎠
w = ?w. &6(

Sgd bg]q]bsdqhrshb onkxmnlh]k ne ? hr o&λ(=−&λ2 −4λ1 +7λ − 3(=−&λ−0(&λ−1(1+
rn sgd dhfdmu]ktdr ne ? ]qd sgd rhlokd dhfdmu]ktd λ0 = 0 ]mc λ1 = 1 vhsg ]kfdaq]hb ltk,
shokhbhsx 1- Rhmbd sgd dhfdmudbsnq ]rrnbh]sdc vhsg λ0 hr u0 = &3+ 0+−2(S + nmd rnktshnm ne
Dp- &6( hr

w0&s( = ds

⎛
⎜
⎜
⎜⎝

3
0

−2

⎞
⎟
⎟
⎟⎠
. &7(
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Mdws vd bnlotsd

? − λ1H2 =
⎛
⎜
⎜
⎜⎝

1 5 5
0 0 1

−0 −4 −3

⎞
⎟
⎟
⎟⎠

]mc

&? − λ1H2(1 =
⎛
⎜
⎜
⎜⎝

3 −01 /
0 −2 /

−2 8 /

⎞
⎟
⎟
⎟⎠
.

Qdctbhmf &? − λ1H2(1 sn dbgdknm enql

⎛
⎜
⎜
⎜⎝

0 −2 /
/ / /
/ / /

⎞
⎟
⎟
⎟⎠

trhmf dkdldms]qx qnv nodq]shnmr bnm“qlr sg]s q]mjZ&? − λ1H2(1[ = 0- Khmd]qkx hmcdodm,
cdms rnktshnmr ne &? − λ1H2(1u = . ]qd u&1(

0 = &2+ 0+ /(S ]mc u&1(
1 = &/+ /+ 0(S - Sgdqdenqd svn

khmd]qkx hmcdodmcdms rnktshnmr ne Dp- &6( ]rrnbh]sdc vhsg λ1 ]qd

w1&s( = dλ1s
)
u&1(

0 + s&? − λ1H2(u&1(
0

[

= d1s

⎡
⎢
⎢
⎢⎣

⎛
⎜
⎜
⎜⎝

2
0
/

⎞
⎟
⎟
⎟⎠
+ s

⎛
⎜
⎜
⎜⎝

01
3

−7

⎞
⎟
⎟
⎟⎠

⎤
⎥
⎥
⎥⎦
= d1s

⎛
⎜
⎜
⎜⎝

2 + 01s
0 + 3s
−7s

⎞
⎟
⎟
⎟⎠

+ &8(

]mc

w2&s( = dλ1s
)
u&1(

1 + s&? − λ1H2(u&1(
1

[

= d1s

⎡
⎢
⎢
⎢⎣

⎛
⎜
⎜
⎜⎝

/
/
0

⎞
⎟
⎟
⎟⎠
+ s

⎛
⎜
⎜
⎜⎝

5
1

−3

⎞
⎟
⎟
⎟⎠

⎤
⎥
⎥
⎥⎦
= d1s

⎛
⎜
⎜
⎜⎝

5s
1s

0 − 3s

⎞
⎟
⎟
⎟⎠
. &0/(

? etmc]ldms]k rds enq Dp- &6( bnms]hmr w0&s(+ w1&s(+ ]mc w2&s( fhudm ax Dpr- &7(+ &8(+ ]mc &0/(+
qdrodbshudkx-

DW;LOKD
2

Ehmc sgd fdmdq]k rnktshnm ne

w… =
⎛
⎜
⎜
⎜⎝

−2 −0 −5
−1 −0 −3

0 / 0

⎞
⎟
⎟
⎟⎠
w = ?w. &00(

Sgd bg]q]bsdqhrshb onkxmnlh]k ne ? hr o&λ( = −&λ2 + 2λ1 + 2λ + 0( = −&λ + 0(2+ rn
λ0 = −0 hr sgd nmkx dhfdmu]ktd- Sgd ]kfdaq]hb ltkshokhbhsx ne sghr dhfdmu]ktd hr l0 = 2-
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Rhmbd

&? − λ0H2(2 =
⎛
⎜
⎜
⎜⎝

/ / /
/ / /
/ / /

⎞
⎟
⎟
⎟⎠

+

sgqdd khmd]qkx hmcdodmcdms rnktshnmr ne &? − λ0H2(2u = . ]qd

u0 =
⎛
⎜
⎜
⎜⎝

0
/
/

⎞
⎟
⎟
⎟⎠

+ u1 =
⎛
⎜
⎜
⎜⎝

/
0
/

⎞
⎟
⎟
⎟⎠

+ u2 =
⎛
⎜
⎜
⎜⎝

/
/
0

⎞
⎟
⎟
⎟⎠
.

Trhmf

? − λ0H2 =
⎛
⎜
⎜
⎜⎝

−1 −0 −5
−1 / −3

0 / 1

⎞
⎟
⎟
⎟⎠

+ &? − λ0H2(1 =
⎛
⎜
⎜
⎜⎝

/ 1 3
/ 1 3
/ −0 −1

⎞
⎟
⎟
⎟⎠

+

vd “mc sg]s ] etmc]ldms]k rds ne rnktshnmr ne Dp- &00( bnms]hmr

w0&s( = d−s
)
u0 + s&? − λ0H2(u0 +

s1

1=
&? − λ0H2(1u0

[

= d−s

⎡
⎢
⎢
⎢⎣

⎛
⎜
⎜
⎜⎝

0
/
/

⎞
⎟
⎟
⎟⎠
+ s

⎛
⎜
⎜
⎜⎝

−1
−1

0

⎞
⎟
⎟
⎟⎠

⎤
⎥
⎥
⎥⎦
= d−s

⎛
⎜
⎜
⎜⎝

0 − 1s
−1s

s

⎞
⎟
⎟
⎟⎠

+

w1&s( = d−s
)
u1 + s&? − λ0H2(u1 +

s1

1=
&? − λ0H2(1u1

[

= d−s

⎡
⎢
⎢
⎢⎣

⎛
⎜
⎜
⎜⎝

/
0
/

⎞
⎟
⎟
⎟⎠
+ s

⎛
⎜
⎜
⎜⎝

−0
/
/

⎞
⎟
⎟
⎟⎠
+ s1

1=

⎛
⎜
⎜
⎜⎝

1
1

−0

⎞
⎟
⎟
⎟⎠

⎤
⎥
⎥
⎥⎦
= d−s

⎛
⎜
⎜
⎜⎝

s1 − s
0 + s1

−s1{1

⎞
⎟
⎟
⎟⎠

+

]mc

w2&s( = d−s
)
u2 + s&? − λ0H2(u2 +

s1

1=
&? − λ0H2(1u2

[

= d−s

⎡
⎢
⎢
⎢⎣

⎛
⎜
⎜
⎜⎝

/
/
0

⎞
⎟
⎟
⎟⎠
+ s

⎛
⎜
⎜
⎜⎝

−5
−3

1

⎞
⎟
⎟
⎟⎠
+ s1

1=

⎛
⎜
⎜
⎜⎝

3
3

−1

⎞
⎟
⎟
⎟⎠

⎤
⎥
⎥
⎥⎦
= d−s

⎛
⎜
⎜
⎜⎝

1s1 − 5s
1s1 − 3s

0 + 1s − s1

⎞
⎟
⎟
⎟⎠
.

Mnsd sg]s sgd etmc]ldms]k l]sqhw W&s( = Zw0&s(+ w1&s(+ w2&s([ hr+ hm e]bs+ dpt]k sn d?s rhmbd
W&/( = H2- Sgtr sgd fdmdq]k rnktshnm ne Dp- &00( hr fhudm ax

w = W&s(b = d?sb.
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DW;LOKD
3

Trd sgd dhfdmu]ktd ldsgnc sn “mc ] etmc]ldms]k rds ne rnktshnmr ne sgd entqsg nqcdq dpt]shnm

c3x
cs3 + 1

c1x
cs1 + x = /. &01(

He vd cd“md w = &x+ x…+ x……+ x………(S + sgd cxm]lhb]k rxrsdl dpthu]kdms sn Dp- &01( hr

w… =

⎛
⎜
⎜
⎜
⎜⎝

/ 0 / /
/ / 0 /
/ / / 0

−0 / −1 /

⎞
⎟
⎟
⎟
⎟⎠

w = ?w. &02(

Rhmbd sgd bg]q]bsdqhrshb onkxmnlh]k ne ? hr o&λ( = λ3 + 1λ1 + 0 = &λ − h(1&λ + h(1+ sgd nmkx
dhfdmu]ktdr ne ? ]qd λ0 = h ]mc λ1 = −h vhsg bnqqdronmchmf ]kfdaq]hb ltkshokhbhshdr l0 = 1
]mc l1 = 1- Trhmf F]trrh]m dkhlhm]shnm+ vd “mc svn khmd]qkx hmcdodmcdms rnktshnmr ne

&? − λ0H3(1u =

⎛
⎜
⎜
⎜
⎜⎝

−0 −1h 0 /
/ −0 −1h 0

−0 / −2 −1h
1h −0 3h −2

⎞
⎟
⎟
⎟
⎟⎠

u = .+

u0 =

⎛
⎜
⎜
⎜
⎜⎝

−2
−1h

0
/

⎞
⎟
⎟
⎟
⎟⎠

]mc u1 =

⎛
⎜
⎜
⎜
⎜⎝

−1h
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

.

Svn bnlokdw,u]ktdc+ khmd]qkx hmcdodmcdms rnktshnmr ne Dp- &02( ]qd sgdqdenqd

ŵ0&s( = dλ0sZu0 + s&? − λ0H3(u0[ = dhs

⎡
⎢
⎢
⎢
⎢⎣

⎛
⎜
⎜
⎜
⎜⎝

−2
−1h

0
/

⎞
⎟
⎟
⎟
⎟⎠

+ s

⎛
⎜
⎜
⎜
⎜⎝

h
−0
−h

0

⎞
⎟
⎟
⎟
⎟⎠

⎤
⎥
⎥
⎥
⎥⎦

]mc

ŵ1&s( = dλ0sZu1 + s&? − λ0H3(u1[ = dhs

⎡
⎢
⎢
⎢
⎢⎣

⎛
⎜
⎜
⎜
⎜⎝

−1h
0
/
0

⎞
⎟
⎟
⎟
⎟⎠

+ s

⎛
⎜
⎜
⎜
⎜⎝

−0
−h

0
h

⎞
⎟
⎟
⎟
⎟⎠

⎤
⎥
⎥
⎥
⎥⎦

.

Trhmf bnlokdw ]qhsgldshb ]mc Dtkdq´r enqltk]+ vd enql ] etmc]ldms]k rds vhsg sgd enkknv,
hmf ne entq qd]k,u]ktdc rnktshnmr ne Dp- &02(9

w0&s( = Qd ŵ0&s( =

⎛
⎜
⎜
⎜
⎜⎝

−2 anr s − s rhm s
−s anr s + 1 rhm s
anr s + s rhm s

s anr s

⎞
⎟
⎟
⎟
⎟⎠

+
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w1&s( = Hl ŵ0&s( =

⎛
⎜
⎜
⎜
⎜⎝

s anr s − 2 rhm s
−1 anr s − s rhm s
−s anr s + rhm s

s rhm s

⎞
⎟
⎟
⎟
⎟⎠

+

w2&s( = Qd ŵ1&s( =

⎛
⎜
⎜
⎜
⎜⎝

−s anr s + 1 rhm s
anr s + s rhm s

s anr s
anr s − s rhm s

⎞
⎟
⎟
⎟
⎟⎠

+

]mc

w3&s( = Hl ŵ1&s( =

⎛
⎜
⎜
⎜
⎜⎝

−s rhm s − 1 anr s
rhm s − s anr s

s rhm s
rhm s + s anr s

⎞
⎟
⎟
⎟
⎟⎠

.

Sgd “qrs bnlonmdmsr ne w0+ w1+ w2+ ]mc w3 oqnuhcd tr vhsg ] etmc]ldms]k rds enq
Dp- &01(+ x0&s( = −2 anr s − s rhm s+ x1&s( = s anr s − 2 rhm s+ x2&s( = −s anr s + 1 rhm s+ ]mc
x3&s( = −s rhm s − 1 anr s- Vd mnsd sg]s d]bg ne sgdrd rnktshnmr hr ] khmd]q bnlahm]shnm ne
] rhlokdq etmc]ldms]k rds enq Dp- &01( bnmrhrshmf ne anr s+ rhm s+ s anr s+ ]mc s rhm s-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 7+ “mc ] etmc]ldms]k l]sqhw
enq sgd fhudm rxrsdl9

0- w… =

}
3 −8
0 −1

(
w

1- w… =

}
2 −8
0 −2

(
w

2- w… =
⎛
⎜
⎜
⎜⎝

0 0 0
1 0 −0

−2 1 3

⎞
⎟
⎟
⎟⎠
w

3- w… =
⎛
⎜
⎜
⎜⎝

4 −2 −1
7 −4 −3

−3 2 2

⎞
⎟
⎟
⎟⎠
w

4- w… =
⎛
⎜
⎜
⎜⎝

−6 8 −5
−7 00 −6
−1 2 −0

⎞
⎟
⎟
⎟⎠
w

5- w… =
⎛
⎜
⎜
⎜⎝

4 5 1
−1 −1 −0
−1 −2 /

⎞
⎟
⎟
⎟⎠
w

6- w… =

⎛
⎜
⎜
⎜
⎜
⎜⎝

−7 −05 −05 −06
−1 −0/ −7 −6
−1 / −1 −2

5 03 03 03

⎞
⎟
⎟
⎟
⎟
⎟⎠

w

7- w… =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 −0 −1 2
1 −2{1 −0 6{1

−0 0{1 / −2{1
−1 2{1 2 −6{1

⎞
⎟
⎟
⎟
⎟
⎟⎠

w

Hm d]bg ne Oqnakdlr 8 ]mc 0/+ “mc sgd rnktshnm ne sgd fhudm
hmhsh]k u]ktd oqnakdl- Cq]v sgd bnqqdronmchmf sq]idbsnqx hm
w0w1,ro]bd ]mc ]krn cq]v sgd fq]og ne w0 udqrtr s-

8- w… =

}
0 −3
3 −6

(
w+ w&/( =

}
6
0

(

0.- w… =

}
2 −3
0 −0

(
w+ w&/( =

}
−4

6

(

Hm d]bg ne Oqnakdlr 00 ]mc 01+ “mc sgd rnktshnm ne sgd fhudm
hmhsh]k u]ktd oqnakdl- Cq]v sgd bnqqdronmchmf sq]idbsnqx hm
w0w1w2,ro]bd ]mc ]krn cq]v sgd fq]og ne w0 udqrtr s-
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00- w… =
⎛
⎜
⎜
⎜⎝

3 0 2
5 3 5

−4 −1 −3

⎞
⎟
⎟
⎟⎠
w+ w&/( =

⎛
⎜
⎜
⎜⎝

0
−1

4

⎞
⎟
⎟
⎟⎠

01- w… =
⎛
⎜
⎜
⎜⎝

0 0 /
−03 −4 0

04 4 −1

⎞
⎟
⎟
⎟⎠
w+ w&/( =

⎛
⎜
⎜
⎜⎝

4
4

−3

⎞
⎟
⎟
⎟⎠

 BG;OSDQ RTLL;QX

Rdbshnm 5-0 L]mx rbhdmbd ]mc dmfhmddqhmf oqnakdlr ]qd lncdkdc ax rxrsdlr ne ch—dq,
dmsh]k dpt]shnmr ne chldmrhnm m< 19 uhaq]shmf rxrsdlr vhsg svn nq lnqd cdfqddr ne eqddcnl:
bnlo]qsldms lncdkr ]qhrhmf hm ahnknfx+ dbnknfx+ og]ql]bnjhmdshbr+ sq]mronqs sgdnqx+ ]mc
bgdlhb]k qd]bsnq rxrsdlr: khmd]q bnmsqnk rxrsdlr: ]mc dkdbsqhb]k mdsvnqjr-

Rdbshnm 5-1
▶ He O&s( ]mc f&s( ]qd bnmshmtntr nm H+ ] tmhptd rnktshnm sn sgd hmhsh]k u]ktd oqnakdl

w… = O&s(w + f&s(+ w&s/( = w/+ s/ ∈ H

dwhrsr sgqntfgnts H-
▶ ? rds ne m rnktshnmr w0+… + wm sn sgd gnlnfdmdntr dpt]shnm

w… = O&s(w+ O bnmshmtntr nm H

enql ] etmcZldmsZk rds nm H he sgdhq VqnmrjhZm VZw0+… + wm[&s( hr mnmydqn enq nmd
&]mc gdmbd ]kk( s ∈ H- He w0+… + wm enql ] etmc]ldms]k rds ne rnktshnmr sn sgd gnlnfd,
mdntr dpt]shnm+ sgdm ] fdmdqZk rnktshnm hr

w = b0w0&s( +⋯ + bmwm&s(+

vgdqd b0+… + bm ]qd ]qahsq]qx bnmrs]msr- Sgd m rnktshnmr ]qd khmdZqkx hmcdodmcdms nm
H he ]mc nmkx he sgdhq Vqnmrjh]m hr mnmydqn nm H-

▶ Sgd sgdnqx ne msg nqcdq khmd]q dpt]shnmr+

cmx
csm + o0&s(

cm−0x
csm−0 +⋯ + om−0&s(

cx
cs

+ om&s(x = f&s(+

enkknvr eqnl sgd sgdnqx ne “qrs nqcdq khmd]q rxrsdlr ne chldmrhnm m-

Rdbshnm 5-2
▶ He u0+… + um ]qd khmd]qkx hmcdodmcdms dhfdmudbsnqr ne sgd qd]k+ bnmrs]ms m % m l]sqhw ?

]mc sgd bnqqdronmchmf dhfdmu]ktdr λ0+… + λm ]qd qd]k+ sgdm ] qd]k fdmdq]k rnktshnm ne
w… = ?w hr

w = b0dλ0su0 +⋯ + bmdλmsum+

vgdqd b0+… + bm ]qd ]qahsq]qx qd]k bnmrs]msr-
▶ Svn bk]rrdr ne m % m l]sqhbdr sg]s g]ud m khmd]qkx hmcdodmcdms dhfdmudbsnqr ]qd

&h( l]sqhbdr vhsg m chrshmbs dhfdmu]ktdr ]mc &hh( rxlldsqhb lZsqhbdr+ sg]s hr+ l]sqhbdr
r]shrexhmf ?S = ?-

Rdbshnm 5-3 He ? hr qd]k+ bnmrs]ms+ ]mc mnmcdedbshud+ d]bg o]hq ne bnlokdw bnmitf]sd
dhfdmu]ktdr * + h𝜇 vhsg bnqqdronmchmf dhfdmudbsnqr u = Z + ha xhdkcr svn khmd]qkx hmcd,
odmcdms+ qd]k udbsnq rnktshnmr Qd !dtoZ&* + h𝜇(s[ZZ + ha[} = dto&*s(&anr 𝜇sZ − rhm 𝜇sa( ]mc
Hl !dtoZ&* + h𝜇(s[ZZ + ha[} = dto&*s(&rhm 𝜇sZ + anr 𝜇sa(-
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Rdbshnm 5-4
▶ He w0+… + wm enql ] etmc]ldms]k rds enq w… = O&s(w+ sgd m % m l]sqhw W&s( = Zw0+… + wm[

hr b]kkdc ] etmcZldmsZk lZsqhw ]mc r]shr“dr W… = O&s(W- Hm ]cchshnm+ sgd etmc]ldms]k
l]sqhw "&s( = W&s(W−0&s/( r]shr“dr "&s/( = Hm-

▶ He ? hr ] qd]k+ bnmrs]ms m % m l]sqhw+ sgd l]sqhw dwonmdmsh]k etmbshnm

d?s = Hm + ?s + 0
1=

?1s1 +⋯ + 0
m=

?msm +⋯

= Hm +
∞∑

j=0
?j sj

j=

hr ] etmc]ldms]k l]sqhw r]shrexhmf d?/ = Hm ]mc &d?s(−0 = d−?s-
▶ Ldsgncr enq bnlotshmf d?s9

▶ He W&s( hr ]mx etmc]ldms]k l]sqhw enq w… = ?w+ d?s = W&s(W−0&/(-
▶ He ? hr chZfnmZkhyZakd+ sg]s hr+ S−0?S = C+ sgdm d?s = SdCsS−0-
▶ Trd K]ok]bd sq]mrenqlr sn “mc sgd rnktshnm "&s( sn W… = ?W+ W&/( = Hm-

Sgdm d?s = "&s(-

Rdbshnm 5-5 He W&s( hr ] etmc]ldms]k l]sqhw enq sgd gnlnfdmdntr rxrsdl+ sgd fdmdq]k
rnktshnm ne w… = O&s(w + f&s(+ w&s/( = w/ hr w = W&s(W−0&s/(b + wo&s(+ vgdqd ] o]qshbtk]q rn,
ktshnm wo&s( hr fhudm ax sgd uZqhZshnm ne oZqZldsdqr enqltkZ

wo&s( = W&s(∫ W−0&s(f&s( cs.

Rdbshnm 5-6
▶ He ? hr ] qd]k+ bnmrs]ms m % m l]sqhw ]mc λ hr ] qd]k dhfdmu]ktd ne ? vhsg ]kfdaq]hb

ltkshokhbhsx l+ sgdm l khmd]qkx hmcdodmcdms rnktshnmr ne w… = ?w ]rrnbh]sdc vhsg λ ]qd
wj = dλs

)
uj +

s
0=

&? − λHm(uj +⋯ + sl−0

&l − 0(=
&? − λHm(l−0uj

[
+

j = 0+… + l+ vgdqd u0+… + ul ]qd khmd]qkx hmcdodmcdms rnktshnmr ne &? − λHm(lu = .-
He λ hr bnlokdw+ λ = * + h𝜇+ 𝜇 ≠ /+ sgdm 1l khmd]qkx hmcdodmcdms+ qd]k,u]ktdc rnktshnmr
ne w… = ?w ]rrnbh]sdc vhsg λ ]qd !Qd w0+… + Qd wl} ]mc !Hl w0+… + Hl wl}-

▶ Sgd tmhnm ne sgd rdsr ne rnktshnmr fdmdq]sdc ax sghr ldsgnc enql ] etmc]ldms]k rds enq
w… = ?w-

OQNIDBSR

b} HmsdqMdsvnqj LdchW .
Ognsnchrb . Fdssx HlWfdr

Oqnidbs 0 DYqsgptYjdr Ymc SYkk Athkchmfr
Rhlokhrshb ch—dqdmsh]k dpt]shnm lncdkr ]qd nesdm trdc sn hmsqnctbd bnmbdosr ]mc oqhmbhokdr
sg]s ]qd hlonqs]ms enq tmcdqrs]mchmf sgd cxm]lhb adg]uhnq ne bnlokdw ogxrhb]k rxrsdlr-
Hm sghr oqnidbs+ vd dloknx rtbg ] lncdk sn rstcx sgd qdronmrd ne ] s]kk athkchmf ctd sn
gnqhynms]k rdhrlhb lnshnm ]s sgd entmc]shnm fdmdq]sdc ax ]m d]qsgpt]jd-

Ehftqd 5-O-0 hr ]m hkktrsq]shnm ne ] athkchmf hcd]khydc ]r ] bnkkdbshnm ne m finnqr+ d]bg ne
l]rr l+ bnmmdbsdc snfdsgdq ax udqshb]k v]kkr- He vd mdfkdbs fq]uhs]shnm ]mc qdrsqhbs lnshnm
sn sgd gnqhynms]k chqdbshnm+ sgd chrok]bdldmsr ne sgd finnqr+ qdk]shud sn ] “wdc eq]ld ne qde,
dqdmbd+ ]qd cdmnsdc ax w0+ w1+… + wm- ?s dpthkhaqhtl+ ]kk ne sgd chrok]bdldmsr ]mc udknbhshdr
]qd ydqn ]mc sgd finnqr ]qd hm odqedbs udqshb]k ]khfmldms-
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l

l

l

l

wm}0

w1

w0

e  s(

wm

EHFTQD 5-O-0 ? athkchmf bnmrhrshmf ne finnqr ne l]rr l bnmmdbsdc ax rsh— ats fidwhakd
udqshb]k v]kkr-

Vgdm ]ci]bdms finnqr ]qd mns hm ]khfmldms+ vd ]rrtld sg]s sgd v]kkr dwdqs ] fidwtq]k
qdrsnqhmf enqbd oqnonqshnm]k sn sgd ch—dqdmbd hm chrok]bdldmsr adsvddm sgd finnqr vhsg oqn,
onqshnm]khsx bnmrs]ms j- Sgtr sgd dpt]shnm ne lnshnm enq sgd i sg finnq hr

lw……i = −j&wi − wi−0( − j&wi − wi+0(+ i = 1+… + m − 0+ &0(

vgdqd]r sgd dpt]shnmr enq sgd “qrs finnq ]mc msg+ nq sno+ finnq ]qd

lw……0 = −j&w0 − e &s(( − j&w0 − w1(+ &1(

]mc

lw……m = −j&wm − wm−0(+ &2(

qdrodbshudkx- Sgd gnqhynms]k lnshnm ne sgd entmc]shnm fdmdq]sdc ax sgd d]qsgpt]jd hr cd,
rbqhadc ax sgd hmots etmbshnm e &s(-

Oqnidbs 0 OQNAKDLR

0- Sgd TmcZlodc Athkchmf-
 Z( Rgnv sg]s Dpr- &0( sgqntfg &2( b]m ad dwoqdrrdc hm l]sqhw
mns]shnm ]r

w…… + $1
/Jw = $1

/ e &s(y+ &h(

vgdqd

$1
/ = j

l
+ w = &w0+ w1+… + wm(S +

y = &0+ /+… + /(S +

]mc

J =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

1 −0 / / ⋯ /
−0 1 −0 / ⋯ /

/ −0 1 −0 ⋯ /
⋮ ⋱ ⋱ ⋱ ⋮

/ ⋯ −0 1 −0
/ ⋯ / −0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

. &hh(

 a( ? qd]k m % m l]sqhw ? hr r]hc sn ad onrhshud cd’mhsd
he wS?w < / enq dudqx qd]k m,udbsnq w ≠ .- Rgnv sg]s J
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hm &hh( r]shr“dr

wSJw = w1
0 +

m−0∑
i=0

&wi − wi+0(1+

]mc hr sgdqdenqd onrhshud cd“mhsd-
 b( Dhfdmu]ktdr ]mc dhfdmudbsnqr ne qd]k rxlldsqhb l]sqhbdr
]qd qd]k &rdd ?oodmchw ?-3(- Rgnv sg]s he J hr onrhshud cde,
hmhsd ]mc λ ]mc t ]qd ]m dhfdmu]ktdfldhfdmudbsnq o]hq enq J+
sgdm

λ = tSJt
tSt

< /.

Sgtr ]kk dhfdmu]ktdr ne J hm &hh( ]qd qd]k ]mc onrhshud-
 c( Enq sgd b]rdr m = 4+ 0/+ ]mc 1/+ cdlnmrsq]sd mtldqhb]kkx
sg]s sgd dhfdmu]ktdr ne J+ λi = $1

i + i = 0+… + m b]m ad nqcdqdc
]r enkknvr9

/ . $1
0 . $1

1 . ⋯ . $1
m.

 d( Rhmbd J hr qd]k ]mc rxlldsqhb+ hs onrrdrrdr ] rds ne m nq,
sgnfnm]k dhfdmudbsnqr+ !t0+ t1+… + tm}+ sg]s hr+ tS

h ti = / he
h ≠ i &rdd ?oodmchw ?-3(- Sgdrd dhfdmudbsnqr b]m ad trdc sn
bnmrsqtbs ] mnqlZk lncd qdoqdrdmsZshnm+

w = Z0&s(t0 +⋯ + Zm&s(tm+ &hhh(

ne sgd rnktshnm ne

w…… + $1
/Jw = $1

/ e &s(y+
w&/( = w/+ &hu(
w…&/( = u/.

Rtarshstsd sgd qdoqdrdms]shnm &hhh( hmsn sgd ch—dqdmsh]k dpt],
shnm ]mc hmhsh]k bnmchshnmr hm Dpr- &hu( ]mc trd sgd
e]bs sg]s Jti = $1

i ti+ i = 0+… + m ]mc sgd nqsgnfnm]khsx ne
t0+ t1+… + tm sn rgnv sg]s enq d]bg h = 0+… + m+ sgd lncd
Zlokhstcd Zh&s( r]shr“dr sgd hmhsh]k u]ktd oqnakdl

Z……
h + $1

h $
1
/Zh = $1

/e &s(yh+ Zh&/( = �h+ Z…
h&/( = 𝛼h+

vgdqd

yh =
tS

h y
tS

h th
+ �h =

tS
h w/

tS
h th

+ 𝛼h =
tS

h u/

tS
h th

.

 e( ?m tmenqbdc otqd lncd ne uhaq]shnm+ r]x+ sgd isg lncd+
b]m ad qd]khydc ax rnkuhmf sgd hmhsh]k u]ktd oqnakdl &hu( rta,
idbs sn sgd hmhsh]k bnmchshnmr w&/( = :iti+ vgdqd :i hr ] lncd
]lokhstcd e]bsnq+ ]mc w…&/( = . vhsg ydqn hmots+ e &s( = /-
Rgnv sg]s+ hm sghr b]rd+ sgd mnql]k lncd rnktshnm ne sgd hmh,
sh]k u]ktd oqnakdl &hu( bnmrhrsr ne ] rhmfkd sdql+

w& i(&s( = :i anr &$/$is( ti.

Sgtr sgd m]stq]k eqdptdmbx ne sgd isg lncd ne uhaq]shnm hr
$/$i ]mc sgd bnqqdronmchmf odqhnc hr 1,{&$/$i(- ?rrtl,
hmf sg]s :0 = 0+ $/ = 30+ ]mc m = 1/+ okns ] fq]og ne sgd
bnlonmdmsr &finnq chrok]bdldms udqrtr finnq mtladq( ne sgd
“qrs lncd w&0(&s( enq rdudq]k u]ktdr ne s nudq ]m dmshqd bxbkd-
Sgdm fdmdq]sd ]m]knfntr fq]ogr enq sgd rdbnmc ]mc sghqc otqd

lncdr ne uhaq]shnm- Cdrbqhad ]mc bnlo]qd sgd lncdr ne uh,
aq]shnm ]mc sgdhq qdk]shud eqdptdmbhdr-
1- Sgd Athkchmf vhsg CZlohmf Cduhbdr- Hm ]cchshnm sn
fidwtq]k qdrsnqhmf enqbdr+ ]kk athkchmfr onrrdrr hmsqhmrhb hm,
sdqm]k eqhbshnm+ ctd sn rsqtbstq]k ]mc mnmrsqtbstq]k dkdldmsr+
sg]s b]trdr sgd ]lokhstcd ne uhaq]shnmr sn cdb]x ]r sgdrd dk,
dldmsr ]arnqa uhaq]shnm]k dmdqfx- Nmd ne rdudq]k sdbgmhptdr
dloknxdc hm lncdqm d]qsgpt]jd,qdrhrs]ms cdrhfm trdr ]ccdc
c]lohmf cduhbdr rtbg ]r rgnbj ]arnqadqr adsvddm ]ci]bdms
finnqr sn ]qsh“bh]kkx hmbqd]rd sgd hmsdqm]k c]lohmf ne ] athkc,
hmf ]mc hloqnud hsr qdrhrs]mbd sn d]qsgpt]jd,hmctbdc lnshnm
&rdd Ehftqd 5-O-1(-

l

l

l

wi)0

wi

wi}0

EHFTQD 5-O-1 Rgnbj ]arnqadqr ]qd trdc sn c]lodm
sgd ]lokhstcd ne qdk]shud lnshnm
adsvddm ]ci]bdms finnqr-

Sgd d—dbsr ne hmsqhmrhb ]mc ]qsh“bh]k c]lohmf ]qd ]bbntmsdc
enq ax hmbktchmf c]lohmf enqbdr ne sgd enql

E&i(
c = −𝛽&w…i − w…i−0( − 𝛽&w…i − w…i+0(+ i = 1+… + m − 0+

E&0(
c = −𝛽&w…0 − e …( − 𝛽&w…0 − w…1(+

]mc

E&m(
c = −𝛽&w…m − w…m−0(

nm sgd qhfgs,g]mc rhcdr ne Dpr- &0(+ &1(+ ]mc &2(+ qdrodbshudkx-
 Z( Rgnv sg]s hmbktchmf c]lohmf cduhbdr adsvddm d]bg o]hq
ne ]ci]bdms finnqr bg]mfdr sgd rxrsdl &h( hm Oqnakdl 0 sn

w…… + 1𝛾Jw… + $1
/Jw =

)
$1

/ e &s( + 1𝛾e …&s(
[
y+ &h(

vgdqd 𝛾 = 𝛽
1l

-
 a( ?rrtld ]m hmots sn Dp- &h( hm o]qs &]( ne sgd enql
e &s( = dh$s ]mc rgnv sg]s sgd m,finnq eqdptdmbx qdronmrd udb,
snq F&h$( &rdd Rdbshnmr 3-5 ]mc 5-5( r]shr“dr sgd dpt]shnm

)(
$1

/ + h1𝛾$
�
J − $1Hm

[
F&h$( =

(
$1

/ + h1𝛾$
�
y. &hh(

Sgtr sgd f]hm etmbshnm enq sgd eqdptdmbx qdronmrd ne sgd isg
finnq hr sgd ]arnktsd u]ktd ne sgd isg bnlonmdms ne F&h$(+
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⟩Fi&h$(⟩- Nm sgd r]ld rds ne bnnqchm]sd ]wdr+ okns sgd fq]ogr
ne ⟩Fi&h$(⟩ udqrtr $ ∈ Z/+ 5,[+ i = 4+ 0/+ 1/ trhmf sgd o]q]l,
dsdq u]ktdr m = 1/+ $/ = 30+ ]mc 𝛾 = 0/- Qdod]s trhmf 𝛾 = 4/
]mc hmsdqoqds sgd qdrtksr ne xntq fq]ogr-
 b( Mtldqhb]kkx ]ooqnwhl]sd sgd rnktshnm ne Dp- &h( hm o]qs
&]( rtaidbs sn sgd hmhsh]k bnmchshnmr w&/( = .+ w…&/( = . trhmf
sgd o]q]ldsdq u]ktdr m = 1/+ $/ = 30+ ]mc 𝛾 = 0/- Enq sgd
hmots etmbshnm+ trd e &s( = : rhm$qs+ vgdqd : = 1 hm ]mc $q hr
sgd knvdrs qdrnm]ms eqdptdmbx ne sgd rxrsdl+ sg]s hr+ sgd u]ktd
ne $ ]s vghbg ⟩F1/&h$(⟩ hm o]qs &a( ]ss]hmr hsr l]whltl u]ktd-
Okns sgd fq]ogr ne wi&s( udqrtr s+ i = 4+ 0/+ 1/ nm sgd r]ld rds
ne bnnqchm]sd ]wdr- Vg]s hr sgd ]lokhstcd ne nrbhkk]snqx chr,
ok]bdldms ne d]bg ne sgdrd finnqr nmbd sgd rsd]cx,rs]sd qd,

ronmrd hr ]ss]hmdc= Qdod]s sgd rhltk]shnm trhmf 𝛾 = 4/ ]mc
bnlo]qd xntq qdrtksr vhsg sgd b]rd 𝛾 = 0/-
2- ? l]inqhsx ne sgd athkchmfr sg]s bnkk]ordc ctqhmf sgd
Ldwhbn Bhsx d]qsgpt]jd ne Rdosdladq 08+ 0874+ vdqd ]qntmc
1/ rsnqhdr s]kk- Sgd oqdcnlhm]ms odqhnc ne sgd d]qsgpt]jd
fqntmc lnshnm+ ]qntmc 1-/ r+ v]r bknrd sn sgd m]stq]k odqhnc
ne uhaq]shnm ne sgdrd athkchmfr- Nsgdq athkchmfr+ ne ch—dqdms
gdhfgsr ]mc vhsg ch—dqdms uhaq]shnm]k bg]q]bsdqhrshbr+ vdqd
nesdm entmc tmc]l]fdc dudm sgntfg sgdx vdqd knb]sdc qhfgs
mdws sn sgd c]l]fdc 1/,rsnqx athkchmfr- Dwok]hm vgdsgdq sgd
lncdk cdrbqhadc hm sghr oqnidbs oqnuhcdr ] onrrhakd dwok]m],
shnm enq sgdrd nardqu]shnmr- Xntq ]qftldms rgntkc ad rto,
onqsdc ax bnlotsdq rhltk]shnmr ]mc fq]ogr-

Oqnidbs 1 Bnmsqnkkhmf Y Roqhmf,LYrr Rxrsdl sn Dpthkhaqhtl
Bnmrhcdq ] rxrsdl ne sgqdd l]rrdr bntokdc snfdsgdq ax roqhmfr nq dk]rshb a]mcr+ ]r cdohbsdc
hm Ehftqd 5-O-2- Vd vhkk ]rrtld sg]s sgd l]fmhstcdr ne sgd sgqdd l]rrdr ]qd ]kk dpt]k sn l
]mc sgd roqhmf bnmrs]msr ]qd ]kk dpt]k sn j- He wi&s(+ i = 0+ 1+ 2+ qdoqdrdms sgd chrok]bdldmsr
ne sgd l]rrdr eqnl sgdhq dpthkhaqhtl onrhshnmr ]s shld s+ sgdm sgd ch—dqdmsh]k dpt]shnmr
cdrbqhahmf sgd lnshnm ne sgd l]rrdr ]qd

l
c1w0
cs1 = −1jw0 + jw1 + t̂0&s(+

l
c1w1
cs1 = jw0 − 1jw1 + jw2 + t̂1&s(+

l
c1w2
cs1 = jw1 − 1jw2 + t̂2&s(.

&0(

j j j j

w0 w1

l

w2

l l

EHFTQD 5-O-2 ? sgqdd,l]rr+ entq,roqhmf rxrsdl-

Sgd etmbshnmr t̂i&s(+ i = 0+ 1+ 2 qdoqdrdms dwsdqm]kkx ]ookhdc enqbdr ]bshmf nm d]bg ne sgd
l]rrdr- Chuhchmf ansg rhcdr ne sgd rds ne dpt]shnmr &0( ax l ]mc trhmf l]sqhw mns]shnm+
sgd rxrsdl b]m ad dwoqdrrdc ]r

c1w
cs1 = Fw + t&s(+ &1(

vgdqd

F = $1
/

⎛
⎜
⎜
⎜⎝

−1 0 /
0 −1 0
/ 0 −1

⎞
⎟
⎟
⎟⎠

+ t&s( =
⎛
⎜
⎜
⎜⎝

t0&s(
t1&s(
t2&s(

⎞
⎟
⎟
⎟⎠
= 0

l

⎛
⎜
⎜
⎜⎝

t̂0&s(
t̂1&s(
t̂2&s(

⎞
⎟
⎟
⎟⎠

+ &2(
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]mc $1
/ = j{l- Hm ]cchshnm sn Dp- &1(+ vd mddc sn rodbhex hmhsh]k onrhshnmr enq sgd l]rrdr+

w&/( = w/+ &3(

]mc hmhsh]k udknbhshdr+
cw
cs

&/( = u/. &4(

Fhudm sgd rxrsdl &1( ]mc hmhsh]k bnmchshnmr &3( ]mc &4(+ sgd bnmsqnk oqnakdl ne hmsdqdrs hr
sn bgnnrd sgd dwsdqm]k enqbhmf etmbshnm t&s( hm rtbg ] v]x ]r sn rsddq nq cqhud sgd rxrsdl
sn sgd dpthkhaqhtl rs]sd ]s rnld oqdrbqhadc shld S < /- Vd ]qd o]qshbtk]qkx hmsdqdrsdc hm
vgdsgdq sghr b]m ad cnmd ax ]ookxhmf dwsdqm]k enqbdr sn nmkx nmd ne sgd l]rrdr- Enq dw]lokd+
vd bntkc qdpthqd t1&s( ≡ / ]mc t2&s( ≡ / ]mc sqx sn bnmsqnk sgd rxrsdl sn dpthkhaqhtl ax
rdkdbshmf ]m ]ooqnoqh]sd bnmsqnk etmbshnm t0&s(+ / ≤ s ≤ S -

Mnql]k Lncd Rnktshnmr- Oqhnq sn ]ccqdrrhmf sgd bnmsqnk oqnakdl+ vd vhkk chrbtrr
mnql]k lncd rnktshnmr ne sgd hmhsh]k u]ktd oqnakdl &1(+ &3(+ ]mc &4(- Mnql]k lncd ]m]kx,
rhr hr ] ldsgnc enq rnkuhmf dpt]shnmr vgdqd ]m nqsgnfnm]k a]rhr hr fdmdq]sdc ax ] l]sqhw
nq nodq]snq sg]s ]ood]qr hm sgd dpt]shnm- Kds tr bnmrhcdq Dpr- &1(+ &3(+ ]mc &4( hm sgd m,
chldmrhnm]k b]rd+ sg]s hr+ w&s(+ t&s(+ w/+ ]mc u/ ]qd m,udbsnqr+ vghkd F hr ]m m % m rxlldsqhb
l]sqhw- Adb]trd F hr rxlldsqhb+ hs g]r m qd]k dhfdmu]ktdr+ λ0+… + λm+ vhsg ] bnqqdronmchmf
rds ne nqsgnfnm]k dhfdmudbsnqr R = !u0+… + um}- Sgtr R oqnuhcdr tr vhsg ]m nqsgnfnm]k a],
rhr enq Qm- Rhmbd w&s( ∈ Qm+ hs hr m]stq]k sn ]rrtld sgd enkknvhmf mnql]k lncd qdoqdrdms]shnm
enq w&s(9

w&s( = Z0&s(u0 +⋯ + Zm&s(um. &5(

D]bg udbsnq ui hm sgd rtl &5( hr b]kkdc ] mnql]k lncd+ vgdqd]r sgd bndffbhdms Zi&s( hr sgd
bnqqdronmchmf lncd ]lokhstcd etmbshnm- Dpt]shnm &5( dwoqdrrdr sgd rnktshnm ne sgd hmhsh]k
u]ktd oqnakdl &1(+ &3(+ ]mc &4( ]s ]mx shld s ]r ] rtodqonrhshnm ne sgd mnql]k lncdr- Hm nqcdq
sn cdsdqlhmd gnv sgd ]lokhstcd etmbshnmr u]qx vhsg shld+ vd rtarshstsd sgd qdoqdrdms]shnm
&5( hmsn d]bg ne sgd dpt]shnmr &1(+ &3(+ ]mc &4(+ ]mc sgdm trd sgd nqsgnfnm]khsx oqnodqsx ne
sgd mnql]k lncdr sn cdctbd ch—dqdmsh]k dpt]shnmr ]mc hmhsh]k bnmchshnmr enq sgd ]lokhstcd
etmbshnmr- Enq dw]lokd+ rtarshstshmf sgd rtl &5( hmsn Dp- &1( xhdkcr sgd dpt]shnm

m∑
i=0

c1Zi

cs1 ui =
m∑

i=0
ZiFui + t&s(. &6(

Trhmf sgd e]bs sg]s Fui = λiui+ i = 0+… + m odqlhsr Dp- &6( sn ad vqhssdm ]r
m∑

i=0

[
c1Zi

cs1 − λiZi

]
ui = t&s(. &7(

Dpt]shnm &7( l]x ad uhdvdc ]r ]m dwo]mrhnm ne t&s( hm sdqlr ne sgd nqsgnfnm]k rxrsdl R-

Sgtr sgd bndffbhdmsr
c1Zi

cs1 − λiZi hm sgd rtl nm sgd kdes,g]mc rhcd ne Dp- &7( ltrs r]shrex

c1Zh

cs1 − λhZh =
⟨uh+ t&s(⟩
⟩⟩uh⟩⟩1

+ h = 0+… + m+ &8(

vgdqd sgd hmmdq oqnctbs ⟨+⟩ ]mc mnql ⟩⟩ � ⟩⟩ hm Dpr- &8( qdedq sn sgd Dtbkhcd]m hmmdq oqnctbs
]mc mnql nm Qm+ qdrodbshudkx- Dpt]shnmr &8( ]qd d]rhkx cdqhudc ax s]jhmf sgd hmmdq oqnctbs
ne ansg rhcdr ne Dp- &7( vhsg uh ]mc trhmf sgd e]bs sg]s

⟨uh+ ui⟩ =
{
⟩⟩uh⟩⟩1+ i = h

/+ i ≠ h.
&0/(
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Hm ] rhlhk]q l]mmdq+ rtarshstshmf sgd rtl &5( hmsn Dpr- &3( ]mc &4( xhdkcr hmhsh]k bnmchshnmr
enq d]bg ne sgd ch—dqdmsh]k dpt]shnmr &8(+

Zh&/( =
⟨uh+ w/⟩
⟩⟩uh⟩⟩1

+ h = 0+… + m+ &00(

]mc

cZh
cs

&/( =
⟨uh+ u/⟩
⟩⟩uh⟩⟩1

+ h = 0+… + m. &01(

Sgtr sgd lncd ]lokhstcdr b]m ad nas]hmdc ax rnkuhmf sgd hmhsh]k u]ktd oqnakdlr cd“mdc
ax Dpr- &8(+ &00(+ ]mc &01(- Enq ntq o]qshbtk]q oqnakdl ne hmsdqdrs+ hs b]m ad rgnvm sg]s sgd
dhfdmu]ktdr ne F ]qd rsqhbskx mdf]shud &Oqnakdl 7(+ ] e]bs sg]s b]m ad l]cd dwokhbhs ax rdsshmf
λi = −$1

i + i = 0+… + m- Sgtr Dpr- &8( l]x ad vqhssdm ]r

c1Zh

cs1 + $1
h Zh =

⟨uh+ t&s(⟩
⟩⟩uh⟩⟩1

+ h = 0+… + m. &02(

Hs hr ne o]qshbtk]q hmsdqdrs sn nardqud rnktshnmr ne sgd hmhsh]k u]ktd oqnakdlr &02(+ &00(+ ]mc
&01( enq sgd rodbh]k b]rd vgdqd sgd hmhsh]k onrhshnm hr s]jdm sn ad sgd isg dhfdmudbsnq+ w/ = ui+
sgd hmhsh]k udknbhsx hr s]jdm sn ad ydqn+ u/ = .+ ]mc sgd enqbhmf etmbshnm hr rds sn ydqn+ t&s( ≡ .-
Sgdm sgd rnktshnmr ne sgd hmhsh]k u]ktd oqnakdlr &02(+ &00(+ ]mc &01( ]qd fhudm ax

Zh&s( =

{
/+ h ≠ i

anr$is+ h = i
+ &03(

]mc sgdqdenqd sgd lnshnm bnmrhrsr ne ] rhmfkd otqd lncd vhsg shld,u]qxhmf ]lokhstcd ne
]mftk]q eqdptdmbx $i+

w&s( = anr$is ui. &04(

Sghr nardqu]shnm g]r sgd enkknvhmf hlonqs]ms hlokhb]shnm enq sgd bnmsqnk oqnakdl- He sgd isg
lncd g]r ] ydqn bnlonmdms &vghbg vd l]x b]kk ] mnc]k onhms(+ enq dw]lokd+ sgd jsg bnlon,
mdms hr ydqn+ sgdm ] rhmfkd bnmsqnk etmbshnm ]ookhdc sn sgd jsg l]rr vhkk mns ad ]akd sn enqbd
uhaq]shnmr ne sgd isg lncd sn sgd dpthkhaqhtl rs]sd- Sghr b]m ad rgnvm l]sgdl]shb]kkx ax
rdsshmf t&s( = tj&s(dj ]mc mnshmf sg]s ⟨ui+ t&s(⟩ = tj&s(⟨ui+ dj⟩ = /- Gdqd+ dj hr sgd m,udbsnq
vhsg 0 hm sgd jsg dmsqx ]mc ydqnr dkrdvgdqd- Bnmrdptdmskx+ t&s( = tj&s(dj b]mmns hmfitdmbd
sgd ]lokhstcd ne sgd isg lncd-

Khmd]q Bnmrs]ms Bndeehbhdms Bnmsqnk Oqnakdlr- Vd vhrg sn qdb]rs sgd rdbnmc
nqcdq rxrsdl &1( ]r ] rxrsdl ne “qrs nqcdq ch—dqdmsh]k dpt]shnmr hm nqcdq sn s]jd ]cu]ms]fd
ne dwhrshmf bk]rrhb]k sgdnqx ne khmd]q bnmsqnk- Sghr b]m ad ]bbnlokhrgdc hm l]mx v]xr- Vd
bgnnrd sn cd“md

x =

}
w
w…

(
.

Sgtr sgd “qrs sgqdd bnlonmdmsr ne x qdedq sn sgd onrhshnmr ne sgd sgqdd l]rrdr+ vgdqd]r
sgd k]rs sgqdd bnlonmdmsr qdedq sn sgd udknbhshdr ne sgd l]rrdr- Sgdm sgd rxrsdl &1( b]m ad
vqhssdm ]r

cx
cs

= ?x + At&s(+ &05(
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vgdqd

? =

}
. H2
F .

(
.

Sgd hmots l]sqhw A cdodmcr nm sgd mtladq ne bnmsqnkr ]mc sn vg]s bnlonmdmsr ne sgd
rxrsdl sgdx vhkk ad ]ookhdc- Hm sgd b]rd ne ] rb]k]q bnmsqnk t&s( ]ookhdc sn sgd “qrs l]rr+
rxrsdl &05( vhkk ad

cx
cs

= ?x +

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
/
/
0
/
/

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

t&s(+ &06(

sg]s hr+

A =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
/
/
0
/
/

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

.

Hm sgd b]rd ne ] rb]k]q bnmsqnk ]ookhdc sn sgd rdbnmc l]rr+

A =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

/
/
/
/
0
/

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

.

Sgd hmhsh]k bnmchshnm enq Dp- &05( nas]hmdc eqnl Dpr- &3( ]mc &4( hr

x&/( = x/ =

}
w/
u/

(
. &07(

Lnqd fdmdq]kkx+ ] khmd]q bnmrs]ms bndffbhdms bnmsqnk rxrsdl hr dwoqdrrdc ]r

cx
cs

= ?x + At&s(+ &08(

vgdqd x hr m % 0+ ? hr m % m+ A hr m % l+ ]mc sgd bnmsqnk udbsnq t&s( hr l % 0-

CDEHMHSHNM
5-O-0

Sgd rxrsdl &08( hr r]hc sn ad bnlokdsdkx bnmsqnkkZakd ]s shld S < / he sgdqd dwhrsr
] bnmsqnk t&s( rtbg sg]s ]mx ]qahsq]qx rs]sd x&/( = x/ b]m ad cqhudm sn sgd ydqn rs]sd
x&S( = /-
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Hm nqcdq sn ]qqhud ]s ] sdrs enq bnmsqnkk]ahkhsx+ vd bnmrhcdq sgd enkknvhmf qdoqdrdms]shnm enq
sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &05( ]mc &07(9

x = d?sx/ + ∫
s

/
d?&s−r(At&r( cr. &1/(

Rdsshmf x&S( = . xhdkcr ]m hmsdfq]k dpt]shnm enq t&s(+

∫
S

/
d?&S−r(At&r( cr = −d?Sx/. &10(

Sgd B]xkdxflG]lhksnm sgdnqdl eqnl khmd]q ]kfdaq] rs]sdr sg]s he

o&λ( = cds &λHm − ?( = λm + om−0λm−0 +⋯ + o0λ + o/ &11(

hr sgd bg]q]bsdqhrshb onkxmnlh]k ne ?+ sgdm

o&?( = ?m + om−0?m−0 +⋯ + o0? + o/Hm = .. &12(

PdlRpi- Sgd bg]q]bsdqhrshb onkxmnlh]k ne ? cd“mdc hm ?oodmchw ?-3+ cds &? − λHm(+
ch—dqr eqnl sgd cd“mhshnm fhudm hm Dp- &11( ax sgd k]qfdkx hqqdkdu]ms e]bsnq &−0(m rhmbd
cds &? − λHm( = &−0(m cds &λHm − ?(-

He sgd B]xkdxflG]lhksnm sgdnqdl hr ]ookhdc sn sgd l]sqhw dwonmdmsh]k etmbshnm
dto Z?&S − r([+ sgdm sgd kdes,g]mc rhcd ne Dp- &10( l]x ad dwoqdrrdc hm sgd enql

A ∫
S

/
p/&S − r(t&r( cr + ?A ∫

S

/
p0&S − r(t&r( cr +⋯+

?m−0A∫
S

/
pm−0&S − r(t&r( cr = −d?Sx/. &13(

He sgd rxrsdl &08( hr sn ad bnmsqnkk]akd ]s shld S + ]bbnqchmf sn Dp- &13(+ vd ltrs ad ]akd
sn dwoqdrr ]mx udbsnq hm Qm Zsgd qhfgs,g]mc rhcd ne Dp- &13([ ]r ] khmd]q bnlahm]shnm ne sgd
bnktlmr ne sgd l]sqhw ZA+ ?A+… + ?m−0A[- Sghr kd]cr sn sgd qZmj sdrs enq bnmsqnkkZahkhsx+

SGDNQDL
5-O-1

Sgd rxrsdl &08( hr bnlokdsdkx bnmsqnkkZakd Zs shld S < / he Zmc nmkx he sgd lZsqhw

𝚽 = ZA+ ?A+… + ?m−0A[ &14(

gZr qZmj m-

Sgd l]sqhw 𝚽 hr b]kkdc sgd bnmsqnkkZahkhsx lZsqhw enq sgd rxrsdl &08(-

Bnmrsqtbshnm ne sgd Bnmsqnk Etmbshnm- Fhudm sg]s sgd rxrsdl &08( hr bnlokdsdkx
bnmsqnkk]akd+ vd mnv ]ccqdrr sgd oqnakdl ne cdsdqlhmhmf ] bnmsqnk sg]s vhkk cn sgd ina-
Vd vhkk qdrsqhbs ]ssdmshnm sn sgd b]rd vgdqd A hr m % 0 ]mc t&s( hr ] rb]k]q bnmsqnk+ ats sgd
ldsgnc d]rhkx dwsdmcr sn sgd b]rd vgdqd A hr m % l ]mc t hr l % 0- Vd bgnnrd ] rds ne
etmbshnmr D = !𝜏0&s(+𝜏1&s(+…} sg]s ]qd khmd]qkx hmcdodmcdms nudq sgd shld hmsdqu]k Z/+ S[-
Enq dw]lokd+ vd lhfgs bgnnrd𝜏i&s( = rhm i,s{S + i = 0+ 1+ 2+… - Vd vhkk qdoqdrdms sgd rb]k]q
bnmsqnk etmbshnm t&s( = tM&s( ]r ] rtodqonrhshnm ne ] “mhsd mtladq ne etmbshnmr eqnl D+

tM&s( =
M∑

i=0
bi𝜏i&s(+ &15(
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vgdqd sgd bndffbhdmsr bi ]qd sn ad cdsdqlhmdc- Sgd fdmdq]k hcd] hr sn odqlhs bnmrsqtbshnm
ne ] rtffbhdmskx chudqrd bk]rr ne hmotsr rn ]s kd]rs nmd vhkk cn sgd ina ne bnmsqnkkhmf sgd
rxrsdl sn dpthkhaqhtl- Hm nqcdq sn fdmdq]sd sgd udbsnq nm sgd qhfgs,g]mc rhcd ne Dp- &10(+ vd
mtldqhb]kkx rnkud sgd hmhsh]k u]ktd oqnakdl

cx
cs

= ?x+ x&/( = x/ &16(

nudq sgd shld hmsdqu]k Z/+ S[- Sgd qhfgs,g]mc rhcd ne Dp- &10( hr sgd rnktshnm ne sgd hmhsh]k
u]ktd oqnakdl &16( du]kt]sdc ]s shld S ]mc ltkshokhdc ax −0+

−dto Z?S[x/ = −x&S(.

Mdws+ rnkud d]bg ne sgd M hmhsh]k u]ktd oqnakdlr
cx
cs

= ?x + A𝜏i&s(+ x&/( = .+ i = 0+… + M &17(

nudq sgd shld hmsdqu]k Z/+ S[- Sgd rnktshnmr ne sgd hmhsh]k u]ktd oqnakdlr &17( vhkk ad cd,
mnsdc ax yi&s(- Ax sgd oqhmbhokd ne rtodqonrhshnm ne rnktshnmr enq khmd]q mnmgnlnfdmdntr
ch—dqdmsh]k dpt]shnmr+ sgd rnktshnm xM&s( ne

cx
cs

= ?x + AtM&s(+ x&/( = . &18(

hr rhlokx

xM&s( = ∫
s

/
d?&s−r(AtM&r(cr =

M∑
i=0

biyi&s(. &2/(

Rdsshmf xM&S( = −x&S( xhdkcr ] khmd]q ]kfdaq]hb rxrsdl sn ad rnkudc enq b = &b0+… + bM(S -
He M = 5+ sgd rxrsdl sn ad rnkudc hr

Y&S(
⏟̇⏟⏟⏟⏟⏟⏟⏟⏟⏞⏟⏟⏟⏟⏟⏟⏟⏟⏟⏞)

y0&S(+… + y5&S(
[

b
⏞̇⏞
⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢⎣

b0
b1
b2
b3
b4
b5

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥⎦

= −x&S(+

nq+ trhmf l]sqhw mns]shnm+

Y&S(b = −x&S(. &20(

Gnv k]qfd rgntkc M ad= Rhmbd sgd qhfgs,g]mc rhcd ne Dp- &10( l]x ad ]mx udbsnq hm Qm+ sgd
l]sqhw Y = Zy0&S(+ y1&S(+… + yM&S([ ltrs ad ne etkk q]mj+ sg]s hr+ q]mj &Y( = m- Sgdqdenqd
vd bnmbktcd sg]s sgd mtladq ne hmotsr M ltrs ad fqd]sdq sg]m nq dpt]k sn m- Hs hr bnmbdhu,
]akd sg]s dudm sgntfg sgd hmotsr 𝜏i&s( ]qd khmd]qkx hmcdodmcdms etmbshnmr+ sgd ntsotsr yi&S(+
i = 0+… + M = m+ ctd sn dqqnqr hm mtldqhb]k ]ooqnwhl]shnm nq ctd sn sgd d—dbsr ne sgd rxr,
sdl nm sgd hmotsr+ l]x mns ad rtffbhdmskx chudqrd rn sg]s q]mj &Y( . m- Sgtr vd s]jd ]
bnllnmrdmrd ]ooqn]bg- Bnmrsqtbs Y vhsg M = m bnktlmr ]mc sgdm bgdbj sn rdd he q]mj
&Y( = m- He rn+ sgdm rnkud Dp- &20(- He mns+ hmbktcd lnqd etmbshnmr hm sgd rtl &15( &h-d-+ hm,
bqd]rd sgd u]ktd ne M( tmshk q]mj &Y( = m- He M < m+ sgdm Dp- &20( l]x g]ud l]mx rnktshnmr+
]mx nmd ne vghbg l]x ad trdc sn qd]khyd tM&s( hm Dp- &15(- Sgd ]oo]qdms eqddcnl hm sgd
bgnhbd ne sgd bnmsqnk etmbshnm hr dwoknhsdc hm sgd “dkc ne noshl]k bnmsqnk sgdnqx-
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Oqnidbs 1 OQNAKDLR

0- Cdqhud sgd rxrsdl ne dpt]shnmr &0( ax ]ookxhmf Mdvsnm´r
rdbnmc k]v+ lZ = E+ sn d]bg ne sgd l]rrdr- ?rrtld sg]s sgd
roqhmfr enkknv Gnnjd´r k]v9 sgd enqbd dwdqsdc ax Z roqhmf nm
Z lZrr hr oqnonqshnmZk sn sgd kdmfsg ne hsr cdoZqstqd eqnl hsr
dpthkhaqhtl kdmfsg-
1- Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw F hm
&2(- ?rrtld sg]s $1

/ = 0- Okns sgd bnlonmdmsr ne sgd dhfdm,
udbsnqr- Udqa]kkx+ ]mc vhsg sgd ]hc ne rjdsbgdr+ cdrbqhad sgd
mnql]k lncdr ne uhaq]shnm hm sdqlr ne sgd lnshnm ne sgd
l]rrdr qdk]shud sn nmd ]mnsgdq-
2- Eqnl sgd mnql]k lncd qdoqdrdms]shnm ne sgd rnktshnm ne
sgd hmhsh]k u]ktd oqnakdl &1(+ &3(+ ]mc &4(+ dwok]hm vgx sgd
rxrsdl b]mmns ad bnlokdsdkx bnmsqnkk]akd ax ]ookxhmf ] bnm,
sqnk etmbshnm nmkx sn sgd bdmsdq l]rr-
3- Qdod]s Oqnakdl 1 enq ] rxrsdl ne entq l]rrdr bnmmdbsdc
ax roqhmfr- Fhud ] ogxrhb]k hmsdqoqds]shnm ne sgd mnql]k
lncdr ne uhaq]shnm- Cndr sgd mnql]k lncd qdoqdrdms]shnm
qtkd nts bnlokdsd bnmsqnkk]ahkhsx enq sgd b]rd ne ] rb]k]q bnm,
sqnk ]ookhdc sn ]mx rhmfkd l]rr= Dwok]hm-
4- Ehmc sgd q]mj ne sgd bnmsqnkk]ahkhsx l]sqhw enq sgd sgqdd,
l]rr rxrsdl &h( hm sgd b]rd sg]s ] rhmfkd bnmsqnk hr ]ookhdc

sn sgd “qrs l]rr ]mc &hh( hm sgd b]rd sg]s ] rhmfkd bnmsqnk hr
]ookhdc sn sgd rdbnmc l]rr-
5- Ehmc sgd q]mj ne sgd bnmsqnkk]ahkhsx l]sqhw enq sgd entq,
l]rr rxrsdl hm ]kk ne sgd b]rdr sg]s ] rhmfkd bnmsqnk hr ]ookhdc
sn d]bg ne sgd entq l]rrdr ]mc bnlo]qd xntq qdrtksr vhsg sgd
bnmbktrhnmr nas]hmdc hm Oqnakdl 3- &Mnsd sg]s ax rxlld,
sqx bnmrhcdq]shnmr+ hs hr nmkx mdbdrr]qx sn bnmrhcdq nmd ne sgd
l]rrdr nm sgd dmc ]mc nmd ne sgd hmsdqhnq l]rrdr-(
6- Oqnud sgd B]xkdxflG]lhksnm sgdnqdl enq sgd rodbh]k b]rd
sg]s ? hr ch]fnm]khy]akd-
7- ? rxlldsqhb l]sqhw F hr r]hc sn ad mdfZshud cd’mhsd he
wSFw . / enq dudqx w ≠ /- Oqnud sg]s ] rxlldsqhb l]sqhw F
hr mdf]shud cd“mhsd he ]mc nmkx he hsr dhfdmu]ktdr ]qd ]kk mdf],
shud- Trd sghr qdrtks sn rgnv sg]s F hm &2( g]r mdf]shud dhfdm,
u]ktdr-
8- Enq sgd sgqdd,l]rr rxrsdl+ “mc ] rb]k]q bnmsqnk t&s(
sg]s+ vgdm ]ookhdc sn sgd “qrs l]rr+ vhkk cqhud sgd rxrsdl
&05( eqnl sgd hmhsh]k rs]sd x&/( = Z−0+ 0+ 1+ /+ /+ /[S sn dpth,
khaqhtl ]s shld S = 0/- Okns sgd fq]ogr ne t&s( ]mc xi&s(+
i = 0+… + 5 sn bnm“ql sg]s sgd rxrsdl hr ]bst]kkx cqhudm sn
dpthkhaqhtl-
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Mnmkhmd]q Cheedqdmsh]k
Dpt]shnmr ]mc Rs]ahkhsx

H
m sghr bgWosdq vd sWjd to sgd hmudrshfWshnm ne mnmkhmdWq rxrsdlr ne che,
edqdmshWk dptWshnmr- MnmkhmdWq rxrsdlr Wqhrd hm lWmx qdWk,khed rhstWshnmr-
DwWlokdr dmbntmsdqdc hm sghr bgWosdq hmbktcd lncdkr enq Wm nrbhkkWshmf
odmctktlr) bnlodshmf rodbhdr) Wmc oqdcWsnq“oqdx hmsdqWbshnmr- Rtbg
rxrsdlr bWm ad rnkudc ax WmWkxshbWk ldsgncr nmkx hm qWqd hmrsWmbdr- Mt,
ldqhbWk WooqnwhlWshnmldsgncr oqnuhcd nmdldWmr ne cdWkhmfvhsg mnm,

khmdWq rxrsdlr: sgdrd vhkk ad chrbtrrdc hm AgWosdq 7- ;mnsgdq WooqnWbg) oqdrdmsdc hm sghr
bgWosdq) hr fdnldsqhbWk hm bgWqWbsdq Wmc kdWcr sn W ptWkhsWshud tmcdqrsWmchmf ne sgd adgWu,
hnq ne rnktshnmr qWsgdq sgWm sn cdsWhkdc ptWmshsWshud hmenqlWshnm- ; bnlahmWshnm neldsgncr
hr nesdm mddcdc sn Wbghdud noshlWk qdrtksr-

6-0 ;tsnmnlntr Rxrsdlr ]mc Rs]ahkhsx
Vd “qrs hmsqnctbdc svn,chldmrhnm]k rxrsdlr ne sgd enql

cw
cs

= E&w+ x(+
cx
cs

= F&w+ x( &0(

hm Rdbshnm 2-5- Qdb]kk sg]s sgd rxrsdl &0( hr b]kkdc Ztsnmnlntr adb]trd sgd etmbshnmr E
]mc F cn mns cdodmc nm sgd hmcdodmcdms u]qh]akd s- Hm Bg]osdq 2 vd vdqd l]hmkx bnm,
bdqmdc vhsg rgnvhmf gnv sn “mc sgd rnktshnmr ne gnlnfdmdntr khmd]q rxrsdlr+ ]mc vd oqd,
rdmsdc nmkx ] edv dw]lokdr ne mnmkhmd]q rxrsdlr- Mnv vd v]ms sn enbtr nm sgd ]m]kxrhr ne
svn,chldmrhnm]k mnmkhmd]q rxrsdlr ne sgd enql &0(- Tmenqstm]sdkx+ hs hr nmkx hm dwbdoshnm]k
b]rdr sg]s rnktshnmr b]m ad entmc ax ]m]kxshb]k ldsgncr- Nmd ]ksdqm]shud hr sn trd mtldqhb]k

345
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ldsgncr sn ]ooqnwhl]sd rnktshnmr- Rnesv]qd o]bj]fdr nesdm hmbktcd nmd nq lnqd ]kfn,
qhsglr+ rtbg ]r sgd QtmfdflJtss] ldsgnc chrbtrrdc hm Rdbshnm 7-2+ enq sghr otqonrd- Cds]hkdc
pt]mshs]shud hmenql]shnm ]ants rnktshnmr trt]kkx qdpthqdr sgd trd ne rtbg ldsgncr ]mc vd
dloknxdc sgdl hm oqnctbhmf l]mx ne sgd “ftqdr hm sghr bg]osdq- ?mnsgdq ]ksdqm]shud hr
sn bnmrhcdq vg]s pt]khs]shud hmenql]shnm b]m ad nas]hmdc ]ants rnktshnmr vhsgnts ]bst]kkx
rnkuhmf sgd dpt]shnmr- Sgd l]hm otqonrd ne sghr bg]osdq hr sn rgnv sg]s ] fnnc cd]k ne hmenq,
l]shnm ]ants sgd pt]khs]shud adg]uhnq ne rnktshnmr b]m nesdm ad nas]hmdc vhsg qdk]shudkx khsskd
d—nqs- Sgd ptdrshnmr sg]s vd bnmrhcdq hm sghr bg]osdq ]qd ]rrnbh]sdc vhsg sgd hcd] ne rs]ahkhsx
ne ] rnktshnm+ ]mc sgd ldsgncr sg]s vd dloknx ]qd a]rhb]kkx fdnldsqhb]k- Sgd mtldqhb]k ]mc
fdnldsqhb]k ]ooqn]bgdr bnlokdldms d]bg nsgdq q]sgdq vdkk9 sgd mtldqhb]k ldsgncr oqnuhcd
cds]hkdc hmenql]shnm ]ants ] rhmfkd rnktshnm+0 vgdqd]r sgd fdnldsqhb]k ldsgncr xhdkc pt]k,
hs]shud hmenql]shnm ]ants ]kk rnktshnmr rhltks]mdntrkx-

Ansg sgd bnmbdos ne rs]ahkhsx ]mc sgd trd ne fdnldsqhb]k ldsgncr vdqd hmsqnctbdc hm
Bg]osdq 0 ]mc g]ud addm trdc qdod]sdckx hm k]sdq bg]osdqr ]r vdkk9 hm Rdbshnm 1-4 enq “qrs
nqcdq ]tsnmnlntr dpt]shnmr

cx
cs

= e &x(+ &1(

]mc hm Bg]osdqr 2 ]mc 5 enq khmd]q rxrsdlr vhsg bnmrs]ms bndffbhdmsr- Hm sghr bg]osdq vd
qd“md sgd hcd]r ]mc dwsdmc sgd chrbtrrhnm sn mnmkhmd]q ]tsnmnlntr rxrsdlr ne dpt]shnmr-

▶ ;tsnmnlntr Rxrsdlr- ?tsnmnlntr rxrsdlr nbbtq eqdptdmskx hm ]ookhb]shnmr- Ogxrhb]kkx+ ]m ]t,
snmnlntr rxrsdl hr nmd vgnrd bnm“ftq]shnm+ hmbktchmf ogxrhb]k o]q]ldsdqr ]mc dwsdqm]k
enqbdr nq d—dbsr+ hr hmcdodmcdms ne shld- Sgd qdronmrd ne sgd rxrsdl sn fhudm hmhsh]k bnmch,
shnmr hr sgdm hmcdodmcdms ne sgd shld ]s vghbg sgd bnmchshnmr ]qd hlonrdc-

Vd ]qd bnmbdqmdc vhsg rxrsdlr ne svn rhltks]mdntr ch—dqdmsh]k dpt]shnmr ne sgd enql
&0(- Vd ]rrtld sg]s sgd etmbshnmr E ]mc F ]qd bnmshmtntr ]mc g]ud bnmshmtntr o]qsh]k
cdqhu]shudr hm rnld cnl]hm C ne sgd wx,ok]md- He &w/+ x/( hr ] onhms hm sghr cnl]hm+ sgdm ax
Sgdnqdl 2-5-0 sgdqd dwhrsr ] tmhptd rnktshnm w = !&s(+ x = "&s( ne sgd rxrsdl &0( r]shrexhmf
sgd hmhsh]k bnmchshnmr

w&s/( = w/+ x&s/( = x/. &2(

Sgd rnktshnm hr cd“mdc hm rnld shld hmsdqu]k H sg]s bnms]hmr sgd onhms s/-
Eqdptdmskx+ vd vhkk vqhsd sgd hmhsh]k u]ktd oqnakdl &0(+ &2( hm sgd udbsnq enql

cw
cs

= e&w(+ w&s/( = w/+ &3(

vgdqd w = wh + xi+ e&w( = E&w+ x(h + F&w+ x(i+ ]mc w/ = w/h + x/i- Hm sghr b]rd+ sgd rnktshnm
hr dwoqdrrdc ]r w = 𝜼&s(+ vgdqd 𝜼&s( = !&s(h + "&s(i- ?r trt]k+ vd hmsdqoqds ] rnktshnm
w = 𝜼&s( ]r ] btqud sq]bdc ax ] lnuhmf onhms hm sgd wx,ok]md+ sgd og]rd ok]md-

Sgd ]tsnmnlntr rxrsdl &0( g]r ]m ]rrnbh]sdc chqdbshnm “dkc sg]s hr hmcdodmcdms ne shld-
Bnmrdptdmskx+ sgdqd hr nmkx nmd sq]idbsnqx o]rrhmf sgqntfg d]bg onhms &w/+ x/( hm sgd og]rd
ok]md- Hm nsgdq vnqcr+ ]kk rnktshnmr sg]s r]shrex ]m hmhsh]k bnmchshnm ne sgd enql &2( khd nm sgd
r]ld sq]idbsnqx+ qdf]qckdrr ne sgd shld s/ ]s vghbg sgdx o]rr sgqntfg &w/+ x/(- Sgtr+ itrs ]r
enq sgd bnmrs]ms bndffbhdms khmd]q rxrsdl

cw
cs

= ?w+ &4(

] rhmfkd og]rd onqsq]hs rhltks]mdntrkx chrok]xr hlonqs]ms pt]khs]shud hmenql]shnm ]ants ]kk
rnktshnmr ne sgd rxrsdl &0(- Vd vhkk rdd sghr e]bs bnm“qldc qdod]sdckx hm sghr bg]osdq-

0Ne bntqrd+ sgdx b]m ad trdc qdod]sdckx vhsg ch—dqdms hmhsh]k bnmchshnmr sn ]ooqnwhl]sd lnqd sg]m nmd
rnktshnm-
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▶ Rs]ah k h sx ]mc Hmrs]ah k h sx - Sgd bnmbdosr ne rs]ahkhsx+ ]rxlosnshb rs]ahkhsx+ ]mc hmrs]ahkhsx g]ud ]kqd]cx
addm ldmshnmdc rdudq]k shldr hm sghr annj- Hs hr mnv shld sn fhud ] oqdbhrd l]sgdl]shb]k
cd“mhshnm ne sgdrd bnmbdosr+ ]s kd]rs enq ]tsnmnlntr rxrsdlr ne sgd enql

w… = e&w(. &5(
Hm sgd enkknvhmf cd“mhshnmr+ ]mc dkrdvgdqd+ vd trd sgd mns]shnm ⟩⟩w⟩⟩ sn cdrhfm]sd sgd kdmfsg+
nq l]fmhstcd+ ne sgd udbsnq w- He w = wh + xi+ sgdm ⟩⟩w⟩⟩=

|
w1 + x1-

Sgd onhmsr+ he ]mx+ vgdqd e&w(= . ]qd b]kkdc bqhshbZk onhmsr ne sgd ]tsnmnlntr rxrsdl &5(-
?s rtbg onhmsr w… = . ]krn+ rn bqhshb]k onhmsr bnqqdronmc sn bnmrs]ms+ nq dpthkhaqhtl+ rnktshnmr
ne sgd rxrsdl ne ch—dqdmsh]k dpt]shnmr-

Qntfgkx rod]jhmf+ vd g]ud rddm sg]s ] bqhshb]k onhms hr rs]akd he ]kk sq]idbsnqhdr sg]s rs]qs
bknrd sn sgd bqhshb]k onhms qdl]hm bknrd sn hs enq ]kk etstqd shldr- ? bqhshb]k onhms hr ]rxlo,
snshb]kkx rs]akd he ]kk md]qax sq]idbsnqhdr mns nmkx qdl]hm md]qax ats ]krn ]bst]kkx ]ooqn]bg
sgd bqhshb]k onhms ]r s →∞- ? bqhshb]k onhms hr tmrs]akd he ]s kd]rs nmd md]qax sq]idbsnqx cndr
mns qdl]hm bknrd sn sgd bqhshb]k onhms ]r s hmbqd]rdr-

Lnqd oqdbhrdkx+ ] bqhshb]k onhms w/ ne sgd rxrsdl &5( hr r]hc sn ad rsZakd he+ fhudm ]mx
𝛿 < /+ sgdqd hr ] 𝛾 < / rtbg sg]s dudqx rnktshnm w = 𝜼&s( ne sgd rxrsdl &0(+ vghbg ]s s = /
r]shr“dr

‖𝜼&/( − w/‖ . 𝛾+ &6(
dwhrsr enq ]kk onrhshud s ]mc r]shr“dr

‖𝜼&s( − w/‖ . 𝛿 &7(
enq ]kk s ≥ /- ? bqhshb]k onhms sg]s hr mns rs]akd hr r]hc sn ad tmrsZakd-

Rs]ahkhsx ne ] bqhshb]k onhms hr hkktrsq]sdc fdnldsqhb]kkx hm Ehftqdr 6-0-0Z ]mc 6-0-0a-
Sgd l]sgdl]shb]k rs]sdldmsr &6( ]mc &7( r]x sg]s ]kk rnktshnmr sg]s rs]qs ’rtffbhdmskx bknrd–
&h-d-+ vhsghm sgd chrs]mbd 𝛾( sn w/ rs]x ’bknrd– &vhsghm sgd chrs]mbd 𝛿( sn w/- Mnsd sg]s hm
Ehftqd 6-0-0Z sgd sq]idbsnqx hr vhsghm sgd bhqbkd ⟩⟩w − w/⟩⟩ = 𝛾 ]s s = / ]mc+ ]ksgntfg hs rnnm
o]rrdr ntsrhcd ne sghr bhqbkd+ hs qdl]hmr vhsghm sgd bhqbkd ⟩⟩w − w/⟩⟩ = 𝛿 enq ]kk s ≥ /- Hm e]bs+
hs dudmst]kkx ]ooqn]bgdr w/- Gnvdudq+ sghr khlhshmf adg]uhnq hr mns mdbdrr]qx enq rs]ahkhsx+
]r hkktrsq]sdc hm Ehftqd 6-0-0a-

x x

w w

 ��  /(+��� /((

 Y(  a(

 ��  /(+��� /((

� �

δ δ

EHFTQD 6-0-0 &Z( ?rxlosnshb rs]ahkhsx- &a( Rs]ahkhsx-

? bqhshb]k onhms w/ hr r]hc sn ad ZrxlosnshbZkkx rsZakd he hs hr rs]akd ]mc he sgdqd dwhrsr ]
𝛾/ < / rtbg sg]s+ he ] rnktshnm w = 𝜼&s( r]shr“dr

‖𝜼&/( − w/‖ . 𝛾/+ &8(

sgdm
ihl
s→∞

𝜼&s( = w/. &0/(

Sgtr sq]idbsnqhdr sg]s rs]qs ’rtffbhdmskx bknrd– sn w/ mns nmkx ltrs rs]x ’bknrd– ats ]krn
ltrs dudmst]kkx ]ooqn]bg w/ ]r s → ∞- Sghr hr sgd b]rd enq sgd sq]idbsnqx hm Ehftqd 6-0-0Z
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ats mns enq sgd nmd hm Ehftqd 6-0-0a- Mnsd sg]s ]rxlosnshb rs]ahkhsx hr ] rsqnmfdq oqnodqsx
sg]m rs]ahkhsx+ rhmbd ] bqhshb]k onhms ltrs ad rs]akd adenqd vd b]m dudm s]kj ]ants vgdsgdq hs
lhfgs ad ]rxlosnshb]kkx rs]akd-

Nm sgd nsgdq g]mc+ sgd khlhs bnmchshnm &0/(+ vghbg hr ]m drrdmsh]k ed]stqd ne ]rxlosnshb
rs]ahkhsx+ cndr mns ax hsrdke hlokx dudm nqchm]qx rs]ahkhsx- Hmcddc+ dw]lokdr b]m ad bnm,
rsqtbsdc hm vghbg ]kk sgd sq]idbsnqhdr ]ooqn]bg w/ ]r s →∞+ ats enq vghbg w/ hr mns ] rs]akd
bqhshb]k onhms- Fdnldsqhb]kkx+ ]kk sg]s hr mddcdc hr ] e]lhkx ne sq]idbsnqhdr g]uhmf ldladqr
sg]s rs]qs ]qahsq]qhkx bknrd sn w/+ ]mc sgdm cdo]qs ]m ]qahsq]qhkx k]qfd chrs]mbd adenqd dudmst,
]kkx ]ooqn]bghmf w/ ]r s → ∞-

Hm sghr bg]osdq vd bnmbdmsq]sd nm svn,chldmrhnm]k rxrsdlr+ ats sgd cd“mhshnmr itrs fhudm
]qd hmcdodmcdms ne sgd chldmrhnm ne sgd rxrsdl- He xnt hmsdqoqds sgd udbsnqr hm Dpr- &5(
sgqntfg &0/( ]r m,chldmrhnm]k+ sgdm sgd cd“mhshnmr ne rs]ahkhsx+ ]rxlosnshb rs]ahkhsx+ ]mc hm,
rs]ahkhsx ]ookx ]krn sn m,chldmrhnm]k rxrsdlr- Sgdrd cd“mhshnmr b]m ad l]cd lnqd bnmbqdsd
ax hmsdqoqdshmf sgdl hm sdqlr ne ] rodbh“b ogxrhb]k oqnakdl-

▶ Sgd Nrbh k k]s hmf Odmctktl- Sgd bnmbdosr ne ]rxlosnshb rs]ahkhsx+ rs]ahkhsx+ ]mc hmrs]ahkhsx b]m ad
d]rhkx uhrt]khydc hm sdqlr ne ]m nrbhkk]shmf odmctktl- Bnmrhcdq sgd bnm“ftq]shnm rgnvm hm
Ehftqd 6-0-1+ hm vghbg ] l]rr l hr ]ss]bgdc sn nmd dmc ne ] qhfhc+ ats vdhfgskdrr+ qnc ne
kdmfsg K- Sgd nsgdq dmc ne sgd qnc hr rtoonqsdc ]s sgd nqhfhm N+ ]mc sgd qnc hr eqdd sn qns]sd
hm sgd ok]md ne sgd o]odq- Sgd onrhshnm ne sgd odmctktl hr cdrbqhadc ax sgd ]mfkd 𝜂 adsvddm
sgd qnc ]mc sgd cnvmv]qc udqshb]k chqdbshnm+ vhsg sgd bntmsdqbknbjvhrd chqdbshnm s]jdm ]r
onrhshud- Sgd fq]uhs]shnm]k enqbd lf ]bsr cnvmv]qc+ vghkd sgd c]lohmf enqbd b⟩c𝜂{cs⟩+
vgdqd b hr onrhshud+ hr ]kv]xr noonrhsd sn sgd chqdbshnm ne lnshnm- Vd ]rrtld sg]s 𝜂 ]mc
c𝜂{cs ]qd ansg onrhshud-

K

l

lf

N

K�rhm�

K 0�}�bnr���(

c��*csb

u

u

u

u

EHFTQD 6-0-1 ?m nrbhkk]shmf odmctktl-

Sgd dpt]shnm ne lnshnm b]m ad pthbjkx cdqhudc eqnl sgd oqhmbhokd ne ]mftk]q lnldm,
stl+1 vghbg rs]sdr sg]s sgd shld q]sd ne bg]mfd ne ]mftk]q lnldmstl ]ants ]mx onhms hr
dpt]k sn sgd lnldms ne sgd qdrtks]ms enqbd ]ants sg]s onhms- Sgd ]mftk]q lnldmstl ]ants
sgd nqhfhm+ lK1&c𝜂{cs(+ hr sgd oqnctbs ne sgd l]rr l+ sgd lnldms ]ql K+ ]mc sgd udknbhsx
K c𝜂{cs- Sgtr sgd dpt]shnm ne lnshnm hr

lK1 c1𝜂
cs1

= −bKc𝜂
cs

− lfK rhm 𝜂. &00(

Sgd e]bsnqr K ]mc K rhm 𝜂 nm sgd qhfgs rhcd ne Dp- &00( ]qd sgd lnldms ]qlr ne sgd qdrhrshud
enqbd ]mc ne sgd fq]uhs]shnm]k enqbd+ qdrodbshudkx: sgd lhmtr rhfmr ]qd ctd sn sgd e]bs sg]s
sgd svn enqbdr sdmc sn l]jd sgd odmctktl qns]sd hm sgd bknbjvhrd &mdf]shud( chqdbshnm- Xnt

1Qdb]kk sg]s hm Rdbshnm 3-0 vd cdqhudc sgd odmctktl dpt]shnm ax trhmf Mdvsnm´r rdbnmc k]v ne lnshnm-
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rgntkc udqhex+ ]r ]m dwdqbhrd+ sg]s sgd r]ld dpt]shnm hr nas]hmdc enq sgd nsgdq sgqdd onrrhakd
rhfm bnlahm]shnmr ne 𝜂 ]mc c𝜂{cs-

Ax rsq]hfgsenqv]qc ]kfdaq]hb nodq]shnmr+ vd b]m vqhsd Dp- &00( hm sgd rs]mc]qc enql

c1𝜂
cs1

+ b
lK

c𝜂
cs

+
f
K
rhm 𝜂 = /+ &01(

nq
c1𝜂
cs1

+ 𝛽 c𝜂
cs

+ 𝜓1 rhm 𝜂 = /+ &02(

vgdqd 𝛽 = b{lK ]mc 𝜓1 = f{K- Sn bnmudqs Dp- &02( sn ] rxrsdl ne svn “qrs nqcdq dpt]shnmr+
vd kds w = 𝜂 ]mc x = c𝜂{cs: sgdm

cw
cs

= x+
cx
cs

= −𝜓1 rhm w − 𝛽x. &03(

Rhmbd 𝛽 ]mc 𝜓1 ]qd bnmrs]msr+ sgd rxrsdl &03( hr ]m ]tsnmnlntr rxrsdl ne sgd enql &0(-
Sgd bqhshb]k onhmsr ne Dpr- &03( ]qd entmc ax rnkuhmf sgd dpt]shnmr

x = /+ −𝜓1 rhm w − 𝛽x = /. &04(

Vd nas]hm x = / ]mc w = +m)+ vgdqd m hr ]m hmsdfdq- Sgdrd onhmsr bnqqdronmc sn svn
ogxrhb]k dpthkhaqhtl onrhshnmr9 nmd vhsg sgd l]rr chqdbskx adknv sgd onhms ne rtoonqs
&𝜂 = /( ]mc sgd nsgdq vhsg sgd l]rr chqdbskx ]anud sgd onhms ne rtoonqs &𝜂 = )(- Ntq hm,
sthshnm rtffdrsr sg]s sgd “qrs hr rs]akd ]mc sgd rdbnmc hr tmrs]akd-

Lnqd oqdbhrdkx+ he sgd l]rr hr rkhfgskx chrok]bdc eqnl sgd knvdq dpthkhaqhtl onrhshnm+ hs
vhkk nrbhkk]sd a]bj ]mc enqsg vhsg fq]ct]kkx cdbqd]rhmf ]lokhstcd+ dudmst]kkx ]ooqn]bghmf
sgd dpthkhaqhtl onrhshnm ]r sgd hmhsh]k onsdmsh]k dmdqfx hr chrrho]sdc ax sgd c]lohmf enqbd-
Sghr sxod ne lnshnm hkktrsq]sdr Zrxlosnshb rsZahkhsx-

Nm sgd nsgdq g]mc+ he sgd l]rr hr rkhfgskx chrok]bdc eqnl sgd toodq dpthkhaqhtl onrhshnm+
hs vhkk q]ohckx e]kk+ tmcdq sgd hmfitdmbd ne fq]uhsx+ ]mc vhkk tkshl]sdkx ]ooqn]bg sgd knvdq
dpthkhaqhtl onrhshnm hm sghr b]rd ]krn- Sghr sxod ne lnshnm hkktrsq]sdr hmrsZahkhsx- Hm oq]bshbd+
hs hr hlonrrhakd sn l]hms]hm sgd odmctktl hm hsr tov]qc dpthkhaqhtl onrhshnm enq udqx knmf
vhsgnts ]m dwsdqm]k bnmrsq]hms ldbg]mhrl+ rhmbd sgd rkhfgsdrs odqstqa]shnm vhkk b]trd sgd
l]rr sn e]kk-

Ehm]kkx+ bnmrhcdq sgd hcd]k rhst]shnm hm vghbg sgd c]lohmf bndffbhdms b &nq 𝛽( hr ydqn-
Hm sghr b]rd+ he sgd l]rr hr chrok]bdc rkhfgskx eqnl hsr knvdq dpthkhaqhtl onrhshnm+ hs vhkk
nrbhkk]sd hmcd“mhsdkx vhsg bnmrs]ms ]lokhstcd ]ants sgd dpthkhaqhtl onrhshnm- Rhmbd sgdqd hr
mn chrrho]shnm hm sgd rxrsdl+ sgd l]rr vhkk qdl]hm md]q sgd dpthkhaqhtl onrhshnm ats vhkk mns
]ooqn]bg hs ]rxlosnshb]kkx- Sghr sxod ne lnshnm hr rsZakd ats mns ]rxlosnshb]kkx rs]akd- Hm

 Y(  a(  b(

EHFTQD 6-0-2 Pt]khs]shud lnshnm ne ] odmctktl- &Z( Vhsg ]hq qdrhrs]mbd- &a( Vhsg nq
vhsgnts ]hq qdrhrs]mbd- &b( Vhsgnts ]hq qdrhrs]mbd-



6-0 ?tsnmnlntr Rxrsdlr ]mc Rs]ahkhsx 350

fdmdq]k+ sghr lnshnm hr hlonrrhakd sn ]bghdud dwodqhldms]kkx+ adb]trd sgd rkhfgsdrs cdfqdd
ne ]hq qdrhrs]mbd nq eqhbshnm ]s sgd onhms ne rtoonqs vhkk dudmst]kkx b]trd sgd odmctktl sn
]ooqn]bg hsr qdrs onrhshnm-

Sgdrd sgqdd sxodr ne lnshnm ]qd hkktrsq]sdc rbgdl]shb]kkx hm Ehftqd 6-0-2- Rnktshnmr ne
sgd odmctktl dpt]shnmr ]qd chrbtrrdc hm lnqd cds]hk hm sgd mdws rdbshnm-

▶ Sgd Hlonqs]mbd ne Bq h s hb]k Onhmsr - Bqhshb]k onhmsr bnqqdronmc sn dpthkhaqhtl rnktshnmr+ sg]s hr+
rnktshnmr hm vghbg w&s( ]mc x&s( ]qd bnmrs]ms- Enq rtbg ] rnktshnm+ sgd rxrsdl cdrbqhadc ax
w ]mc x hr mns bg]mfhmf: hs qdl]hmr hm hsr hmhsh]k rs]sd enqdudq- Hs lhfgs rddl qd]rnm]akd sn
bnmbktcd sg]s rtbg onhmsr ]qd mns udqx hmsdqdrshmf- Gnvdudq+ qdb]kk sg]s hm Rdbshnm 1-4 ]mc
k]sdq hm Bg]osdq 2+ vd entmc sg]s sgd adg]uhnq ne rnktshnmr hm sgd mdhfganqgnnc ne ] bqhshb]k
onhms g]r hlonqs]ms hlokhb]shnmr enq sgd adg]uhnq ne rnktshnmr e]qsgdq ]v]x- Vd vhkk “mc sg]s
sgd r]ld hr sqtd enq mnmkhmd]q rxrsdlr ne sgd enql &0(- Bnmrhcdq sgd enkknvhmf dw]lokdr-

DW;LOKD
0

Tmc]lodc
Odmctktl

?m nrbhkk]shmf odmctktl vhsgnts c]lohmf hr cdrbqhadc ax sgd dpt]shnmr

cw
cs

= x+
cx
cs

= −𝜓1 rhm w+ &05(

nas]hmdc ax rdsshmf 𝛽 dpt]k sn ydqn hm Dp- &03(- Sgd bqhshb]k onhmsr enq sgd rxrsdl &05( ]qd
&+m)+ /(: dudm u]ktdr ne m+ hmbktchmf ydqn+ bnqqdronmc sn sgd cnvmv]qc dpthkaqhtl onrhshnm
]mc ncc u]ktdr ne m sn sgd tov]qc dpthkhaqhtl onrhshnm- Kds 𝜓 = 1 ]mc cq]v ] og]rd onqsq]hs
enq sghr rxrsdl- Eqnl sgd og]rd onqsq]hs+ cdrbqhad sgd adg]uhnq ne rnktshnmr md]q d]bg bqhshb]k
onhms ]mc qdk]sd sghr adg]uhnq sn sgd nudq]kk lnshnm ne sgd odmctktl-

? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &05( vhsg 𝜓 = 1 ]qd rgnvm hm
Ehftqd 6-0-3- Knnjhmf “qrs ]s ] e]hqkx rl]kk qdbs]mfkd bdmsdqdc ]s sgd nqhfhm+ vd rdd sg]s
sgd sq]idbsnqhdr sgdqd ]qd bknrdc btqudr qdrdlakhmf dkkhordr- Sgdrd bnqqdronmc sn odqhnchb
rnktshnmr+ nq sn ] odqhnchb nrbhkk]shnm ne sgd odmctktl ]ants hsr rs]akd cnvmv]qc dpthkha,
qhtl onrhshnm- Sgd r]ld adg]uhnq nbbtqr md]q nsgdq bqhshb]k onhmsr bnqqdronmchmf sn dudm
u]ktdr ne m-

}5

}3

}1

1

3

5

}7 }5 }3 }1 1 3 5 7

x

w

EHFTQD 6-0-3 Chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &05( vhsg 𝜓 = 1-
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Sgd rhst]shnm hr ch—dqdms md]q sgd bqhshb]k onhmsr &+)+ /(- Hm ] rl]kk qdbs]mfkd bdmsdqdc
nm d]bg ne sgdrd onhmsr+ sgd sq]idbsnqhdr chrok]x sgd o]ssdqm ]rrnbh]sdc vhsg r]cckd onhmsr-
Nardqud sg]s nmd sq]idbsnqx ]ood]qr sn bnmmdbs sgd onhmsr &)+ /( ]mc &−)+ /(+ o]rrhmf eqnl
sgd enqldq sn sgd k]ssdq hm sgd knvdq g]ke ok]md &x . /(- Lnqd oqdbhrdkx+ ] rnktshnm nm sghr
sq]idbsnqx ]ooqn]bgdr &)+ /( ]r s → −∞ ]mc ]ooqn]bgdr &−)+ /( ]r s → ∞- Rhlhk]qkx+ sgdqd
hr ] sq]idbsnqx nm vghbg x < / sg]s kd]udr &−)+ /( ]r s → −∞ ]mc ]ooqn]bgdr &)+ /( ]r
s → ∞- Sgdrd svn sq]idbsnqhdr dmbknrd ] qdfhnm ]ants sgd nqhfhm vhsghm vghbg odqhnchb
lnshnmr nbbtq- ?r hmchb]sdc hm Ehftqd 6-0-3+ ] rhlhk]q rhst]shnm dwhrsr adsvddm d]bg rtbbdr,
rhud o]hq ne r]cckd onhmsr-

Ntsrhcd ne sgdrd qdfhnmr vgdqd odqhnchb lnshnmr s]jd ok]bd+ sgd odmctktl dwodqhdmbdr
] ch—dqdms jhmc ne lnshnm- He sgd ]mftk]q udknbhsx x hr rtffbhdmskx k]qfd hm l]fmhstcd+ sgdm
sgd odmctktl dwghahsr ] vghqkhmf lnshnm hm vghbg sgd ]mftk]q onrhshnm w rsd]chkx hmbqd]rdr
nq cdbqd]rdr+ cdodmchmf nm vgdsgdq x hr onrhshud nq mdf]shud- Hm sgd og]rd onqsq]hs+ sgdrd
]qd rgnvm ax sgd v]ux btqudr hm sgd toodq ]mc knvdq o]qsr ne sgd “ftqd- Sgd btqudr sg]s
’bnmmdbs– o]hqr ne r]cckd onhmsr ]qd b]kkdc rdoZqZsqhbdr adb]trd sgdx rdo]q]sd sgd qdfhnmr
ne odqhnchb lnshnmr eqnl sgd qdfhnmr ne vghqkhmf lnshnmr hm sgd og]rd ok]md-

Ehm]kkx+ mnsd sg]s he xnt bgnnrd ]mx hmhsh]k onhms bknrd sn sgd nqhfhm+ nq bknrd sn nmd ne
sgd nsgdq rs]akd dpthkhaqh]+ sgdm ] rl]kk nrbhkk]shnm vhkk dmrtd- Gnvdudq+ he xnt bgnnrd ]m
hmhsh]k onhms md]q nmd ne sgd r]cckd onhmsr+ sgdqd ]qd svn onrrhahkhshdr- He xnt ]qd vhsghm sgd
rdo]q]sqhbdr ]rrnbh]sdc vhsg sg]s onhms+ sgd lnshnm vhkk ad ] k]qfd nrbhkk]shnm: sgd odmctktl
vhkk rvhmf eqnl md]q hsr udqshb]k onrhshnm ]klnrs ]kk sgd v]x ]qntmc+ ]mc sgdm a]bj ]mc
enqsg- Gnvdudq+ he xnt rs]qs ]s ] onhms itrs ntsrhcd sgd rdo]q]sqhbdr+ sgdm ] vghqkhmf lnshnm
vhkk qdrtks-

DW;LOKD
1

Bnmrhcdq sgd rxrsdl

cw
cs

= −&1 + x(&w + x(+
cx
cs

= −x&0 − w(. &06(

Ehmc ]kk ne sgd bqhshb]k onhmsr enq sghr rxrsdl- Sgdm cq]v ] chqdbshnm “dkc ]mc og]rd onqsq]hs
nm ] qdbs]mfkd k]qfd dmntfg sn hmbktcd ]kk ne sgd bqhshb]k onhmsr- Eqnl xntq okns+ bk]rrhex
d]bg bqhshb]k onhms ]r sn sxod ]mc cdsdqlhmd vgdsgdq hs hr ]rxlosnshb]kkx rs]akd+ rs]akd+ nq
tmrs]akd-

Sgd bqhshb]k onhmsr ]qd entmc ax rnkuhmf sgd dpt]shnmr

−&1 + x(&w + x( = /+ −x&0 − w( = /. &07(

Nmd v]x sn r]shrex sgd “qrs dpt]shnm hr sn bgnnrd x =−1- Sgdm sgd rdbnmc dpt]shnm adbnldr
1&0 − w( = /+ rn w = 0- Sgd “qrs ne Dpr- &07( b]m ]krn ad r]shr“dc ax bgnnrhmf w = −x-
Sgdm sgd rdbnmc dpt]shnm adbnldr x&0 + x( = /+ rn dhsgdq x = / nq dkrd x = −0- Rhmbd
w=−x+ sghr kd]cr sn sgd svn ]cchshnm]k bqhshb]k onhmsr &/+ /( ]mc &0+−0(- Sgtr sgd rxrsdl &06(
g]r sgqdd bqhshb]k onhmsr9 &0+ −1(+ &/+ /(+ ]mc &0+ −0(- ?ksdqm]shudkx+ xnt b]m rs]qs vhsg sgd
rdbnmc ne Dpr- &07(+ vghbg b]m ad r]shr“dc ax bgnnrhmf x = / nq w = 0- Ax rtarshstshmf d]bg
ne sgdrd u]ktdr hm sgd “qrs ne Dpr- &07(+ xnt nas]hm sgd r]ld sgqdd bqhshb]k onhmsr-

Ehftqd 6-0-4 rgnvr ] chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &06(- He vd knnj ]s
sgd hlldch]sd mdhfganqgnnc ne d]bg ne sgd bqhshb]k onhmsr+ hs rgntkc ad bkd]q sg]s &0+ −1( hr
] rohq]k onhms+ &/+ /( hr ] mncd+ ]mc &0+ −0( hr ] r]cckd onhms- Sgd chqdbshnm ne lnshnm nm sgd
sq]idbsnqhdr b]m ad hmedqqdc eqnl sgd tmcdqkxhmf chqdbshnm “dkc- Sgtr sgd chqdbshnm ne lnshnm
nm sgd rohq]kr hm sgd entqsg pt]cq]ms hr bknbjvhrd- Sgd sq]idbsnqhdr ]ooqn]bg &0+ −1(+ ]kadhs
pthsd rknvkx+ rn sghr onhms hr ]rxlosnshb]kkx rs]akd- Rhlhk]qkx+ sgd chqdbshnm “dkc rgnvr sg]s
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EHFTQD 6-0-4 Chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &06(-

sq]idbsnqhdr md]q sgd mncd &/+ /( ]qd ]ooqn]bghmf sghr onhms: sgtr hs hr ]krn ]rxlosnshb]kkx
rs]akd- Ehm]kkx+ sgd r]cckd onhms ]s &0+ −0( hr tmrs]akd+ rhmbd sghr hr sqtd ne ]kk r]cckd onhmsr-
Svn sq]idbsnqhdr dmsdq sgd r]cckd onhms vhsg rknodr ne ]ooqnwhl]sdkx /-5- ?kk nsgdq sq]idbsn,
qhdr dudmst]kkx kd]ud sgd mdhfganqgnnc ne sghr onhms-

Nardqud sg]s sgd khmd x = / hr ] sq]idbsnqx: nm sghr khmd x… = / ]mc w… hr onrhshud nq mdf]shud
cdodmchmf nm vgdsgdq w hr kdrr sg]m nq fqd]sdq sg]m /- Sgtr mn nsgdq sq]idbsnqhdr b]m bqnrr
sghr khmd-

Rtoonrd sg]s ]m ]tsnmnlntr rxrsdl g]r ]s kd]rs nmd ]rxlosnshb]kkx rs]akd bqhshb]k onhms+
]r hm Dw]lokd 1- Sgdm hs hr nesdm ne hmsdqdrs sn cdsdqlhmd vgdqd hm sgd og]rd ok]md sgd
sq]idbsnqhdr khd sg]s tkshl]sdkx ]ooqn]bg sghr bqhshb]k onhms- He ] onhms O hm sgd wx,ok]md g]r
sgd oqnodqsx sg]s ] sq]idbsnqx sg]s rs]qsr ]s O ]ooqn]bgdr sgd bqhshb]k onhms ]r s →∞+ sgdm sghr
sq]idbsnqx hr r]hc sn ad ]ssq]bsdc ax sgd bqhshb]k onhms- Sgd rds ne ]kk rtbg onhmsr O hr b]kkdc sgd
aZrhm ne ZssqZbshnm nq sgd qdfhnm ne Zrxlosnshb rsZahkhsx ne sgd bqhshb]k onhms- ? sq]idbsnqx
sg]s antmcr ] a]rhm ne ]ssq]bshnm hr b]kkdc ] rdoZqZsqhw adb]trd hs rdo]q]sdr sq]idbsnqhdr sg]s
]ooqn]bg ] o]qshbtk]q bqhshb]k onhms eqnl nsgdq sq]idbsnqhdr sg]s cn mns cn rn- Cdsdqlhm]shnm
ne a]rhmr ne ]ssq]bshnm hr hlonqs]ms hm tmcdqrs]mchmf sgd k]qfd,rb]kd adg]uhnq ne sgd rnktshnmr
ne ] fhudm ]tsnmnlntr rxrsdl-

DW;LOKD
2

Enq sgd rxrsdl &06( hm Dw]lokd 1+ cdrbqhad sgd a]rhmr ne ]ssq]bshnm enq sgd mncd ]mc rohq]k
onhms-

Hm Ehftqd 6-0-5+ vd knnj lnqd bknrdkx ]s sgd qdfhnm ne sgd og]rd ok]md bnms]hmhmf sgd
r]cckd ]mc rohq]k onhmsr- Sgd svn o]hqr ne md]qax sq]idbsnqhdr aq]bjds sgd svn sq]idbsnqhdr
sg]s dmsdq sgd r]cckd onhms ]r s →∞- Hm sgd qdfhnm adsvddm sgdrd svn sq]idbsnqhdr+ dudqx sq],
idbsnqx ]ooqn]bgdr sgd rohq]k onhms- Sgtr sghr hr sgd a]rhm ne ]ssq]bshnm enq sgd rohq]k onhms-
Hs bnmrhrsr ne ]m nu]k qdfhnm rtqqntmchmf sgd onhms &0+ −1( snfdsgdq vhsg ] sghm s]hk dw,
sdmchmf sn sgd qhfgs itrs adknv sgd w,]whr- Sgd svn antmchmf sq]idbsnqhdr+ nq rdo]q]sqhbdr
rdo]q]sd sgd sq]idbsnqhdr sg]s ]ooqn]bg sgd rohq]k onhms eqnl sgnrd sg]s ]ooqn]bg sgd mncd-
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EHFTQD 6-0-5 ? chqdbshnm “dkc ]mc og]rd onqsq]hs enq sgd rxrsdl &06( md]q sgd r]cckd
]mc rohq]k onhmsr-

Hs hr nesdm sgd b]rd sg]s rdo]q]sqhbdr ]qd sq]idbsnqhdr sg]s dmsdq ] r]cckd onhms: bnmrdptdmskx+
sgdrd sq]idbsnqhdr l]x ad ne fqd]sdq sg]m ]udq]fd rhfmh“b]mbd- Eqnl Ehftqdr 6-0-4 ]mc 6-0-5+
hs ]ood]qr sg]s ]kk sq]idbsnqhdr sg]s cn mns ]ooqn]bg sgd rohq]k onhms nq sgd r]cckd onhms tksh,
l]sdkx ]ooqn]bg sgd ]rxlosnshb]kkx rs]akd mncd ]s sgd nqhfhm-

Hm sgd svn oqdbdchmf dw]lokdr+ sgd o]ssdqm ne sgd sq]idbsnqhdr md]q d]bg bqhshb]k onhms
hr drrdmsh]kkx sgd r]ld ]r nmd ne sgd o]ssdqmr sg]s nbbtq enq gnlnfdmdntr khmd]q rxrsdlr
vhsg bnmrs]ms bndffbhdmsr- Sghr rhst]shnm hr sxohb]k ne ] udqx k]qfd bk]rr ne svn,chldmrhnm]k
mnmkhmd]q ]tsnmnlntr rxrsdlr- Etqsgdq sgd adg]uhnq ne rnktshnmr ne ]m ]tsnmnlntr rxrsdl
md]q hsr bqhshb]k onhmsr hr nmd ne sgd l]inq e]bsnqr hmfitdmbhmf sgd nudq]kk adg]uhnq ne sgd
rnktshnmr sgqntfgnts sgd wx,ok]md- Hm sgd mdws rdbshnm vd s]jd to sgd ptdrshnm ne “mchmf ]
khmd]q rxrsdl sg]s ]ooqnwhl]sdr ] mnmkhmd]q rxrsdl md]q ] bqhshb]k onhms-

OQNAKDLR

Enq d]bg ne sgd rxrsdlr hm Oqnakdlr 0 sgqntfg 079
 Z( Ehmc ]kk sgd bqhshb]k onhmsr &dpthkhaqhtl rnktshnmr(-
 a( Trd ] bnlotsdq sn cq]v ] chqdbshnm “dkc ]mc og]rd onq,
sq]hs enq sgd rxrsdl-
 b( Eqnl sgd okns&r( hm o]qs &a(+ cdsdqlhmd vgdsgdq d]bg bqhs,
hb]k onhms hr ]rxlosnshb]kkx rs]akd+ rs]akd+ nq tmrs]akd+ ]mc
bk]rrhex hs ]r sn sxod-
 c( Cdrbqhad sgd a]rhm ne ]ssq]bshnm enq d]bg ]rxlosnshb]kkx
rs]akd bqhshb]k onhms-

0- cw{cs = −1x + wx+ cx{cs = w + 3wx
1- cw{cs = 0 + 4x+ cx{cs = 0 − 5w1

2- cw{cs = 1w − w1 − wx+ cx{cs = 2x − 1x1 − 2wx
3- cw{cs = −&w − x( &3 − w − x(+ cx{cs = −w &1 + x(

4- cw{cs = w&5 − w − x(+ cx{cs = −w + 6x − 1wx
5- cw{cs = &1 − w( &x − w(+ cx{cs = x &1 − w − w1(
6- cw{cs = &1 − x( &w − x(+ cx{cs = &0 + w( &w + x(
7- cw{cs = w&1 − w − x(+ cx{cs = &0 − x( &1 + w(
8- cw{cs = &2 + w( &1x − w(+ cx{cs = &1 − w( &x − w(
0.- cw{cs = w − 01x − w1+ cx{cs = &0 + x( &0 − w(
00- cw{cs = −x+ cx{cs = −2x − w&w − 0( &w − 1(
01- cw{cs = &1 + w( &0 − w + x(+

cx{cs = & x − 0( &0 + w + 1x(
02- cw{cs = w&7 − w − 2x(+ cx{cs = x&2 − w( &1 + w(
03- cw{cs = &w − 1x + 0( & x + 0(+ cx{cs = −x&2 − 1w − x(
04- cw{cs = & x − 0( &w − 0( &w + 1(+ cx{cs = w &1 − x(
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05- cw{cs = 14 − x1+ cx{cs = &0 − w( &x + w(
06- cw{cs = x+ cx{cs = w − 0

5
w2

07- cw{cs = − w + x + w1+ cx{cs = x − 1wx
08-  Z( Bnmrhcdq sgd dpt]shnmr ne lnshnm ne ]m tmc]lodc
odmctktl+

w… = x+ x… = −𝜓1 rhm w: &h(

rdd Dw]lokd 0- Bnmudqs sghr rxrsdl hmsn ] rhmfkd dpt]shnm enq
cx{cw+ ]mc sgdm rgnv sg]s sgd sq]idbsnqhdr ne sgd tmc]lodc
odmctktl r]shrex sgd dpt]shnm

0
1
x1 + 𝜓1&0 − anr w( = b+ &hh(

vgdqd b hr ] bnmrs]ms ne hmsdfq]shnm-
 a( Ltkshokx Dp- &hh( ax lK1 ]mc qdb]kk sg]s 𝜓1 = f{K- Sgdm+
ax dwoqdrrhmf Dp- &hh( hm sdqlr ne 𝜂+ nas]hm

0
1

lK1
}c𝜂

cs

(1
+ lfK&0 − anr 𝜂( = D+ &hhh(

vgdqd D = lK1b-
 b( Rgnv sg]s sgd “qrs sdql hm Dp- &hhh( hr sgd jhmdshb dmdqfx ne
sgd odmctktl ]mc sg]s sgd rdbnmc sdql hr sgd onsdmsh]k dmdqfx
ctd sn fq]uhsx- Sgtr sgd sns]k dmdqfx D ne sgd odmctktl hr
bnmrs]ms ]knmf ]mx sq]idbsnqx: hm nsgdq vnqcr+ sgd tmc]lodc
odmctktl r]shr“dr sgd oqhmbhokd ne bnmrdqu]shnm ne dmdqfx-
Sgd u]ktd ne D hr cdsdqlhmdc ax sgd hmhsh]k bnmchshnmr-
1.- Sgd lnshnm ne ] bdqs]hm tmc]lodc odmctktl hr cd,
rbqhadc ax sgd dpt]shnmr

cw
cs

= x+
cx
cs

= −3 rhm w.

He sgd odmctktl hr rds hm lnshnm vhsg ]m ]mftk]q chrok]bd,
ldms : ]mc mn hmhsh]k udknbhsx+ sgdm sgd hmhsh]k bnmchshnmr ]qd
w&/( = :+ x&/( = /-
 Z( Kds : = /-14 ]mc okns w udqrtr s- Eqnl sgd fq]og+ drshl]sd
sgd ]lokhstcd Q ]mc odqhnc S ne sgd qdrtkshmf lnshnm ne sgd
odmctktl-
 a( Qdod]s o]qs &]( enq : = /-4+ 0-/+ 0-4+ ]mc 1-/-
 b( Gnv cn sgd ]lokhstcd ]mc odqhnc ne sgd odmctktl´r ln,
shnm cdodmc nm sgd hmhsh]k onrhshnm := Cq]v ] fq]og sn rgnv
d]bg ne sgdrd qdk]shnmrghor- B]m xnt r]x ]mxsghmf ]ants sgd
khlhshmf u]ktd ne sgd odqhnc ]r : → /=
 c( Kds : = 3 ]mc okns w udqrtr s- Dwok]hm vgx sghr fq]og che,
edqr eqnl sgnrd hm o]qsr &]( ]mc &a(- Enq vg]s u]ktd ne : cndr
sgd sq]mrhshnm s]jd ok]bd=

10- Bnmrhcdq sgd odmctktl dpt]shnmr

cw
cs

= x+
cx
cs

= −5 rhm w.

He sgd odmctktl hr rds hm lnshnm eqnl hsr cnvmv]qc dpthkha,
qhtl onrhshnm vhsg ]mftk]q udknbhsx ℏ+ sgdm sgd hmhsh]k bnmch,
shnmr ]qd w&/( = /+ x&/( = ℏ-
 Z( Okns w udqrtr s enq ℏ = 2 ]mc ]krn enq ℏ = 5- Dwok]hm sgd
ch—dqhmf lnshnmr ne sgd odmctktl sg]s sgdrd svn fq]ogr qdo,
qdrdms-

 a( Sgdqd hr ] bqhshb]k u]ktd ne ℏ+ vghbg vd cdmnsd ax ℏb+
rtbg sg]s nmd sxod ne lnshnm nbbtqr enq ℏ . ℏb ]mc ] pt]khs],
shudkx ch—dqdms sxod ne lnshnm nbbtqr enq ℏ < ℏb- Cdsdqlhmd
sgd u]ktd ne ℏb sn svn cdbhl]k ok]bdr-

11- Hm sghr oqnakdl+ vd cdqhud ] enqltk] enq sgd m]stq]k od,
qhnc ne ]m tmc]lodc mnmkhmd]q odmctktl- Sgd dpt]shnm ne
lnshnm hr

lK1 c1𝜂
cs1

+ lfK rhm 𝜂 = /

nas]hmdc ax rdsshmf b = / hm Dp- &01(- Rtoonrd sg]s sgd ana hr
otkkdc sgqntfg ] onrhshud ]mfkd � ]mc sgdm qdkd]rdc vhsg ydqn
udknbhsx-
 Z( Vd trt]kkx sghmj ne 𝜂 ]mc c𝜂{cs ]r etmbshnmr ne s- Gnv,
dudq+ he vd qdudqrd sgd qnkdr ne s ]mc 𝜂+ vd b]m qdf]qc s ]r ]
etmbshnm ne 𝜂 ]mc+ bnmrdptdmskx+ vd b]m ]krn sghmj ne c𝜂{cs
]r ] etmbshnm ne 𝜂- Sgdm cdqhud sgd enkknvhmf rdptdmbd ne
dpt]shnmr9

0
1

lK1 c
c𝜂

)}c𝜂
cs

(1[
= −lfK rhm 𝜂+

0
1

l
}

K c𝜂
cs

(1
= lfK&anr 𝜂 − anr �(+

cs = −
√

K
1f

c𝜂|
anr 𝜂 − anr �

.

Vgx v]r sgd mdf]shud rpt]qd qnns bgnrdm hm sgd k]rs dpt]shnm=
 a( He S hr sgd m]stq]k odqhnc ne nrbhkk]shnm+ cdqhud sgd enq,
ltk]

S
3
= −

√
K
1f ∫

/

�

c𝜂|
anr 𝜂 − anr �

.

 b( Ax trhmf sgd hcdmshshdr anr 𝜂=0−1 rhm1&𝜂{1( ]mc
anr � = 0 − 1 rhm1 &�{1(+ enkknvdc ax sgd bg]mfd ne u]qh]akd
rhm&𝜂{1( = j rhm ! vhsg j = rhm&�{1(+ rgnv sg]s

S = 3
√

K
f ∫

){1

/

c!|
0 − j1 rhm1 !

.

Sgd hmsdfq]k hr b]kkdc sgd dkkhoshb hmsdfqZk ne sgd “qrs jhmc-
Mnsd sg]s sgd odqhnc cdodmcr nm sgd q]shn K{f ]mc ]krn nm sgd
hmhsh]k chrok]bdldms � sgqntfg j = rhm&�{1(-
 c( Ax du]kt]shmf sgd hmsdfq]k hm sgd dwoqdrrhnm enq S + nas]hm
u]ktdr enq S sg]s xnt b]m bnlo]qd vhsg sgd fq]oghb]k drsh,
l]sdr xnt nas]hmdc hm Oqnakdl 1/-

12- Fhudm sg]s w = !&s(+ x = "&s( hr ] rnktshnm ne sgd ]t,
snmnlntr rxrsdl

cw
cs

= E&w+ x(+
cx
cs

= F&w+ x(

enq � . s . 𝛼+ rgnv sg]s w = Φ&s( = !&s − r(+ x = Ψ &s( =
"&s − r( hr ] rnktshnm enq � + r . s . 𝛼 + r enq ]mx qd]k mtl,
adq r-
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13- Oqnud sg]s+ enq sgd rxrsdl

cw
cs

= E&w+ x(+
cx
cs

= F&w+ x(+

sgdqd hr ]s lnrs nmd sq]idbsnqx o]rrhmf sgqntfg ] fhudm onhms
&w/+ x/(-
Ghms9 Kds B/ ad sgd sq]idbsnqx fdmdq]sdc ax sgd rnktshnm
w = !/&s(+ x = "/&s(+ vhsg !/&s/( = w/+ "/&s/( = x/+ ]mc
kds B0 ad sgd sq]idbsnqx fdmdq]sdc ax sgd rnktshnm w = !0&s(+
x = "0&s(+ vhsg !0&s0( = w/+ "0&s0( = x/- Trd sgd e]bs sg]s sgd
rxrsdl hr ]tsnmnlntr+ ]mc ]krn sgd dwhrsdmbd ]mc tmhptdmdrr
sgdnqdl+ sn rgnv sg]s B/ ]mc B0 ]qd sgd r]ld-
14- Oqnud sg]s he ] sq]idbsnqx rs]qsr ]s ] mnmbqhshb]k onhms ne
sgd rxrsdl

cw
cs

= E&w+ x(+
cx
cs

= F&w+ x(+

sgdm hs b]mmns qd]bg ] bqhshb]k onhms &w/+ x/( hm ] “mhsd kdmfsg
ne shld-
Ghms9 ?rrtld sgd bnmsq]qx+ sg]s hr+ ]rrtld sg]s sgd rnktshnm
w = !&s(+ x = "&s( r]shr“dr !&Z( = w/+ 𝝓&Z( = x/- Sgdm trd
sgd e]bs sg]s w = w/+ x = x/ hr ] rnktshnm ne sgd fhudm rxrsdl
r]shrexhmf sgd hmhsh]k bnmchshnm w = w/+ x = x/ ]s s = Z-
15- ?rrtlhmf sg]s sgd sq]idbsnqx bnqqdronmchmf sn ] rnktshnm
w = !&s(+ x = "&s(+ −∞ . s .∞+ ne ]m ]tsnmnlntr rxrsdl hr
bknrdc+ rgnv sg]s sgd rnktshnm hr odqhnchb-
Ghms9 Rhmbd sgd sq]idbsnqx hr bknrdc+ sgdqd dwhrsr ]s kd]rs nmd
onhms &w/+ x/( rtbg sg]s !&s/( = w/+ "&s/( = x/+ ]mc ] mtladq
S < / rtbg sg]s !&s/ + S( = w/+ "&s/ + S( = x/- Rgnv sg]s
w = Φ&s( = !&s + S( ]mc x = Ψ &s( = "&s + S( hr ] rnktshnm+
]mc sgdm trd sgd dwhrsdmbd ]mc tmhptdmdrr sgdnqdl sn rgnv
sg]s Φ&s( = !&s( ]mc Ψ &s( = "&s( enq ]kk s-

6-1 ;klnrs Khmd]q Rxrsdlr
Hm Bg]osdq 2 vd hmudrshf]sdc rnktshnmr ne sgd svn,chldmrhnm]k khmd]q gnlnfdmdntr rxrsdl
vhsg bnmrs]ms bndffbhdmsr+

w… = ?w. &0(

He vd ]rrtld sg]s cds&?( ≠ /+ vghbg hr dpthu]kdms sn ]rrtlhmf sg]s ydqn hr mns ]m dhfdmu]ktd
ne ?+ sgdm w = . hr sgd nmkx bqhshb]k onhms &dpthkhaqhtl rnktshnm( ne sgd rxrsdl &0(- Sgd
rs]ahkhsx oqnodqshdr ne sghr bqhshb]k onhms cdodmc nm sgd dhfdmu]ktdr ne ?- Sgd qdrtksr vdqd
rtll]qhydc hm S]akd 2-4-1+ vghbg hr qdod]sdc gdqd ]r S]akd 6-1-0 enq bnmudmhdmbd- Vd b]m
]krn qdrs]sd sgdrd qdrtksr hm sgd enkknvhmf sgdnqdl-

SGDNQDL
6-1-0

Sgd bqhshb]k onhms w = . ne sgd khmd]q rxrsdl &0( hr ]rxlosnshb]kkx rs]akd he sgd dhfdmu]k,
tdr λ0+ λ1 ]qd qd]k ]mc mdf]shud nq ]qd bnlokdw vhsg mdf]shud qd]k o]qs: rs]akd+ ats mns
]rxlosnshb]kkx rs]akd+ he λ0 ]mc λ1 ]qd otqd hl]fhm]qx: tmrs]akd he λ0 ]mc λ1 ]qd qd]k ]mc
dhsgdq hr onrhshud+ nq he sgdx ]qd bnlokdw vhsg onrhshud qd]k o]qs-

▶ Deedbs ne Rl]k k Odqstqa]s hnmr- Hs hr ]oo]qdms eqnl sghr sgdnqdl nq eqnl S]akd 6-1-0 sg]s sgd dhfdm,
u]ktdr λ0+ λ1 ne sgd bndffbhdms l]sqhw ? cdsdqlhmd sgd sxod ne bqhshb]k onhms ]s w = . ]mc
hsr rs]ahkhsx bg]q]bsdqhrshbr- Hm stqm+ sgd u]ktdr ne λ0 ]mc λ1 cdodmc nm sgd bndffbhdmsr hm
sgd rxrsdl &0(- Vgdm rtbg ] rxrsdl ]qhrdr hm rnld ]ookhdc “dkc+ sgd u]ktdr ne sgd bndff,
bhdmsr trt]kkx qdrtks eqnl ld]rtqdldmsr ne bdqs]hm ogxrhb]k pt]mshshdr- Rtbg ld]rtqdldmsr
]qd nesdm rtaidbs sn rl]kk q]mcnl dqqnqr+ rn hs hr ne hmsdqdrs sn hmudrshf]sd vgdsgdq rl]kk
bg]mfdr &odqstqa]shnmr( hm sgd bndffbhdmsr b]m ]—dbs sgd rs]ahkhsx nq hmrs]ahkhsx ne ] bqhshb]k
onhms ]mc.nq rhfmh“b]mskx ]ksdq sgd o]ssdqm ne sq]idbsnqhdr-

Sgd dhfdmu]ktdr λ0+ λ1 ]qd sgd qnnsr ne sgd onkxmnlh]k dpt]shnm

cds&? − λH( = /. &1(
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S;AKD 6-1-0 Rs]ahkhsx oqnodqshdr ne khmd]q rxrsdlr w… = ?w vhsg cds&?−λH( = / ]mc cds ? ≠ /-

Dhfdmu]ktdr Sxod ne Bqhshb]k Onhms Rs]ahkhsx
λ0 < λ1 < / Mncd Tmrs]akd
λ0 . λ1 . / Mncd ?rxlosnshb]kkx rs]akd
λ1 . / . λ0 R]cckd onhms Tmrs]akd
λ0 = λ1 < / Oqnodq nq hloqnodq mncd Tmrs]akd
λ0 = λ1 . / Oqnodq nq hloqnodq mncd ?rxlosnshb]kkx rs]akd
λ0+ λ1 = 𝜃 + h𝜇

𝜃 < / Rohq]k onhms Tmrs]akd
𝜃 . / Rohq]k onhms ?rxlosnshb]kkx rs]akd
𝜃 = / Bdmsdq Rs]akd

Hs hr onrrhakd sn rgnv sg]s rlZkk odqstqa]shnmr hm rnld nq ]kk ne sgd bndffbhdmsr ]qd
qdfidbsdc hm rlZkk odqstqa]shnmr hm sgd dhfdmu]ktdr- Sgd lnrs rdmrhshud rhst]shnm nbbtqr vgdm
λ0 = h𝜇 ]mc λ1 = −h𝜇+ sg]s hr+ vgdm sgd bqhshb]k onhms hr ] bdmsdq ]mc sgd sq]idbsnqhdr
]qd bknrdc btqudr rtqqntmchmf hs- He ] rkhfgs bg]mfd hr l]cd hm sgd bndffbhdmsr+ sgdm sgd
dhfdmu]ktdr λ0 ]mc λ1 vhkk s]jd nm mdv u]ktdr λ…0 = 𝜃… + h𝜇… ]mc λ…1 = 𝜃… − h𝜇…+ vgdqd 𝜃… hr
rl]kk hm l]fmhstcd ]mc 𝜇… ≅ 𝜇 &rdd Ehftqd 6-1-0(- Hs hr onrrhakd sg]s 𝜃… = /+ hm vghbg b]rd
sgd bqhshb]k onhms qdl]hmr ] bdmsdq- Gnvdudq+ hm lnrs b]rdr 𝜃… ≠ /+ ]mc sgdm sgd sq]idbsnqhdr
ne sgd odqstqadc rxrsdl ]qd rohq]kr q]sgdq sg]m bknrdc btqudr- Sgd rxrsdl hr ]rxlosnshb]kkx
rs]akd he 𝜃… . / ats tmrs]akd he 𝜃… < /: rdd Oqnakdl 14-

?mnsgdq rkhfgskx kdrr rdmrhshud b]rd nbbtqr he sgd dhfdmu]ktdr λ0 ]mc λ1 ]qd dpt]k: hm
sghr b]rd+ sgd bqhshb]k onhms hr ] mncd- Rl]kk odqstqa]shnmr hm sgd bndffbhdmsr vhkk mnql]kkx
b]trd sgd svn dpt]k qnnsr sn rdo]q]sd &ahetqb]sd(- He sgd rdo]q]sdc qnnsr ]qd qd]k+ sgdm sgd
bqhshb]k onhms ne sgd odqstqadc rxrsdl qdl]hmr ] mncd+ ats he sgd rdo]q]sdc qnnsr ]qd bnl,
okdw bnmitf]sdr+ sgdm sgd bqhshb]k onhms adbnldr ] rohq]k onhms- Sgdrd svn onrrhahkhshdr ]qd
rgnvm rbgdl]shb]kkx hm Ehftqd 6-1-1- Hm sghr b]rd+ sgd rs]ahkhsx nq hmrs]ahkhsx ne sgd rxrsdl
hr mns ]—dbsdc ax rl]kk odqstqa]shnmr hm sgd bndffbhdmsr+ ats sgd sq]idbsnqhdr l]x ad ]ksdqdc
bnmrhcdq]akx &rdd Oqnakdl 15(-

Hm ]kk nsgdq b]rdr+ sgd rs]ahkhsx nq hmrs]ahkhsx ne sgd rxrsdl hr mns bg]mfdc+ mnq hr sgd
sxod ne bqhshb]k onhms ]ksdqdc+ ax rtffbhdmskx rl]kk odqstqa]shnmr hm sgd bndffbhdmsr ne sgd
rxrsdl- Enq dw]lokd+ he λ0 ]mc λ1 ]qd qd]k+ mdf]shud+ ]mc tmdpt]k+ sgdm ] rlZkk bg]mfd hm
sgd bndffbhdmsr vhkk mdhsgdq bg]mfd sgd rhfm ne λ0 ]mc λ1 mnq ]kknv sgdl sn bn]kdrbd- Sgtr
sgd bqhshb]k onhms qdl]hmr ]m ]rxlosnshb]kkx rs]akd mncd-
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# $ "0%�<� %�)�h %
0�<�h "#0�<�h

1�<�}h # "1�<�}h

1%�<� %�}�h %

# $ "1%�<� %�}�h %

EHFTQD 6-1-0 Rbgdl]shb odqstqa]shnm ne λ0 = h𝜇+ λ1 = −h𝜇-
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0�<� 1

0% 1%

#

# #

#

0�<� 1# #
$ $

" "

# $ "0%�<� �)�h

# $ "1%�<� �}�h

EHFTQD 6-1-1 Rbgdl]shb odqstqa]shnm ne λ0 = λ1-

▶ Khmd]q ;ooqnwhl]shnmr sn Mnmk hmd]q Rxrsdlr- Mnv kds tr bnmrhcdq ] mnmkhmd]q svn,
chldmrhnm]k ]tsnmnlntr rxrsdl

w… = e&w(. &2(
Ntq l]hm naidbs hr sn hmudrshf]sd sgd adg]uhnq ne sq]idbsnqhdr ne sgd rxrsdl &2( md]q ] bqhshb]k
onhms w/- Vd vhkk rddj sn cn sghr ax ]ooqnwhl]shmf sgd mnmkhmd]q rxrsdl &2( ax ]m ]ooqnoqh]sd
khmd]q rxrsdl+ vgnrd sq]idbsnqhdr ]qd d]rx sn cdrbqhad- Sgd bqtbh]k ptdrshnm hr vgdsgdq sgd
sq]idbsnqhdr ne sgd khmd]q rxrsdl ]qd fnnc ]ooqnwhl]shnmr sn sgnrd ne sgd mnmkhmd]q rxrsdl-
Ne bntqrd+ vd ]krn mddc sn jmnv gnv sn “mc sgd ]ooqnwhl]shmf khmd]q rxrsdl-

Hs hr bnmudmhdms sn bgnnrd sgd bqhshb]k onhms sn ad sgd nqhfhm- Sghr hmunkudr mn knrr ne
fdmdq]khsx+ rhmbd he w/ ≠ .+ hs hr ]kv]xr onrrhakd sn l]jd sgd rtarshstshnm t = w − w/ hm
Dp- &2(- Sgdm t vhkk r]shrex ]m ]tsnmnlntr rxrsdl vhsg ] bqhshb]k onhms ]s sgd nqhfhm-

Ehqrs+ kds tr bnmrhcdq vg]s hs ld]mr enq ] mnmkhmd]q rxrsdl &2( sn ad ’bknrd– sn ] khmd]q
rxrsdl &0(- ?bbnqchmfkx+ rtoonrd sg]s

w… = ?w + f&w( &3(

]mc sg]s w = . hr ]m hrnkZsdc bqhshb]k onhms ne sgd rxrsdl &3(- Sghr ld]mr sg]s sgdqd hr rnld
bhqbkd ]ants sgd nqhfhm vhsghm vghbg sgdqd ]qd mn nsgdq bqhshb]k onhmsr- Hm ]cchshnm+ vd ]rrtld
sg]s cds ? ≠ /+ rn w = . hr ]krn ]m hrnk]sdc bqhshb]k onhms ne sgd khmd]q rxrsdl w… = ?w- Enq
sgd mnmkhmd]q rxrsdl &3( sn ad bknrd sn sgd khmd]q rxrsdl w… = ?w+ vd ltrs ]rrtld sg]s f&w(
hr rl]kk- Lnqd oqdbhrdkx+ vd ]rrtld sg]s sgd bnlonmdmsr ne f g]ud bnmshmtntr “qrs o]qsh]k
cdqhu]shudr ]mc r]shrex sgd khlhs bnmchshnm

‖f&w(‖
‖w‖ → / ]r w → .+ &4(

sg]s hr+ ⟩⟩f⟩⟩ hr rl]kk hm bnlo]qhrnm sn ⟩⟩w⟩⟩ hsrdke md]q sgd nqhfhm- Rtbg ] rxrsdl hr b]kkdc ]m
Zklnrs khmdZq rxrsdl hm sgd mdhfganqgnnc ne sgd bqhshb]k onhms w = .-

Hs l]x ad gdkoetk sn dwoqdrr sgd bnmchshnm &4( hm rb]k]q enql- He vd kds
wS = &w+ x(+ sgdm ⟩⟩w⟩⟩ = &w1 + x1(0{1 = q- Rhlhk]qkx+ he fS &w( = &f0&w+ x(+ f1&w+ x((+
sgdm ⟩⟩f&w(⟩⟩ = Zf1

0&w+ x( + f1
1&w+ x([0{1- Sgdm hs enkknvr sg]s bnmchshnm &4( hr r]shr“dc he ]mc

nmkx he
f0&w+ x(

q
→ /+

f1&w+ x(
q

→ / ]r q → /. &5(

DW;LOKD
0

Cdsdqlhmd vgdsgdq sgd rxrsdl

}
w

x

(…

=

}
0 /

/ /.4

(}
w

x

(
+

}
−w1 − wx

−/.64wx − /.14x1

(
&6(

hr ]klnrs khmd]q hm sgd mdhfganqgnnc ne sgd nqhfhm-
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Nardqud sg]s sgd rxrsdl &6( hr ne sgd enql &3(+ sg]s &/+ /( hr ] bqhshb]k onhms+ ]mc sg]s
cds ?≠ /- Hs hr mns g]qc sn rgnv sg]s sgd nsgdq bqhshb]k onhmsr ne Dpr- &6( ]qd &/+ 1(+ &0+ /(+ ]mc
&/-4+ /-4(: bnmrdptdmskx+ sgd nqhfhm hr ]m hrnk]sdc bqhshb]k onhms- Hm bgdbjhmf sgd bnmchshnm &5(+
hs hr bnmudmhdms sn hmsqnctbd onk]q bnnqchm]sdr ax kdsshmf w = q bnr 𝜂+ x = q rhm 𝜂- Sgdm

f0&w+ x(
q

=
−w1 − wx

q
= −q1 anr1 𝜂 − q1 rhm 𝜂 anr 𝜂

q

= −q&anr1 𝜂 + rhm 𝜂 anr 𝜂( → /

]r q → /- Hm ] rhlhk]q v]x xnt b]m rgnv sg]s f1&w+ x({q → / ]r q → /- Gdmbd sgd rxrsdl &6(
hr ]klnrs khmd]q md]q sgd nqhfhm-

DW;LOKD
1

Sgd lnshnm ne ] odmctktl hr cdrbqhadc ax sgd rxrsdl Zrdd Dp- &03( ne Rdbshnm 6-0[

cw
cs

= x+
cx
cs

= −𝜓1 rhm w − 𝛽x. &7(

Sgd bqhshb]k onhmsr ]qd &/+ /(+ &+)+ /(+ &+1)+ /(+ - - - + rn sgd nqhfhm hr ]m hrnk]sdc bqhshb]k onhms
ne sghr rxrsdl- Rgnv sg]s sgd rxrsdl hr ]klnrs khmd]q md]q sgd nqhfhm-

Sn bnlo]qd Dpr- &7( vhsg Dp- &3(+ vd ltrs qdvqhsd sgd enqldq rn sg]s sgd khmd]q ]mc
mnmkhmd]q sdqlr ]qd bkd]qkx hcdmsh“dc- He vd vqhsd rhm w = w + &rhm w − w( ]mc rtarshstsd sghr
dwoqdrrhnm hm sgd rdbnmc ne Dpr- &7(+ vd nas]hm sgd dpthu]kdms rxrsdl

}
w
x

(…

=

}
/ 0

−𝜓1 −𝛽

(}
w

x

(
− 𝜓1

}
/

rhm w − w

(
. &8(

Bnlo]qhmf Dpr- &8( ]mc &3(+ vd rdd sg]s f0&w+ x( = / ]mc f1&w+ x( = −𝜓1 &rhm w − w(- Sgd
S]xknq rdqhdr enq rhm w hlokhdr sg]s rhm w − w adg]udr khjd −w2{2 = −&q2 bnr2 𝜂({2 vgdm w
hr rl]kk- Bnmrdptdmskx+ Z&rhm w − w({q[ → / ]r q → /- Sgtr sgd bnmchshnmr &5( ]qd r]shr“dc
]mc sgd rxrsdl &8( hr ]klnrs khmd]q md]q sgd nqhfhm-

Kds tr mnv qdstqm sn sgd fdmdq]k mnmkhmd]q rxrsdl &2(+ vghbg vd vqhsd hm sgd rb]k]q enql

w… = E&w+ x(+ x… = F&w+ x(. &0/(

Vd ]rrtld sg]s &w/+ x/( hr ]m hrnk]sdc bqhshb]k onhms ne sghr rxrsdl- Sgd rxrsdl &0/( hr ]klnrs
khmd]q hm sgd mdhfganqgnnc ne &w/+ x/( vgdmdudq sgd etmbshnmr E ]mc F g]ud bnmshmtntr
o]qsh]k cdqhu]shudr to sn nqcdq 1- Sn rgnv sghr+ vd trd S]xknq dwo]mrhnmr ]ants sgd onhms
&w/+ x/( sn vqhsd E&w+ x( ]mc F&w+ x( hm sgd enql

E&w+ x( = E&w/+ x/( + Ew&w/+ x/(&w − w/( + Ex&w/+ x/(&x − x/( + .0&w+ x(+

F&w+ x( = F&w/+ x/( + Fw&w/+ x/(&w − w/( + Fx&w/+ x/(&x − x/( + .1&w+ x(+

vgdqd !.0&w+ x({Z&w − w/(1 + &x − x/(1[0{1} → / ]r &w+ x( → &w/+ x/(+ ]mc rhlhk]qkx enq .1-
Mnsd sg]s E&w/+ x/( = F&w/+ x/( = /: ]krn cw{cs = c&w − w/({cs ]mc cx{cs = c&x − x/({cs-
Sgdm sgd rxrsdl &0/( qdctbdr sn

c
cs

}
w − w/

x − x/

(
=

}
Ew&w/+ x/( Ex&w/+ x/(

Fw&w/+ x/( Fx&w/+ x/(

(}
w − w/

x − x/

(
+

}
.0&w+ x(

.1&w+ x(

(
+ &00(
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nq+ hm udbsnq mns]shnm+
ct
cs

= ce
cw

&w/(t + �&w(+ &01(

vgdqd t = &w − w/+ x − x/(S ]mc � = &.0+ .1(S -
Sgd rhfmh“b]mbd ne sghr qdrtks hr svnenkc- Ehqrs+ he sgd etmbshnmr E ]mc F ]qd svhbd ch—dq,

dmsh]akd+ sgdm sgd rxrsdl &0/( hr ]klnrs khmd]q+ ]mc hs hr tmmdbdrr]qx sn qdrnqs sn sgd khlhshmf
oqnbdrr trdc hm Dw]lokdr 0 ]mc 1- Rdbnmc+ sgd khmd]q rxrsdl sg]s bnqqdronmcr sn sgd mnm,
khmd]q rxrsdl &0/( md]q &w/+ x/( hr fhudm ax sgd khmd]q o]qs ne Dpr- &00( nq &01(9

c
cs

}
t0

t1

(
=

}
Ew&w/+ x/( Ex&w/+ x/(

Fw&w/+ x/( Fx&w/+ x/(

(}
t0

t1

(
+ &02(

vgdqd t0 = w − w/ ]mc t1 = x − x/- Dpt]shnm &02( oqnuhcdr ] rhlokd ]mc fdmdq]k ldsgnc
enq “mchmf sgd khmd]q rxrsdl bnqqdronmchmf sn ]m ]klnrs khmd]q rxrsdl md]q ] fhudm bqhshb]k
onhms-

Sgd l]sqhw

I =

}
Ew Ex

Fw Fx

(
+ &03(

vghbg ]ood]qr ]r sgd bndffbhdms l]sqhw hm Dp- &02(+ hr b]kkdc sgd IZbnahZm lZsqhw ne sgd
etmbshnmr E ]mc F vhsg qdrodbs sn sgd u]qh]akdr w ]mc x- Vd mddc sn ]rrtld sg]s cds&I( hr mns
ydqn ]s &w/+ x/( rn sg]s sghr onhms hr ]krn ]m hrnk]sdc bqhshb]k onhms ne sgd khmd]q rxrsdl &02(-

DW;LOKD
2

Trd Dp- &02( sn “mc sgd khmd]q rxrsdl bnqqdronmchmf sn sgd odmctktl dpt]shnmr &7( md]q sgd
nqhfhm: md]q sgd bqhshb]k onhms &)+ /(-

Hm sghr b]rd+ vd g]ud+ eqnl Dp- &7(+
E&w+ x( = x+ F&w+ x( = −𝜓1 rhm w − 𝛽x. &04(

Rhmbd sgdrd etmbshnmr ]qd ch—dqdmsh]akd ]r l]mx shldr ]r mdbdrr]qx+ sgd rxrsdl &7( hr ]klnrs
khmd]q md]q d]bg bqhshb]k onhms- Sgd I]bnah]m l]sqhw enq sgd rxrsdl &7( hr

}
Ew Ex

Fw Fx

(
=

}
/ 0

−𝜓1 anr w −𝛽

(
. &05(

Sgtr+ ]s sgd nqhfhm+ sgd bnqqdronmchmf khmd]q rxrsdl hr

c
cs

}
w

x

(
=

}
/ 0

−𝜓1 −𝛽

(}
w

x

(
+ &06(

vghbg ]fqddr vhsg Dp- &8(-
Rhlhk]qkx+ du]kt]shmf sgd I]bnah]m l]sqhw ]s &)+ /(+ vd nas]hm

c
cs

}
t

v

(
=

}
/ 0

𝜓1 −𝛽

(}
t

v

(
+ &07(

vgdqd t = w − )+ v = x- Sghr hr sgd khmd]q rxrsdl bnqqdronmchmf sn Dpr- &7( md]q sgd onhms
&)+ /(-

Vd mnv qdstqm sn sgd ]klnrs khmd]q rxrsdl &3(- Rhmbd sgd mnmkhmd]q sdql f&w( hr rl]kk
bnlo]qdc sn sgd khmd]q sdql ?w vgdm w hr rl]kk+ hs hr qd]rnm]akd sn gnod sg]s sgd sq]idbsnqhdr
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ne sgd khmd]q rxrsdl &0( ]qd fnnc ]ooqnwhl]shnmr sn sgnrd ne sgd mnmkhmd]q rxrsdl &3(+ ]s
kd]rs md]q sgd nqhfhm- Sghr stqmr nts sn ad sqtd hm l]mx &ats mns ]kk( b]rdr+ ]r sgd enkknvhmf
sgdnqdl rs]sdr-

SGDNQDL
6-1-1

Kds λ0 ]mc λ1 ad sgd dhfdmu]ktdr ne sgd khmd]q rxrsdl &0(+

w… = ?w+

bnqqdronmchmf sn sgd ]klnrs khmd]q rxrsdl &3(+

w… = ?w + f&w(.

?rrtld sg]s w = . hr ]m hrnk]sdc bqhshb]k onhms ne ansg ne sgdrd rxrsdlr- Sgdm sgd sxod
]mc rs]ahkhsx ne w = . enq sgd khmd]q rxrsdl &0( ]mc enq sgd ]klnrs khmd]q rxrsdl &3( ]qd ]r
rgnvm hm S]akd 6-1-1-

S;AKD 6-1-1 Rs]ahkhsx ]mc hmrs]ahkhsx oqnodqshdr ne khmd]q ]mc ]klnrs khmd]q rxrsdlr-

Khmd]q Rxrsdl ?klnrs Khmd]q Rxrsdl

λ0+ λ1 Sxod Rs]ahkhsx Sxod Rs]ahkhsx

λ0 < λ1 < / M Tmrs]akd M Tmrs]akd
λ0 . λ1 . / M ?rxlosnshb]kkx rs]akd M ?rxlosnshb]kkx rs]akd

λ1 . / . λ0 RO Tmrs]akd RO Tmrs]akd
λ0 = λ1 < / OM nq HM Tmrs]akd M nq RoO Tmrs]akd
λ0 = λ1 . / OM nq HM ?rxlosnshb]kkx rs]akd M nq RoO ?rxlosnshb]kkx rs]akd

λ0+ λ1 = 𝜃 + h𝜇
𝜃 < / RoO Tmrs]akd RoO Tmrs]akd
𝜃 . / RoO ?rxlosnshb]kkx rs]akd RoO ?rxlosnshb]kkx rs]akd

𝜃 = / B Rs]akd B nq RoO Hmcdsdqlhm]sd
Mnsd9 M+ mncd: HM+ hloqnodq mncd: OM+ oqnodq mncd: RO+ r]cckd onhms: RoO+ rohq]k onhms: B+ bdmsdq-

Sgd oqnne ne Sgdnqdl 6-1-1 hr adxnmc sgd rbnod ne sghr annj+ rn vd vhkk trd sgd qdrtksr
vhsgnts oqnne- Drrdmsh]kkx+ Sgdnqdl 6-1-1 r]xr sg]s+ enq rl]kk w &nq w − w/(+ sgd mnmkhmd]q
sdqlr ]qd ]krn rl]kk ]mc cn mns ]—dbs sgd rs]ahkhsx ]mc sxod ne bqhshb]k onhms ]r cdsdqlhmdc ax
sgd khmd]q sdqlr dwbdos hm sgd svn rdmrhshud b]rdr chrbtrrdc oqduhntrkx9 λ0 ]mc λ1 otqd hl]f,
hm]qx+ ]mc λ0 ]mc λ1 qd]k ]mc dpt]k- Qdb]kk sg]s+ d]qkhdq hm sghr rdbshnm+ vd rs]sdc sg]s rl]kk
odqstqa]shnmr hm sgd bndffbhdmsr ne sgd khmd]q rxrsdl &0(+ ]mc gdmbd hm sgd dhfdmu]ktdr λ0
]mc λ1+ b]m ]ksdq sgd sxod ]mc rs]ahkhsx ne sgd bqhshb]k onhms nmkx hm sgdrd svn rdmrhshud b]rdr-
Hs hr qd]rnm]akd sn dwodbs sg]s sgd rl]kk mnmkhmd]q sdql hm Dp- &3( lhfgs g]ud ] rhlhk]q d—dbs+
]s kd]rs hm sgdrd svn rdmrhshud b]rdr- Sghr hr rn+ ats sgd l]hm rhfmh“b]mbd ne Sgdnqdl 6-1-1
hr sg]s+ hm Zkk nsgdq bZrdr+ sgd rl]kk mnmkhmd]q sdql cndr mns ]ksdq sgd sxod nq rs]ahkhsx ne sgd
bqhshb]k onhms- Sgtr+ dwbdos hm sgd svn rdmrhshud b]rdr+ sgd sxod ]mc rs]ahkhsx ne sgd bqhshb]k
onhms ne sgd mnmkhmd]q rxrsdl &3( b]m ad cdsdqlhmdc eqnl ] rstcx ne sgd ltbg rhlokdq khmd]q
rxrsdl &0(-
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Hm ] rl]kk mdhfganqgnnc ne sgd bqhshb]k onhms+ sgd sq]idbsnqhdr ne sgd mnmkhmd]q rxrsdl ]qd
]krn rhlhk]q sn sgnrd ne sgd ]ooqnwhl]shmf khmd]q rxrsdl- Hm o]qshbtk]q+ sgd rknodr ]s vghbg
sq]idbsnqhdr ’dmsdq– nq ’kd]ud– sgd bqhshb]k onhms ]qd fhudm bnqqdbskx ax sgd khmd]q dpt]shnmr-
E]qsgdq ]v]x+ sgd mnmkhmd]q sdqlr adbnld cnlhm]ms ]mc sgd sq]idbsnqhdr ne sgd mnmkhmd]q
rxrsdl trt]kkx ad]q mn qdrdlak]mbd sn sgnrd ne sgd khmd]q rxrsdl-

▶ C]lodc Odmctktl- Vd bnmshmtd sgd chrbtrrhnm ne sgd c]lodc odmctktl adftm hm Dw]lokdr 1 ]mc 2-
Md]q sgd nqhfhm sgd mnmkhmd]q dpt]shnmr &7( ]qd ]ooqnwhl]sdc ax sgd khmd]q rxrsdl &06(- Sgd
bg]q]bsdqhrshb dpt]shnm enq sghr rxrsdl hr

λ1 + 𝛽λ + 𝜓1 = /+ &08(

rn sgd dhfdmu]ktdr ]qd

λ0+ λ1 =
−𝛽 +

|
𝛽1 − 3𝜓1

1
. &1/(

Sgd m]stqd ne sgd rnktshnmr ne Dpr- &7( ]mc &06( cdodmcr nm sgd rhfm ne 𝛽1 − 3𝜓1 ]r enkknvr9

0- He 𝛽1 − 3𝜓1 < /+ sgdm sgd dhfdmu]ktdr ]qd qd]k+ tmdpt]k+ ]mc mdf]shud- Sgd bqhshb]k
onhms &/+ /( hr ]m ]rxlosnshb]kkx rs]akd mncd ne sgd khmd]q rxrsdl &06( ]mc ne sgd
]klnrs khmd]q rxrsdl &7(-

1- He 𝛽1 − 3𝜓1 = /+ sgdm sgd dhfdmu]ktdr ]qd qd]k+ dpt]k+ ]mc mdf]shud- Sgd bqhshb]k onhms
&/+ /( hr ]m ]rxlosnshb]kkx rs]akd &oqnodq nq hloqnodq( mncd ne sgd khmd]q rxrsdl &06(-
Hs l]x ad dhsgdq ]m ]rxlosnshb]kkx rs]akd mncd nq rohq]k onhms ne sgd ]klnrs khmd]q
rxrsdl &7(-

2- He 𝛽1 − 3𝜓1 . /+ sgdm sgd dhfdmu]ktdr ]qd bnlokdw vhsg ] mdf]shud qd]k o]qs- Sgd
bqhshb]k onhms &/+ /( hr ]m ]rxlosnshb]kkx rs]akd rohq]k onhms ne sgd khmd]q rxrsdl &06(
]mc ne sgd ]klnrs khmd]q rxrsdl &7(-

Sgtr sgd bqhshb]k onhms &/+ /( hr ] rohq]k onhms ne sgd rxrsdl &7( he sgd c]lohmf hr rl]kk ]mc
] mncd he sgd c]lohmf hr k]qfd dmntfg- Hm dhsgdq b]rd+ sgd nqhfhm hr ]rxlosnshb]kkx rs]akd-

Kds tr mnv bnmrhcdq sgd b]rd 𝛽1 − 3𝜓1 . /+ bnqqdronmchmf sn rl]kk c]lohmf+ hm
lnqd cds]hk- Sgd chqdbshnm ne lnshnm nm sgd rohq]kr md]q &/+ /( b]m ad nas]hmdc chqdbskx
eqnl Dpr- &7(- Bnmrhcdq sgd onhms ]s vghbg ] rohq]k hmsdqrdbsr sgd onrhshud x,]whr &w = /
]mc x < /(- ?s rtbg ] onhms hs enkknvr eqnl Dpr- &7( sg]s cw{cs < /- Sgtr sgd onhms
&w+ x( nm sgd sq]idbsnqx hr lnuhmf sn sgd qhfgs+ rn sgd chqdbshnm ne lnshnm nm sgd rohq]kr
hr bknbjvhrd-

Sgd adg]uhnq ne sgd odmctktl md]q sgd bqhshb]k onhmsr &+m)+ /(+ vhsg m dudm+ hr sgd r]ld
]r hsr adg]uhnq md]q sgd nqhfhm- Vd dwodbs sghr nm ogxrhb]k fqntmcr rhmbd ]kk sgdrd bqhshb]k
onhmsr bnqqdronmc sn sgd cnvmv]qc dpthkhaqhtl onrhshnm ne sgd odmctktl- Sgd bnmbktrhnm
b]m ad bnm“qldc ax qdod]shmf sgd ]m]kxrhr b]qqhdc nts ]anud enq sgd nqhfhm- Ehftqd 6-1-2
rgnvr sgd bknbjvhrd rohq]kr ]s ] edv ne sgdrd bqhshb]k onhmsr-

x

w

}1 1

}

&

& &

&

EHFTQD 6-1-2 ?rxlosnshb]kkx rs]akd rohq]k onhmsr enq sgd c]lodc odmctktl-
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Mnv kds tr bnmrhcdq sgd bqhshb]k onhms &)+ /(- Gdqd+ sgd mnmkhmd]q dpt]shnmr &7( ]qd ]o,
oqnwhl]sdc ax sgd khmd]q rxrsdl &07(+ vgnrd dhfdmu]ktdr ]mc dhfdmudbsnqr ]qd cdsdqlhmdc
eqnl }

−λ 0
𝜓1 −𝛽 − λ

(}
ℏ0
ℏ1

(
=

}
/
/

(
. &10(

Sgd bg]q]bsdqhrshb dpt]shnm ne sghr rxrsdl hr

λ1 + 𝛽λ − 𝜓1 = /+ &11(

rn sgd dhfdmu]ktdr ]qd

λ0+ λ1 =
−𝛽 +

|
𝛽1 + 3𝜓1

1
. &12(

Nmd dhfdmu]ktd &λ0( hr onrhshud ]mc sgd nsgdq &λ1( hr mdf]shud- Sgdqdenqd+ qdf]qckdrr ne sgd
]lntms ne c]lohmf+ sgd bqhshb]k onhms w = )+ x = / hr ]m &tmrs]akd( r]cckd onhms ansg ne sgd
khmd]q rxrsdl &07( ]mc ne sgd ]klnrs khmd]q rxrsdl &7(-

Sn dw]lhmd sgd adg]uhnq ne sq]idbsnqhdr md]q sgd r]cckd onhms &)+ /( hm lnqd cds]hk+ vd
]krn mddc sgd dhfdmudbsnqr- Eqnl sgd “qrs qnv ne Dp- &10(+ vd g]ud

−λℏ0 + ℏ1 = /.

Sgdqdenqd sgd dhfdmudbsnqr ]qd &0+ λ0( ]mc &0+ λ1(+ bnqqdronmchmf sn sgd dhfdmu]ktdr λ0 ]mc
λ1+ qdrodbshudkx- Bnmrdptdmskx+ sgd fdmdq]k rnktshnm ne Dpr- &07( hr

}
t

v

(
= B0dλ0s

}
0

λ0

(
+ B1dλ1s

}
0

λ1

(
+ &13(

vgdqd B0 ]mc B1 ]qd ]qahsq]qx bnmrs]msr- Rhmbd λ0 < / ]mc λ1 . /+ sgd “qrs rnktshnm adbnldr
tmantmcdc ]mc sgd rdbnmc sdmcr sn ydqn ]r s → ∞- Gdmbd sgd sq]idbsnqhdr sg]s ’dmsdq– sgd
r]cckd onhms ]qd nas]hmdc ax rdsshmf B0 = /- ?r sgdx ]ooqn]bg sgd r]cckd onhms+ sgd dmsdqhmf
sq]idbsnqhdr ]qd s]mfdms sn sgd khmd g]uhmf rknod λ1 . /- Sgtr nmd khdr hm sgd rdbnmc pt]cq]ms
&B1 . /(+ ]mc sgd nsgdq khdr hm sgd entqsg pt]cq]ms &B1 < /(- Enq B1 = /+ vd nas]hm sgd o]hq
ne sq]idbsnqhdr ’dwhshmf– eqnl sgd r]cckd onhms- Sgdrd sq]idbsnqhdr g]ud rknod λ0 < /: nmd
khdr hm sgd “qrs pt]cq]ms &B0 < /(+ ]mc sgd nsgdq khdr hm sgd sghqc pt]cq]ms &B0 . /(-

Sgd rhst]shnm hr sgd r]ld ]s nsgdq bqhshb]k onhmsr &m)+ /( vhsg m ncc- Sgdrd ]kk bnqqdronmc
sn sgd tov]qc dpthkhaqhtl onrhshnm ne sgd odmctktl+ rn vd dwodbs sgdl sn ad tmrs]akd- Sgd
]m]kxrhr ]s &)+ /( b]m ad qdod]sdc sn rgnv sg]s sgdx ]qd r]cckd onhmsr nqhdmsdc hm sgd r]ld
v]x ]r sgd nmd ]s &)+ /(- Ch]fq]lr ne sgd sq]idbsnqhdr hm sgd mdhfganqgnnc ne svn r]cckd
onhmsr ]qd rgnvm hm Ehftqd 6-1-3-

x

w}& &

EHFTQD 6-1-3 Tmrs]akd r]cckd onhmsr enq sgd c]lodc odmctktl-
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DW;LOKD
3

Sgd dpt]shnmr ne lnshnm ne ] bdqs]hm odmctktl ]qd

cw
cs

= x+
cx
cs

= −8 rhm w − /.1x+ &14(

vgdqd w = 𝜂 ]mc x = c𝜂{cs- Cq]v ] og]rd onqsq]hs enq sghr rxrsdl ]mc dwok]hm gnv hs rgnvr
sgd onrrhakd lnshnmr ne sgd odmctktl-

Ax oknsshmf sgd sq]idbsnqhdr rs]qshmf ]s u]qhntr hmhsh]k onhmsr hm sgd og]rd ok]md+ vd nas]hm
sgd og]rd onqsq]hs rgnvm hm Ehftqd 6-1-4- ?r vd g]ud rddm+ sgd bqhshb]k onhmsr &dpthkhaqhtl
rnktshnmr( ]qd sgd onhmsr &m)+ /(+ vgdqd m = /+ +0+ +1+ - - - - Dudm u]ktdr ne m+ hmbktchmf ydqn+
bnqqdronmc sn sgd cnvmv]qc onrhshnm ne sgd odmctktl+ vghkd ncc u]ktdr ne m bnqqdronmc sn
sgd tov]qc onrhshnm- Md]q d]bg ne sgd ]rxlosnshb]kkx rs]akd bqhshb]k onhmsr+ sgd sq]idbsnqhdr
]qd bknbjvhrd rohq]kr sg]s qdoqdrdms ] cdb]xhmf nrbhkk]shnm ]ants sgd cnvmv]qc dpthkhaqhtl
onrhshnm- Sgd v]ux gnqhynms]k onqshnmr ne sgd sq]idbsnqhdr sg]s nbbtq enq k]qfdq u]ktdr ne ⟩x⟩
qdoqdrdms vghqkhmf lnshnmr ne sgd odmctktl- Mnsd sg]s ] vghqkhmf lnshnm b]mmns bnmshmtd
hmcd“mhsdkx+ mn l]ssdq gnv k]qfd ⟩x⟩ hr- Dudmst]kkx+ sgd ]mftk]q udknbhsx hr rn ltbg qdctbdc
ax sgd c]lohmf sdql sg]s sgd odmctktl b]m mn knmfdq fn nudq sgd sno+ ]mc hmrsd]c adfhmr
sn nrbhkk]sd ]ants hsr cnvmv]qc onrhshnm-

0/

53 7}3}5

}0/

w

x

} 7 }1 1

}4

4

EHFTQD 6-1-4 Og]rd onqsq]hs enq sgd c]lodc odmctktl ne Dw]lokd 3-

D]bg ne sgd ]rxlosnshb]kkx rs]akd bqhshb]k onhmsr g]r hsr nvm a]rhm ne ]ssq]bshnm+ sg]s hr+
sgnrd onhmsr eqnl vghbg sq]idbsnqhdr tkshl]sdkx ]ooqn]bg sgd fhudm bqhshb]k onhms- Sgd a]rhm
ne ]ssq]bshnm enq sgd nqhfhm hr rgnvm hm bnknq hm Ehftqd 6-1-4 ]mc bnmrhrsr ne ] qntfgkx nu]k
qdfhnm rtqqntmchmf sgd nqhfhm snfdsgdq vhsg svn sghm s]hkr sg]s dwsdmc hm“mhsdkx e]q sn dhsgdq
rhcd- Hs hr antmcdc ax sgd sq]idbsnqhdr &rdo]q]sqhbdr( sg]s dmsdq sgd r]cckd onhmsr ]s &−)+ /(
]mc &)+ /(- Sgd a]rhmr ne ]ssq]bshnm enq sgd nsgdq ]rxlosnshb]kkx rs]akd bqhshb]k onhmsr g]ud
sgd r]ld rg]od ]r enq sgd nqhfhm: sgdx ]qd rhlokx rghesdc qhfgs nq kdes ax ltkshokdr ne 1)- Mnsd
sg]s hs hr l]sgdl]shb]kkx onrrhakd &ats ogxrhb]kkx tmqd]khy]akd( sn bgnnrd hmhsh]k bnmchshnmr
nm ] rdo]q]sqhw rn sg]s sgd qdrtkshmf lnshnm kd]cr sn ] a]k]mbdc odmctktl hm ] udqshb]kkx
tov]qc onrhshnm ne tmrs]akd dpthkhaqhtl-
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?m hlonqs]ms ch—dqdmbd adsvddm khmd]q ]mc mnmkhmd]q ]tsnmnlntr rxrsdlr hr hkktrsq]sdc
ax sgd odmctktl dpt]shnmr- Qdb]kk sg]s sgd khmd]q rxrsdl &0( g]r nmkx sgd rhmfkd bqhshb]k onhms
w = . he cds ? ≠ /- Sgtr+ he sgd nqhfhm hr ]rxlosnshb]kkx rs]akd+ sgdm mns nmkx cn sq]idbsnqhdr
sg]s rs]qs bknrd sn sgd nqhfhm ]ooqn]bg hs+ ats+ hm e]bs+ dudqx sq]idbsnqx ]ooqn]bgdr sgd nqhfhm-
Hm sghr b]rd+ sgd bqhshb]k onhms w = . hr r]hc sn ad fknaZkkx ZrxlosnshbZkkx rsZakd- Sghr oqno,
dqsx ne khmd]q rxrsdlr hr mns+ hm fdmdq]k+ sqtd enq mnmkhmd]q rxrsdlr- Enq mnmkhmd]q rxrsdlr+
hs hr hlonqs]ms sn cdsdqlhmd &nq sn drshl]sd( sgd a]rhm ne ]ssq]bshnm enq d]bg ]rxlosnshb]kkx
rs]akd bqhshb]k onhms-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 1/9
 Z( Cdsdqlhmd ]kk bqhshb]k onhmsr ne sgd fhudm rxrsdl ne
dpt]shnmr-
 a( Ehmc sgd bnqqdronmchmf khmd]q rxrsdl md]q d]bg bqhshb]k
onhms-
 b( Ehmc sgd dhfdmu]ktdr ne d]bg khmd]q rxrsdl- Vg]s bnmbkt,
rhnmr b]m xnt sgdm cq]v ]ants sgd mnmkhmd]q rxrsdl=
 c( Cq]v ] og]rd onqsq]hs ne sgd mnmkhmd]q rxrsdl sn bnm“ql
xntq bnmbktrhnmr+ nq sn dwsdmc sgdl hm sgnrd b]rdr vgdqd sgd
khmd]q rxrsdl cndr mns oqnuhcd cd“mhsd hmenql]shnm ]ants sgd
mnmkhmd]q rxrsdl-
 d( Cq]v ] rjdsbg ne+ nq cdrbqhad hm vnqcr+ sgd a]rhm ne ]s,
sq]bshnm ne d]bg ]rxlosnshb]kkx rs]akd bqhshb]k onhms-

0- cw{cs = −1w + x+ cx{cs = w1 − x
1- cw{cs = w − x+ cx{cs = w − 2x + wx − 2
2- cw{cs = w + x1+ cx{cs = w + 1x
3- cw{cs = w − x1+ cx{cs = w − 1x + w1

4- cw{cs = &3 + w( &x − w(+ cx{cs = &0/ − w( &x + w(
5- cw{cs = w − w1 − wx+ cx{cs = 2x − wx − 1x1

6- cw{cs = 0 − x+ cx{cs = w1 − x1

7- cw{cs = w − w1 − 1wx+ cx{cs = −x&w + 0(
8- cw{cs = − &w − x( &5 − w − x(+ cx{cs = w&3 + x(
0.- cw{cs = w + w1 + x1+ cx{cs = x − wx
00- cw{cs = 1w + x + wx2+ cx{cs = w − 1x − wx
01- cw{cs = &1 + w( rhm x+ cx{cs = 0 − w − bnr x
02- cw{cs = w − x1+ cx{cs = x − w1

03- cw{cs = 2 − wx+ cx{cs = w − 2x2

04- cw{cs = −1w − x − w&w1 + x1(+
cx{cs = w − x + x&w1 + x1(

05- cw{cs = x + w&0 − w1 − x1(+
cx{cs = −w + x&0 − w1 − x1(

06- cw{cs = &1 + x( & x − /-4w(+ cx{cs = &1 − w( & x + /-4w(
07- cw{cs = 3 − x1+ cx{cs = &0-4 + w( &x − w(
08- cw{cs = &0 − x( &1w − x(+ cx{cs = &1 + w( &w − 1x(
1.- cw{cs = 1w1x − 2w1 − 3x+ cx{cs = −1wx1 + 5wx

10- Bnmrhcdq sgd ]tsnmnlntr rxrsdl
cw
cs

= x+
cx
cs

= w + 4w2.

 Z( Rgnv sg]s sgd nqhfhm hr sgd nmkx bqhshb]k onhms-
 a( Ehmc sgd ]ooqnwhl]shmf khmd]q rxrsdl md]q sgd nqhfhm-
Vqhsd cnvm sgd bnqqdronmchmf dpt]shnm enq cx{cw ]mc rnkud
hs- Rjdsbg sgd sq]idbsnqhdr ne sgd khmd]q rxrsdl ]mc nardqud
sg]s sgd nqhfhm hr ] r]cckd onhms- Eqnl sgd o]q]ldsqhb enql
ne sgd rnktshnm+ rgnv sg]s sgd sq]idbsnqhdr sg]s dmsdq ]mc kd]ud
sgd nqhfhm khd nm sgd khmdr x = −w ]mc x = w+ qdrodbshudkx-
 b( Mnv bnmrhcdq sgd nqhfhm]k mnmkhmd]q dpt]shnm- Vqhsd
cnvm sgd bnqqdronmchmf dpt]shnm enq cx{cw ]mc rnkud hs-
Rjdsbg sgd sq]idbsnqhdr enq sgd mnmkhmd]q rxrsdl sg]s bnqqd,
ronmc sn x = −w ]mc x = w enq sgd khmd]q rxrsdl-

11- Bnmrhcdq sgd ]tsnmnlntr rxrsdl

cw
cs

= w+
cx
cs

= −4x + w2.

 Z( Rgnv sg]s sgd nqhfhm hr sgd nmkx bqhshb]k onhms-
 a( Ehmc sgd ]ooqnwhl]shmf khmd]q rxrsdl md]q sgd nqhfhm-
Vqhsd cnvm sgd bnqqdronmchmf dpt]shnm enq cx{cw ]mc rnkud
hs- Rjdsbg sgd sq]idbsnqhdr ne sgd khmd]q rxrsdl ]mc nardqud
sg]s sgd nqhfhm hr ] r]cckd onhms- Eqnl sgd o]q]ldsqhb enql
ne sgd rnktshnm+ rgnv sg]s sgd sq]idbsnqhdr sg]s dmsdq ]mc kd]ud
sgd nqhfhm khd nm sgd x,]whr ]mc sgd w,]whr+ qdrodbshudkx-
 b( Mnv bnmrhcdq sgd nqhfhm]k mnmkhmd]q dpt]shnm- Vqhsd
cnvm sgd bnqqdronmchmf dpt]shnm enq cx{cw ]mc rnkud hs-
Rjdsbg sgd sq]idbsnqhdr enq sgd mnmkhmd]q rxrsdl sg]s bnqqd,
ronmc sn w = / ]mc x = / enq sgd khmd]q rxrsdl-

12- Sgd dpt]shnmr ne lnshnm ne ] bdqs]hm mnmkhmd]q c]lodc
odmctktl ]qd

cw
cs

= x+
cx
cs

= −2 rhm w − 𝛽x+

vgdqd 𝛽 hr sgd c]lohmf bndffbhdms- Rtoonrd sg]s sgd hmhsh]k
bnmchshnmr ]qd w&/( = /+ x&/( = ℏ-
 Z( Enq 𝛽 = 0

3
+ okns w udqrtr s enq ℏ = 2 ]mc enq ℏ = 5- Dwok]hm

sgdrd oknsr hm sdqlr ne sgd lnshnmr ne sgd odmctktl sg]s sgdx
qdoqdrdms- ?krn dwok]hm gnv sgdx qdk]sd sn sgd bnqqdronmchmf
fq]ogr hm Oqnakdl 10 ne Rdbshnm 6-0-
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 a( Kds ℏb ad sgd bqhshb]k u]ktd ne sgd hmhsh]k udknbhsx vgdqd
sgd sq]mrhshnm eqnl nmd sxod ne lnshnm sn sgd nsgdq nbbtqr-
Cdsdqlhmd ℏb sn svn cdbhl]k ok]bdr-
 b( Qdod]s o]qs &a( enq nsgdq u]ktdr ne 𝛽 ]mc cdsdqlhmd gnv
ℏb cdodmcr nm 𝛽 -
13- Sgdnqdl 6-1-1 oqnuhcdr mn hmenql]shnm ]ants sgd rs]ahk,
hsx ne ] bqhshb]k onhms ne ]m ]klnrs khmd]q rxrsdl he sg]s onhms
hr ] bdmsdq ne sgd bnqqdronmchmf khmd]q rxrsdl- Sgd rxrsdlr

cw
cs

= x + w&w1 + x1(+
&h(cx

cs
= −w + x&w1 + x1(

]mc
cw
cs

= x − w&w1 + x1(+
&hh(cx

cs
= −w − x&w1 + x1(

rgnv sg]s sghr ltrs ad rn-
 Z( Rgnv sg]s &/+ /( hr ] bqhshb]k onhms ne d]bg rxrsdl ]mc+
etqsgdqlnqd+ hr ] bdmsdq ne sgd bnqqdronmchmf khmd]q rxrsdl-
 a( Rgnv sg]s d]bg rxrsdl hr ]klnrs khmd]q-
 b( Kds q1 = w1 + x1+ ]mc mnsd sg]s w cw{cs + x cx{cs =
q cq{cs- Enq rxrsdl &hh(+ rgnv sg]s cq{cs . / ]mc sg]s q → /
]r s → ∞: gdmbd sgd bqhshb]k onhms hr ]rxlosnshb]kkx rs]akd-
Enq rxrsdl &h(+ rgnv sg]s sgd rnktshnm ne sgd hmhsh]k u]ktd oqna,
kdl enq q vhsg q = q/ ]s s = / adbnldr tmantmcdc ]r s → 0

1
q/

1:
gdmbd sgd bqhshb]k onhms hr tmrs]akd-
14- Hm sghr oqnakdl+ vd rgnv gnv rl]kk bg]mfdr hm sgd bn,
dffbhdmsr ne ] rxrsdl ne khmd]q dpt]shnmr b]m ]—dbs ] bqhshb]k
onhms sg]s hr ] bdmsdq- Bnmrhcdq sgd rxrsdl

w… =

}
/ 0

−0 /

(
w.

Rgnv sg]s sgd dhfdmu]ktdr ]qd +h rn sg]s &/+ /( hr ] bdmsdq-
Mnv bnmrhcdq sgd rxrsdl

w… =

}
𝛿 0

−0 𝛿

(
w+

vgdqd ⟩𝛿⟩ hr ]qahsq]qhkx rl]kk- Rgnv sg]s sgd dhfdmu]ktdr ]qd
𝛿 + h- Sgtr mn l]ssdq gnv rl]kk ⟩𝛿⟩ ≠ / hr+ sgd bdmsdq

adbnldr ] rohq]k onhms- He 𝛿 . /+ sgd rohq]k onhms hr ]rxlo,
snshb]kkx rs]akd: he 𝛿 < /+ sgd rohq]k onhms hr tmrs]akd-
15- Hm sghr oqnakdl+ vd rgnv gnv rl]kk bg]mfdr hm sgd bn,
dffbhdmsr ne ] rxrsdl ne khmd]q dpt]shnmr b]m ]—dbs sgd m]stqd
ne ] bqhshb]k onhms vgdm sgd dhfdmu]ktdr ]qd dpt]k- Bnmrhcdq
sgd rxrsdl

w… =

}
−0 0

/ −0

(
w.

Rgnv sg]s sgd dhfdmu]ktdr ]qd λ0 = −0+ λ1 = −0 rn sg]s sgd
bqhshb]k onhms &/+ /( hr ]m ]rxlosnshb]kkx rs]akd mncd- Mnv
bnmrhcdq sgd rxrsdl

w… =

}
−0 0

−𝛿 −0

(
w+

vgdqd ⟩𝛿⟩ hr ]qahsq]qhkx rl]kk- Rgnv sg]s he 𝛿 < /+
sgdm sgd dhfdmu]ktdr ]qd −0 + h

|
𝛿+ rn sg]s sgd ]rxlosnsh,

b]kkx rs]akd mncd adbnldr ]m ]rxlosnshb]kkx rs]akd rohq]k
onhms- He 𝛿 . /+ sgdm sgd dhfdmu]ktdr ]qd −0 +

|
⟩𝛿⟩+ ]mc sgd

bqhshb]k onhms qdl]hmr ]m ]rxlosnshb]kkx rs]akd mncd-
16- ? fdmdq]khy]shnm ne sgd c]lodc odmctktl dpt]shnm chr,
btrrdc hm sgd sdws+ nq ] c]lodc roqhmf,l]rr rxrsdl+ hr sgd
Kh®dm]qc dpt]shnm

c1w
cs1

+ b&w(cw
cs

+ f&w( = /.

He b&w( hr ] bnmrs]ms ]mc f&w(= jw+ sgdm sghr dpt],
shnm g]r sgd enql ne sgd khmd]q odmctktl dpt]shnm
Zqdok]bd rhm 𝜂 vhsg 𝜂 hm Dp- &02( ne Rdbshnm 6-0[: nsgdqvhrd+
sgd c]lohmf enqbd b &w(cw{cs ]mc sgd qdrsnqhmf enqbd f&w( ]qd
mnmkhmd]q- ?rrtld sg]s b hr bnmshmtntrkx ch—dqdmsh]akd+ f hr
svhbd bnmshmtntrkx ch—dqdmsh]akd+ ]mc f&/( = /-
 Z( Vqhsd sgd Kh®dm]qc dpt]shnm ]r ] rxrsdl ne svn “qrs nqcdq
dpt]shnmr ax hmsqnctbhmf sgd u]qh]akd x = cw{cs-
 a( Rgnv sg]s &/+ /( hr ] bqhshb]k onhms ]mc sg]s sgd rxrsdl hr
]klnrs khmd]q hm sgd mdhfganqgnnc ne &/+ /(-
 b( Rgnv sg]s he b&/(< / ]mc f…&/(< /+ sgdm sgd bqhshb]k onhms
hr ]rxlosnshb]kkx rs]akd+ ]mc sg]s he b&/(. / nq f…&/(. /+ sgdm
sgd bqhshb]k onhms hr tmrs]akd-
Ghms9 Trd S]xknq rdqhdr sn ]ooqnwhl]sd b ]mc f hm sgd mdhfg,
anqgnnc ne w = /-

6-2 Bnlodshmf Rodbhdr
Hm sghr rdbshnm vd trd og]rd ok]md ldsgncr sn hmudrshf]sd rnld oqnakdlr hmunkuhmf
bnlodshshnm enq rb]qbd qdrntqbdr- Vd vhkk dwoqdrr sgd dpt]shnmr hm sdqlr ne svn rodbhdr
bnlodshmf enq sgd r]ld ennc rtookx- Gnvdudq sgd r]ld nq rhlhk]q lncdkr g]ud ]krn addm
trdc sn rstcx nsgdq bnlodshshud rhst]shnmr+ enq dw]lokd+ atrhmdrrdr bnlodshmf hm sgd r]ld
dbnmnlhb l]qjdsr-

Sgd oqnakdlr sg]s vd bnmrhcdq gdqd hmunkud svn hmsdq]bshmf onotk]shnmr ]mc ]qd dwsdm,
rhnmr ne sgnrd chrbtrrdc hm Rdbshnm 1-4+ vghbg cd]ks vhsg ] rhmfkd onotk]shnm- ?ksgntfg sgd



6-2 Bnlodshmf Rodbhdr 366

lncdkr cdrbqhadc gdqd ]qd dwsqdldkx rhlokd bnlo]qdc sn sgd udqx bnlokdw qdk]shnmrghor
sg]s dwhrs hm m]stqd+ hs hr rshkk onrrhakd sn ]bpthqd rnld hmrhfgs hmsn dbnknfhb]k oqhmbhokdr
eqnl ] rstcx ne sgdrd hcd]khydc oqnakdlr-

Rtoonrd sg]s hm rnld bknrdc dmuhqnmldms sgdqd ]qd svn rhlhk]q rodbhdr bnlodshmf enq ]
khlhsdc ennc rtookxˆenq dw]lokd+ svn rodbhdr ne “rg hm ] onmc sg]s cn mns oqdx nm d]bg
nsgdq ats cn bnlodsd enq sgd ]u]hk]akd ennc- Kds w ]mc x ad sgd onotk]shnmr ne sgd svn rodbhdr
]s shld s- ?r chrbtrrdc hm Rdbshnm 1-4+ vd ]rrtld sg]s sgd onotk]shnm ne d]bg ne sgd rodbhdr+
hm sgd ]ardmbd ne sgd nsgdq+ hr fnudqmdc ax ] knfhrshb dpt]shnm- Sgtr

cw
cs

= w&𝛿0 − 𝜌0w(+ &0](

cx
cs

= x&𝛿1 − 𝜌1x(+ &0a(

qdrodbshudkx+ vgdqd 𝛿0 ]mc 𝛿1 ]qd sgd fqnvsg q]sdr ne sgd svn onotk]shnmr+ ]mc 𝛿0{𝜌0 ]mc
𝛿1{𝜌1 ]qd sgdhq r]stq]shnm kdudkr- Hm ]cchshnm+ vgdm ansg rodbhdr ]qd oqdrdms+ d]bg vhkk hl,
ohmfd nm sgd ]u]hk]akd ennc rtookx enq sgd nsgdq- Hm d—dbs+ sgdx qdctbd d]bg nsgdq´r fqnvsg
q]sdr ]mc r]stq]shnm onotk]shnmr- Sgd rhlokdrs v]x sn qdctbd sgd fqnvsg q]sd ne rodbhdr
w ctd sn sgd oqdrdmbd ne rodbhdr x hr sn qdok]bd sgd fqnvsg q]sd e]bsnq 𝛿0 − 𝜌0w hm Dp- &0]( ax
𝛿0 − 𝜌0w − �0x+ vgdqd �0 hr ] ld]rtqd ne sgd cdfqdd sn vghbg rodbhdr x hmsdqedqdr vhsg
rodbhdr w- Rhlhk]qkx+ hm Dp- &0a( vd qdok]bd 𝛿1 − 𝜌1x ax 𝛿1 − 𝜌1x − �1w+ vgdqd �1 hr ] ld],
rtqd ne sgd cdfqdd sn vghbg rodbhdr w hmsdqedqdr vhsg rodbhdr x- Sgtr vd g]ud sgd rxrsdl ne
dpt]shnmr

cw
cs

= w&𝛿0 − 𝜌0w − �0x(+
&1(cx

cs
= x&𝛿1 − 𝜌1x − �1w(.

Sgd u]ktdr ne sgd onrhshud bnmrs]msr 𝛿0+ 𝜌0+ �0+ 𝛿1+ 𝜌1+ ]mc �1 cdodmc nm sgd o]qshbtk]q
rodbhdr tmcdq bnmrhcdq]shnm ]mc+ hm fdmdq]k+ ltrs ad cdsdqlhmdc eqnl nardqu]shnmr- Vd ]qd
hmsdqdrsdc hm rnktshnmr ne Dpr- &1( enq vghbg w ]mc x ]qd mnmmdf]shud- Hm sgd enkknvhmf svn
dw]lokdr+ vd chrbtrr svn sxohb]k oqnakdlr hm rnld cds]hk- ?s sgd dmc ne sgd rdbshnm+ vd
qdstqm sn sgd fdmdq]k dpt]shnmr &1(-

DW;LOKD
0

Chrbtrr sgd pt]khs]shud adg]uhnq ne rnktshnmr ne sgd rxrsdl
cw
cs

= w&0 − w − x(+
&2(

cx
cs

= x&/.64 − x − /.4w(.

Vd “mc sgd bqhshb]k onhmsr ax rnkuhmf sgd rxrsdl ne ]kfdaq]hb dpt]shnmr

w&0 − w − x( = /+ x&/.64 − x − /.4w( = /. &3(

Sgd “qrs dpt]shnm b]m ad r]shr“dc ax bgnnrhmf w = /: sgdm sgd rdbnmc dpt]shnm qdpthqdr sg]s
x = / nq x = /-64- Rhlhk]qkx+ sgd rdbnmc dpt]shnm b]m ad r]shr“dc ax bgnnrhmf x = /+ ]mc
sgdm sgd “qrs dpt]shnm qdpthqdr sg]s w = / nq w = 0- Sgtr vd g]ud entmc sgqdd bqhshb]k onhmsr+
m]ldkx+ &/+ /(+ &/+ /-64(+ ]mc &0+ /(- Dpt]shnmr &3( ]qd ]krn r]shr“dc ax rnktshnmr ne sgd rxrsdl

0 − w − x = /+ /.64 − x − /.4w = /+

vghbg kd]cr sn ] entqsg bqhshb]k onhms &/-4+ /-4(- Sgd entq bqhshb]k onhmsr bnqqdronmc sn
dpthkhaqhtl rnktshnmr ne sgd rxrsdl &2(- Sgd “qrs sgqdd ne sgdrd onhmsr hmunkud sgd dwshmbshnm
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ne nmd nq ansg rodbhdr: nmkx sgd k]rs bnqqdronmcr sn sgd knmf,sdql rtquhu]k ne ansg rodbhdr-
Nsgdq rnktshnmr ]qd qdoqdrdmsdc ]r btqudr nq sq]idbsnqhdr hm sgd wx,ok]md sg]s cdrbqhad sgd
dunktshnm ne sgd onotk]shnmr hm shld- Sn adfhm sn chrbnudq sgdhq pt]khs]shud adg]uhnq+ vd
b]m oqnbddc hm sgd enkknvhmf v]x-

Ehqrs+ nardqud sg]s sgd bnnqchm]sd ]wdr ]qd sgdlrdkudr sq]idbsnqhdr- Sghr enkknvr chqdbskx
eqnl Dpr- &2( rhmbd cw{cs = / nm sgd x,]whr &vgdqd w = /( ]mc+ rhlhk]qkx+ cx{cs = / nm sgd
w,]whr- Sgtr mn nsgdq sq]idbsnqhdr b]m bqnrr sgd bnnqchm]sd ]wdr- Enq ] onotk]shnm oqnakdl+
nmkx mnmmdf]shud u]ktdr ne w ]mc x ]qd rhfmh“b]ms+ ]mc vd bnmbktcd sg]s ]mx sq]idbsnqx sg]s
rs]qsr hm sgd “qrs pt]cq]ms ltrs qdl]hm sgdqd enq ]kk shld-

? chqdbshnm “dkc enq sgd rxrsdl &2( hm sgd onrhshud pt]cq]ms hr rgnvm hm Ehftqd 6-2-0-
Sgd gd]ux cnsr hm sghr “ftqd ]qd sgd bqhshb]k onhmsr nq dpthkhaqhtl rnktshnmr- A]rdc nm sgd
chqdbshnm “dkc+ hs ]ood]qr sg]s sgd onhms &/-4+ /-4( ]ssq]bsr nsgdq rnktshnmr ]mc hr sgdqdenqd
]rxlosnshb]kkx rs]akd+ vghkd sgd nsgdq sgqdd bqhshb]k onhmsr ]qd tmrs]akd- Sn bnm“ql sgdrd
bnmbktrhnmr+ vd b]m knnj ]s sgd khmd]q ]ooqnwhl]shnmr md]q d]bg bqhshb]k onhms-

Sgd rxrsdl &2( hr ]klnrs khmd]q hm sgd mdhfganqgnnc ne d]bg bqhshb]k onhms- Sgdqd ]qd
svn v]xr sn nas]hm sgd khmd]q rxrsdl md]q ] bqhshb]k onhms &W+ X(- Ehqrs+ vd b]m trd sgd
rtarshstshnm w = W + t+ x = X + v hm Dpr- &2(+ qds]hmhmf nmkx sgd sdqlr sg]s ]qd khmd]q hm t
]mc v- ?ksdqm]shudkx+ vd b]m du]kt]sd sgd I]bnah]m l]sqhw

I =

}
Ew&W+ X( Ex&W+ X(

Fw&W+ X( Fx&W+ X(

(
&4(

sn “mc sgd bndffbhdms l]sqhw ne sgd ]ooqnwhl]shmf khmd]q rxrsdl- Vgdm rdudq]k bqhshb]k
onhmsr ]qd sn ad hmudrshf]sdc+ hs hr trt]kkx lnqd dffbhdms sn trd sgd I]bnah]m l]sqhw- Enq
sgd rxrsdl &2(+

E&w+ x( = w&0 − w − x(+ F&w+ x( = x&/.64 − x − /.4w(+ &5(

rn ax du]kt]shmf I+ vd nas]hm sgd khmd]q rxrsdl

c
cs

}
t

v

(
=

}
0 − 1W − X −W

−/.4X /.64 − 1X − /.4W

(}
t

v

(
+ &6(

0

/-64

/-4

/-14

0-140/-64/-4/-14

x

w

EHFTQD 6-2-0 Bqhshb]k onhmsr ]mc chqdbshnm “dkc enq sgd rxrsdl &2(-
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vgdqd t = w − W ]mc v = x − X - Sgd rxrsdl &6( hr sgd ]ooqnwhl]sd khmd]q rxrsdl md]q
sgd bqhshb]k onhms &W+ X(- Vd vhkk mnv dw]lhmd d]bg ne sgd entq bqhshb]k onhmsr hm stqm-

 h( w= .+ x= .- Sghr bqhshb]k onhms bnqqdronmcr sn ] rs]sd hm vghbg ansg rodbhdr chd ]r ] qdrtks
ne sgdhq bnlodshshnm- Rdo]q]shmf sgd khmd]q ]mc mnmkhmd]q sdqlr hm sgd rxrsdl &2( kd]cr sn

c
cs

}
w

x

(
=

}
0 /

/ /.64

(}
w

x

(
−

}
w1 + wx

/.4wx + x1

(
. &7(

?ksdqm]shudkx+ vd b]m rds W = X = / hm Dp- &6(+ Dhsgdq v]x+ vd “mc sg]s md]q sgd nqhfhm sgd
bnqqdronmchmf khmd]q rxrsdl hr

c
cs

}
w

x

(
=

}
0 /

/ /.64

(}
w

x

(
. &8(

Sgd dhfdmu]ktdr ne sgd l]sqhw hm rxrsdl &8( ]qd λ0 = 0 ]mc λ1 = /-64- Sgtr sgd nqhfhm hr
]m tmrs]akd mncd ne sgd khmd]q rxrsdl &8( ]mc ne sgd mnmkhmd]q rxrsdl &7( nq &2(-

Lnqdnudq+ u0 = &0+ /(S ]mc u1 = &/+ 0(S ]qd dhfdmudbsnqr bnqqdronmchmf sn λ0 ]mc λ1+
qdrodbshudkx- Hm sgd mdhfganqgnnc ne sgd nqhfhm+ ]kk sq]idbsnqhdr ]qd s]mfdms sn sgd x,]whr
dwbdos enq nmd sq]idbsnqx sg]s khdr ]knmf sgd w,]whr-

Sgd fdmdq]k rnktshnm ne rxrsdl &2( hr
}

w

x

(
= b0ds

}
0

/

(
+ b1d/.64s

}
/

0

(
. &0/(

 hh( w = 0+ x = .- Sghr bnqqdronmcr sn ] rs]sd hm vghbg rodbhdr w rtquhudr sgd bnlodsh,
shnm ats rodbhdr x cndr mns- Ax du]kt]shmf sgd I]bnah]m l]sqhw hm rxrsdl &6( enq W = 0+
X = /+ vd “mc sg]s sgd khmd]q rxrsdl bnqqdronmchmf sn sgd rxrsdl &2( md]q sgd bqhshb]k onhms
&0+ /( hr

c
cs

}
t

v

(
=

}
−0 −0

/ /.14

(}
t

v

(
. &00(

Sgd I]bnah]m l]sqhw g]r dhfdmu]ktdr λ0 = −0 ]mc λ1 = /-14- Rhmbd sgd dhfdmu]ktdr g]ud
noonrhsd rhfmr+ sgd onhms &0+ /( hr ] r]cckd onhms+ ]mc gdmbd hr ]m tmrs]akd dpthkhaqhtl onhms
ne sgd khmd]q rxrsdl &00( ]mc ne sgd mnmkhmd]q rxrsdl &2(-

Sgd bnqqdronmchmf dhfdmudbsnqr ]qd u0 = &0+ /(S ]mc u1 = &3+ −4(S + ]mc sgd fdmdq]k
rnktshnm ne sgd rxrsdl &00( hr

}
t

v

(
= b0d−s

}
0

/

(
+ b1d/.14s

}
3

−4

(
. &01(

Sgd adg]uhnq ne sgd sq]idbsnqhdr md]q &0+ /( b]m ad rddm eqnl Dp- &01(- He b1 = /+ sgdm sgdqd
hr nmd o]hq ne sq]idbsnqhdr sg]s ]ooqn]bgdr sgd bqhshb]k onhms ]knmf sgd w,]whr- He b0 = /+ sgdm
]mnsgdq o]hq ne sq]idbsnqhdr kd]udr sgd bqhshb]k onhms s]mfdms sn sgd khmd ne rknod − 4

3 - ?kk nsgdq
sq]idbsnqhdr ]krn cdo]qs eqnl sgd mdhfganqgnnc ne &0+ /(-

 hhh( w = .+ x = .-64- Hm sghr b]rd+ rodbhdr x rtquhudr ats w cndr mns- Sgd ]m]kxrhr hr rhlhk]q
sn sg]s enq sgd onhms &0+ /(- Sgd bnqqdronmchmf khmd]q rxrsdl hr

c
cs

}
t

v

(
=

}
/.14 /

−/.264 −/.64

(}
t

v

(
. &02(
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Sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ]qd

λ0 = /.14+ u0 =

}
7

−2

(
: λ1 = −/.64+ u1 =

}
/

0

(
+ &03(

rn sgd fdmdq]k rnktshnm ne Dp- &02( hr

}
t

v

(
= b0d/.14s

}
7

−2

(
+ b1d−/.64s

}
/

0

(
. &04(

Eqnl sgd nardqu]shnm sg]s λ0 ]mc λ1 g]ud noonrhsd rhfmr+ sgd onhms &/+ /-64( hr ]krn ]
r]cckd onhms- Sgd ]cchshnm]k hmenql]shnm oqnuhcdc ax sgd dhfdmudbsnqr ]kknv tr sn bnmbktcd
sg]s nmd o]hq ne sq]idbsnqhdr ]ooqn]bgdr sgd bqhshb]k onhms ]knmf sgd x,]whr ]mc ]mnsgdq cdo]qsr
s]mfdms sn sgd khmd vhsg rknod − 2

7 - ?kk nsgdq sq]idbsnqhdr ]krn kd]ud sgd mdhfganqgnnc ne sgd
bqhshb]k onhms-

 hu( w = .-4+ x = .-4- Sghr bqhshb]k onhms bnqqdronmcr sn ]m dpthkhaqhtl rs]sd hm vghbg ansg
rodbhdr bndwhrs &adb]trd w < / ]mc x < /(- Sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd bnqqd,
ronmchmf khmd]q rxrsdl

c
cs

}
t

v

(
=

}
−/.4 −/.4

−/.14 −/.4

(}
t

v

(
&05(

]qd

λ0 =
−1 +

|
1

3
≅ −/.035+ u0 =

}|
1

−0

(
:

&06(
λ1 =

−1 −
|

1
3

≅ −/.743+ u1 =

}|
1

0

(
.

Sgdqdenqd sgd fdmdq]k rnktshnm ne Dp- &05( hr

}
t

v

(
= b0d−/.035s

}|
1

−0

(
+ b1d−/.743s

}|
1

0

(
. &07(

Rhmbd ansg dhfdmu]ktdr ]qd mdf]shud+ sgd bqhshb]k onhms &/-4+ /-4( hr ]m ]rxlosnshb]kkx rs],
akd mncd ne sgd khmd]q rxrsdl &05( ]mc ne sgd mnmkhmd]q rxrsdl &2(- ?kk sq]idbsnqhdr ]ooqn]bg
sgd bqhshb]k onhms ]r s → ∞- Nmd o]hq ne sq]idbsnqhdr ]ooqn]bgdr sgd bqhshb]k onhms ]knmf sgd
khmd vhsg rknod

|
1{1 cdsdqlhmdc eqnl sgd dhfdmudbsnq u1- ?kk nsgdq sq]idbsnqhdr ]ooqn]bg

sgd bqhshb]k onhms s]mfdms sn sgd khmd vhsg rknod −
|

1{1 cdsdqlhmdc eqnl sgd dhfdmudbsnq u0-
? og]rd onqsq]hs enq sgd rxrsdl &2( hr rgnvm hm Ehftqd 6-2-1- Ax knnjhmf bknrdkx ]s sgd

sq]idbsnqhdr md]q d]bg bqhshb]k onhms+ xnt b]m rdd sg]s sgdx adg]ud hm sgd l]mmdq oqdchbsdc ax
sgd khmd]q rxrsdl md]q sg]s onhms- Hm ]cchshnm+ mnsd sg]s sgd pt]cq]shb sdqlr nm sgd qhfgs rhcd
ne Dpr- &2( ]qd ]kk mdf]shud- Rhmbd enq w ]mc x k]qfd ]mc onrhshud+ sgdrd sdqlr ]qd sgd cnlhm]ms
nmdr+ hs enkknvr sg]s e]q eqnl sgd nqhfhm hm sgd “qrs pt]cq]ms ansg w… ]mc x… ]qd mdf]shud+ sg]s
hr+ sgd sq]idbsnqhdr ]qd chqdbsdc hmv]qc- Sgtr ]kk sq]idbsnqhdr sg]s rs]qs ]s ] onhms &w/+ x/( vhsg
w/ < / ]mc x/ < / dudmst]kkx ]ooqn]bg sgd onhms &/-4+ /-4(-
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x

w

0

/-64

/-4

/-14

0-140/-64/-4/-14

EHFTQD 6-2-1 ? og]rd onqsq]hs ne sgd rxrsdl &2(-

DW;LOKD
1

Chrbtrr sgd pt]khs]shud adg]uhnq ne sgd rnktshnmr ne sgd rxrsdl

cw
cs

= w&0 − w − x(+
&08(cx

cs
= x&/.7 − /.5x − w(+

vgdm w ]mc x ]qd mnmmdf]shud- Nardqud sg]s sghr rxrsdl hr ]krn ] rodbh]k b]rd ne Dp- &1( enq
svn bnlodshmf rodbhdr-

Nmbd ]f]hm+ sgdqd ]qd entq bqhshb]k onhmsr+ m]ldkx+ &/+ /(+ &0+ /(+ &/+ 3
2 (+ ]mc &/-4+ /-4(+

bnqqdronmchmf sn sgd entq dpthkhaqhtl rnktshnmr ne sgd rxrsdl &08(- Ehftqd 6-2-2 rgnvr ]

x

w

/-1

/-3

/-5

/-7

0

0-1

0-3

/-1 /-3 /-5 /-7 0 0-1

EHFTQD 6-2-2 Bqhshb]k onhmsr ]mc chqdbshnm “dkc enq sgd rxrsdl &08(-
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chqdbshnm “dkc enq sgd rxrsdl &08(+ snfdsgdq vhsg sgd entq bqhshb]k onhmsr- Eqnl sgd chqdb,
shnm “dkc+ hs ]ood]qr sg]s sgd lhwdc dpthkhaqhtl rnktshnm &/-4+ /-4( hr ] r]cckd onhms+ ]mc
sgdqdenqd tmrs]akd+ vghkd sgd onhmsr &0+ /( ]mc &/+ 3

2 ( ]qd ]rxlosnshb]kkx rs]akd- Sgtr+ enq sgd
bnlodshshnm cdrbqhadc ax Dpr- &08(+ nmd rodbhdr vhkk dudmst]kkx nudqvgdkl sgd nsgdq ]mc
cqhud hs sn dwshmbshnm- Sgd rtquhuhmf rodbhdr hr cdsdqlhmdc ax sgd hmhsh]k rs]sd ne sgd rxrsdl-
Sn bnm“ql sgdrd bnmbktrhnmr+ vd b]m knnj ]s sgd khmd]q ]ooqnwhl]shnmr md]q d]bg bqhshb]k
onhms- Enq k]sdq qdedqdmbd+ vd qdbnqc sgd I]bnah]m l]sqhw enq Dpr- &08( du]kt]sdc ]s ] bqhshb]k
onhms &W+ X(9

}
Ew&W+ X( Ex&W+ X(

Fw&W+ X( Fx&W+ X(

(
=

}
0 − 1W − X −W

−X /.7 − 0.1X − W

(
. &1/(

 h( w = .) x = .- Mdfkdbshmf sgd mnmkhmd]q sdqlr hm Dpr- &08(+ nq rdsshmf W = / ]mc X = / hm
sgd I]bnah]m l]sqhw+ vd nas]hm sgd khmd]q rxrsdl

c
cs

}
w

x

(
=

}
0 /

/ /.7

(}
w

x

(
+ &10(

vghbg hr u]khc md]q sgd nqhfhm- Sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw hm rxrsdl
&10( ]qd

λ0 = 0+ u0 =

}
0

/

(
: λ1 = /.7+ u1 =

}
/

0

(
+ &11(

rn sgd fdmdq]k rnktshnm ne khmd]q rxrsdl &10( hr}
w

x

(
= b0ds

}
0

/

(
+ b1d/.7s

}
/

0

(
. &12(

Rhmbd sghr I]bnah]m l]sqhw g]r svn onrhshud dhfdmu]ktdr+ sgd nqhfhm hr ]m tmrs]akd mncd ne
sgd khmd]q rxrsdl &10( ]mc ]krn ne sgd mnmkhmd]q rxrsdl &08(- Sgd dhfdmudbsnqr sdkk tr sg]s
]kk sq]idbsnqhdr kd]ud sgd nqhfhm s]mfdms sn sgd x,]whr dwbdos enq nmd sq]idbsnqx sg]s khdr ]knmf
sgd w,]whr-

 hh( w = 0) x = .- Sgd bnqqdronmchmf khmd]q rxrsdl hr

c
cs

}
t

v

(
=

}
−0 −0

/ −/.1

(}
t

v

(
. &13(

Sgd I]bnah]m l]sqhw g]r dhfdmu]ktdr ]mc dhfdmudbsnqr

λ0 = −0+ u0 =

}
0

/

(
: λ1 = −/.1+ u1 =

}
4

−3

(
. &14(

]mc sgd fdmdq]k rnktshnm ne khmd]q rxrsdl &13( hr
}

t

v

(
= b0d−s

}
0

/

(
+ b1d−/.1s

}
4

−3

(
. &15(

Rhmbd ansg dhfdmu]ktdr ]qd mdf]shud+ sgd onhms &0+ /( hr ]m ]rxlosnshb]kkx rs]akd mncd ne
sgd khmd]q rxrsdl &13( ]mc ne sgd mnmkhmd]q rxrsdl &08(- He sgd hmhsh]k u]ktdr ne w ]mc x ]qd
rtffbhdmskx bknrd sn &0+ /(+ sgdm sgd hmsdq]bshnm oqnbdrr kd]cr tkshl]sdkx sn sg]s rs]sd+ sg]s
hr+ sn sgd rtquhu]k ne rodbhdr w ]mc sn sgd dwshmbshnm ne rodbhdr x- Sgd o]hq ne sq]idbsnqhdr
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vhsg b1 = / ]ooqn]bgdr sgd bqhshb]k onhms ]knmf sgd w,]whr- ?kk nsgdq sq]idbsnqhdr ]ooqn]bg
&0+ /( s]mfdms sn sgd khmd vhsg rknod − 3

4 sg]s hr cdsdqlhmdc ax sgd dhfdmudbsnq u1-

 hhh( w = .) x = 3
2 - Sgd ]m]kxrhr hm sghr b]rd hr rhlhk]q sn sg]s enq sgd onhms &0+ /(- Sgd ]ooqn,

oqh]sd khmd]q rxrsdl hr
c
cs

}
t

v

(
=

}
−0{2 /

−3{2 −3{4

(}
t

v

(
. &16(

Sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sghr rxrsdl ]qd

λ0 = − 0
2 + u0 =

}
0

−1/{6

(
: λ1 = − 3

4 + u1 =

}
/

0

(
+ &17(

]mc hsr fdmdq]k rnktshnm hr}
t

v

(
= b0d−s{2

}
0

−1/{6

(
+ b1d−3s{4

}
/

0

(
. &18(

Sgtr sgd bqhshb]k onhms &/+ 3{2( hr ]m ]rxlosnshb]kkx rs]akd mncd ne ansg sgd khmd]q rxrsdl &16(
]mc sgd mnmkhmd]q rxrsdl &08(- ?kk md]qax sq]idbsnqhdr ]ooqn]bg sgd bqhshb]k onhms s]mfdms sn
sgd khmd vhsg rknod −1/{6 dwbdos enq nmd o]hq ne sq]idbsnqhdr sg]s khdr ]knmf sgd x,]whr-

 hu( w = .-4) x = .-4- Sgd bnqqdronmchmf khmd]q rxrsdl hr

c
cs

}
t

v

(
=

}
−/.4 −/.4

−/.4 −/.2

(}
t

v

(
. &2/(

Sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ]qd

λ0 =
−3 +

|
15

0/
≅ /.0/88+ u0 =

}
4

−0 −
|

15

(
≅

}
4

−5./88/

(
+

&20(

λ1 =
−3 −

|
15

0/
≅ −/.8/88+ u1 =

}
4

−0 +
|

15

(
≅

}
4

3./88/

(
+

rn sgd fdmdq]k rnktshnm hr
}

t

v

(
= b0d/.0/88s

}
4

−5./88/

(
+ b1d−/.8/88s

}
4

3./88/

(
. &21(

Rhmbd sgd dhfdmu]ktdr ]qd ne noonrhsd rhfm+ sgd bqhshb]k onhms &/-4+ /-4( hr ] r]cckd onhms
]mc sgdqdenqd hr tmrs]akd+ ]r vd g]c rtqlhrdc d]qkhdq- Nmd o]hq ne sq]idbsnqhdr ]ooqn]bgdr
sgd bqhshb]k onhms ]r s → ∞: ]kk nsgdqr cdo]qs eqnl hs- Sgd sq]idbsnqhdr sg]s ]ooqn]bg sgd
bqhshb]k onhms ]qd s]mfdms sn sgd khmd vhsg rknod &

|
15 − 0({4 ≅ /.7087 cdsdqlhmdc eqnl sgd

dhfdmudbsnq u1- Khjdvhrd+ dhfdmudbsnq u0 hmenqlr tr sgd sq]idbsnqhdr cdo]qshmf eqnl &/.4+ /.4(
]qd s]mfdms sn sgd khmd vhsg rknod &−

|
15 − 0({4 ≅ 0.1087-

? og]rd onqsq]hs enq sgd rxrsdl &08( hr rgnvm hm Ehftqd 6-2-3- Md]q d]bg ne sgd bqhshb]k
onhmsr sgd sq]idbsnqhdr ne sgd mnmkhmd]q rxrsdl adg]ud ]r oqdchbsdc ax sgd bnqqdronmchmf
khmd]q ]ooqnwhl]shnm- Ne o]qshbtk]q hmsdqdrs hr sgd o]hq ne sq]idbsnqhdr sg]s dmsdq sgd r]cckd
onhms- Sgdrd sq]idbsnqhdr enql ] rdo]q]sqhw sg]s chuhcdr sgd “qrs pt]cq]ms hmsn svn a]rhmr
ne ]ssq]bshnm- Sq]idbsnqhdr rs]qshmf ]anud sgd rdo]q]sqhw tkshl]sdkx ]ooqn]bg sgd mncd ]s
&/+ 3{2(+ vghkd sq]idbsnqhdr rs]qshmf adknv sgd rdo]q]sqhw ]ooqn]bg sgd mncd ]s &0+ /(- He
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sgd hmhsh]k rs]sd khdr oqdbhrdkx nm sgd rdo]q]sqhw+ sgdm sgd rnktshnm &w+ x( vhkk ]ooqn]bg sgd
r]cckd onhms ]r s → ∞- Gnvdudq sgd rkhfgsdrs odqstqa]shnm ]r nmd enkknvr sghr sq]idbsnqx
vhkk chrkncfd sgd onhms &w+ x( eqnl sgd rdo]q]sqhw ]mc b]trd hs sn ]ooqn]bg nmd ne sgd mncdr
hmrsd]c- Sgtr+ hm oq]bshbd+ nmd rodbhdr vhkk rtquhud sgd bnlodshshnm ]mc sgd nsgdq vhkk mns-

x

w

/-1

/-3

/-5

/-7

0

0-1

0-3

/-1 /-3 /-5 /-7 0 0-1

Rdo^q^sqhw

EHFTQD 6-2-3 ? og]rd onqsq]hs ne sgd rxrsdl &08(-

Dw]lokdr 0 ]mc 1 rgnv sg]s hm rnld b]rdr sgd bnlodshshnm adsvddm svn rodbhdr kd]cr
sn ]m dpthkhaqhtl rs]sd ne bndwhrsdmbd+ vgdqd]r hm nsgdq b]rdr sgd bnlodshshnm qdrtksr hm sgd
dudmst]k dwshmbshnm ne nmd ne sgd rodbhdr- Sn tmcdqrs]mc lnqd bkd]qkx gnv ]mc vgx sghr
g]oodmr+ ]mc sn kd]qm gnv sn oqdchbs vghbg rhst]shnm vhkk nbbtq+ hs hr trdetk sn knnj ]f]hm
]s sgd fdmdq]k rxrsdl &1(- Sgdqd ]qd entq b]rdr sn ad bnmrhcdqdc+ cdodmchmf nm sgd qdk]shud
nqhdms]shnm ne sgd khmdr

𝛿0 − 𝜌0w − �0x = / ]mc 𝛿1 − 𝜌1x − �1w = /+ &22(

]r rgnvm hm Ehftqd 6-2-4- Sgdrd khmdr ]qd b]kkdc sgd w ]mc x mtkkbkhmdr+ qdrodbshudkx+ adb]trd
w… hr ydqn nm sgd “qrs ]mc x… hr ydqn nm sgd rdbnmc- Hm d]bg o]qs ne Ehftqd 6-2-4+ sgd w,mtkkbkhmd
hr sgd rnkhc khmd ]mc sgd x,mtkkbkhmd hr sgd c]rgdc khmd-

Kds &W+ X( cdmnsd ]mx bqhshb]k onhms hm ]mx nmd ne sgd entq b]rdr- ?r hm Dw]lokdr 0
]mc 1+ sgd rxrsdl &1( hr ]klnrs khmd]q hm sgd mdhfganqgnnc ne sghr onhms adb]trd sgd qhfgs
rhcd ne d]bg ch—dqdmsh]k dpt]shnm hr ] pt]cq]shb onkxmnlh]k- Sn rstcx sgd rxrsdl &1( hm sgd
mdhfganqgnnc ne sghr bqhshb]k onhms+ vd b]m knnj ]s sgd bnqqdronmchmf khmd]q rxrsdl

c
cs

}
t

v

(
=

}
𝛿0 − 1𝜌0W − �0X −�0W

−�1X 𝛿1 − 1𝜌1X − �1W

(}
t

v

(
. &23(

Vd mnv trd Dp- &23( sn cdsdqlhmd sgd bnmchshnmr tmcdq vghbg sgd lncdk cdrbqhadc ax
Dpr- &1( odqlhsr sgd bndwhrsdmbd ne sgd svn rodbhdr w ]mc x- Ne sgd entq onrrhakd b]rdr rgnvm
hm Ehftqd 6-2-4+ bndwhrsdmbd hr onrrhakd nmkx hm b]rdr &b( ]mc &c(- Hm sgdrd b]rdr+ sgd mnmydqn
u]ktdr ne W ]mc X ]qd qd]chkx nas]hmdc ax rnkuhmf sgd ]kfdaq]hb dpt]shnmr &22(: sgd qdrtks hr

W =
𝛿0𝜌1 − 𝛿1�0
𝜌0𝜌1 − �0�1

+ X =
𝛿1𝜌0 − 𝛿0�1
𝜌0𝜌1 − �0�1

. &24(
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x

w

x

w

x

w

x

w

 Y(  a(

 b(  c(

1.��1

0.��0

' (

1.��1' (

1.��1' (

0.��0' ( 0.��0' (

' )

0.��0' )

0.��0' )

1.��1' (

0.��0' )

1.��1' )

0.��0' (1.��1' ) 0.��0' ( 1.��1' )

1.��1' )

EHFTQD 6-2-4 Sgd u]qhntr b]rdr enq sgd bnlodshmf rodbhdr rxrsdl &1(-

Etqsgdq+ rhmbd 𝛿0 − 𝜌0W − �0X = / ]mc 𝛿1 −𝜌1X − �1W = /+ Dp- &23( hlldch]sdkx
qdctbdr sn

c
cs

}
t

v

(
=

}
−𝜌0W −�0W

−�1X −𝜌1X

(}
t

v

(
. &25(

Sgd dhfdmu]ktdr ne sgd rxrsdl &25( ]qd entmc eqnl sgd dpt]shnm

λ1 + &𝜌0W + 𝜌1X(λ + &𝜌0𝜌1 − �0�1(WX = /. &26(

Sgtr

λ0+1 =
−&𝜌0W + 𝜌1X( +

|
&𝜌0W + 𝜌1X(1 − 3&𝜌0𝜌1 − �0�1(WX

1
. &27(

He 𝜌0𝜌1 − �0�1 . /+ sgdm sgd q]chb]mc ne Dp- &27( hr onrhshud ]mc fqd]sdq sg]m
&𝜌0W + 𝜌1X(1- Sgtr sgd dhfdmu]ktdr ]qd qd]k ]mc ne noonrhsd rhfm- Bnmrdptdmskx+ sgd bqhshb]k
onhms &W+ X( hr ]m tmrs]akd r]cckd onhms+ ]mc bndwhrsdmbd hr mns onrrhakd- Sghr hr sgd b]rd hm
Dw]lokd 1+ vgdqd 𝜌0 = 0+ �0 = 0+ 𝜌1 = /-5+ �1 = 0+ ]mc 𝜌0𝜌1 − �0�1 = −/-3-

Nm sgd nsgdq g]mc+ he 𝜌0𝜌1 − �0�1 < /+ sgdm sgd q]chb]mc ne Dp- &27( hr kdrr sg]m
&𝜌0W + 𝜌1X(1- Sgtr sgd dhfdmu]ktdr ]qd qd]k+ mdf]shud+ ]mc tmdpt]k+ nq bnlokdw vhsg ]
mdf]shud qd]k o]qs- ? rsq]hfgsenqv]qc ]m]kxrhr ne sgd q]chb]mc ne Dp- &27( rgnvr sg]s sgd
dhfdmu]ktdr b]mmns ad bnlokdw &rdd Oqnakdl 6(- Sgtr sgd bqhshb]k onhms hr ]m ]rxlosnsh,
b]kkx rs]akd mncd+ ]mc rtrs]hmdc bndwhrsdmbd hr onrrhakd- Sghr hr hkktrsq]sdc ax Dw]lokd 0+
vgdqd 𝜌0 = 0+ �0 = 0+ 𝜌1 = 0+ �1 = /-4+ ]mc 𝜌0𝜌1 − �0�1 = /-4-

Kds tr qdk]sd sghr qdrtks sn Ehftqdr 6-2-4b ]mc 6-2-4c- Hm Ehftqd 6-2-4b vd g]ud
𝛿0
𝜌0

<
𝛿1
�1

nq 𝛿0�1 < 𝛿1𝜌0 ]mc
𝛿1
𝜌1

<
𝛿0
�0

nq 𝛿1�0 < 𝛿0𝜌1. &28(
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Sgdrd hmdpt]khshdr+ bntokdc vhsg sgd bnmchshnm sg]s W ]mc X fhudm ax Dpr- &24( ad onrhshud+
xhdkc sgd hmdpt]khsx 𝜌0𝜌1 . �0�1- Gdmbd+ hm sghr b]rd+ sgd bqhshb]k onhms hr ] r]cckd onhms-
Nm sgd nsgdq g]mc+ hm Ehftqd 6-2-4c vd g]ud

𝛿0
𝜌0

.
𝛿1
�1

nq 𝛿0�1 . 𝛿1𝜌0 ]mc
𝛿1
𝜌1

.
𝛿0
�0

nq 𝛿1�0 . 𝛿0𝜌1. &3/(

Mnv sgd bnmchshnm sg]s W ]mc X ad onrhshud xhdkcr 𝜌0𝜌1 < �0�1- Gdmbd sgd bqhshb]k onhms hr
]rxlosnshb]kkx rs]akd- Enq sghr b]rd+ vd b]m ]krn rgnv sg]s sgd nsgdq bqhshb]k onhmsr &/+ /(+
&𝛿0{𝜌0+ /(+ ]mc &/+ 𝛿1{𝜌1( ]qd tmrs]akd- Sgtr enq ]mx onrhshud hmhsh]k u]ktdr ne w ]mc x+ sgd
svn onotk]shnmr ]ooqn]bg sgd dpthkhaqhtl rs]sd ne bndwhrsdmbd fhudm ax Dpr- &24(-

Dpt]shnmr &1( oqnuhcd sgd ahnknfhb]k hmsdqoqds]shnm ne sgd qdrtks sg]s bndwhrsdmbd nbbtqr
nq mns cdodmchmf nm vgdsgdq 𝜌0𝜌1 − �0�1 hr onrhshud nq mdf]shud- Sgd 𝜌´r ]qd ] ld]rtqd
ne sgd hmghahsnqx d—dbs sg]s sgd fqnvsg ne d]bg onotk]shnm g]r nm hsrdke+ vghkd sgd �´r ]qd
] ld]rtqd ne sgd hmghahshmf d—dbs sg]s sgd fqnvsg ne d]bg onotk]shnm g]r nm sgd nsgdq
rodbhdr- Sgtr+ vgdm 𝜌0𝜌1 < �0�1+ hmsdq]bshnm &bnlodshshnm( hr ’vd]j– ]mc sgd rodbhdr b]m
bndwhrs: vgdm 𝜌0𝜌1 . �0�1+ hmsdq]bshnm &bnlodshshnm( hr ’rsqnmf– ]mc sgd rodbhdr b]mmns
bndwhrsˆnmd ltrs chd nts-

OQNAKDLR

D]bg ne Oqnakdlr 0 sgqntfg 5 b]m ad hmsdqoqdsdc ]r cdrbqha,
hmf sgd hmsdq]bshnm ne svn rodbhdr vhsg onotk]shnmr w ]mc x-
Hm d]bg ne sgdrd oqnakdlr+ b]qqx nts sgd enkknvhmf rsdor-
 Z( Cq]v ] chqdbshnm “dkc ]mc cdrbqhad gnv rnktshnmr rddl
sn adg]ud-
 a( Ehmc sgd bqhshb]k onhmsr-
 b( Enq d]bg bqhshb]k onhms+ “mc sgd bnqqdronmchmf khmd]q rxr,
sdl- Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd khmd]q rxr,
sdl+ bk]rrhex d]bg bqhshb]k onhms ]r sn sxod+ ]mc cdsdqlhmd
vgdsgdq hs hr ]rxlosnshb]kkx rs]akd+ rs]akd+ nq tmrs]akd-
 c( Rjdsbg sgd sq]idbsnqhdr hm sgd mdhfganqgnnc ne d]bg bqhs,
hb]k onhms-
 d( Bnlotsd ]mc okns dmntfg sq]idbsnqhdr ne sgd fhudm rxr,
sdl sn rgnv bkd]qkx sgd adg]uhnq ne sgd rnktshnmr-
 e( Cdsdqlhmd sgd khlhshmf adg]uhnq ne w ]mc x ]r s → ∞+
]mc hmsdqoqds sgd qdrtksr hm sdqlr ne sgd onotk]shnmr ne sgd
svn rodbhdr-

0- cw{cs = w&0-4 − w − /-4x(+ cx{cs = x&1 − x − /-64w(
1- cw{cs = w&0-4 − w − /-4x(+ cx{cs = x&1 − /-4x − 0-4w(
2- cw{cs = w&0-4 − /-4w − x(+ cx{cs = x&1 − x − 0-014w(
3- cw{cs = w&0-4− /-4w − x(+ cx{cs = x&/-64− x − /-014w(
4- cw{cs = w&0 − w − x(+ cx{cs = x&0-4 − x − w(
5- cw{cs = w&0 − w + /-4x(+ cx{cs = x&1-4 − 0-4x + /-14w(
6- Rgnv sg]s

&𝜌0W + 𝜌1X(1 − 3&𝜌0𝜌1 − �0�1(WX
= &𝜌0W − 𝜌1X(1 + 3�0�1WX .

Gdmbd bnmbktcd sg]s sgd dhfdmu]ktdr fhudm ax Dp- &27( b]m
mdudq ad bnlokdw-

7- Bnmrhcdq sgd rxrsdl &1( hm sgd sdws+ ]mc ]rrtld sg]s
𝜌0𝜌1 − �0�1 = /-
 Z( Ehmc ]kk sgd bqhshb]k onhmsr ne sgd rxrsdl- Nardqud sg]s sgd
qdrtks cdodmcr nm vgdsgdq 𝜌0𝛿1 − �1𝛿0 hr ydqn-
 a( He 𝜌0𝛿1 − �1𝛿0 < /+ bk]rrhex d]bg bqhshb]k onhms ]mc cd,
sdqlhmd vgdsgdq hs hr ]rxlosnshb]kkx rs]akd+ rs]akd+ nq tmrs],
akd- Mnsd sg]s Oqnakdl 4 hr ne sghr sxod- Sgdm cn sgd r]ld he
𝜌0𝛿1 − �1𝛿0 . /-
 b( ?m]kxyd sgd pt]khs]shud adg]uhnq ne sgd sq]idbsnqhdr vgdm
𝜌0𝛿1 − �1𝛿0 = /-

8- Bnmrhcdq sgd rxrsdl &2( hm Dw]lokd 0 ne sgd sdws- Qd,
b]kk sg]s sghr rxrsdl g]r ]m ]rxlosnshb]kkx rs]akd bqhshb]k
onhms ]s &/-4+ /-4(+ bnqqdronmchmf sn sgd rs]akd bndwhrsdmbd
ne sgd svn onotk]shnm rodbhdr- Mnv rtoonrd sg]s hllhfq],
shnm nq dlhfq]shnm nbbtqr ]s sgd bnmrs]ms q]sdr ne 𝛾Z ]mc 𝛾a
enq sgd rodbhdr w ]mc x+ qdrodbshudkx- Hm sghr b]rd+ Dpr- &2( ]qd
qdok]bdc ax

cw
cs

= w&0 − w − x( + 𝛾Z+

&h(cx
cs

= x&/.64 − x − /.4w( + 𝛾a.

Sgd ptdrshnm hr vg]s d—dbs sghr g]r nm sgd knb]shnm ne sgd
rs]akd dpthkhaqhtl onhms-
 Z( Sn “mc sgd mdv bqhshb]k onhms+ vd ltrs rnkud sgd
dpt]shnmr

w&0 − w − x( + 𝛾Z = /+
&hh(

x&/.64 − x − /.4w( + 𝛾a = /.
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Nmd v]x sn oqnbddc hr sn ]rrtld sg]s w ]mc x ]qd fhudm ax
onvdq rdqhdr hm sgd o]q]ldsdq 𝛾: sgtr

w = w/ + w0𝛾 +⋯ + x = x/ + x0𝛾 +⋯ . &hhh(

Rtarshstsd Dpr- &hhh( hmsn Dpr- &hh( ]mc bnkkdbs sdqlr ]bbnqchmf
sn onvdqr ne 𝛾-
 a( Eqnl sgd bnmrs]ms sdqlr &sgd sdqlr mns hmunkuhmf 𝛾(+
rgnv sg]s w/ = /-4 ]mc x/ = /-4+ sgtr bnm“qlhmf sg]s+ hm sgd
]ardmbd ne hllhfq]shnm nq dlhfq]shnm+ sgd bqhshb]k onhms hr
&/-4+ /-4(-
 b( Eqnl sgd sdqlr sg]s ]qd khmd]q hm 𝛾+ rgnv sg]s

w0 = 3Z − 3a+ x0 = −1Z + 3a. &hu(

 c( Rtoonrd sg]s Z < / ]mc a < / rn sg]s hllhfq]shnm nbbtqr
enq ansg rodbhdr- Rgnv sg]s sgd qdrtkshmf dpthkhaqhtl rnktshnm
l]x qdoqdrdms ]m hmbqd]rd hm ansg onotk]shnmr+ nq ]m hmbqd]rd
hm nmd ats ] cdbqd]rd hm sgd nsgdq- Dwok]hm hmsthshudkx vgx
sghr hr ] qd]rnm]akd qdrtks-

0.- Sgd rxrsdl
w… = −x+ x… = −𝛽x − w&w − /.04(&w − 2(

qdrtksr eqnl ]m ]ooqnwhl]shnm sn sgd GncfjhmflGtwkdx dpt],
shnmr+ vghbg lncdk sgd sq]mrlhrrhnm ne mdtq]k hlotkrdr ]knmf
]m ]wnm-
 Z( Ehmc sgd bqhshb]k onhmsr ]mc bk]rrhex sgdl ax hmudrshf]shmf
sgd ]ooqnwhl]sd khmd]q rxrsdl md]q d]bg nmd-
 a( Cq]v og]rd onqsq]hsr enq 𝛽 = /-7 ]mc enq 𝛽 = 0-4-
 b( Bnmrhcdq sgd sq]idbsnqx sg]s kd]udr sgd bqhshb]k onhms &1+ /(-
Ehmc sgd u]ktd ne 𝛽 enq vghbg sghr sq]idbsnqx tkshl]sdkx ]o,
oqn]bgdr sgd nqhfhm ]r s → ∞- Cq]v ] og]rd onqsq]hs enq sghr
u]ktd ne 𝛽 -

AhetqbZshnm Onhmsr- Bnmrhcdq sgd rxrsdl

w… = E&w+ x+ �(+ x… = F&w+ x+ �(+ &h(

vgdqd � hr ] o]q]ldsdq- Sgd dpt]shnmr
E&w+ x+ �( = /+ F&w+ x+ �( = / &hh(

cdsdqlhmd sgd w ]mc x mtkkbkhmdr+ qdrodbshudkx- ?mx onhms
vgdqd ]m w mtkkbkhmd ]mc ] x mtkkbkhmd hmsdqrdbs hr ] bqhshb]k
onhms- ?r � u]qhdr ]mc sgd bnm“ftq]shnm ne sgd mtkkbkhmdr
bg]mfdr+ hs l]x vdkk g]oodm sg]s+ ]s ] bdqs]hm u]ktd ne �+
svn bqhshb]k onhmsr bn]kdrbd hmsn nmd- Enq etqsgdq u]qh]shnmr
hm �+ sgd bqhshb]k onhms l]x chr]ood]q ]ksnfdsgdq+ nq svn bqhs,
hb]k onhmsr l]x qd]ood]q+ nesdm vhsg rs]ahkhsx bg]q]bsdqhrshbr
ch—dqdms eqnl adenqd sgdx bn]kdrbdc- Ne bntqrd+ sgd oqnbdrr
l]x nbbtq hm sgd qdudqrd nqcdq- Enq ] bdqs]hm u]ktd ne �+ svn
enqldqkx mnmhmsdqrdbshmf mtkkbkhmdr l]x bnld snfdsgdq+ bqd,
]shmf ] bqhshb]k onhms+ vghbg+ enq etqsgdq bg]mfdr hm �+ l]x
rokhs hmsn svn- ? u]ktd ne � ]s vghbg bqhshb]k onhmsr bn]kdrbd+
]mc onrrhakx ]qd knrs nq f]hmdc+ hr ] ahetqb]shnm onhms- Rhmbd ]
og]rd onqsq]hs ne ] rxrsdl hr udqx cdodmcdms nm sgd knb]shnm
]mc m]stqd ne sgd bqhshb]k onhmsr+ ]m tmcdqrs]mchmf ne ahetqb],
shnmr hr drrdmsh]k sn ]m tmcdqrs]mchmf ne sgd fkna]k adg]uhnq
ne sgd rxrsdl´r rnktshnmr- Oqnakdlr 00 sgqntfg 06 hkktrsq]sd
rnld onrrhahkhshdr sg]s hmunkud ahetqb]shnmr-

Hm d]bg ne Oqnakdlr 00 sgqntfg 039
 Z( Rjdsbg sgd mtkkbkhmdr ]mc cdrbqhad gnv sgd bqhshb]k onhmsr
lnud ]r � hmbqd]rdr-
 a( Ehmc sgd bqhshb]k onhmsr-
 b( Kds � = 1- Bk]rrhex d]bg bqhshb]k onhms ax hmudrshf]shmf
sgd bnqqdronmchmf ]ooqnwhl]sd khmd]q rxrsdl- Cq]v ] og]rd
onqsq]hs hm ] qdbs]mfkd bnms]hmhmf sgd bqhshb]k onhmsr-
 c( Ehmc sgd ahetqb]shnm onhms �/ ]s vghbg sgd bqhshb]k onhmsr
bnhmbhcd- Knb]sd sghr bqhshb]k onhms ]mc “mc sgd dhfdm,
u]ktdr ne sgd ]ooqnwhl]sd khmd]q rxrsdl- Cq]v ] og]rd
onqsq]hs-
 d( Enq � < �/+ sgdqd ]qd mn bqhshb]k onhmsr- Bgnnrd rtbg ]
u]ktd ne � ]mc cq]v ] og]rd onqsq]hs-

00- w… = −5w + x + w1+ x… = 2
1
� − x

01- w… = 2
1
� − x+ x… = −w + x + w1

02- w… = −2w + x + w1+ x… = − � − w + x
03- w… = −� − 1w + x+ x… = −3w + x + w1

Hm d]bg ne Oqnakdlr 04 ]mc 059
 Z( Ehmc sgd bqhshb]k onhmsr-
 a( Cdsdqlhmd sgd u]ktd ne �+ cdmnsdc ax �/+ vgdqd svn bqhs,
hb]k onhmsr bnhmbhcd-
 b( Ax “mchmf sgd ]ooqnwhl]shmf khmd]q rxrsdlr ]mc sgdhq
dhfdmu]ktdr+ cdsdqlhmd gnv sgd rs]ahkhsx oqnodqshdr ne sgdrd
svn bqhshb]k onhmsr bg]mfd ]r � o]rrdr sgqntfg sgd ahetqb]shnm
onhms �/-
 c( Cq]v og]rd onqsq]hsr enq u]ktdr ne � md]q �/ sn rgnv gnv
sgd sq]mrhshnm sgqntfg sgd ahetqb]shnm onhms nbbtqr-

04- w… = &2 + w( &0 − w + x(+
x… = &x − 0( &0 + w + �x(: � < /

05- w… = x&� − 1w + 2x(+ x… = &3 − w( &2 + x(
06- Rtoonrd sg]s ] bdqs]hm o]hq ne bnlodshmf rodbhdr ]qd cd,
rbqhadc ax sgd rxrsdl

cw
cs

= w&3 − w − x(+

cx
cs

= x&1 + 1� − x − �w(+

vgdqd � < / hr ] o]q]ldsdq-
 Z( Ehmc sgd bqhshb]k onhmsr- Mnsd sg]s &1+ 1( hr ] bqhshb]k onhms
enq ]kk u]ktdr ne �-
 a( Cdsdqlhmd sgd m]stqd ne sgd bqhshb]k onhms &1+ 1( enq
� = /-64 ]mc enq � = 0-14- Sgdqd hr ] u]ktd ne � adsvddm
/-64 ]mc 0-14 vgdqd sgd m]stqd ne sgd bqhshb]k onhms bg]mfdr
]aqtoskx- Cdmnsd sghr u]ktd ax �/: hs hr ]krn b]kkdc ] ahetqb],
shnm onhms-
 b( Ehmc sgd ]ooqnwhl]sd khmd]q rxrsdl md]q sgd onhms &1+ 1(
hm sdqlr ne �-
 c( Ehmc sgd dhfdmu]ktdr ne sgd khmd]q rxrsdl hm o]qs &b( ]r
etmbshnmr ne �- Sgdm cdsdqlhmd �/-
 d( Cq]v og]rd onqsq]hsr md]q &1+ 1( enq � = �/ ]mc enq u]ktdr
ne � rkhfgskx kdrr sg]m+ ]mc rkhfgskx fqd]sdq sg]m+ �/- Dwok]hm
gnv sgd sq]mrhshnm hm sgd og]rd onqsq]hs s]jdr ok]bd ]r � o]rrdr
sgqntfg �/-
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6-3 Oqdc]snqzOqdx Dpt]shnmr
Hm sgd oqdbdchmf rdbshnm vd chrbtrrdc ] lncdk ne svn rodbhdr sg]s hmsdq]bs ax bnlodshmf enq
] bnllnm ennc rtookx nq nsgdq m]stq]k qdrntqbd- Hm sghr rdbshnm vd hmudrshf]sd sgd rhst]shnm
hm vghbg nmd rodbhdr &sgd oqdc]snq( oqdxr nm sgd nsgdq rodbhdr &sgd oqdx(+ vghkd sgd oqdx khudr
nm ] ch—dqdms rntqbd ne ennc- Enq dw]lokd+ bnmrhcdq enwdr ]mc q]aahsr hm ] bknrdc enqdrs- Sgd
enwdr oqdx nm sgd q]aahsr+ ]mc sgd q]aahsr khud nm sgd udfds]shnm hm sgd enqdrs- Nsgdq dw]lokdr
]qd a]rr hm ] k]jd ]r oqdc]snqr ]mc qdcd]q ]r oqdx+ nq k]cxatfr ]r oqdc]snqr ]mc ]oghcr ]r
oqdx- Vd dlog]rhyd ]f]hm sg]s ] lncdk hmunkuhmf nmkx svn rodbhdr b]mmns etkkx cdrbqhad sgd
bnlokdw qdk]shnmrghor ]lnmf rodbhdr sg]s ]bst]kkx nbbtq hm m]stqd- Mdudqsgdkdrr sgd rstcx
ne rhlokd lncdkr hr sgd “qrs rsdo snv]qc ]m tmcdqrs]mchmf ne lnqd bnlokhb]sdc ogdmnldm]-

Vd cdmnsd ax w ]mc x sgd onotk]shnmr ne sgd oqdx ]mc oqdc]snq+ qdrodbshudkx+ ]s shld
s- Hm bnmrsqtbshmf ] lncdk ne sgd hmsdq]bshnm ne sgd svn rodbhdr+ vd l]jd sgd enkknvhmf
]rrtloshnmr9

0- Hm sgd ]ardmbd ne sgd oqdc]snq+ sgd oqdx fqnvr ]s ] q]sd oqnonqshnm]k sn sgd btqqdms
onotk]shnm: sgtr cw{cs = Zw+ Z < /+ vgdm x = /-

1- Hm sgd ]ardmbd ne sgd oqdx+ sgd oqdc]snq chdr nts: sgtr cx{cs = −bx+ b < /+ vgdm w = /-
2- D]bg dmbntmsdq adsvddm oqdc]snq ]mc oqdx sdmcr ansg sn oqnlnsd sgd fqnvsg ne sgd

oqdc]snq ]mc sn hmghahs sgd fqnvsg ne sgd oqdx- Sgd mtladq ne dmbntmsdqr adsvddm
oqdc]snq ]mc oqdx hr oqnonqshnm]k sn sgd oqnctbs ne sgdhq onotk]shnmr- Sgtr sgd fqnvsg
q]sd ne sgd oqdc]snq hmbktcdr ] sdql ne sgd enql 𝛽wx+ vgdqd]r sgd fqnvsg q]sd ne sgd
oqdx hmbktcdr ] sdql ne sgd enql −�wx+ vgdqd 𝛽 ]mc � ]qd onrhshud bnmrs]msr-

?r ] bnmrdptdmbd ne sgdrd ]rrtloshnmr+ vd ]qd kdc sn sgd dpt]shnmr

cw
cs

= Zw − �wx = w&Z − �x(+
&0(cx

cs
= −bx + 𝛽wx = x&−b + 𝛽w(.

Sgd bnmrs]msr Z+ b+ �+ ]mc 𝛽 ]qd ]kk onrhshud: Z ]mc b ]qd sgd fqnvsg q]sd ne sgd oqdx ]mc
sgd cd]sg q]sd ne sgd oqdc]snq+ qdrodbshudkx+ ]mc � ]mc 𝛽 ]qd ld]rtqdr ne sgd d—dbs ne sgd
hmsdq]bshnm adsvddm sgd svn rodbhdr- Hm rodbh“b rhst]shnmr u]ktdr enq Z+ �+ b+ ]mc 𝛽 ltrs ad
cdsdqlhmdc ax nardqu]shnm-

Sgd o]hq ne mnmkhmd]q dpt]shnmr &0( ]qd jmnvm ]r sgd KnsjZflUnksdqqZ dptZshnmr- ?k,
sgntfg sgdrd ]qd q]sgdq rhlokd dpt]shnmr+ sgdx g]ud addm trdc ]r ] oqdkhlhm]qx lncdk enq
l]mx oqdc]snqfloqdx qdk]shnmrghor- V]xr ne l]jhmf sgdl lnqd qd]khrshb ]qd chrbtrrdc ]s sgd
dmc ne sghr rdbshnm ]mc hm sgd oqnakdlr- Ntq fn]k gdqd hr sn cdsdqlhmd sgd pt]khs]shud adg]u,
hnq ne sgd rnktshnmr &sq]idbsnqhdr( ne sgd rxrsdl &0( enq ]qahsq]qx onrhshud hmhsh]k u]ktdr ne w
]mc x- Vd cn sghr “qrs enq ] rodbh“b dw]lokd ]mc sgdm qdstqm sn sgd fdmdq]k dpt]shnmr &0( ]s
sgd dmc ne sgd rdbshnm-

DW;LOKD
0

Chrbtrr sgd rnktshnmr ne sgd rxrsdl

cw
cs

= w&0 − /.4x( = w − /.4wx = E&w+ x(+
&1(cx

cs
= x&−/.64 + /.14w( = −/.64x + /.14wx = F&w+ x(

enq w ]mc x onrhshud-
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Sgd bqhshb]k onhmsr ne sghr rxrsdl ]qd sgd rnktshnmr ne sgd ]kfdaq]hb dpt]shnmr

w&0 − /.4x( = /+ x&−/.64 + /.14w( = /. &2(

Sgtr sgd bqhshb]k onhmsr ]qd &/+ /( ]mc &2+ 1(- Ehftqd 6-3-0 rgnvr sgd bqhshb]k onhmsr ]mc ] ch,
qdbshnm “dkc enq sgd rxrsdl &1(- Eqnl sghr “ftqd+ hs ]ood]qr sg]s sq]idbsnqhdr hm sgd “qrs pt]c,
q]ms dmbhqbkd sgd bqhshb]k onhms &2+ 1(- Vgdsgdq sgd sq]idbsnqhdr ]qd ]bst]kkx bknrdc btqudr+ nq
vgdsgdq sgdx rohq]k rknvkx hm nq nts b]mmns ad cd“mhsdkx cdsdqlhmdc eqnl sgd chqdbshnm “dkc-
Sgd nqhfhm ]ood]qr sn ad ] r]cckd onhms- Itrs ]r enq sgd bnlodshshnm dpt]shnmr hm Rdbshnm 6-2+
sgd bnnqchm]sd ]wdr ]qd sq]idbsnqhdr ne Dpr- &0( nq &1(- Bnmrdptdmskx+ mn nsgdq sq]idbsnqx
b]m bqnrr ] bnnqchm]sd ]whr+ vghbg ld]mr sg]s dudqx rnktshnm rs]qshmf hm sgd “qrs pt]cq]ms
qdl]hmr sgdqd enq ]kk shld-

4

3

2

1

0

6543210

x

w

EHFTQD 6-3-0 Bqhshb]k onhmsr ]mc chqdbshnm “dkc enq sgd oqdc]snqfloqdx rxrsdl &1(-

Mdws vd dw]lhmd sgd knb]k adg]uhnq ne rnktshnmr md]q d]bg bqhshb]k onhms- Md]q sgd nqhfhm
vd b]m mdfkdbs sgd mnmkhmd]q sdqlr hm Dpr- &1( sn nas]hm sgd bnqqdronmchmf khmd]q rxrsdl

c
cs

}
w

x

(
=

}
0 /

/ −/.64

(}
w

x

(
. &3(

Sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne Dp- &3( ]qd

λ0 = 0+ u0 =

}
0

/

(
: λ1 = −/.64+ u1 =

}
/

0

(
+ &4(

rn hsr fdmdq]k rnktshnm hr
}

w

x

(
= b0ds

}
0

/

(
+ b1d−/.64s

}
/

0

(
. &5(

Sgtr sgd nqhfhm hr ] r]cckd onhms ansg ne sgd khmd]q rxrsdl &3( ]mc ne sgd mnmkhmd]q rxr,
sdl &1(+ ]mc sgdqdenqd hr tmrs]akd- Nmd o]hq ne sq]idbsnqhdr dmsdqr sgd nqhfhm ]knmf sgd x,]whr
]mc ]mnsgdq kd]udr sgd nqhfhm ]knmf sgd w,]whr- ?kk nsgdq sq]idbsnqhdr ]krn cdo]qs eqnl sgd
mdhfganqgnnc ne sgd nqhfhm-



38. Bg]osdq 6 Mnmkhmd]q Ch—dqdmsh]k Dpt]shnmr ]mc Rs]ahkhsx

Sn dw]lhmd sgd bqhshb]k onhms &2+ 1(+ kds tr “qrs “mc sgd I]bnah]m l]sqhw
}

Ew Ex

Fw Fx

(
=

}
0 − /.4x −/.4w

/.14x −/.64 + /.14w

(
. &6(

Du]kt]shmf sghr l]sqhw ]s sgd onhms &2+ 1(+ vd nas]hm sgd khmd]q rxrsdl

c
cs

}
t

v

(
=

}
/ −0.4

/.4 /

(}
t

v

(
+ &7(

vgdqd t = w − 2 ]mc v = x − 1- Sgd dhfdmu]ktdr ne sghr rxrsdl ]qd

λ0 =
|

2 h
1

]mc λ1 = −
|

2 h
1

. &8(

Rhmbd sgd dhfdmu]ktdr ]qd hl]fhm]qx+ sgd bqhshb]k onhms &2+ 1( hr ] bdmsdq ne sgd khmd]q rxrsdl
&7( ]mc hr sgdqdenqd ] rs]akd bqhshb]k onhms enq sg]s rxrsdl- Qdb]kk eqnl Rdbshnm 6-1 sg]s sghr
hr nmd ne sgd b]rdr hm vghbg sgd adg]uhnq ne sgd khmd]q rxrsdl l]x nq l]x mns b]qqx nudq sn
sgd mnmkhmd]q rxrsdl+ rn sgd m]stqd ne sgd onhms &2+ 1( enq sgd mnmkhmd]q rxrsdl &1( b]mmns
ad cdsdqlhmdc eqnl sghr hmenql]shnm-

Sgd rhlokdrs v]x sn “mc sgd sq]idbsnqhdr ne sgd khmd]q rxrsdl &7( hr sn chuhcd sgd rdbnmc
ne Dpr- &7( ax sgd “qrs rn ]r sn nas]hm sgd ch—dqdmsh]k dpt]shnm

cv
ct

=
cv{cs
ct{cs

= /.4t
−0.4v

= − t
2v

+

nq+ ]esdq rdo]q]shmf u]qh]akdr ]mc lnuhmf ]kk sdqlr sn sgd kdes,g]mc rhcd+

t ct + 2v cv = /. &0/(

Bnmrdptdmskx+

t1 + 2v1 = j+ &00(

vgdqd j hr ]m ]qahsq]qx mnmmdf]shud bnmrs]ms ne hmsdfq]shnm- Sgtr sgd sq]idbsnqhdr ne sgd
khmd]q rxrsdl &7( khd nm dkkhordr bdmsdqdc ]s sgd bqhshb]k onhms ]mc dknmf]sdc rnldvg]s hm sgd
gnqhynms]k chqdbshnm-

Mnv kds tr qdstqm sn sgd mnmkhmd]q rxrsdl &1(- Chuhchmf sgd rdbnmc ne Dpr- &1( ax sgd
“qrs+ vd nas]hm

cx
cw

=
x&−/.64 + /.14w(

w&0 − /.4x(
. &01(

Dpt]shnm &01( hr ] rdo]q]akd dpt]shnm ]mc b]m ad ots hm sgd enql
0 − /.4x

x
cx = −/.64 + /.14w

w
cw+

eqnl vghbg hs enkknvr sg]s

/.64 im w + im x − /.4x − /.14w = b+ &02(

vgdqd b hr ] bnmrs]ms ne hmsdfq]shnm- ?ksgntfg ax trhmf nmkx dkdldms]qx etmbshnmr vd b]mmns
rnkud Dp- &02( dwokhbhskx enq dhsgdq u]qh]akd hm sdqlr ne sgd nsgdq+ hs hr onrrhakd sn rgnv sg]s
sgd fq]og ne sgd dpt]shnm enq ] “wdc u]ktd ne b hr ] bknrdc btqud rtqqntmchmf sgd bqhshb]k
onhms &2+ 1(- Sgtr sgd bqhshb]k onhms hr ]krn ] bdmsdq ne sgd mnmkhmd]q rxrsdl &1(+ ]mc sgd
oqdc]snq ]mc oqdx onotk]shnmr dwghahs ] bxbkhb u]qh]shnm-

Ehftqd 6-3-1 rgnvr ] og]rd onqsq]hs ne sgd rxrsdl &1(- Enq rnld hmhsh]k bnmchshnmr+ sgd sq],
idbsnqx qdoqdrdmsr rl]kk u]qh]shnmr hm w ]mc x ]ants sgd bqhshb]k onhms+ ]mc hr ]klnrs dkkhoshb]k
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x

3

2

1

0

1 3 5 60 2 4 w

EHFTQD 6-3-1 ? og]rd onqsq]hs ne sgd rxrsdl &1(-

w+�x

3

5

1

4 0/ 04 1/ 14 s

Oqdx
w s(

Oqdc^snq
x s(

EHFTQD 6-3-2 U]qh]shnmr ne sgd oqdx &aktd+ rnkhc( ]mc oqdc]snq &fqdx+ c]rgdc(
onotk]shnmr vhsg shld enq sgd rxrsdl &1(-

hm rg]od+ ]r sgd khmd]q ]m]kxrhr rtffdrsr- Enq nsgdq hmhsh]k bnmchshnmr+ sgd nrbhkk]shnmr hm w
]mc x ]qd lnqd oqnmntmbdc+ ]mc sgd rg]od ne sgd sq]idbsnqx hr rhfmh“b]mskx ch—dqdms eqnl
]m dkkhord- Nardqud sg]s sgd sq]idbsnqhdr ]qd sq]udqrdc hm sgd bntmsdqbknbjvhrd chqdbshnm- Sgd
cdodmcdmbd ne w ]mc x nm s enq ] sxohb]k rds ne hmhsh]k bnmchshnmr hr rgnvm hm Ehftqd 6-3-2-
Mnsd sg]s w ]mc x ]qd odqhnchb etmbshnmr ne s+ ]r sgdx ltrs ad rhmbd sgd sq]idbsnqhdr ]qd
bknrdc btqudr- Etqsgdq sgd nrbhkk]shnm ne sgd oqdc]snq onotk]shnm k]fr adghmc sg]s ne sgd oqdx-
Rs]qshmf eqnl ] rs]sd hm vghbg ansg oqdc]snq ]mc oqdx onotk]shnmr ]qd qdk]shudkx rl]kk+ sgd
oqdx “qrs hmbqd]rd adb]trd sgdqd hr khsskd oqdc]shnm- Sgdm sgd oqdc]snqr+ vhsg ]atmc]ms ennc+
hmbqd]rd hm onotk]shnm ]krn- Sghr b]trdr gd]uhdq oqdc]shnm+ ]mc sgd oqdx sdmc sn cdbqd]rd-
Ehm]kkx+ vhsg ] chlhmhrgdc ennc rtookx+ sgd oqdc]snq onotk]shnm ]krn cdbqd]rdr+ ]mc sgd
rxrsdl qdstqmr sn sgd nqhfhm]k rs]sd-

Sgd fdmdq]k rxrsdl &0( b]m ad ]m]kxydc hm dw]bskx sgd r]ld v]x ]r hm sgd dw]lokd- Sgd
bqhshb]k onhmsr ne sgd rxrsdl &0( ]qd sgd rnktshnmr ne

w&Z − �x( = /+ x&−b + 𝛽w( = /+
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sg]s hr+ sgd onhmsr &/+ /( ]mc &b{𝛽 + Z{�(- Vd “qrs dw]lhmd sgd rnktshnmr ne sgd bnqqdronmchmf
khmd]q rxrsdl md]q d]bg bqhshb]k onhms-

Hm sgd mdhfganqgnnc ne sgd nqhfhm+ sgd bnqqdronmchmf khmd]q rxrsdl hr

c
cs

}
w

x

(
=

}
Z /

/ −b

(}
w

x

(
. &03(

Sgd dhfdmu]ktdr ]qd λ0 = Z ]mc λ1 = −b-
Sgtr sgd nqhfhm hr ] r]cckd onhms ]mc gdmbd tmrs]akd- Adb]trd ]m dhfdmudbsnq enq sgd

mdf]shud dhfdmu]ktd hr u1 = &/+ 0(S + dmsq]mbd sn sgd r]cckd onhms hr ]knmf sgd x,]whr- ?r ]m
dhfdmudbsnq enq sgd onrhshud dhfdmu]ktd hr u0 = &0+ /(S + sgdqd hr nmd sq]idbsnqx sg]s dwhsr sgd
bqhshb]k onhms ]knmf sgd w,]whr- ?kk nsgdq sq]idbsnqhdr cdo]qs eqnl sgd mdhfganqgnnc ne sgd
bqhshb]k onhms-

Mdws bnmrhcdq sgd bqhshb]k onhms &b{𝛽 + Z{�(- Sgd I]bnah]m l]shw hr
}

Ew Ex

Fw Fx

(
=

}
Z − �x −�w

𝛽x −b + 𝛽w

(
+

Du]kt]shmf sghr l]sqhw ]s &b{𝛽 + Z{�(+ vd nas]hm sgd ]ooqnwhl]sd khmd]q rxrsdl

c
cs

}
t

v

(
=

}
/ −�b{𝛽

𝛽Z{� /

(}
t
v

(
+ &04(

vgdqd t = w − b{𝛽 ]mc v = x − Z{�- Sgd dhfdmu]ktdr ne sgd rxrsdl &04( ]qd λ = +h
|

Zb+
rn sgd bqhshb]k onhms hr ] &rs]akd( bdmsdq ne sgd khmd]q rxrsdl- Sn “mc sgd sq]idbsnqhdr ne sgd
rxrsdl &04(+ vd b]m chuhcd sgd rdbnmc dpt]shnm ax sgd “qrs sn nas]hm

cv
ct

=
cv{cs
ct{cs

= −
&𝛽Z{�(t
&�b{𝛽(v

+ &05(

nq
𝛽1Zt ct + �1bv cv = /. &06(

Bnmrdptdmskx+
𝛽1Zt1 + �1bv1 = j+ &07(

vgdqd j hr ] mnmmdf]shud bnmrs]ms ne hmsdfq]shnm- Sgtr sgd sq]idbsnqhdr ne sgd khmd]q rxrsdl
&04( ]qd dkkhordr+ itrs ]r hm sgd dw]lokd-

Qdstqmhmf aqhdfix sn sgd mnmkhmd]q rxrsdl &0(+ nardqud sg]s hs b]m ad qdctbdc sn sgd rhmfkd
dpt]shnm

cx
cw

=
cx{cs
cw{cs

=
x&−b + 𝛽w(
w&Z − �x(

. &08(

Dpt]shnm &10( hr rdo]q]akd ]mc g]r sgd rnktshnm

Z im x − �x + b im w − 𝛽w = B+ &1/(

vgdqd B hr ] bnmrs]ms ne hmsdfq]shnm- ?f]hm hs hr onrrhakd sn rgnv sg]s+ enq “wdc B+ sgd fq]og
ne Dp- &1/( hr ] bknrdc btqud rtqqntmchmf sgd bqhshb]k onhms &b{𝛽 + Z{�(- Sgtr sghr bqhshb]k
onhms hr ]krn ] bdmsdq enq sgd fdmdq]k mnmkhmd]q rxrsdl &0(-

Sgd bxbkhb u]qh]shnm ne sgd oqdc]snq ]mc oqdx onotk]shnmr b]m ad ]m]kxydc hm lnqd cds]hk
vgdm sgd cduh]shnmr eqnl sgd onhms &b{𝛽 + Z{�( ]qd rl]kk ]mc sgd khmd]q rxrsdl &04( b]m ad
trdc- Sgd rnktshnm ne sgd rxrsdl &04( b]m ad vqhssdm hm sgd enql

t = b
𝛽

J anr&
|

Zb s + !(+ v = Z
�

√
b
Z

J rhm&
|

Zb s + !(+ &10(
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vgdqd sgd bnmrs]msr J ]mc ! ]qd cdsdqlhmdc ax sgd hmhsh]k bnmchshnmr- Sgtr

w = b
𝛽
+ b

𝛽
J anr&

|
Zb s + !(+

&11(
x = Z

�
+ Z
�

√
b
Z

J rhm&
|

Zb s + !(.

Sgdrd dpt]shnmr ]qd fnnc ]ooqnwhl]shnmr enq sgd md]qkx dkkhoshb]k sq]idbsnqhdr bknrd sn
sgd bqhshb]k onhms &b{𝛽 + Z{�(- Vd b]m trd sgdl sn cq]v rdudq]k bnmbktrhnmr ]ants sgd bxbkhb
u]qh]shnm ne sgd oqdc]snq ]mc oqdx nm rtbg sq]idbsnqhdr-

0- Sgd rhydr ne sgd oqdc]snq ]mc oqdx onotk]shnmr u]qx rhmtrnhc]kkx vhsg odqhnc 1){
|

Zb-
Sghr odqhnc ne nrbhkk]shnm hr hmcdodmcdms ne sgd hmhsh]k bnmchshnmr-

1- Sgd oqdc]snq ]mc oqdx onotk]shnmr ]qd nts ne og]rd ax nmd,pt]qsdq ne ] bxbkd- Sgd
oqdx kd]cr ]mc sgd oqdc]snq k]fr+ ]r dwok]hmdc hm sgd dw]lokd-

2- Sgd ]lokhstcdr ne sgd nrbhkk]shnmr ]qd Jb{𝛽 enq sgd oqdx ]mc Z
|

bJ{�
|

Z enq sgd
oqdc]snq ]mc gdmbd cdodmc nm sgd hmhsh]k bnmchshnmr ]r vdkk ]r nm sgd o]q]ldsdqr ne
sgd oqnakdl-

3- Sgd ]udq]fd onotk]shnmr ne oqdx ]mc oqdc]snq nudq nmd bnlokdsd bxbkd ]qd b{𝛽
]mc Z{�+ qdrodbshudkx- Sgdrd ]qd sgd r]ld ]r sgd dpthkhaqhtl onotk]shnmr &rdd
Oqnakdl 0/(-

Bxbkhb u]qh]shnmr ne oqdc]snq ]mc oqdx ]r oqdchbsdc ax Dpr- &0( g]ud addm nardqudc hm
m]stqd- Nmd rsqhjhmf dw]lokd hr cdrbqhadc ax Nctl &oo- 080fl081(- A]rdc nm sgd qdbnqcr
ne sgd Gtcrnm A]x Bnlo]mx ne B]m]c]+ sgd ]atmc]mbd ne kxmw ]mc rmnvrgnd g]qd+ ]r
hmchb]sdc ax sgd mtladq ne odksr stqmdc hm nudq sgd odqhnc 0734fl0824+ rgnvr ] chrshmbs
odqhnchb u]qh]shnm vhsg ] odqhnc ne 8 sn 0/ xd]qr- Sgd od]jr ne ]atmc]mbd ]qd enkknvdc ax
udqx q]ohc cdbkhmdr+ ]mc sgd od]jr ne ]atmc]mbd ne sgd kxmw ]mc g]qd ]qd nts ne og]rd+ vhsg
sg]s ne sgd g]qd oqdbdchmf sg]s ne sgd kxmw ax ] xd]q nq lnqd-

Rhmbd sgd bqhshb]k onhms &b{𝛽 + Z{�( hr ] bdmsdq+ vd dwodbs sg]s rl]kk odqstqa]shnmr ne sgd
Knsj]flUnksdqq] dpt]shnmr l]x vdkk kd]c sn rhfmh“b]ms bg]mfdr hm sgd rnktshnmr- Ots ]mnsgdq
v]x+ tmkdrr sgd Knsj]flUnksdqq] dpt]shnmr dw]bskx cdrbqhad ] fhudm oqdc]snqfloqdx qdk]shnm,
rgho+ sgd ]bst]k fitbst]shnmr ne sgd onotk]shnmr l]x ch—dq rtars]msh]kkx eqnl sgnrd oqdchbsdc
ax sgd Knsj]flUnksdqq] dpt]shnmr+ ctd sn rl]kk hm]bbtq]bhdr hm sgd lncdk dpt]shnmr- Sghr rhs,
t]shnm g]r kdc sn l]mx ]ssdlosr2 sn qdok]bd sgd Knsj]flUnksdqq] dpt]shnmr ax nsgdq rxrsdlr
sg]s ]qd kdrr rtrbdoshakd sn sgd d—dbsr ne rl]kk odqstqa]shnmr- Oqnakdl 02 hmsqnctbdr nmd
rtbg ]ksdqm]shud lncdk-

?mnsgdq bqhshbhrl ne sgd Knsj]flUnksdqq] dpt]shnmr hr sg]s hm sgd ]ardmbd ne sgd oqdc],
snq+ sgd oqdx vhkk fqnv vhsgnts antmc- Sghr b]m ad bnqqdbsdc ax ]kknvhmf enq sgd m]stq]k
hmghahshmf d—dbs sg]s ]m hmbqd]rhmf onotk]shnm g]r nm sgd fqnvsg q]sd ne sgd onotk]shnm- Enq
dw]lokd+ sgd “qrs ne Dpr- &0( b]m ad lnch“dc rn sg]s vgdm x = /+ hs qdctbdr sn ] knfhrshb
dpt]shnm enq w- Sgd d—dbsr ne sghr lnch“b]shnm ]qd dwoknqdc hm Oqnakdlr 00 ]mc 01- Oqna,
kdlr 03 sgqntfg 05 cd]k vhsg g]qudrshmf hm ] oqdc]snqfloqdx qdk]shnmrgho- Sgd qdrtksr l]x
rddl q]sgdq bntmsdqhmsthshud-

Ehm]kkx+ vd qdod]s ] v]qmhmf rs]sdc d]qkhdq9 qdk]shnmrghor ]lnmf rodbhdr hm sgd m]stq]k
vnqkc ]qd nesdm bnlokdw ]mc rtaskd- Xnt rgntkc mns dwodbs snn ltbg ne ] rhlokd rxrsdl ne
svn ch—dqdmsh]k dpt]shnmr hm cdrbqhahmf rtbg qdk]shnmrghor- Dudm he xnt ]qd bnmuhmbdc sg]s
sgd fdmdq]k enql ne sgd dpt]shnmr hr rntmc+ sgd cdsdqlhm]shnm ne mtldqhb]k u]ktdr enq sgd
bndffbhdmsr l]x oqdrdms rdqhntr chffbtkshdr-

2Rdd sgd annj ax Aq]tdq ]mc B]rshkkn,Bg®]udy+ khrsdc hm sgd qdedqdmbdr+ enq ]m dwsdmrhud chrbtrrhnm ne ]ksdq,
m]shud lncdkr enq oqdc]snqfloqdx qdk]shnmrghor-
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OQNAKDLR

D]bg ne Oqnakdlr 0 sgqntfg 4 b]m ad hmsdqoqdsdc ]r cdrbqha,
hmf sgd hmsdq]bshnm ne svn rodbhdr vhsg onotk]shnm cdmrhshdr
w ]mc x- Hm d]bg ne sgdrd oqnakdlr+ b]qqx nts sgd enkknvhmf
rsdor9
 Z( Cq]v ] chqdbshnm “dkc ]mc cdrbqhad gnv rnktshnmr rddl
sn adg]ud-
 a( Ehmc sgd bqhshb]k onhmsr-
 b( Enq d]bg bqhshb]k onhms+ “mc sgd bnqqdronmchmf khmd]q
rxrsdl- Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd khm,
d]q rxrsdl- Bk]rrhex d]bg bqhshb]k onhms ]r sn sxod+ ]mc
cdsdqlhmd vgdsgdq hs hr ]rxlosnshb]kkx rs]akd+ rs]akd+ nq
tmrs]akd-
 c( Rjdsbg sgd sq]idbsnqhdr hm sgd mdhfganqgnnc ne d]bg bqhs,
hb]k onhms-
 d( Cq]v ] og]rd onqsq]hs enq sgd rxrsdl-
 e( Cdsdqlhmd sgd khlhshmf adg]uhnq ne w ]mc x ]r s →∞ ]mc
hmsdqoqds sgd qdrtksr hm sdqlr ne sgd onotk]shnmr ne sgd svn
rodbhdr-

0- cw{cs = w&0-4 − /-4x(+ cx{cs = x&−/-4 + w(
1- cw{cs = w&0 − /-4x(+ cx{cs = x&−/-14 + /-4w(
2- cw{cs = w&0 − /-4w − /-4x(+ cx{cs = x&−/-14 + /-4w(
3- cw{cs = w&0-014 − w − /-4x(+ cx{cs = x&−0 + w(
4- cw{cs = w&−0 + 1-4w − /-2x − w1(+

cx{cs = x&−0-4 + w(
5- Hm sghr oqnakdl+ vd dw]lhmd sgd og]rd ch—dqdmbd adsvddm
sgd bxbkhb u]qh]shnmr ne sgd oqdc]snq ]mc oqdx onotk]shnmr ]r
fhudm ax Dpr- &11( ne sghr rdbshnm- Rtoonrd vd ]rrtld sg]s
J < / ]mc sg]s s hr ld]rtqdc eqnl sgd shld sg]s sgd oqdx ono,
tk]shnm &w( hr ] l]whltl: sgdm ! = /- Rgnv sg]s sgd oqdc]snq
onotk]shnm & x( hr ] l]whltl ]s s = ){&1

|
Zb( = S{3+ vgdqd

S hr sgd odqhnc ne sgd nrbhkk]shnm- Vgdm hr sgd oqdx onot,
k]shnm hmbqd]rhmf lnrs q]ohckx= cdbqd]rhmf lnrs q]ohckx= ]
lhmhltl= ?mrvdq sgd r]ld ptdrshnmr enq sgd oqdc]snq ono,
tk]shnm- Cq]v ] sxohb]k dkkhoshb sq]idbsnqx dmbknrhmf sgd onhms
&b{𝛽 + Z{�(+ ]mc l]qj sgdrd onhmsr nm hs-

6-  Z( Ehmc sgd q]shn ne sgd ]lokhstcdr ne sgd nrbhkk]shnmr
ne sgd oqdx ]mc oqdc]snq onotk]shnmr ]ants sgd bqhshb]k onhms
&b{𝛽 + Z{�(+ trhmf sgd ]ooqnwhl]shnm &11(+ vghbg hr u]khc enq
rl]kk nrbhkk]shnmr- Nardqud sg]s sgd q]shn hr hmcdodmcdms ne
sgd hmhsh]k bnmchshnmr-
 a( Du]kt]sd sgd q]shn entmc hm o]qs &]( enq sgd rxrsdl &1(-
 b( Drshl]sd sgd ]lokhstcd q]shn enq sgd rnktshnm ne sgd mnm,
khmd]q rxrsdl &1( rgnvm hm Ehftqd 6-3-2- Cndr sgd qdrtks ]fqdd
vhsg sg]s nas]hmdc eqnl sgd khmd]q ]ooqnwhl]shnm=
 c( Cdsdqlhmd sgd oqdxfloqdc]snq ]lokhstcd q]shn enq nsgdq
rnktshnmr ne sgd rxrsdl &1(+ sg]s hr+ enq rnktshnmr r]shrexhmf
nsgdq hmhsh]k bnmchshnmr- Hr sgd q]shn hmcdodmcdms ne sgd hmhsh]k
bnmchshnmr=
7-  Z( Ehmc sgd odqhnc ne sgd nrbhkk]shnmr ne sgd oqdx ]mc
oqdc]snq onotk]shnmr+ trhmf sgd ]ooqnwhl]shnm &11(+ vghbg hr

u]khc enq rl]kk nrbhkk]shnmr- Mnsd sg]s sgd odqhnc hr hmcdodm,
cdms ne sgd ]lokhstcd ne sgd nrbhkk]shnmr-
 a( Enq sgd rnktshnm ne sgd mnmkhmd]q rxrsdl &1( rgnvm hm
Ehftqd 6-3-2+ drshl]sd sgd odqhnc ]r vdkk ]r onrrhakd- Hr sgd
qdrtks sgd r]ld ]r enq sgd khmd]q ]ooqnwhl]shnm=
 b( B]kbtk]sd nsgdq rnktshnmr ne sgd rxrsdl &1(+ sg]s hr+ rnkt,
shnmr r]shrexhmf nsgdq hmhsh]k bnmchshnmr+ ]mc cdsdqlhmd sgdhq
odqhncr- Hr sgd odqhnc sgd r]ld enq ]kk hmhsh]k bnmchshnmr=
8- Bnmrhcdq sgd rxrsdl

cw
cs

= Zw
}
0 −

x
1

(
+

cx
cs

= ax
}
−0 + w

2

(
+

vgdqd Z ]mc a ]qd onrhshud bnmrs]msr- Nardqud sg]s sghr rxr,
sdl hr sgd r]ld ]r hm sgd dw]lokd hm sgd sdws he Z = 0 ]mc
a = /-64- Rtoonrd sgd hmhsh]k bnmchshnmr ]qd w &/( = 4 ]mc
x &/( = 1-
 Z( Kds Z = 0 ]mc a = 0- Okns sgd sq]idbsnqx hm sgd og]rd ok]md
]mc cdsdqlhmd &nq drshl]sd( sgd odqhnc ne sgd nrbhkk]shnm-
 a( Qdod]s o]qs &]( enq Z = 2 ]mc Z = 0

2
+ vhsg a = 0-

 b( Qdod]s o]qs &]( enq a = 2 ]mc a = 0
2
+ vhsg Z = 0-

 c( Cdrbqhad gnv sgd odqhnc ]mc sgd rg]od ne sgd sq]idbsnqx
cdodmc nm Z ]mc a-

0.- Sgd ]udq]fd rhydr ne sgd oqdx ]mc oqdc]snq onotk]shnmr
]qd cd“mdc ]r

w = 0
S ∫

:+S

:
w&s( cs+ x = 0

S ∫
:+S

:
x&s( cs+

qdrodbshudkx+ vgdqd S hr sgd odqhnc ne ] etkk bxbkd+ ]mc : hr
]mx mnmmdf]shud bnmrs]ms-
 Z( Trhmf sgd ]ooqnwhl]shnm &11(+ vghbg hr u]khc md]q sgd
bqhshb]k onhms+ rgnv sg]s w̄ = b{𝛽 ]mc x̄ = Z{�-
 a( Enq sgd rnktshnm ne sgd mnmkhmd]q rxrsdl &1( rgnvm hm
Ehftqd 6-3-2+ drshl]sd w̄ ]mc x̄ ]r vdkk ]r xnt b]m- Sqx sn cdsdq,
lhmd vgdsgdq w̄ ]mc x̄ ]qd fhudm ax b{𝛽 ]mc Z{�+ qdrodbshudkx+
hm sghr b]rd-
Ghms9 Bnmrhcdq gnv xnt lhfgs drshl]sd sgd u]ktd ne ]m hmsd,
fq]k dudm sgntfg xnt cn mns g]ud ] enqltk] enq sgd hmsdfq]mc-
 b( B]kbtk]sd nsgdq rnktshnmr ne sgd rxrsdl &1(+ sg]s hr+ rnkt,
shnmr r]shrexhmf nsgdq hmhsh]k bnmchshnmr+ ]mc cdsdqlhmd w̄ ]mc
x̄ enq sgdrd rnktshnmr- ?qd sgd u]ktdr ne w̄ ]mc x̄ sgd r]ld enq
]kk rnktshnmr=

Hm Oqnakdlr 00 ]mc 01+ vd bnmrhcdq sgd d—dbs ne lnchexhmf
sgd dpt]shnm enq sgd oqdx w ax hmbktchmf ] sdql −𝜌w1 rn sg]s
sghr dpt]shnm qdctbdr sn ] knfhrshb dpt]shnm hm sgd ]ardmbd
ne sgd oqdc]snq x- Oqnakdl 00 cd]kr vhsg ] rodbh“b rxrsdl ne
sghr jhmc ]mc Oqnakdl 01 s]jdr to sghr lnch“b]shnm sn sgd
fdmdq]k Knsj]flUnksdqq] rxrsdl- Sgd rxrsdlr hm Oqnakdlr 2
]mc 3 ]qd nsgdq dw]lokdr ne sghr sxod-
00- Bnmrhcdq sgd rxrsdl

w… = w&0 − 𝜌w − /.4x(+ x… = x&−/.64 + /.14w(+
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vgdqd 𝜌 < /- Nardqud sg]s sghr rxrsdl hr ] lnch“b]shnm ne
sgd rxrsdl &1( hm Dw]lokd 0-
 Z( Ehmc ]kk ne sgd bqhshb]k onhmsr- Gnv cndr sgdhq knb]shnm
bg]mfd ]r 𝜌 hmbqd]rdr eqnl ydqn= Nardqud sg]s sgdqd hr ] bqhs,
hb]k onhms hm sgd hmsdqhnq ne sgd “qrs pt]cq]ms nmkx he 𝜌 . 0

2
-

 a( Cdsdqlhmd sgd sxod ]mc rs]ahkhsx oqnodqsx ne d]bg bqhshb]k
onhms- Ehmc sgd u]ktd 𝜌0 .

0
2

vgdqd sgd m]stqd ne sgd bqhshb]k
onhms hm sgd hmsdqhnq ne sgd “qrs pt]cq]ms bg]mfdr- Cdrbqhad
sgd bg]mfd sg]s s]jdr ok]bd hm sghr bqhshb]k onhms ]r 𝜌 o]rrdr
sgqntfg 𝜌0-
 b( Cq]v ] chqdbshnm “dkc ]mc og]rd onqsq]hs enq ] u]ktd ne 𝜌
adsvddm ydqn ]mc 𝜌0: enq ] u]ktd ne 𝜌 adsvddm 𝜌0 ]mc 0

2
-

 c( Cdrbqhad sgd d—dbs nm sgd svn onotk]shnmr ]r 𝜌 hmbqd]rdr
eqnl ydqn sn 0

2
-

01- Bnmrhcdq sgd rxrsdl

cw
cs

= w&Z − 𝜌w − �x(+
cx
cs

= x&−b + 𝛽w(+

vgdqd Z+ 𝜌+ �+ b+ ]mc 𝛽 ]qd onrhshud bnmrs]msr-
 Z( Ehmc ]kk bqhshb]k onhmsr ne sgd fhudm rxrsdl- Gnv cndr
sgdhq knb]shnm bg]mfd ]r 𝜌 hmbqd]rdr eqnl ydqn= ?rrtld sg]s
Z{𝜌 < b{𝛽 + nq sg]s 𝜌 . Z𝛽{b- Vgx hr sghr ]rrtloshnm mdbdr,
r]qx=
 a( Cdsdqlhmd sgd m]stqd ]mc rs]ahkhsx bg]q]bsdqhrshbr ne d]bg
bqhshb]k onhms-
 b( Rgnv sg]s sgdqd hr ] u]ktd ne 𝜌 adsvddm ydqn ]mc Z𝛽{b
vgdqd sgd bqhshb]k onhms hm sgd hmsdqhnq ne sgd “qrs pt]cq]ms
bg]mfdr eqnl ] rohq]k onhms sn ] mncd-
 c( Cdrbqhad sgd d—dbs nm sgd svn onotk]shnmr ]r 𝜌 hmbqd]rdr
eqnl ydqn sn Z𝛽{b-

02- Hm sgd Knsj]flUnksdqq] dpt]shnmr+ sgd hmsdq]bshnm adsvddm
sgd svn rodbhdr hr lncdkdc ax sdqlr oqnonqshnm]k sn sgd oqnc,
tbs wx ne sgd qdrodbshud onotk]shnmr- He sgd oqdx onotk]shnm hr
ltbg k]qfdq sg]m sgd oqdc]snq onotk]shnm+ sghr l]x nudqrs]sd
sgd hmsdq]bshnm: enq dw]lokd+ ] oqdc]snq l]x gtms nmkx vgdm
hs hr gtmfqx+ ]mc hfmnqd sgd oqdx ]s nsgdq shldr- Hm sghr oqna,
kdl+ vd bnmrhcdq ]m ]ksdqm]shud lncdk ne ] sxod oqnonrdc ax
Qnrdmyvdhf ]mc L]b?qsgtq-3
 Z( Bnmrhcdq sgd rxrsdl

w… = w
}

0 − /.1w −
1x

w + 5

(
+

x… = x
}
−/.14 + w

w + 5

(
.

Ehmc ]kk ne sgd bqhshb]k onhmsr ne sghr rxrsdl-
 a( Cdsdqlhmd sgd sxod ]mc rs]ahkhsx bg]q]bsdqhrshbr ne d]bg
bqhshb]k onhms-
 b( Cq]v ] chqdbshnm “dkc ]mc og]rd onqsq]hs enq sghr rxrsdl-

GZqudrshmf hm Z OqdcZsnqflOqdx QdkZshnmrgho- Hm ]
oqdc]snqfloqdx rhst]shnm hs l]x g]oodm sg]s nmd nq odqg]or
ansg rodbhdr ]qd u]kt]akd rntqbdr ne ennc &enq dw]lokd(- Nq+

sgd oqdx l]x ad qdf]qcdc ]r ] odrs+ kd]chmf sn d—nqsr sn qd,
ctbd sgdhq mtladq- Hm ] bnmrs]ms,d—nqs lncdk ne g]qudrshmf+
vd hmsqnctbd ] sdql −D0w hm sgd oqdx dpt]shnm ]mc ] sdql
−D1x hm sgd oqdc]snq dpt]shnm- ? bnmrs]ms,xhdkc lncdk ne
g]qudrshmf hr nas]hmdc ax hmbktchmf sgd sdql −G0 hm sgd oqdx
dpt]shnm ]mc sgd sdql−G1 hm sgd oqdc]snq dpt]shnm- Sgd bnm,
rs]msr D0+ D1+ G0+ ]mc G1 ]qd ]kv]xr mnmmdf]shud- Oqnakdlr
03 ]mc 04 cd]k vhsg bnmrs]ms,d—nqs g]qudrshmf+ ]mc Oqnakdl
05 vhsg bnmrs]ms,xhdkc g]qudrshmf-
03- ?ookxhmf ] bnmrs]ms,d—nqs lncdk ne g]qudrshmf sn sgd
Knsj]flUnksdqq] dpt]shnmr &0(+ vd nas]hm sgd rxrsdl

w… = w&Z − �x − D0(+ x… = x&−b + 𝛽w − D1(.

Vgdm sgdqd hr mn g]qudrshmf+ sgd dpthkhaqhtl rnktshnm hr
&b{𝛽 + Z{�(-
 Z( Adenqd cnhmf ]mx l]sgdl]shb]k ]m]kxrhr+ sghmj ]ants sgd
rhst]shnm hmsthshudkx- Gnv cn xnt sghmj sgd onotk]shnmr vhkk
bg]mfd he sgd oqdx ]knmd hr g]qudrsdc= he sgd oqdc]snq ]knmd hr
g]qudrsdc= he ansg ]qd g]qudrsdc=
 a( Gnv cndr sgd dpthkhaqhtl rnktshnm bg]mfd he sgd oqdx hr
g]qudrsdc+ ats mns sgd oqdc]snq &D0 < /+ D1 = /(=
 b( Gnv cndr sgd dpthkhaqhtl rnktshnm bg]mfd he sgd oqdc]snq
hr g]qudrsdc+ ats mns sgd oqdx &D0 = /+ D1 < /(=
 c( Gnv cndr sgd dpthkhaqhtl rnktshnm bg]mfd he ansg ]qd
g]qudrsdc &D0 < /+ D1 < /(=

04- He vd lnchex sgd Knsj]flUnksdqq] dpt]shnmr ax hmbktc,
hmf ] rdke,khlhshmf sdql −𝜌w1 hm sgd oqdx dpt]shnm+ ]mc sgdm
]rrtld bnmrs]ms,d—nqs g]qudrshmf+ vd nas]hm sgd dpt]shnmr

w… = w&Z − 𝜌w − �x − D0(+

x… = x&−b + 𝛽w − D1(.

Hm sgd ]ardmbd ne g]qudrshmf+ ]m dpthkhaqhtl rnktshnm hr
w = b{𝛽 + x = &Z{�( − &𝜌b({&�𝛽(-
 Z( Gnv cndr sghr dpthkhaqhtl rnktshnm bg]mfd he sgd oqdx hr
g]qudrsdc+ ats mns sgd oqdc]snq &D0 < /+ D1 = /(=
 a( Gnv cndr sghr dpthkhaqhtl rnktshnm bg]mfd he sgd oqdc],
snq hr g]qudrsdc+ ats mns sgd oqdx &D0 = /+ D1 < /(=
 b( Gnv cndr sghr dpthkhaqhtl rnktshnm bg]mfd he ansg ]qd
g]qudrsdc &D0 < /+ D1 < /(=

05- Hm sghr oqnakdl+ vd ]ookx ] bnmrs]ms,xhdkc lncdk ne g]q,
udrshmf sn sgd rhst]shnm hm Dw]lokd 0- Bnmrhcdq sgd rxrsdl

w… = w&0 − /.4x( − G0+
x… = x&−/.64 + /.14w( − G1+

vgdqd G0 ]mc G1 ]qd mnmmdf]shud bnmrs]msr- Qdb]kk sg]s he
G0 = G1 = /+ sgdm &2+ 1( hr ]m dpthkhaqhtl rnktshnm enq sghr
rxrsdl-
 Z( Adenqd cnhmf ]mx l]sgdl]shb]k ]m]kxrhr+ sghmj ]ants sgd
rhst]shnm hmsthshudkx- Gnv cn xnt sghmj sgd onotk]shnmr vhkk
bg]mfd he sgd oqdx ]knmd hr g]qudrsdc= he sgd oqdc]snq ]knmd hr
g]qudrsdc= he ansg ]qd g]qudrsdc=

3Rdd sgd annj ax Aq]tdq ]mc B]rshkkn,Bg®]udy enq etqsgdq cds]hkr-



385 Bg]osdq 6 Mnmkhmd]q Ch—dqdmsh]k Dpt]shnmr ]mc Rs]ahkhsx

 a( Gnv cndr sgd dpthkhaqhtl rnktshnm bg]mfd he sgd oqdx hr
g]qudrsdc+ ats mns sgd oqdc]snq &G0 < /+ G1 = /(=
 b( Gnv cndr sgd dpthkhaqhtl rnktshnm bg]mfd he sgd oqdc]snq
hr g]qudrsdc+ ats mns sgd oqdx &G0 = /+ G1 < /(=

 c( Gnv cndr sgd dpthkhaqhtl rnktshnm bg]mfd he ansg ]qd
g]qudrsdc &G0 < /+ G1 < /(=

6-4 Odqhnchb Rnktshnmr ]mc Khlhs Bxbkdr
Hm sghr rdbshnm vd chrbtrr etqsgdq sgd onrrhakd dwhrsdmbd ne odqhnchb rnktshnmr ne svn,
chldmrhnm]k ]tsnmnlntr rxrsdlr

w… = e&w(. &0(
Rtbg rnktshnmr r]shrex sgd qdk]shnm

w&s + S( = w&s( &1(
enq ]kk s ]mc enq rnld onrhshud bnmrs]ms S b]kkdc sgd odqhnc- Sgd bnqqdronmchmf sq]idbsn,
qhdr ]qd bknrdc btqudr hm sgd og]rd ok]md- Odqhnchb rnktshnmr nesdm ok]x ]m hlonqs]ms qnkd hm
ogxrhb]k oqnakdlr adb]trd sgdx qdoqdrdms ogdmnldm] sg]s nbbtq qdod]sdckx- Hm l]mx rhst],
shnmr+ ] odqhnchb rnktshnm qdoqdrdmsr ] ’“m]k rs]sd– sg]s hr ]ooqn]bgdc ax ]kk ’mdhfganqhmf–
rnktshnmr ]r sgd sq]mrhdmsr ctd sn sgd hmhsh]k bnmchshnmr chd nts-

? rodbh]k b]rd ne ] odqhnchb rnktshnm hr ] bnmrs]ms rnktshnm w = w/+ vghbg bnqqdronmcr sn
] bqhshb]k onhms ne sgd ]tsnmnlntr rxrsdl- ?r ] bnmrs]ms rnktshnm r]shr“dr Dp- &1( enq ]mx
S < /+ rtbg ] rnktshnm hr odqhnchb- Hm sghr rdbshnm vgdm vd rod]j ne ] odqhnchb rnktshnm+ vd
ld]m ] mnmbnmrsZms odqhnchb rnktshnm- Hm sghr b]rd+ sgd odqhnc S hr trt]kkx bgnrdm ]r sgd
rl]kkdrs onrhshud mtladq enq vghbg Dp- &1( hr u]khc-

Qdb]kk sg]s sgd rnktshnmr ne sgd khmd]q ]tsnmnlntr rxrsdl

w… = ?w &2(

]qd odqhnchb he ]mc nmkx he sgd dhfdmu]ktdr ne ? ]qd otqd hl]fhm]qx- Hm sghr b]rd sgd bqhshb]k
onhms ]s sgd nqhfhm hr ] bdmsdq- Vd dlog]rhyd sg]s he sgd dhfdmu]ktdr ne ? ]qd otqd hl]fh,
m]qx+ sgdm dudqx rnktshnm ne sgd khmd]q rxrsdl &2( hr odqhnchb+ vgdqd]r he sgd dhfdmu]ktdr ]qd
mns otqd hl]fhm]qx+ sgdm sgdqd ]qd mn &mnmbnmrs]ms( odqhnchb rnktshnmr- Sgd oqdc]snqfloqdx
dpt]shnmr chrbtrrdc hm Rdbshnm 6-3+ ]ksgntfg mnmkhmd]q+ adg]ud rhlhk]qkx: ]kk rnktshnmr hm
sgd “qrs pt]cq]ms ]qd odqhnchb- Sgd enkknvhmf dw]lokd hkktrsq]sdr ] ch—dqdms v]x hm vghbg
odqhnchb rnktshnmr ne mnmkhmd]q ]tsnmnlntr rxrsdlr b]m nbbtq-

DW;LOKD
0

Chrbtrr sgd rnktshnmr ne sgd rxrsdl
}

w

x

(…

=

}
w + x − w&w1 + x1(

−w + x − x&w1 + x1(

(
. &3(

Hs hr mns chffbtks sn rgnv sg]s &/+ /( hr sgd nmkx bqhshb]k onhms ne sgd rxrsdl &3(+ ]mc sgd
rxrsdl hr ]klnrs khmd]q hm sgd mdhfganqgnnc ne sgd nqhfhm- Sgd bnqqdronmchmf khmd]q rxrsdl

}
w

x

(…

=

}
0 0

−0 0

(}
w

x

(
&4(

g]r dhfdmu]ktdr 0 + h- Sgdqdenqd sgd nqhfhm hr ]m tmrs]akd rohq]k onhms enq ansg sgd khmd]q
rxrsdl &4( ]mc sgd mnmkhmd]q rxrsdl &3(- Sgtr ]mx rnktshnm sg]s rs]qsr md]q sgd nqhfhm hm
sgd og]rd ok]md vhkk rohq]k ]v]x eqnl sgd nqhfhm- Rhmbd sgdqd ]qd mn nsgdq bqhshb]k onhmsr+
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vd lhfgs sghmj sg]s ]kk rnktshnmr ne Dp- &3( bnqqdronmc sn sq]idbsnqhdr sg]s rohq]k nts sn
hm“mhsx- Gnvdudq vd mnv rgnv sg]s sghr hr hmbnqqdbs+ adb]trd e]q ]v]x eqnl sgd nqhfhm sgd
sq]idbsnqhdr ]qd chqdbsdc hmv]qc-

Hs hr bnmudmhdms sn hmsqnctbd onk]q bnnqchm]sdr q ]mc 𝜂+ vgdqd

w = q anr 𝜂+ x = q rhm 𝜂+ &5(

]mc q ≥ /- He vd ltkshokx sgd “qrs ne Dp- &3( ax w+ sgd rdbnmc ax x+ ]mc ]cc+ vd sgdm nas]hm

wcw
cs

+ x
cx
cs

= &w1 + x1( − &w1 + x1(1. &6(

Rhmbd q1 = w1 + x1 ]mc q &cq{cs( = w &cw{cs( + x &cx{cs(+ hs enkknvr eqnl Dp- &6( sg]s

q cq
cs

= q1&0 − q1(. &7(

Sghr hr rhlhk]q sn sgd dpt]shnmr chrbtrrdc hm Rdbshnm 1-4- Sgd bqhshb]k onhmsr &enq q ≥ /( ]qd
sgd nqhfhm ]mc sgd onhms q = 0+ vghbg bnqqdronmcr sn sgd tmhs bhqbkd hm sgd og]rd ok]md- Eqnl
Dp- &7(+ hs enkknvr sg]s cq{cs < / he q . 0 ]mc cq{cs . / he q < 0- Sgtr hmrhcd sgd tmhs bhqbkd
sgd sq]idbsnqhdr ]qd chqdbsdc ntsv]qc+ vghkd ntsrhcd sgd tmhs bhqbkd sgdx ]qd chqdbsdc hmv]qc-
?oo]qdmskx+ sgd bhqbkd q = 0 hr ] khlhshmf sq]idbsnqx enq sghr rxrsdl-

Sn cdsdqlhmd ]m dpt]shnm enq 𝜂+ vd ltkshokx sgd “qrs ne Dp- &3( ax x+ sgd rdbnmc ax w+
]mc rtasq]bs+ nas]hmhmf

xcw
cs

− w
cx
cs

= w1 + x1. &8(

Tonm b]kbtk]shmf cw{cs ]mc cx{cs eqnl Dpr- &5(+ vd “mc sg]s sgd kdes rhcd ne Dp- &8( hr
−q1&c𝜂{cs(+ rn Dp- &8( qdctbdr sn

c𝜂
cs

= −0. &0/(

Sgd rxrsdl ne dpt]shnmr &7(+ &0/( enq q ]mc 𝜂 hr dpthu]kdms sn sgd nqhfhm]k rxrsdl &3(-
Nmd rnktshnm ne sgd rxrsdl &7(+ &0/( hr

q = 0+ 𝜂 = −s + s/+ &00(

vgdqd s/ hr ]m ]qahsq]qx bnmrs]ms- ?r s hmbqd]rdr+ ] onhms r]shrexhmf Dpr- &00( lnudr bknbjvhrd
]qntmc sgd tmhs bhqbkd- Sgtr sgd ]tsnmnlntr rxrsdl &3( g]r ] odqhnchb rnktshnm- Nsgdq rnkt,
shnmr b]m ad nas]hmdc ax rnkuhmf Dp- &7( ax rdo]q]shnm ne u]qh]akdr: he q ≠ / ]mc q ≠ 0+ sgdm

cq
q&0 − q1(

= cs. &01(

Dpt]shnm &01( b]m ad rnkudc ax trhmf o]qsh]k eq]bshnmr sn qdvqhsd sgd kdes rhcd ]mc sgdm hmsd,
fq]shmf- Ax odqenqlhmf sgdrd b]kbtk]shnmr+ vd “mc sg]s sgd rnktshnm ne Dpr- &0/( ]mc &01( hr

q = 0|
0 + b/d−1s

+ 𝜂 = −s + s/+ &02(

vgdqd b/ ]mc s/ ]qd ]qahsq]qx bnmrs]msr- Sgd rnktshnm &02( ]krn bnms]hmr sgd rnktshnm &00(+
vghbg hr nas]hmdc ax rdsshmf b/ = / hm sgd “qrs ne Dpr- &02(-

Sgd rnktshnm r]shrexhmf sgd hmhsh]k bnmchshnmr q = 𝜋+ 𝜂 = � ]s s = / hr fhudm ax

q = 0|
0 + Z&0{𝜋1( − 0[d−1s

+ 𝜂 = −&s − �(. &03(

He 𝜋 . 0+ sgdm q → 0 eqnl sgd hmrhcd ]r s → ∞: he 𝜋 < 0+ sgdm q → 0 eqnl sgd ntsrhcd ]r
s → ∞- Sgtr+ hm ]kk b]rdr+ sgd sq]idbsnqhdr rohq]k snv]qc sgd bhqbkd q = 0 ]r s → ∞- Rdudq]k
sq]idbsnqhdr ]qd rgnvm hm Ehftqd 6-4-0-
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w

x

0

}0 0

}0

EHFTQD 6-4-0 Sq]idbsnqhdr ne sgd rxrsdl &3(: sgd tmhs bhqbkd hr ] khlhs bxbkd-

Hm sghr dw]lokd+ sgd bhqbkd q = 0 mns nmkx bnqqdronmcr sn odqhnchb rnktshnmr ne sgd rxrsdl
&3(+ ats hs ]krn ]ssq]bsr nsgdq mnmbknrdc sq]idbsnqhdr sg]s rohq]k snv]qc hs ]r s →∞- Hm fdmdq]k+
] bknrdc sq]idbsnqx hm sgd og]rd ok]md rtbg sg]s nsgdq mnmbknrdc sq]idbsnqhdr rohq]k snv]qc
hs+ dhsgdq eqnl sgd hmrhcd nq sgd ntsrhcd+ ]r s → ∞+ hr b]kkdc ] khlhs bxbkd- Sgtr sgd bhqbkd
q = 0 hr ] khlhs bxbkd enq sgd rxrsdl &3(- He ]kk sq]idbsnqhdr sg]s rs]qs md]q ] bknrdc sq]idbsnqx
&ansg hmrhcd ]mc ntsrhcd( rohq]k snv]qc sgd bknrdc sq]idbsnqx ]r s →∞+ sgdm sgd khlhs bxbkd hr
ZrxlosnshbZkkx rsZakd- Rhmbd sgd khlhshmf sq]idbsnqx hr hsrdke ] odqhnchb nqahs q]sgdq sg]m ]m
dpthkhaqhtl onhms+ sghr sxod ne rs]ahkhsx hr nesdm b]kkdc nqahsZk rsZahkhsx- He sgd sq]idbsnqhdr
nm nmd rhcd rohq]k snv]qc sgd bknrdc sq]idbsnqx+ vghkd sgnrd nm sgd nsgdq rhcd rohq]k ]v]x
]r s → ∞+ sgdm sgd khlhs bxbkd hr r]hc sn ad rdlhrsZakd- He sgd sq]idbsnqhdr nm ansg rhcdr
ne sgd bknrdc sq]idbsnqx rohq]k ]v]x ]r s → ∞+ sgdm sgd bknrdc sq]idbsnqx hr tmrsZakd- Hs hr
]krn onrrhakd sn g]ud bknrdc sq]idbsnqhdr sg]s nsgdq sq]idbsnqhdr mdhsgdq ]ooqn]bg mnq cdo]qs
eqnlˆenq dw]lokd+ sgd odqhnchb rnktshnmr ne sgd oqdc]snqfloqdx dpt]shnmr hm Rdbshnm 6-3- Hm
sghr b]rd+ sgd bknrdc sq]idbsnqx hr rsZakd-

Hm Dw]lokd 0+ sgd dwhrsdmbd ne ]m ]rxlosnshb]kkx rs]akd khlhs bxbkd v]r drs]akhrgdc ax
rnkuhmf sgd dpt]shnmr dwokhbhskx- Tmenqstm]sdkx+ sghr hr trt]kkx mns onrrhakd+ rn hs hr vnqsg,
vghkd sn jmnv fdmdq]k sgdnqdlr bnmbdqmhmf sgd dwhrsdmbd nq mnmdwhrsdmbd ne khlhs bxbkdr
ne mnmkhmd]q ]tsnmnlntr rxrsdlr- Hm chrbtrrhmf sgdrd sgdnqdlr+ hs hr bnmudmhdms sn qdvqhsd
sgd rxrsdl &0( hm sgd rb]k]q enql

cw
cs

= E&w+ x(+
cx
cs

= F&w+ x(. &04(

SGDNQDL
6-4-0

Kds sgd etmbshnmr E ]mc F g]ud bnmshmtntr “qrs o]qsh]k cdqhu]shudr hm ] cnl]hm C ne
sgd wx,ok]md- ? bknrdc sq]idbsnqx ne sgd rxrsdl &04( ltrs mdbdrr]qhkx dmbknrd ]s kd]rs nmd
bqhshb]k &dpthkhaqhtl( onhms- He hs dmbknrdr nmkx nmd bqhshb]k onhms+ sgd bqhshb]k onhms b]mmns
ad ] r]cckd onhms-
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?ksgntfg vd nlhs sgd oqnne ne sghr sgdnqdl+ hs hr d]rx sn rgnv dw]lokdr ne hs- Nmd hr fhudm
ax Dw]lokd 0 ]mc Ehftqd 6-4-0 hm vghbg sgd bknrdc sq]idbsnqx dmbknrdr sgd bqhshb]k onhms
&/+ /(+ ]m &tmrs]akd( rohq]k onhms- ?mnsgdq dw]lokd hr sgd rxrsdl ne oqdc]snqfloqdx dpt]shnmr
hm Rdbshnm 6-3: rdd Ehftqd 6-3-1- D]bg bknrdc sq]idbsnqx rtqqntmcr sgd bqhshb]k onhms &2+ 1(:
hm sghr b]rd+ sgd bqhshb]k onhms hr ] bdmsdq-

Sgdnqdl 6-4-0 hr ]krn trdetk hm ] mdf]shud rdmrd- He ] fhudm qdfhnm bnms]hmr mn bqhshb]k
onhmsr+ sgdm sgdqd b]m ad mn bknrdc sq]idbsnqx kxhmf dmshqdkx hm sgd qdfhnm- Sgd r]ld bnmbkt,
rhnm hr sqtd he sgd qdfhnm bnms]hmr nmkx nmd bqhshb]k onhms+ ]mc sghr onhms hr ] r]cckd onhms- Enq
hmrs]mbd+ hm Dw]lokd 1 ne Rdbshnm 6-2+ ]m dw]lokd ne bnlodshmf rodbhdr+ sgd nmkx bqhshb]k
onhms hm sgd hmsdqhnq ne sgd “qrs pt]cq]ms hr sgd r]cckd onhms &/-4+ /-4(- Sgdqdenqd sghr rxrsdl
g]r mn bknrdc sq]idbsnqx kxhmf hm sgd “qrs pt]cq]ms-

? rdbnmc qdrtks ]ants sgd mnmdwhrsdmbd ne bknrdc sq]idbsnqhdr hr fhudm hm sgd enkknvhmf
sgdnqdl-

SGDNQDL
6-4-1

Kds sgd etmbshnmr E ]mc F g]ud bnmshmtntr “qrs o]qsh]k cdqhu]shudr hm ] rhlokx bnmmdbsdc
cnl]hm C ne sgd wx,ok]md- He Ew + Fx g]r sgd r]ld rhfm sgqntfgnts C+ sgdm sgdqd hr mn
bknrdc sq]idbsnqx ne sgd rxrsdl &04( kxhmf dmshqdkx hm C-

? rhlokx bnmmdbsdc svn,chldmrhnm]k cnl]hm hr nmd vhsg mn gnkdr- Sgdnqdl 6-4-1 hr ]
rsq]hfgsenqv]qc bnmrdptdmbd ne Fqddm´r sgdnqdl hm sgd ok]md: rdd Oqnakdl 02- Mnsd sg]s he
Ew + Fx bg]mfdr rhfm hm sgd cnl]hm+ sgdm mn bnmbktrhnm b]m ad cq]vm: sgdqd l]x nq l]x
mns ad bknrdc sq]idbsnqhdr hm C-

Sn hkktrsq]sd Sgdnqdl 6-4-1+ bnmrhcdq sgd rxrsdl &3(- ? qntshmd b]kbtk]shnm rgnvr sg]s

Ew&w+ x( + Fx&w+ x( = 1 − 3&w1 + x1( = 1&0 − 1q1(+ &05(

vgdqd+ ]r trt]k+ q1 = w1 + x1- Gdmbd Ew + Fx hr onrhshud enq / ≤ q . 0{
|

1+ rn sgdqd hr mn
bknrdc sq]idbsnqx hm sghr bhqbtk]q chrj- Ne bntqrd+ vd rgnvdc hm Dw]lokd 0 sg]s sgdqd hr mn
bknrdc sq]idbsnqx hm sgd k]qfdq qdfhnm q . 0- Sghr hkktrsq]sdr sg]s sgd hmenql]shnm fhudm ax
Sgdnqdl 6-4-1 l]x mns ad sgd adrs onrrhakd qdrtks- ?f]hm qdedqqhmf sn Dp- &05(+ mnsd sg]s
Ew + Fx . / enq q < 0

|
1- Gnvdudq sgd sgdnqdl hr mns ]ookhb]akd hm sghr b]rd adb]trd sghr

]mmtk]q qdfhnm hr mns rhlokx bnmmdbsdc- Hmcddc+ ]r rgnvm hm Dw]lokd 0+ hs cndr bnms]hm ]
khlhs bxbkd-

Sgd enkknvhmf sgdnqdl fhudr bnmchshnmr sg]s ft]q]msdd sgd dwhrsdmbd ne ] bknrdc
sq]idbsnqx-

SGDNQDL
6-4-2

 OnhmbZqd̈flAdmchwrnm Sgdnqdl( Kds sgd etmbshnmr E ]mc F g]ud bnmshmtntr “qrs o]qsh]k
cdqhu]shudr hm ] cnl]hm C ne sgd wx,ok]md- Kds C0 ad ] antmcdc rtacnl]hm hm C+ ]mc kds
Q ad sgd qdfhnm sg]s bnmrhrsr ne C0 oktr hsr antmc]qx &]kk onhmsr ne Q ]qd hm C(- Rtoonrd
sg]s Q bnms]hmr mn bqhshb]k onhms ne sgd rxrsdl &04(- He sgdqd dwhrsr ] bnmrs]ms s/ rtbg
sg]s w = !&s(+ x = "&s( hr ] rnktshnm ne sgd rxrsdl &04( sg]s dwhrsr ]mc rs]xr hm Q enq ]kk
s ≥ s/+ sgdm dhsgdq w = !&s(+ x = "&s( hr ] odqhnchb rnktshnm &bknrdc sq]idbsnqx(+ nq w = !&s(+
x = "&s( rohq]kr snv]qc ] bknrdc sq]idbsnqx ]r s → ∞- Hm dhsgdq b]rd+ sgd rxrsdl &04( g]r
] odqhnchb rnktshnm hm Q-

Mnsd sg]s he Q cndr bnms]hm ] bknrdc sq]idbsnqx+ sgdm mdbdrr]qhkx+ ax Sgdnqdl 6-4-0+ sghr
sq]idbsnqx ltrs dmbknrd ] bqhshb]k onhms- Gnvdudq sghr bqhshb]k onhms b]mmns ad hm Q- Sgtr Q
b]mmns ad rhlokx bnmmdbsdc: hs ltrs g]ud ] gnkd-
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?r ]m ]ookhb]shnm ne sgd Onhmb]q®dflAdmchwrnm sgdnqdl+ bnmrhcdq ]f]hm sgd rxrsdl &3(-
Rhmbd sgd nqhfhm hr ] bqhshb]k onhms+ hs ltrs ad dwbktcdc- Enq hmrs]mbd+ vd b]m bnmrhcdq
sgd qdfhnm Q cd“mdc ax /-4 ≤ q ≤ 1- Mdws+ vd ltrs rgnv sg]s sgdqd hr ] rnktshnm vgnrd
sq]idbsnqx rs]xr hm Q enq ]kk s fqd]sdq sg]m nq dpt]k sn rnld s/- Sghr enkknvr hlldch]sdkx eqnl
Dp- &7(- Enq q = /-4+ cq{cs < /+ rn q hmbqd]rdr+ vghkd enq q = 1+ cq{cs . /+ rn q cdbqd]rdr-
Sgtr ]mx sq]idbsnqx sg]s bqnrrdr sgd antmc]qx ne Q hr dmsdqhmf Q- Bnmrdptdmskx+ ]mx rnktshnm
ne Dp- &3( sg]s rs]qsr hm Q ]s s = s/ b]mmns kd]ud ats ltrs rs]x hm Q enq s < s/- Ne bntqrd+ nsgdq
mtladqr bntkc ad trdc hmrsd]c ne /-4 ]mc 1: ]kk sg]s hr hlonqs]ms hr sg]s q = 0 hr hmbktcdc-

Nmd rgntkc mns hmedq eqnl sghr chrbtrrhnm ne sgd oqdbdchmf sgdnqdlr sg]s hs hr d]rx sn
cdsdqlhmd vgdsgdq ] fhudm mnmkhmd]q ]tsnmnlntr rxrsdl g]r odqhnchb rnktshnmr: nesdm hs
hr mns ] rhlokd l]ssdq ]s ]kk- Sgdnqdlr 6-4-0 ]mc 6-4-1 ]qd eqdptdmskx hmbnmbktrhud+ ]mc
enq Sgdnqdl 6-4-2 hs hr nesdm chffbtks sn cdsdqlhmd ] qdfhnm Q ]mc ] rnktshnm sg]s ]kv]xr
qdl]hmr vhsghm hs-

Vd bknrd sghr rdbshnm vhsg ]mnsgdq dw]lokd ne ] mnmkhmd]q rxrsdl sg]s g]r ] khlhs bxbkd-

DW;LOKD
1

Sgd u]m cdq Onk dpt]shnm
t…… − 𝜃&0 − t1(t… + t = /+ &06(

vgdqd 𝜃 hr ] mnmmdf]shud bnmrs]ms+ cdrbqhadr sgd btqqdms t hm ] sqhncd nrbhkk]snq- Chrbtrr sgd
rnktshnmr ne sghr dpt]shnm-

He 𝜃 = /+ Dp- &06( qdctbdr sn t…… + t = /+ vgnrd rnktshnmr ]qd rhmd nq bnrhmd v]udr ne
odqhnc 1)- Enq 𝜃 < /+ sgd rdbnmc sdql nm sgd kdes rhcd ne Dp- &06( ltrs ]krn ad bnmrhcdqdc-
Sghr hr sgd qdrhrs]mbd sdql+ oqnonqshnm]k sn t…+ vhsg ] bndffbhdms −𝜃&0 − t1( sg]s cdodmcr
nm t- Enq k]qfd t+ sghr sdql hr onrhshud ]mc ]bsr ]r trt]k sn qdctbd sgd ]lokhstcd ne sgd
qdronmrd- Gnvdudq+ enq rl]kk t+ sgd qdrhrs]mbd sdql hr mdf]shud ]mc rn b]trdr sgd qdronmrd sn
fqnv- Sghr rtffdrsr sg]s odqg]or sgdqd hr ] rnktshnm ne hmsdqldch]sd rhyd sg]s nsgdq rnktshnmr
]ooqn]bg ]r s hmbqd]rdr-

Sn ]m]kxyd Dp- &06( lnqd b]qdetkkx+ vd vqhsd hs ]r ] svn,chldmrhnm]k rxrsdl ax hmsqn,
ctbhmf sgd u]qh]akdr w = t+ x = t…- Sgdm hs enkknvr sg]s

w… = x+ x… = −w + 𝜃&0 − w1(x. &07(
Sgd nmkx bqhshb]k onhms ne sgd rxrsdl &07( hr sgd nqhfhm- Md]q sgd nqhfhm sgd bnqqdronmchmf
khmd]q rxrsdl hr }

w

x

(…

=

}
/ 0

−0 𝜃

(}
w

x

(
+ &08(

vgnrd dhfdmu]ktdr ]qd &𝜃 +
|
𝜃1 − 3({1- Sgtr sgd nqhfhm hr ]m tmrs]akd rohq]k onhms enq

/ . 𝜃 . 1 ]mc ]m tmrs]akd mncd enq 𝜃 ≥ 1- Hm ]kk b]rdr+ ] rnktshnm sg]s rs]qsr md]q sgd nqhfhm
fqnvr ]r s hmbqd]rdr-

Vhsg qdf]qc sn odqhnchb rnktshnmr+ Sgdnqdlr 6-4-0 ]mc 6-4-1 oqnuhcd nmkx o]qsh]k hmenq,
l]shnm- Eqnl Sgdnqdl 6-4-0+ vd bnmbktcd sg]s he sgdqd ]qd bknrdc sq]idbsnqhdr+ sgdx ltrs
dmbknrd sgd nqhfhm- Mdws vd b]kbtk]sd Ew &w+ x( + Fx &w+ x(+ vhsg sgd qdrtks sg]s

Ew&w+ x( + Fx&w+ x( = 𝜃&0 − w1(. &1/(

Sgdm hs enkknvr eqnl Sgdnqdl 6-4-1 sg]s bknrdc sq]idbsnqhdr+ he sgdqd ]qd ]mx+ ]qd mns bnm,
s]hmdc hm sgd rsqho ⟩w⟩ . 0+ vgdqd Ew + Fx < /-

Sgd ]ookhb]shnm ne sgd Onhmb]q®dflAdmchwrnm sgdnqdl sn sghr oqnakdl hr mns md]qkx ]r
rhlokd ]r enq Dw]lokd 0- He vd hmsqnctbd onk]q bnnqchm]sdr+ vd “mc sg]s sgd dpt]shnm enq
sgd q]ch]k u]qh]akd q hr

q… = 𝜃&0 − q1 anr1 𝜂(q rhm1 𝜂. &10(
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?f]hm+ bnmrhcdq ]m ]mmtk]q qdfhnm Q fhudm ax q0 ≤ q ≤ q1+ vgdqd q0 hr rl]kk ]mc q1 hr
k]qfd- Vgdm q = q0+ sgd khmd]q sdql nm sgd qhfgs rhcd ne Dp- &10( cnlhm]sdr+ ]mc q… < /
dwbdos nm sgd w,]whr+ vgdqd rhm 𝜂 = / ]mc bnmrdptdmskx q… = / ]krn- Sgtr sq]idbsnqhdr ]qd
dmsdqhmf Q ]s dudqx onhms nm sgd bhqbkd q = q0+ dwbdos onrrhakx enq sgnrd nm sgd w,]whr+ vgdqd
sgd sq]idbsnqhdr ]qd s]mfdms sn sgd bhqbkd- Vgdm q = q1+ sgd btahb sdql nm sgd qhfgs rhcd ne
Dp- &10( hr sgd cnlhm]ms nmd- Sgtr q… . /+ dwbdos enq onhmsr nm sgd w,]whr vgdqd q… = / ]mc
enq onhmsr md]q sgd x,]whr vgdqd q1 bnr1 𝜂 . 0 ]mc sgd khmd]q sdql l]jdr q… < /- Sgtr+ mn
l]ssdq gnv k]qfd ] bhqbkd hr bgnrdm+ sgdqd vhkk ad onhmsr nm hs &m]ldkx+ sgd onhmsr nm nq md]q
sgd x,]whr( vgdqd sq]idbsnqhdr ]qd kd]uhmf Q- Sgdqdenqd sgd Onhmb]q®dflAdmchwrnm sgdnqdl hr
mns ]ookhb]akd tmkdrr vd bnmrhcdq lnqd bnlokhb]sdc qdfhnmr-

Hs hr onrrhakd sn rgnv+ ax ] lnqd hmsqhb]sd ]m]kxrhr+ sg]s sgd u]m cdq Onk dpt]shnm cndr
g]ud ] tmhptd khlhs bxbkd- Gnvdudq+ vd vhkk mns enkknv sghr khmd ne ]qftldms etqsgdq- Vd
stqm hmrsd]c sn ] ch—dqdms ]ooqn]bg hm vghbg vd okns mtldqhb]kkx bnlotsdc rnktshnmr-
Dwodqhldms]k nardqu]shnmr hmchb]sd sg]s sgd u]m cdq Onk dpt]shnm g]r ]m ]rxlosnshb]kkx rs],
akd odqhnchb rnktshnm vgnrd odqhnc ]mc ]lokhstcd cdodmc nm sgd o]q]ldsdq 𝜃- Ax knnjhmf ]s
fq]ogr ne sq]idbsnqhdr hm sgd og]rd ok]md ]mc ne t udqrtr s+ vd b]m f]hm rnld tmcdqrs]mchmf
ne sghr odqhnchb adg]uhnq-

Ehftqd 6-4-1 rgnvr svn sq]idbsnqhdr ne sgd u]m cdq Onk dpt]shnm hm sgd og]rd ok]md enq
𝜃 = /-1- Sgd sq]idbsnqx rs]qshmf md]q sgd nqhfhm rohq]kr ntsv]qc hm sgd bknbjvhrd chqdbshnm-
Sghr hr bnmrhrsdms vhsg sgd adg]uhnq ne sgd khmd]q ]ooqnwhl]shnm md]q sgd nqhfhm- Sgd nsgdq
sq]idbsnqx o]rrdr sgqntfg &−2+ 1( ]mc rohq]kr hmv]qc+ ]f]hm hm sgd bknbjvhrd chqdbshnm- Ansg
sq]idbsnqhdr ]ooqn]bg ] bknrdc btqud sg]s bnqqdronmcr sn ]m ]rxlosnshb]kkx rs]akd odqhnchb
rnktshnm- Hm Ehftqd 6-4-2+ vd rgnv sgd oknsr ne t udqrtr s enq sgd rnktshnmr bnqqdronmchmf sn
sgd sq]idbsnqhdr hm Ehftqd 6-4-1- Sgd rnktshnm sg]s hr hmhsh]kkx rl]kkdq fq]ct]kkx hmbqd]rdr hm
]lokhstcd+ vgdqd]r sgd k]qfdq rnktshnm fq]ct]kkx cdb]xr- Ansg rnktshnmr ]ooqn]bg ] rs]akd
odqhnchb lnshnm sg]s bnqqdronmcr sn sgd khlhs bxbkd- Ehftqd 6-4-2 ]krn rgnvr sg]s sgdqd hr ]
og]rd ch—dqdmbd adsvddm sgd svn rnktshnmr ]r sgdx ]ooqn]bg sgd khlhs bxbkd- Sgd oknsr ne
t udqrtr s ]qd md]qkx rhmtrnhc]k hm rg]od+ bnmrhrsdms vhsg sgd md]qkx bhqbtk]q khlhs bxbkd hm
sghr b]rd-

Ehftqdr 6-4-3 ]mc 6-4-4 rgnv rhlhk]q oknsr enq sgd b]rd 𝜃 = 0- Sq]idbsnqhdr ]f]hm lnud
bknbjvhrd hm sgd og]rd ok]md+ ats sgd khlhs bxbkd hr bnmrhcdq]akx ch—dqdms eqnl ] bhqbkd-
Sgd oknsr ne t udqrtr s sdmc lnqd q]ohckx sn sgd khlhshmf nrbhkk]shnm+ ]mc ]f]hm rgnv ] og]rd
ch—dqdmbd- Sgd nrbhkk]shnmr ]qd rnldvg]s kdrr rxlldsqhb hm sghr b]rd+ qhrhmf rnldvg]s lnqd
rsddokx sg]m sgdx e]kk-

w

x

}1

}0

0

1

}1 1

EHFTQD 6-4-1 Sq]idbsnqhdr ne sgd u]m cdq Onk dpt]shnm &06( enq 𝜃 = /-1-
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t

s

0

1

}0

}1

0/ 1/ 2/ 3/ 4/

EHFTQD 6-4-2 Oknsr ne t udqrtr s enq sgd sq]idbsnqhdr hm Ehftqd 6-4-1-

x

w0}0

1

0

}0

}1

1}1

EHFTQD 6-4-3 Sq]idbsnqhdr ne sgd u]m cdq Onk dpt]shnm &06( enq 𝜃 = 0-

1

0

}0

}1

t

s0/ 1/ 2/ 3/ 4/

EHFTQD 6-4-4 Oknsr ne t udqrtr s enq sgd sq]idbsnqhdr hm Ehftqd 6-4-3-
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Ehftqd 6-4-5 rgnvr sgd og]rd ok]md enq 𝜃 = 4- Sgd lnshnm qdl]hmr bknbjvhrd+ ]mc sgd
khlhs bxbkd hr dudm lnqd dknmf]sdc+ drodbh]kkx hm sgd x chqdbshnm- ? okns ne t udqrtr s hr
rgnvm hm Ehftqd 6-4-6- ?ksgntfg sgd rnktshnm rs]qsr e]q eqnl sgd khlhs bxbkd+ sgd khlhshmf
nrbhkk]shnm hr uhqst]kkx qd]bgdc hm ] eq]bshnm ne ] odqhnc- Rs]qshmf eqnl nmd ne hsr dwsqdld
u]ktdr nm sgd w,]whr hm sgd og]rd ok]md+ sgd rnktshnm lnudr snv]qc sgd nsgdq dwsqdld onrhshnm
rknvkx ]s “qrs+ ats nmbd ] bdqs]hm onhms nm sgd sq]idbsnqx hr qd]bgdc+ sgd qdl]hmcdq ne sgd
sq]mrhshnm hr bnlokdsdc udqx rvheskx- Sgd oqnbdrr hr sgdm qdod]sdc hm sgd noonrhsd chqdbshnm-
Sgd v]udenql ne sgd khlhs bxbkd+ ]r rgnvm hm Ehftqd 6-4-6+ hr pthsd ch—dqdms eqnl ] rhmd
v]ud-

Sgdrd fq]ogr bkd]qkx rgnv sg]s+ hm sgd ]ardmbd ne dwsdqm]k dwbhs]shnm+ sgd u]m cdq Onk
nrbhkk]snq g]r ] bdqs]hm bg]q]bsdqhrshb lncd ne uhaq]shnm enq d]bg u]ktd ne 𝜃- Sgd fq]ogr ne
t udqrtr s rgnv sg]s sgd ]lokhstcd ne sghr nrbhkk]shnm bg]mfdr udqx khsskd vhsg𝜃+ ats sgd odqhnc

x

s

0/

4

1

}4

}0/

}1

EHFTQD 6-4-5 Sq]idbsnqhdr ne sgd u]m cdq Onk dpt]shnm &06( enq 𝜃 = 4-

1

0

}0

}1

t

s0/ 1/ 2/ 3/ 4/

EHFTQD 6-4-6 Okns ne t udqrtr s enq sgd ntsv]qc rohq]kkhmf sq]idbsnqx hm Ehftqd 6-4-5-
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hmbqd]rdr ]r 𝜃 hmbqd]rdr- ?s sgd r]ld shld+ sgd v]udenql bg]mfdr eqnl nmd sg]s hr udqx
md]qkx rhmtrnhc]k vhsg fdmskd sq]mrhshnmr adsvddm hmsdqu]kr vgdqd sgd rnktshnm hr hmbqd]rhmf
]mc cdbqd]rhmf+ sn v]udenqlr vgdqd sgdrd sq]mrhshnmr ]qd lnqd ]aqtos- &Rdd Ehftqd 6-4-6-(

Sgd oqdrdmbd ne ] rhmfkd odqhnchb lnshnm sg]s ]ssq]bsr ]kk &md]qax( rnktshnmr+ sg]s hr+ ]m
]rxlosnshb]kkx rs]akd khlhs bxbkd+ hr nmd ne sgd bg]q]bsdqhrshb ogdmnldm] ]rrnbh]sdc vhsg
mnmkhmd]q ch—dqdmsh]k dpt]shnmr-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 5+ ]m ]tsnmnlntr rxrsdl hr
dwoqdrrdc hm onk]q bnnqchm]sdr- Cdsdqlhmd ]kk odqhnchb rnkt,
shnmr+ ]kk khlhs bxbkdr+ ]mc cdsdqlhmd sgdhq rs]ahkhsx bg]q]bsdq,
hrshbr-
0- cq{cs = 2q1&0 − q1(+ c𝜂{cs = 0
1- cq{cs = q&4 − q(1+ c𝜂{cs = −0
2- cq{cs = q&q − 1( &q − 4(+ c𝜂{cs = 0
3- cq{cs = q&0 − q( &q − 1(+ c𝜂{cs = −0
4- cq{cs = rhm 2)q+ c𝜂{cs = 0
5- cq{cs = q⟩q − 2⟩ &q − 6(+ c𝜂{cs = −0
6- He w = q bnr 𝜂+ x = q rhm 𝜂+ rgnv sg]s

x&cw{cs( − w&cx{cs( = − q1 &c𝜂{cs(-
7-  Z( Rgnv sg]s sgd rxrsdl

cw
cs

= x +
we &q(

q
+

cx
cs

= −w +
xe &q(

q
g]r odqhnchb rnktshnmr bnqqdronmchmf sn sgd ydqnr ne e &q(-
Vg]s hr sgd chqdbshnm ne lnshnm nm sgd bknrdc sq]idbsnqhdr hm
sgd og]rd ok]md=
 a( Kds e &q( = q&q − 5(1&q1 − 5q + 4(- Cdsdqlhmd ]kk
odqhnchb rnktshnmr ]mc cdsdqlhmd sgdhq rs]ahkhsx bg]q]bsdq,
hrshbr-
8- Cdsdqlhmd sgd odqhnchb rnktshnmr+ he ]mx+ ne sgd rxrsdl

cw
cs

= −x + w|
w1 + x1

&w1 + x1 − 4(+

cx
cs

= w +
x|

w1 + x1
&w1 + x1 − 4(.

0.- Trhmf Sgdnqdl 6-4-1+ rgnv sg]s sgd khmd]q ]tsn,
mnlntr rxrsdl

cw
cs

= Z00w + Z01x+
cx
cs

= Z10w + Z11x

cndr mns g]ud ] odqhnchb rnktshnm &nsgdq sg]m w = /+ x = /( he
Z00 + Z11 ≠ /-

Hm d]bg ne Oqnakdlr 00 ]mc 01+ rgnv sg]s sgd fhudm rxrsdl
g]r mn odqhnchb rnktshnmr nsgdq sg]m bnmrs]ms rnktshnmr9
00- cw{cs = 3w + x + 2w2 − x1+

cx{cs = −w + 4x + w1x + x2{2

01- cw{cs = −1w − 2x − wx1+ cx{cs = x + w2 − w1x
02- Oqnud Sgdnqdl 6-4-1 ax bnlokdshmf sgd enkknvhmf ]q,
ftldms- ?bbnqchmf sn Fqddm´r sgdnqdl hm sgd ok]md+ he B hr
] rtffbhdmskx rlnnsg rhlokd bknrdc btqud+ ]mc he E ]mc F
]qd bnmshmtntr ]mc g]ud bnmshmtntr “qrs o]qsh]k cdqhu]shudr+
sgdm

∫B
ZE&w+ x( cx − F&w+ x( cw[

= ∫ ∫Q

[
Ew&w+ x( + Fx&w+ x(

]
c:+

vgdqd B hr sq]udqrdc bntmsdqbknbjvhrd ]mc Q hr sgd qdfhnm
dmbknrdc ax B- ?rrtld sg]s w = !&s(+ x = "&s( hr ] rnktshnm
ne sgd rxrsdl &04( sg]s hr odqhnchb vhsg odqhnc S - Kds B ad
sgd bknrdc btqud fhudm ax w = !&s(+ x = "&s( enq / ≤ s ≤ S -
Rgnv sg]s sgd khmd hmsdfq]k hr ydqn enq sghr btqud- Sgdm rgnv
sg]s sgd bnmbktrhnm ne Sgdnqdl 6-4-1 ltrs enkknv-
03-  Z( Ax dw]lhmhmf sgd fq]ogr ne t ur- s hm Ehftqdr 6-4-2+
6-4-4+ ]mc 6-4-6+ drshl]sd sgd odqhnc S ne sgd u]m cdq Onk nr,
bhkk]snq hm sgdrd b]rdr-
 a( B]kbtk]sd ]mc okns sgd fq]ogr ne rnktshnmr ne sgd u]m cdq
Onk dpt]shnm enq nsgdq u]ktdr ne sgd o]q]ldsdq 𝜃- Drshl]sd sgd
odqhnc S hm sgdrd b]rdr ]krn-
 b( Okns sgd drshl]sdc u]ktdr ne S udqrtr 𝜃- Cdrbqhad gnv S
cdodmcr nm 𝜃-
04- Sgd dpt]shnm

t…… − 𝜃
}
0 − 0

2
t…1

(
t… + t = /

hr nesdm b]kkdc sgd QZxkdhfg dptZshnm-
 Z( Vqhsd sgd Q]xkdhfg dpt]shnm ]r ] rxrsdl ne svn “qrs nqcdq
dpt]shnmr-
 a( Rgnv sg]s sgd nqhfhm hr sgd nmkx bqhshb]k onhms ne sghr rxr,
sdl- Cdsdqlhmd hsr sxod ]mc vgdsgdq hs hr ]rxlosnshb]kkx rs],
akd+ rs]akd+ nq tmrs]akd-
 b( Kds 𝜃 = 0- Bgnnrd hmhsh]k bnmchshnmr ]mc bnlotsd sgd
bnqqdronmchmf rnktshnm ne sgd rxrsdl nm ]m hmsdqu]k rtbg ]r
/≤ s ≤ 1/ nq knmfdq- Okns t udqrtr s ]mc ]krn okns sgd sq]idbsnqx
hm sgd og]rd ok]md- Nardqud sg]s sgd sq]idbsnqx ]ooqn]bgdr ]
bknrdc btqud &khlhs bxbkd(- Drshl]sd sgd ]lokhstcd : ]mc sgd
odqhnc S ne sgd khlhs bxbkd-
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 c( Qdod]s o]qs &b( enq nsgdq u]ktdr ne 𝜃+ rtbg ]r 𝜃 = /-1+
/-4+ 1+ ]mc 4- Hm d]bg b]rd+ drshl]sd sgd ]lokhstcd : ]mc sgd
odqhnc S -
 d( Cdrbqhad gnv sgd khlhs bxbkd bg]mfdr ]r 𝜃 hmbqd]rdr- Enq
dw]lokd+ l]jd ] s]akd ne u]ktdr ]mc.nq okns : ]mc S ]r etmb,
shnmr ne 𝜃-

05- Bnmrhcdq sgd rxrsdl ne dpt]shnmr

w… = 𝜃w + x − w&w1 + x1(+
&h(

x… = −w + 𝜃x − x&w1 + x1(+

vgdqd 𝜃 hr ] o]q]ldsdq ne tmrodbh“dc rhfm- Nardqud sg]s sghr
rxrsdl hr sgd r]ld ]r sgd nmd hm Dw]lokd 0+ dwbdos enq sgd
hmsqnctbshnm ne 𝜃-
 Z( Rgnv sg]s sgd nqhfhm hr sgd nmkx bqhshb]k onhms-
 a( Ehmc sgd khmd]q rxrsdl sg]s ]ooqnwhl]sdr Dpr- &h( md]q sgd
nqhfhm ]mc “mc hsr dhfdmu]ktdr- Cdsdqlhmd sgd sxod ]mc rs],
ahkhsx ne sgd bqhshb]k onhms ]s sgd nqhfhm- Gnv cndr sghr bk]rrh,
“b]shnm cdodmc nm 𝜃=
 b( Qdedqqhmf sn Dw]lokd 0 he mdbdrr]qx+ qdvqhsd Dpr- &h( hm
onk]q bnnqchm]sdr-
 c( Rgnv sg]s vgdm 𝜃 < /+ sgdqd hr ] odqhnchb rnktshnm
q =

|
𝜃- Ax rnkuhmf sgd rxrsdl entmc hm o]qs &b(+ nq ax okns,

shmf mtldqhb]kkx bnlotsdc rnktshnmr+ bnmbktcd sg]s sghr od,
qhnchb rnktshnm ]ssq]bsr ]kk nsgdq mnmydqn rnktshnmr-
Mnsd9 ?r sgd o]q]ldsdq 𝜃 hmbqd]rdr sgqntfg sgd u]ktd ydqn+
sgd oqduhntrkx ]rxlosnshb]kkx rs]akd bqhshb]k onhms ]s sgd nqh,
fhm knrdr hsr rs]ahkhsx+ ]mc rhltks]mdntrkx ] mdv ]rxlosnsh,
b]kkx rs]akd rnktshnm &sgd khlhs bxbkd( dldqfdr- Sgtr sgd onhms
𝜃 = / hr ] ahetqb]shnm onhms: sghr sxod ne ahetqb]shnm hr b]kkdc
] Gnoe ahetqbZshnm-

06- Bnmrhcdq sgd u]m cdq Onk rxrsdl

w… = x+ x… = −w + 𝜃&0 − w1(x+

vgdqd vd mnv ]kknv sgd o]q]ldsdq 𝜃 sn ad ]mx qd]k mtladq-
 Z( Rgnv sg]s sgd nqhfhm hr sgd nmkx bqhshb]k onhms- Cdsdq,
lhmd hsr sxod ]mc rs]ahkhsx oqnodqsx+ ]mc gnv sgdrd cdodmc
nm 𝜃-
 a( Kds 𝜃 =−0: cq]v ] og]rd onqsq]hs ]mc bnmbktcd sg]s sgdqd
hr ] odqhnchb rnktshnm sg]s rtqqntmcr sgd nqhfhm- Nardqud sg]s
sghr odqhnchb rnktshnm hr tmrs]akd- Bnlo]qd xntq okns vhsg
Ehftqd 6-4-3-
 b( Cq]v ] og]rd onqsq]hs enq ] edv nsgdq mdf]shud u]ktdr ne
𝜃- Cdrbqhad gnv sgd rg]od ne sgd odqhnchb rnktshnm bg]mfdr
vhsg 𝜃-
 c( Bnmrhcdq rl]kk onrhshud nq mdf]shud u]ktdr ne 𝜃- Ax
cq]vhmf og]rd onqsq]hsr+ cdsdqlhmd gnv sgd odqhnchb rnktshnm
bg]mfdr ]r 𝜃 → /- Bnlo]qd sgd adg]uhnq ne sgd u]m cdq Onk
rxrsdl ]r 𝜃 hmbqd]rdr sgqntfg ydqn vhsg sgd adg]uhnq ne sgd
rxrsdl hm Oqnakdl 05-

Oqnakdlr 07 ]mc 08 dwsdmc sgd bnmrhcdq]shnm ne sgd
QnrdmyvdhfflL]b?qsgtq oqdc]snqfloqdx lncdk hmsqnctbdc hm
Oqnakdl 02 ne Rdbshnm 6-3-

07- Bnmrhcdq sgd rxrsdl

w… = w
}

1.3 − /.1w −
1x

w + 5

(
+

x… = x
}
−/.14 + w

w + 5

(
.

Nardqud sg]s sghr rxrsdl ch—dqr eqnl sg]s hm Oqnakdl 02 ne
Rdbshnm 6-3 nmkx hm sgd fqnvsg q]sd enq sgd oqdx-
 Z( Ehmc ]kk ne sgd bqhshb]k onhmsr-
 a( Cdsdqlhmd sgd sxod ]mc rs]ahkhsx ne d]bg bqhshb]k onhms-
 b( Cq]v ] og]rd onqsq]hs hm sgd “qrs pt]cq]ms ]mc bnmbktcd
sg]s sgdqd hr ]m ]rxlosnshb]kkx rs]akd khlhs bxbkd- Sgtr sghr
lncdk oqdchbsr ] rs]akd knmf,sdql nrbhkk]shnm ne sgd oqdx ]mc
oqdc]snq onotk]shnmr-

08- Bnmrhcdq sgd rxrsdl

w… = w
}

Z − /.1w −
1x

w + 5

(
+

x… = x
}
−/.14 + w

w + 5

(
+

vgdqd Z hr ] onrhshud o]q]ldsdq- Nardqud sg]s sghr rxrsdl hm,
bktcdr sgd nmd hm Oqnakdl 07 ]anud ]mc ]krn sgd nmd hm Oqna,
kdl 02 hm Rdbshnm 6-3-
 Z( Ehmc ]kk ne sgd bqhshb]k onhmsr-
 a( Bnmrhcdq sgd bqhshb]k onhms hm sgd hmsdqhnq ne sgd “qrs pt]c,
q]ms- Ehmc sgd dhfdmu]ktdr ne sgd ]ooqnwhl]sd khmd]q rxrsdl-
Cdsdqlhmd sgd u]ktd Z/ vgdqd sghr bqhshb]k onhms bg]mfdr eqnl
]rxlosnshb]kkx rs]akd sn tmrs]akd-
 b( Cq]v ] og]rd onqsq]hs enq ] u]ktd ne Z rkhfgskx fqd]sdq
sg]m Z/- Nardqud sg]s ] khlhs bxbkd g]r ]ood]qdc- Gnv cndr
sgd khlhs bxbkd bg]mfd ]r Z hmbqd]rdr etqsgdq=

1.- Sgdqd ]qd bdqs]hm bgdlhb]k qd]bshnmr hm vghbg sgd bnm,
rshstdms bnmbdmsq]shnmr nrbhkk]sd odqhnchb]kkx nudq shld- Sgd
rxrsdl

w… = 0 − &a + 0(w +
w1x
3

+ x… = aw −
w1x
3

hr ] rodbh]k b]rd ne ] lncdk+ jmnvm ]r sgd Aqtrrdk]snq+ ne sghr
jhmc ne qd]bshnm- ?rrtld sg]s a hr ] onrhshud o]q]ldsdq+ ]mc
bnmrhcdq rnktshnmr hm sgd “qrs pt]cq]ms ne sgd wx,ok]md-
 Z( Rgnv sg]s sgd nmkx bqhshb]k onhms hr &0+ 3a(-
 a( Ehmc sgd dhfdmu]ktdr ne sgd ]ooqnwhl]sd khmd]q rxrsdl ]s
sgd bqhshb]k onhms-
 b( Bk]rrhex sgd bqhshb]k onhms ]r sn sxod ]mc rs]ahkhsx- Gnv
cndr sgd bk]rrh“b]shnm cdodmc nm a=
 c( ?r a hmbqd]rdr sgqntfg ] bdqs]hm u]ktd a/+ sgd bqhshb]k
onhms bg]mfdr eqnl ]rxlosnshb]kkx rs]akd sn tmrs]akd- Vg]s
hr sg]s u]ktd a/=
 d( Okns sq]idbsnqhdr hm sgd og]rd ok]md enq u]ktdr ne a rkhfgskx
kdrr sg]m ]mc rkhfgskx fqd]sdq sg]m a/- Nardqud sgd khlhs bxbkd
vgdm a < a/: sgd Aqtrrdk]snq g]r ] Gnoe ahetqb]shnm onhms
]s a/-
 e( Okns sq]idbsnqhdr enq rdudq]k u]ktdr ne a < a/ ]mc nardqud
gnv sgd khlhs bxbkd cdenqlr ]r a hmbqd]rdr-
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10- Sgd rxrsdl

w… = 2
}

w + x − 0
2
w2 − j

(
+

x… = − 0
2
&w + /.7x − /.6(

hr ] rodbh]k b]rd ne sgd EhsygtfgflM]ftln dpt]shnmr+ vghbg
lncdk sgd sq]mrlhrrhnm ne mdtq]k hlotkrdr ]knmf ]m ]wnm-
Sgd o]q]ldsdq j hr sgd dwsdqm]k rshltktr-
 Z( Rgnv sg]s sgd rxrsdl g]r nmd bqhshb]k onhms qdf]qckdrr ne
sgd u]ktd ne j-
 a( Ehmc sgd bqhshb]k onhms enq j = / ]mc rgnv sg]s hs hr ]m
]rxlosnshb]kkx rs]akd rohq]k onhms- Qdod]s sgd ]m]kxrhr enq

j = /-4 ]mc rgnv sg]s sgd bqhshb]k onhms hr mnv ]m tmrs]akd
rohq]k onhms- Cq]v ] og]rd onqsq]hs enq sgd rxrsdl hm d]bg b]rd-
 b( Ehmc sgd u]ktd j/ vgdqd sgd bqhshb]k onhms bg]mfdr eqnl
]rxlosnshb]kkx rs]akd sn tmrs]akd- Ehmc sgd bqhshb]k onhms ]mc
cq]v ] og]rd onqsq]hs enq sgd rxrsdl enq j = j/-
 c( Enq j < j/+ sgd rxrsdl dwghahsr ]m ]rxlosnshb]kkx rs]akd
khlhs bxbkd: sgd rxrsdl g]r ] Gnoe ahetqb]shnm onhms ]s j/-
Cq]v ] og]rd onqsq]hs enq j = /-3+ /-4+ ]mc /-5- Nardqud sg]s
sgd khlhs bxbkd hr mns rl]kk vgdm j hr md]q j/- ?krn okns w
udqrtr s ]mc drshl]sd sgd odqhnc S hm d]bg b]rd-
 d( ?r j hmbqd]rdr etqsgdq+ sgdqd hr ] u]ktd j0 ]s vghbg sgd
bqhshb]k onhms ]f]hm adbnldr ]rxlosnshb]kkx rs]akd ]mc sgd
khlhs bxbkd u]mhrgdr- Ehmc j0-

6-5 Bg]nr ]mc Rsq]mfd ;ssq]bsnqr9
Sgd Knqdmy Dpt]shnmr
Hm oqhmbhokd+ sgd ldsgncr cdrbqhadc hm sghr bg]osdq enq svn,chldmrhnm]k ]tsnmnlntr rxrsdlr
b]m ad ]ookhdc sn ghfgdq chldmrhnm]k rxrsdlr ]r vdkk- Hm oq]bshbd+ rdudq]k chffbtkshdr ]qhrd
vgdm vd sqx sn cn sghr- Nmd oqnakdl hr sg]s sgdqd hr rhlokx ] fqd]sdq mtladq ne onrrhakd b]rdr
sg]s b]m nbbtq+ ]mc sgd mtladq hmbqd]rdr vhsg sgd chldmrhnm ne sgd rxrsdl ]mc hsr og]rd
ro]bd- ?mnsgdq oqnakdl hr sgd chffbtksx ne fq]oghmf sq]idbsnqhdr ]bbtq]sdkx hm ] og]rd ro]bd
ne lnqd sg]m svn chldmrhnmr- Dudm hm sgqdd chldmrhnmr+ hs l]x mns ad d]rx sn bnmrsqtbs ]
bkd]q ]mc tmcdqrs]mc]akd okns ne sgd sq]idbsnqhdr+ ]mc hs adbnldr lnqd chffbtks ]r sgd mtladq
ne u]qh]akdr hmbqd]rdr- Ehm]kkx+ ]mc sghr g]r addm bkd]qkx qd]khydc nmkx hm sgd k]rs 2/ xd]qr nq
rn+ sgdqd ]qd ch—dqdms ]mc udqx bnlokdw ogdmnldm] sg]s b]m nbbtq+ ]mc eqdptdmskx cn nbbtq+
hm rxrsdlr ne sgqdd nq lnqd chldmrhnmr sg]s ]qd mns oqdrdms hm svn,chldmrhnm]k rxrsdlr-
Ntq fn]k hm sghr rdbshnm hr sn oqnuhcd ] aqhde hmsqnctbshnm sn rnld ne sgdrd ogdmnldm] ax
chrbtrrhmf nmd o]qshbtk]q sgqdd,chldmrhnm]k ]tsnmnlntr rxrsdl sg]s g]r addm hmsdmrhudkx
rstchdc-

?m hlonqs]ms oqnakdl hm ldsdnqnknfx+ ]mc hm nsgdq ]ookhb]shnmr ne fithc cxm]lhbr+ bnm,
bdqmr sgd lnshnm ne ] k]xdq ne fithc+ rtbg ]r sgd d]qsg´r ]slnrogdqd+ sg]s hr v]qldq ]s sgd
anssnl sg]m ]s sgd sno: rdd Ehftqd 6-5-0- He sgd udqshb]k sdlodq]stqd ch—dqdmbd �S hr rl]kk+
sgdm sgdqd hr ] khmd]q u]qh]shnm ne sdlodq]stqd vhsg ]kshstcd+ ats mn rhfmh“b]ms lnshnm ne
sgd fithc k]xdq- Gnvdudq+ he �S hr k]qfd dmntfg+ sgdm sgd v]qldq ]hq qhrdr+ chrok]bhmf sgd
bnnkdq ]hq ]anud hs+ ]mc ] rsd]cx bnmudbshud lnshnm qdrtksr- He sgd sdlodq]stqd ch—dqdmbd
hmbqd]rdr etqsgdq+ sgdm dudmst]kkx sgd rsd]cx bnmudbshud finv aqd]jr to ]mc ] lnqd bnlokdw
]mc stqatkdms lnshnm dmrtdr-

Bnnkdq

V^qldq

Sdlodq^stqd
cheedqdmbd�ΔS

EHFTQD 6-5-0 ? k]xdq ne fithc gd]sdc eqnl adknv-
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Vghkd hmudrshf]shmf sghr ogdmnldmnm+ Dcv]qc M- Knqdmy v]r kdc &ax ] oqnbdrr snn
hmunkudc sn cdrbqhad gdqd( sn sgd mnmkhmd]q ]tsnmnlntr sgqdd,chldmrhnm]k rxrsdl

cw
cs

= 𝜌&−w + x(+
cx
cs

= qw − x − wy+ cy
cs

= −ay + wx. &0(

Dpt]shnmr &0( ]qd mnv bnllnmkx qdedqqdc sn ]r sgd Knqdmy dpt]shnmr-4 Nardqud sg]s sgd
rdbnmc ]mc sghqc dpt]shnmr hmunkud pt]cq]shb mnmkhmd]qhshdr- Gnvdudq+ dwbdos enq adhmf ]
sgqdd,chldmrhnm]k rxrsdl+ rtodq“bh]kkx sgd Knqdmy dpt]shnmr ]ood]q mn lnqd bnlokhb]sdc
sg]m sgd bnlodshmf rodbhdr nq oqdc]snqfloqdx dpt]shnmr chrbtrrdc hm Rdbshnmr 6-2 ]mc 6-3-
Sgd u]qh]akd w hm Dpr- &0( hr qdk]sdc sn sgd hmsdmrhsx ne sgd fithc lnshnm+ vghkd sgd u]qh]akdr
x ]mc y ]qd qdk]sdc sn sgd sdlodq]stqd u]qh]shnmr hm sgd gnqhynms]k ]mc udqshb]k chqdbshnmr-
Sgd Knqdmy dpt]shnmr ]krn hmunkud sgqdd o]q]ldsdqr 𝜌+ q+ ]mc a+ ]kk ne vghbg ]qd qd]k ]mc
onrhshud- Sgd o]q]ldsdqr 𝜌 ]mc a cdodmc nm sgd l]sdqh]k ]mc fdnldsqhb]k oqnodqshdr ne sgd
fithc k]xdq- Enq sgd d]qsg´r ]slnrogdqd+ qd]rnm]akd u]ktdr ne sgdrd o]q]ldsdqr ]qd 𝜌 = 0/
]mc a = 7

2 : sgdx vhkk ad ]rrhfmdc sgdrd u]ktdr hm ltbg ne vg]s enkknvr hm sghr rdbshnm- Sgd
o]q]ldsdq q+ nm sgd nsgdq g]mc+ hr oqnonqshnm]k sn sgd sdlodq]stqd ch—dqdmbd �S + ]mc ntq
otqonrd hr sn hmudrshf]sd gnv sgd m]stqd ne sgd rnktshnmr ne Dpr- &0( bg]mfdr vhsg q-

Sgd “qrs rsdo hm ]m]kxyhmf sgd Knqdmy dpt]shnmr hr sn knb]sd sgd bqhshb]k onhmsr ax rnkuhmf
sgd ]kfdaq]hb rxrsdl

𝜌w − 𝜌x = /+
qw − x − wy = /+ &1(
−ay + wx = /.

Eqnl sgd “qrs dpt]shnm+ vd g]ud x = w- Sgdm+ dkhlhm]shmf x eqnl sgd rdbnmc ]mc sghqc
dpt]shnmr+ vd nas]hm

w&q − 0 − y( = /+ &2(

−ay + w1 = /. &3(

Nmd v]x sn r]shrex Dp- &2( hr sn bgnnrd w = /- Sgdm hs enkknvr sg]s x = / ]mc+ eqnl
Dp- &3(+ y = /- ?ksdqm]shudkx+ vd b]m r]shrex Dp- &2( ax bgnnrhmf y = q − 0- Sgdm Dp- &3(
qdpthqdr sg]s w = +

|
a&q − 0( ]mc sgdm x = +

|
a&q − 0( ]krn- Nardqud sg]s sgdrd dwoqdr,

rhnmr enq w ]mc x ]qd qd]k nmkx vgdm q ≥ 0- Sgtr &/+ /+ /(+ vghbg vd vhkk cdmnsd ax O0+
hr ] bqhshb]k onhms enq ]kk u]ktdr ne q+ ]mc hs hr sgd nmkx bqhshb]k onhms enq q . 0- Gnvdudq+
vgdm q < 0+ sgdqd ]qd ]krn svn nsgdq bqhshb]k onhmsr+ m]ldkx+ Z

|
a&q − 0(+

|
a&q − 0(+ q − 0[+

]mc Z−
|

a&q − 0(+−
|

a&q − 0(+ q − 0[- Vd vhkk cdmnsd sgd k]ssdq svn onhmsr ax O1 ]mc O2+
qdrodbshudkx- Mnsd sg]s ]kk sgqdd bqhshb]k onhmsr bnhmbhcd vgdm q = 0- ?r q hmbqd]rdr sgqntfg
sgd u]ktd 0+ sgd bqhshb]k onhms O0 ]s sgd nqhfhm ahetqbZsdr+ ]mc sgd bqhshb]k onhmsr O1 ]mc O2
bnld hmsn dwhrsdmbd-

Mdws vd vhkk cdsdqlhmd sgd knb]k adg]uhnq ne rnktshnmr hm sgd mdhfganqgnnc ne d]bg
bqhshb]k onhms- ?ksgntfg ltbg ne sgd enkknvhmf ]m]kxrhr b]m ad b]qqhdc nts enq ]qahsq]qx
u]ktdr ne 𝜌 ]mc a+ vd vhkk rhlokhex ntq vnqj ax trhmf sgd u]ktdr 𝜌 = 0/ ]mc a = 7

2 - Md]q
sgd nqhfhm &sgd bqhshb]k onhms O0( sgd ]ooqnwhl]shmf khmd]q rxrsdl hr

⎛
⎜
⎜
⎜⎝

w

x

y

⎞
⎟
⎟
⎟⎠

…

=
⎛
⎜
⎜
⎜⎝

−0/ 0/ /

q −0 /

/ / −7{2

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

w

x

y

⎞
⎟
⎟
⎟⎠
. &4(

4? udqx sgnqntfg sqd]sldms ne sgd Knqdmy dpt]shnmr ]ood]qr hm sgd annj ax Ro]qqnv khrsdc hm sgd qdedqdmbdr-
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Sgd dhfdmu]ktdr ]qd cdsdqlhmdc eqnl sgd dpt]shnm
|||||||||

−0/ − λ 0/ /

q −0 − λ /

/ / −7{2 − λ

|||||||||

= −
}

7
2 + λ

(
Zλ1 + 00λ − 0/&q − 0([ = /. &5(

Sgdqdenqd

λ0 = −7
2
+ λ1 =

−00 −
|

70 + 3/q
1

+ λ2 =
−00 +

|
70 + 3/q

1
. &6(

Mnsd sg]s ]kk sgqdd dhfdmu]ktdr ]qd mdf]shud enq q . 0- Enq dw]lokd+ vgdm q = 0
1 + sgd dhfdm,

u]ktdr ]qd λ0 = − 7
2 + λ1 = −0/-41383+ λ2 = −/-364/5- Gdmbd sgd nqhfhm hr ]rxlosnshb]kkx

rs]akd enq sghr q]mfd ne q+ ansg enq sgd khmd]q ]ooqnwhl]shnm &4( ]mc enq sgd nqhfhm]k rxrsdl
&0(- Gnvdudq λ2 bg]mfdr rhfm vgdm q = 0 ]mc hr onrhshud enq q < 0- Sgd u]ktd q = 0 bnq,
qdronmcr sn sgd hmhsh]shnm ne bnmudbshud finv hm sgd ogxrhb]k oqnakdl cdrbqhadc d]qkhdq- Sgd
nqhfhm hr tmrs]akd enq q < 0- ?kk rnktshnmr rs]qshmf md]q sgd nqhfhm sdmc sn fqnv+ dwbdos enq
sgnrd kxhmf oqdbhrdkx hm sgd ok]md cdsdqlhmdc ax sgd dhfdmudbsnqr ]rrnbh]sdc vhsg λ0 ]mc λ1
&nq+ enq sgd mnmkhmd]q rxrsdl &0(+ hm ] bdqs]hm rtqe]bd s]mfdms sn sghr ok]md ]s sgd nqhfhm(-

Mdws+ bnmrhcdq sgd mdhfganqgnnc ne sgd bqhshb]k onhms O1 = Z
|

7&q − 0({2+
|

7&q − 0({2+
q − 0[ enq q < 0- He t+ ℏ+ ]mc v ]qd sgd odqstqa]shnmr eqnl sgd bqhshb]k onhms hm sgd w+ x+ ]mc y
chqdbshnmr+ qdrodbshudkx+ sgdm sgd ]ooqnwhl]shmf khmd]q rxrsdl hr

⎛
⎜
⎜
⎜⎝

t

ℏ

v

⎞
⎟
⎟
⎟⎠

…

=
⎛
⎜
⎜
⎜⎝

−0/ 0/ /

0 −0 −
|

7&q − 0({2|
7&q − 0({2

|
7&q − 0({2 −7{2

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

t

ℏ

v

⎞
⎟
⎟
⎟⎠
. &7(

Sgd dhfdmu]ktdr ne sgd bndffbhdms l]sqhw ne Dp- &7( ]qd cdsdqlhmdc eqnl sgd dpt]shnm

2λ2 + 30λ1 + 7&q + 0/(λ + 05/&q − 0( = /+ &8(

vghbg hr nas]hmdc ax rsq]hfgsenqv]qc ]kfdaq]hb rsdor sg]s ]qd nlhssdc gdqd- Sgd rnktshnmr ne
Dp- &8( cdodmc nm q hm sgd enkknvhmf v]x9

0- Enq 0 . q . q0 ≅ 0-2345+ sgdqd ]qd sgqdd mdf]shud qd]k dhfdmu]ktdr-
1- Enq q0 . q . q1 ≅ 13-626+ sgdqd hr nmd mdf]shud qd]k dhfdmu]ktd ]mc svn bnlokdw

dhfdmu]ktdr vhsg mdf]shud qd]k o]qs-
2- Enq q1 . q+ sgdqd hr nmd mdf]shud qd]k dhfdmu]ktd ]mc svn bnlokdw dhfdmu]ktdr vhsg

onrhshud qd]k o]qs-

Sgd r]ld qdrtksr ]qd nas]hmdc enq sgd bqhshb]k onhms O2- Sgtr sgdqd ]qd rdudq]k ch—dqdms
rhst]shnmr-

0- Enq /. q . 0+ sgd nmkx bqhshb]k onhms hr O0 ]mc hs hr ]rxlosnshb]kkx rs]akd- ?kk rnktshnmr
]ooqn]bg sghr onhms &sgd nqhfhm( ]r s → ∞-

1- Enq 0 . q . q0+ sgd bqhshb]k onhmsr O1 ]mc O2 ]qd ]rxlosnshb]kkx rs]akd ]mc O0 hr
tmrs]akd- ?kk md]qax rnktshnmr ]ooqn]bg nmd nq sgd nsgdq ne sgd onhmsr O1 ]mc O2
dwonmdmsh]kkx-

2- Enq q0 . q . q1+ sgd bqhshb]k onhmsr O1 ]mc O2 ]qd ]rxlosnshb]kkx rs]akd ]mc O0 hr
tmrs]akd- ?kk md]qax rnktshnmr ]ooqn]bg nmd nq sgd nsgdq ne sgd onhmsr O1 ]mc O2:
lnrs ne sgdl rohq]k hmv]qc sn sgd bqhshb]k onhms-

3- Enq q1 . q+ ]kk sgqdd bqhshb]k onhmsr ]qd tmrs]akd- Lnrs rnktshnmr md]q O1 nq O2 rohq]k
]v]x eqnl sgd bqhshb]k onhms-
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Gnvdudq sghr hr ax mn ld]mr sgd dmc ne sgd rsnqx- Kds tr bnmrhcdq rnktshnmr enq q rnld,
vg]s fqd]sdq sg]m q1- Hm sghr b]rd+ O0 g]r nmd onrhshud dhfdmu]ktd ]mc d]bg ne O1 ]mc O2 g]r
] o]hq ne bnlokdw dhfdmu]ktdr vhsg ] onrhshud qd]k o]qs- ? sq]idbsnqx b]m ]ooqn]bg ]mx nmd ne
sgd bqhshb]k onhmsr nmkx nm bdqs]hm ghfgkx qdrsqhbsdc o]sgr- Sgd rkhfgsdrs cduh]shnm eqnl sgdrd
o]sgr b]trdr sgd sq]idbsnqx sn cdo]qs eqnl sgd bqhshb]k onhms- Rhmbd mnmd ne sgd bqhshb]k onhmsr
hr ]rxlosnshb]kkx rs]akd+ nmd lhfgs dwodbs sg]s lnrs sq]idbsnqhdr vntkc ]ooqn]bg hm“mhsx
enq k]qfd s- Gnvdudq hs b]m ad rgnvm sg]s ]kk rnktshnmr qdl]hm antmcdc ]r s →∞: rdd Oqna,
kdl 3- Hm e]bs+ hs b]m ad rgnvm sg]s ]kk rnktshnmr tkshl]sdkx ]ooqn]bg ] bdqs]hm khlhshmf rds ne
onhmsr sg]s g]r ydqn unktld- Hmcddc+ sghr hr sqtd+ mns nmkx enq q < q1+ ats ]krn enq ]kk onrhshud
u]ktdr ne q-

? okns ne bnlotsdc u]ktdr ne w udqrtr s enq ] sxohb]k rnktshnm vhsg q < q1 hr rgnvm hm
Ehftqd 6-5-1- Mnsd sg]s sgd rnktshnm nrbhkk]sdr a]bj ]mc enqsg adsvddm onrhshud ]mc mdf]shud
u]ktdr hm ] q]sgdq dqq]shb l]mmdq- Hmcddc+ sgd fq]og ne w udqrtr s qdrdlakdr ] q]mcnl uhaq],
shnm+ ]ksgntfg sgd Knqdmy dpt]shnmr ]qd dmshqdkx cdsdqlhmhrshb ]mc sgd rnktshnm hr bnlokdsdkx
cdsdqlhmdc ax sgd hmhsh]k bnmchshnmr- Mdudqsgdkdrr sgd rnktshnm ]krn dwghahsr ] bdqs]hm qdft,
kZqhsx hm sg]s sgd eqdptdmbx ]mc ]lokhstcd ne sgd nrbhkk]shnmr ]qd drrdmsh]kkx bnmrs]ms hm shld-

Sgd rnktshnmr ne sgd Knqdmy dpt]shnmr ]qd ]krn dwsqdldkx rdmrhshud sn odqstqa]shnmr hm
sgd hmhsh]k bnmchshnmr- Ehftqd 6-5-2 rgnvr sgd fq]ogr ne bnlotsdc u]ktdr ne w udqrtr s enq

05

7

}7

}05

w

s0/ 1/

EHFTQD 6-5-1 ? okns ne w udqrtr s enq sgd Knqdmy dpt]shnmr &0( vhsg q = 17: sgd hmhsh]k
onhms hr &4+ 4+ 4(-

05

7

}7

0/ 1/

}05

w

s

EHFTQD 6-5-2 Oknsr ne w udqrtr s enq svn hmhsh]kkx md]qax rnktshnmr ne Knqdmy dpt]shnmr
vhsg q = 17: sgd hmhsh]k onhms hr &4+ 4+ 4( enq sgd c]rgdc btqud ]mc hr
&4-/0+ 4+ 4( enq sgd rnkhc btqud-
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sgd svn rnktshnmr vgnrd hmhsh]k onhmsr ]qd &4+ 4+ 4( ]mc &4-/0+ 4+ 4(- Sgd c]rgdc fq]og hr
sgd r]ld ]r sgd nmd hm Ehftqd 6-5-1+ vghkd sgd rnkhc fq]og rs]qsr ]s ] md]qax onhms- Sgd svn
rnktshnmr qdl]hm bknrd tmshk s hr md]q 0/+ ]esdq vghbg sgdx ]qd pthsd ch—dqdms ]mc+ hmcddc+
rddl sn g]ud mn qdk]shnm sn d]bg nsgdq- Hs v]r sghr oqnodqsx sg]s o]qshbtk]qkx ]ssq]bsdc sgd
]ssdmshnm ne Knqdmy hm ghr nqhfhm]k rstcx ne sgdrd dpt]shnmr+ ]mc b]trdc ghl sn bnmbktcd sg]s
cds]hkdc knmf,q]mfd vd]sgdq oqdchbshnmr ]qd oqna]akx mns onrrhakd-

Sgd ]ssq]bshmf rds hm sghr b]rd+ ]ksgntfg ne ydqn unktld+ g]r ] q]sgdq bnlokhb]sdc rsqtbstqd
]mc hr b]kkdc ] rsqZmfd ZssqZbsnq- Sgd sdql bgZnshb g]r bnld hmsn fdmdq]k trd sn cdrbqhad
rnktshnmr rtbg ]r sgnrd rgnvm hm Ehftqdr 6-5-1 ]mc 6-5-2-

Sn cdsdqlhmd gnv ]mc vgdm sgd rsq]mfd ]ssq]bsnq hr bqd]sdc+ hs hr hkktlhm]shmf sn hm,
udrshf]sd rnktshnmr enq rl]kkdq u]ktdr ne q- Enq q = 10+ rnktshnmr rs]qshmf ]s sgqdd ch—dqdms
hmhsh]k onhmsr ]qd rgnvm hm Ehftqd 6-5-3- Enq sgd hmhsh]k onhms &2+ 7+ /(+ sgd rnktshnm adfhmr
sn bnmudqfd sn sgd onhms O2 ]klnrs ]s nmbd: rdd Ehftqd 6-5-3Z- Enq sgd rdbnmc hmhsh]k onhms
&4+ 4+ 4(+ sgdqd hr ] e]hqkx rgnqs hmsdqu]k ne sq]mrhdms adg]uhnq+ ]esdq vghbg sgd rnktshnm bnm,
udqfdr sn O1: rdd Ehftqd 6-5-3a- Gnvdudq+ ]r rgnvm hm Ehftqd 6-5-3b+ enq sgd sghqc hmhsh]k onhms
&4+ 4+ 0/(+ sgdqd hr ] ltbg knmfdq hmsdqu]k ne sq]mrhdms bg]nshb adg]uhnq adenqd sgd rnktshnm
dudmst]kkx bnmudqfdr sn O1- ?r q hmbqd]rdr+ sgd ctq]shnm ne sgd bg]nshb sq]mrhdms adg]uhnq
]krn hmbqd]rdr- Vgdm q = q2 ≅ 13-/5+ sgd bg]nshb sq]mrhdmsr ]ood]q sn bnmshmtd hmcd“mhsdkx+
]mc sgd rsq]mfd ]ssq]bsnq bnldr hmsn adhmf-

Nmd b]m ]krn rgnv sgd sq]idbsnqhdr ne sgd Knqdmy dpt]shnmr hm sgd sgqdd,chldmrhnm]k
og]rd ro]bd+ nq ]s kd]rs oqnidbshnmr ne sgdl hm u]qhntr ok]mdr- Ehftqdr 6-5-4 ]mc 6-5-5 rgnv
oqnidbshnmr hm sgd wx, ]mc wy,ok]mdr+ qdrodbshudkx+ ne sgd sq]idbsnqx rs]qshmf ]s &4+ 4+ 4(-
Nardqud sg]s sgd fq]ogr hm sgdrd “ftqdr ]ood]q sn bqnrr nudq sgdlrdkudr qdod]sdckx+ ats sghr
b]mmns ad sqtd enq sgd ]bst]k sq]idbsnqhdr hm sgqdd,chldmrhnm]k ro]bd adb]trd ne sgd fdmdq]k
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EHFTQD 6-5-3 Oknsr ne w udqrtr s enq sgqdd rnktshnmr ne Knqdmy dpt]shnmr vhsg q = 10-
&Z( Hmhsh]k onhms hr &2+ 7+ /(- &a( Hmhsh]k onhms hr &4+ 4+ 4(- &b( Hmhsh]k onhms
hr &4+ 4+ 0/(-
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w

x

1/

0/

}1/

}0/

}1/

1/

EHFTQD 6-5-4 Oqnidbshnmr ne ] sq]idbsnqx ne sgd Knqdmy dpt]shnmr &vhsg q = 17( hm sgd
wx,ok]md-

w

y

0/

3/

2/

}0/ 0/

EHFTQD 6-5-5 Oqnidbshnmr ne ] sq]idbsnqx ne sgd Knqdmy dpt]shnmr &vhsg q = 17( hm sgd
wy,ok]md-

tmhptdmdrr sgdnqdl- Sgd ]oo]qdms bqnrrhmfr ]qd ctd vgnkkx sn sgd svn,chldmrhnm]k bg]q,
]bsdq ne sgd “ftqdr-

Sgd rdmrhshuhsx ne rnktshnmr sn odqstqa]shnmr ne sgd hmhsh]k c]s] ]krn g]r hlokhb]shnmr enq
mtldqhb]k bnlots]shnmr+ rtbg ]r sgnrd qdonqsdc gdqd- Ch—dqdms rsdo rhydr+ ch—dqdms mt,
ldqhb]k ]kfnqhsglr+ nq dudm sgd dwdbtshnm ne sgd r]ld ]kfnqhsgl nm ch—dqdms l]bghmdr
vhkk hmsqnctbd rl]kk ch—dqdmbdr hm sgd bnlotsdc rnktshnm+ vghbg dudmst]kkx kd]c sn k]qfd
cduh]shnmr- Enq dw]lokd+ sgd dw]bs rdptdmbd ne onrhshud ]mc mdf]shud knnor hm sgd b]kbtk]sdc
rnktshnm cdodmcr rsqnmfkx nm sgd oqdbhrd mtldqhb]k ]kfnqhsgl ]mc hsr hlokdldms]shnm+ ]r
vdkk ]r nm sgd hmhsh]k bnmchshnmr- Gnvdudq sgd fdmdq]k ]ood]q]mbd ne sgd rnktshnm ]mc sgd
rsqtbstqd ne sgd ]ssq]bshmf rds ]qd hmcdodmcdms ne ]kk sgdrd e]bsnqr-

Rnktshnmr ne sgd Knqdmy dpt]shnmr enq nsgdq o]q]ldsdq q]mfdr dwghahs nsgdq hmsdqdrshmf
sxodr ne adg]uhnq- Enq dw]lokd+ enq bdqs]hm u]ktdr ne q fqd]sdq sg]m q1+ hmsdqlhssdms atqrsr ne
bg]nshb adg]uhnq rdo]q]sd knmf hmsdqu]kr ne ]oo]qdmskx rsd]cx odqhnchb nrbhkk]shnm- Enq nsgdq
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q]mfdr ne q+ rnktshnmr rgnv ] odqhnc,cntakhmf oqnodqsx- Rnld ne sgdrd ed]stqdr ]qd s]jdm to
hm sgd oqnakdlr-

Rhmbd ]ants 0864+ sgd Knqdmy dpt]shnmr ]mc nsgdq ghfgdq chldmrhnm]k ]tsnmnlntr
rxrsdlr g]ud addm rstchdc hmsdmrhudkx+ ]mc sghr hr nmd ne sgd lnrs ]bshud ]qd]r ne btqqdms
l]sgdl]shb]k qdrd]qbg- Bg]nshb adg]uhnq ne rnktshnmr ]ood]qr sn ad ltbg lnqd bnllnm
sg]m v]r rtrodbsdc ]s “qrs+ ]mc l]mx ptdrshnmr qdl]hm tm]mrvdqdc- Rnld ne sgdrd ]qd
l]sgdl]shb]k hm m]stqd+ vgdqd]r nsgdqr qdk]sd sn sgd ogxrhb]k ]ookhb]shnmr nq hmsdqoqds]shnmr
ne rnktshnmr-

OQNAKDLR

Oqnakdlr 0 sgqntfg 2 ]rj xnt sn “kk hm rnld ne sgd cds]hkr ne
sgd ]m]kxrhr ne sgd Knqdmy dpt]shnmr hm sghr rdbshnm9
0-  Z( Rgnv sg]s sgd dhfdmu]ktdr ne sgd khmd]q rxrsdl &4(+
u]khc md]q sgd nqhfhm+ ]qd fhudm ax Dp- &6(-
 a( Cdsdqlhmd sgd bnqqdronmchmf dhfdmudbsnqr-
 b( Cdsdqlhmd sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd rxr,
sdl &4( hm sgd b]rd vgdqd q = 17-
1-  Z( Rgnv sg]s sgd khmd]q ]ooqnwhl]shnm u]khc md]q sgd
bqhshb]k onhms O1 hr fhudm ax Dp- &7(-
 a( Rgnv sg]s sgd dhfdmu]ktdr ne rxrsdl &7( r]shrex Dp- &8(-
 b( Enq q = 17+ rnkud Dp- &8( ]mc sgdqdax cdsdqlhmd sgd dhfdm,
u]ktdr ne sgd rxrsdl &7(-
2-  Z( Ax rnkuhmf Dp- &8( mtldqhb]kkx+ rgnv sg]s sgd qd]k
o]qs ne sgd bnlokdw qnnsr bg]mfdr rhfm vgdm q ≅ 13-626-
 a( Rgnv sg]s ] btahb onkxmnlh]k w2 + :w1 + Aw + B
g]r nmd qd]k ydqn ]mc svn otqd hl]fhm]qx ydqnr nmkx he
:A = B-
 b( Ax ]ookxhmf sgd qdrtks ne o]qs &a( sn Dp- &8(+ rgnv
sg]s sgd qd]k o]qs ne sgd bnlokdw qnnsr bg]mfdr rhfm vgdm
q = 36/

08
-

3- Bnmrhcdq sgd dkkhornhc

U&w+ x+ y( = 1qw1 + 𝜌x1 + 𝜌&y − 2q(1 = b < /.

 Z( B]kbtk]sd

cU
cs

= 2U
2w

cw
cs

+ 2U
2x

cx
cs

+ 2U
2y

cy
cs

]knmf sq]idbsnqhdr ne sgd Knqdmy dpt]shnmr &0(-
 a( Cdsdqlhmd ] rtffbhdms bnmchshnm nm b rn sg]s dudqx sq],
idbsnqx bqnrrhmf U&w+ x+ y( = b hr chqdbsdc hmv]qc-
 b( Du]kt]sd sgd bnmchshnm entmc hm o]qs &a( enq sgd b]rd
𝜌 = 0/+ a = 7

2
+ q = 17-

Hm d]bg ne Oqnakdlr 4 sgqntfg 6+ b]qqx nts sgd hmchb]sdc
hmudrshf]shnmr ne sgd Knqdmy dpt]shnmr-
4- Enq q = 17+ okns w ur- s enq sgd b]rdr rgnvm hm Ehftqdr 6-5-1
]mc 6-5-2- Cn xntq fq]ogr ]fqdd vhsg sgnrd rgnvm hm sgd “f,
tqdr= Qdb]kk sgd chrbtrrhnm ne mtldqhb]k bnlots]shnm hm sgd
sdws-

5- Enq q = 17+ okns sgd oqnidbshnmr hm sgd wx, ]mc wy,
ok]mdr+ qdrodbshudkx+ ne sgd sq]idbsnqx rs]qshmf ]s sgd onhms
&4+ 4+ 4(- Cn sgd fq]ogr ]fqdd vhsg sgnrd hm Ehftqdr 6-5-4
]mc 6-5-5=
6-  Z( Enq q = 10+ okns w udqrtr s enq sgd rnktshnmr rs]qshmf
]s sgd hmhsh]k onhmsr &2+ 7+ /(+ &4+ 4+ 4(+ ]mc &4+ 4+ 0/(- Trd ]
s hmsdqu]k ne ]s kd]rs / ≤ s ≤ 2/- Bnlo]qd xntq fq]ogr vhsg
sgnrd hm Ehftqd 6-5-3-
 a( Qdod]s sgd b]kbtk]shnm hm o]qs &]( enq q = 11+ q = 12+ ]mc
q = 13- Hmbqd]rd sgd s hmsdqu]k ]r mdbdrr]qx rn sg]s xnt b]m
cdsdqlhmd vgdm d]bg rnktshnm adfhmr sn bnmudqfd sn nmd ne
sgd bqhshb]k onhmsr- Qdbnqc sgd ]ooqnwhl]sd ctq]shnm ne sgd
bg]nshb sq]mrhdms hm d]bg b]rd- Cdrbqhad gnv sghr pt]mshsx cd,
odmcr nm sgd u]ktd ne q-
 b( Qdod]s sgd b]kbtk]shnmr hm o]qsr &]( ]mc &a( enq u]ktdr
ne q rkhfgskx fqd]sdq sg]m 13- Sqx sn drshl]sd sgd u]ktd ne q
enq vghbg sgd ctq]shnm ne sgd bg]nshb sq]mrhdms ]ooqn]bgdr
hm“mhsx-
7- Enq bdqs]hm q hmsdqu]kr+ nq vhmcnvr+ sgd Knqdmy dpt]shnmr
dwghahs ] odqhnc,cntakhmf oqnodqsx- B]qdetk b]kbtk]shnmr l]x
qdud]k sghr ogdmnldmnm-
 Z( Nmd odqhnc,cntakhmf vhmcnv bnms]hmr sgd u]ktd q = 0//-
Kds q = 0// ]mc okns sgd sq]idbsnqx rs]qshmf ]s &4+ 4+ 4( nq rnld
nsgdq hmhsh]k onhms ne xntq bgnhbd- Cndr sgd rnktshnm ]ood]q sn
ad odqhnchb= Vg]s hr sgd odqhnc=
 a( Qdod]s sgd b]kbtk]shnm hm o]qs &]( enq rkhfgskx rl]kkdq u]k,
tdr ne q- Vgdm q ≅ 88-87+ xnt l]x ad ]akd sn nardqud sg]s
sgd odqhnc ne sgd rnktshnm cntakdr- Sqx sn nardqud sghr qdrtks
ax odqenqlhmf b]kbtk]shnmr vhsg md]qax u]ktdr ne q-
 b( ?r q cdbqd]rdr etqsgdq+ sgd odqhnc ne sgd rnktshnm cnt,
akdr qdod]sdckx- Sgd mdws odqhnc cntakhmf nbbtqr ]s ]ants
q = 88-518- Sqx sn nardqud sghr ax oknsshmf sq]idbsnqhdr enq
md]qax u]ktdr ne q-
8- Mnv bnmrhcdq u]ktdr ne q rkhfgskx k]qfdq sg]m sgnrd hm
Oqnakdl 7-
 Z( Okns sq]idbsnqhdr ne sgd Knqdmy dpt]shnmr enq u]ktdr ne q
adsvddm 0// ]mc 0//-67- Xnt rgntkc nardqud ] rsd]cx odqh,
nchb rnktshnm enq sghr q]mfd ne q u]ktdr-
 a( Okns sq]idbsnqhdr enq u]ktdr ne q adsvddm 0//-67 ]mc
0//-7- Cdsdqlhmd+ ]r adrs xnt b]m+ gnv ]mc vgdm sgd
odqhnchb sq]idbsnqx aqd]jr to-
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 BG;OSDQ RTLL;QX

Mnmkhmd]q svn,chldmrhnm]k ]tsnmnlntr rxrsdlr g]ud sgd enql
cw
cs

= E&w+ x(+
cx
cs

= F&w+ x(+

nq+ hm udbsnq mns]shnm+
cw
cs

= e&w(.

Sgd “qrs entq rdbshnmr hm sghr bg]osdq cd]k l]hmkx vhsg ]ooqnwhl]shmf ] mnmkhmd]q rxrsdl
ax ] khmd]q nmd- Sgd k]rs svn rdbshnmr hmsqnctbd ogdmnldm] sg]s nbbtq nmkx hm mnmkhmd]q
rxrsdlr-

Rdbshnm 6-0
▶ BqhshbZk onhmsr+ w/+ ne sgd rxrsdl w… = e&w( r]shrex e&w/( = .- Hm sghr b]rd+ sgd bnmrs]ms

rnktshnm w&s( = w/ hr ]m dpthkhaqhtl rnktshnm-
▶ Enql]k cd“mhshnmr ne rsZahkhsx+ Zrxlosnshb rsZahkhsx+ ]mc hmrsZahkhsx ne bqhshb]k onhmsr

]qd fhudm- Rs]ahkhsx ]mc ]rxlosnshb rs]ahkhsx ]qd hkktrsq]sdc ax ]m tmc]lodc ]mc ]
c]lodc rhlokd odmctktl+ qdrodbshudkx+ ]ants hsr cnvmv]qc dpthkhaqhtl onrhshnm-
Hmrs]ahkhsx hr hkktrsq]sdc ax ] odmctktl+ c]lodc nq tmc]lodc+ ]ants hsr tov]qc
dpthkhaqhtl onrhshnm-

▶ Dw]lokdr hkktrsq]sd aZrhmr ne ZssqZbshnm ]mc sgdhq antmc]qhdr+ b]kkdc rdoZqZsqhbdr-

Rdbshnm 6-1
▶ He E ]mc F ]qd svhbd ch—dqdmsh]akd+ sgdm sgd mnmkhmd]q ]tsnmnlntr rxrsdl w… = e&w(

b]m ad ]ooqnwhl]sdc md]q ] bqhshb]k onhms w/ ax ] khmd]q rxrsdl t… = ?t+ vgdqd
t = w − w/- Sgd bndffbhdms l]sqhw ? hr sgd I]bnah]m l]sqhw I du]kt]sdc ]s w/- Sgtr

? = I
(
w/
�
=
}

Ew
(
w/+ x/

�
Ex

(
w/+ x/

�

Fw
(
w/+ x/

�
Fx

(
w/+ x/

�
(
.

▶ Bk]rrh“b]shnm ne ] bqhshb]k onhms w/ ]r ] mncd+ hloqnodq mncd+ oqnodq mncd+ r]cckd onhms+
rohq]k onhms+ nq bdmsdq cdodmcr tonm sgd dhfdmu]ktdr ne sgd I]bnah]m l]sqhw I&w/(-

S;AKD 6-1-1 Rs]ahkhsx ]mc hmrs]ahkhsx oqnodqshdr ne khmd]q ]mc ]klnrs khmd]q rxrsdlr-

Khmd]q Rxrsdl ?klnrs Khmd]q Rxrsdl

λ0+ λ1 Sxod Rs]ahkhsx Sxod Rs]ahkhsx

λ0 < λ1 < / M Tmrs]akd M Tmrs]akd
λ0 . λ1 . / M ?rxlosnshb]kkx rs]akd M ?rxlosnshb]kkx rs]akd

λ1 . / . λ0 RO Tmrs]akd RO Tmrs]akd
λ0 = λ1 < / OM nq HM Tmrs]akd M nq RoO Tmrs]akd
λ0 = λ1 . / OM nq HM ?rxlosnshb]kkx rs]akd M nq RoO ?rxlosnshb]kkx rs]akd

λ0+ λ1 = 𝜃 + h𝜇
𝜃 < / RoO Tmrs]akd RoO Tmrs]akd
𝜃 . / RoO ?rxlosnshb]kkx rs]akd RoO ?rxlosnshb]kkx rs]akd

𝜃 = / B Rs]akd B nq RoO Hmcdsdqlhm]sd
Mnsd9 M+ mncd: HM+ hloqnodq mncd: OM+ oqnodq mncd: RO+ r]cckd onhms: RoO+ rohq]k onhms: B+ bdmsdq-
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▶ Sgdnqdl 6-1-1 rs]sdr sg]s sgd sq]idbsnqhdr ne sgd mnmkhmd]q rxrsdl knb]kkx qdrdlakd sgnrd
ne sgd khmd]q ]ooqnwhl]shnm+ dwbdos onrrhakx hm sgd b]rdr vgdqd sgd dhfdmu]ktdr ne sgd
khmd]q rxrsdl ]qd dhsgdq otqd hl]fhm]qx nq qd]k ]mc dpt]k- Sgtr+ hm lnrs b]rdr+ sgd khmd]q
rxrsdl hr ] fnnc knb]k ]ooqnwhl]shnm sn sgd mnmkhmd]q rxrsdl-

Rdbshnm 6-2 ;ookhbYshnm9 Bnlodshmf Rodbhdr
▶ Sgd dpt]shnmr

cw
cs

= w&𝛿0 − 𝜌0w − �0x(+
cx
cs

= x&𝛿1 − 𝜌1x − �1w(

]qd nesdm trdc ]r ] lncdk ne bnlodshshnm+ rtbg ]r adsvddm svn rodbhdr hm m]stqd nq
odqg]or adsvddm svn atrhmdrrdr-

▶ Dw]lokdr rgnv sg]s rnldshldr sgd svn bnlodshsnqr b]m bndwhrs hm ] rs]akd l]mmdq+ ats
rnldshldr nmd vhkk nudqvgdkl sgd nsgdq ]mc cqhud hs sn dwshmbshnm- Sgd ]m]kxrhr hm sghr
rdbshnm dwok]hmr vgx sghr g]oodmr ]mc dm]akdr xnt sn oqdchbs vghbg ntsbnld vhkk nbbtq
enq ] fhudm rxrsdl-

Rdbshnm 6-3 ;ookhbYshnm9 OqdcYsnqzOqdx
▶ Sgd oqdc]snqfloqdx+ nq KnsjZflUnksdqqZ+ dpt]shnmr

cw
cs

= w &Z − �x( +
cx
cs

= x &−b + 𝛽w(

]qd ] rs]qshmf onhms enq sgd rstcx ne sgd qdk]shnm adsvddm ] oqdx w ]mc hsr oqdc]snq x-
▶ Sgd rnktshnmr ne sghr rxrsdl dwghahs ] bxbkhb u]qh]shnm ]ants ] bqhshb]k onhms &] bdmsdq(

hm sgd “qrs pt]cq]ms- Sghr sxod ne adg]uhnq g]r rnldshldr addm nardqudc hm m]stqd-

Rdbshnm 6-4 Mnmkhmd]q rxrsdlr+ tmkhjd khmd]q rxrsdlr+ rnldshldr g]ud odqhnchb rnkt,
shnmr+ nq khlhs bxbkdr+ sg]s ]ssq]bs nsgdq md]qax rnktshnmr-
▶ Rdudq]k sgdnqdlr rodbhex bnmchshnmr tmcdq vghbg khlhs bxbkdr cn+ nq cn mns+ dwhrs-
▶ Sgd uZm cdq Onk dptZshnm &vqhssdm hm rxrsdl enql(

w… = x+ x… = −w + 𝜃
(
0 − w1� x

hr ]m hlonqs]ms dpt]shnm sg]s hkktrsq]sdr sgd nbbtqqdmbd ne ] khlhs bxbkd-

Rdbshnm 6-5 Hm sgqdd nq lnqd chldmrhnmr+ sgdqd hr sgd onrrhahkhsx sg]s rnktshnmr l]x ad
bgZnshb- Hm ]cchshnm sn bqhshb]k onhmsr ]mc khlhs bxbkdr+ rnktshnmr l]x bnmudqfd sn rdsr ne
onhmsr jmnvm ]r rsqZmfd ZssqZbsnqr-
▶ Sgd Knqdmy dptZshnmr+ ]qhrhmf hm ] rstcx ne sgd ]slnrogdqd+

cw
cs

= 𝜌 &−w + x( +
cx
cs

= qw − x − wy+ cy
cs

= −ay + wx

oqnuhcd ]m dw]lokd ne sgd nbbtqdmbd ne bg]nr hm ] qdk]shudkx rhlokd sgqdd,chldmrhnm]k
mnmkhmd]q rxrsdl-

OQNIDBSR

b} Ingm Uhkdx  Rnmr) Hmb-

Oqnidbs 0 Lncdkhmf ne Dohcdlhbr
Hmedbshntr chrdZrd hr chrd]rd b]trdc ax ] ahnknfhb]k ]fdms &uhqtr+ a]bsdqhtl+ nq o]q]rhsd(
sg]s b]m ad roqd]c chqdbskx nq hmchqdbskx eqnl nmd nqf]mhrl sn ]mnsgdq- ? rtccdm ntsaqd]j
ne hmedbshntr chrd]rd sg]s roqd]cr q]ohckx ]mc ]—dbsr ] k]qfd mtladq ne odnokd+ ]mhl]kr+
nq ok]msr hm ] o]qshbtk]q ]qd] enq ] khlhsdc odqhnc ne shld hr qdedqqdc sn ]r ]m dohcdlhb-
L]sgdl]shb]k lncdkr ]qd trdc sn gdko tmcdqrs]mc sgd cxm]lhbr ne ]m dohcdlhb+ sn cdrhfm
sqd]sldms ]mc bnmsqnk rsq]sdfhdr &rtbg ]r ] u]bbhm]shnm oqnfq]l nq pt]q]mshmd onkhbx(+ ]mc
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sn gdko enqdb]rs vgdsgdq ]m dohcdlhb vhkk nbbtq- Hm sghr oqnidbs+ vd bnmrhcdq svn rhlokd
lncdkr sg]s ghfgkhfgs rnld hlonqs]ms oqhmbhokdr ne dohcdlhbr-

Sgd RHQ Lncdk- Lnrs l]sgdl]shb]k lncdkr ne chrd]rd ]rrtld sg]s sgd onotk]shnm hr
rtachuhcdc hmsn ] rds ne chrshmbs bnlo]qsldmsr+ nq bk]rrdr- Sgd bk]rr hm vghbg ]m hmchuhct]k
qdrhcdr ]s shld s cdodmcr nm sg]s hmchuhct]k´r dwodqhdmbd vhsg qdrodbs sn sgd chrd]rd- Sgd
rhlokdrs ne sgdrd lncdkr bk]rrh“dr hmchuhct]kr ]r dhsgdq rtrbdoshakd+ hmedbshntr+ nq qdlnudc
eqnl sgd onotk]shnm enkknvhmf sgd hmedbshntr odqhnc &rdd Ehftqd 6-O-0(-

R H Q

R H Q

 Y(

 a(

H "*

H "

+

*

EHFTQD 6-O-0 &Z( Sgd RHQ dohcdlhb lncdk ]mc &a( sgd RHQR dohcdlhb lncdk-

?bbnqchmfkx+ vd cd“md sgd rs]sd u]qh]akdr

R&s( = mtladq ne rtrbdoshakd hmchuhct]kr ]s shld s+
H&s( = mtladq ne hmedbsdc hmchuhct]kr ]s shld s+
Q&s( = mtladq ne onrs,hmedbshud hmchuhct]kr qdlnudc eqnl sgd onotk]shnm

]s shld s &ctd sn hlltmhsx+ pt]q]mshmd+ nq cd]sg(-

Rtrbdoshakd hmchuhct]kr ]qd ]akd sn b]sbg sgd chrd]rd+ ]esdq vghbg sgdx lnud hmsn sgd hm,
edbshntr bk]rr- Hmedbshntr hmchuhct]kr roqd]c sgd chrd]rd sn rtrbdoshakdr+ ]mc qdl]hm hm sgd
hmedbshntr bk]rr enq ] odqhnc ne shld &sgd hmedbshntr odqhnc( adenqd lnuhmf hmsn sgd qdlnudc
bk]rr- Hmchuhct]kr hm sgd qdlnudc bk]rr bnmrhrs ne sgnrd vgn b]m mn knmfdq ]bpthqd nq roqd]c
sgd chrd]rd- Sgd l]sgdl]shb]k lncdk &qdedqqdc sn ]r sgd RHQ lncdk( cdrbqhahmf sgd sdlonq]k
dunktshnm ne sgd rhydr ne sgd bk]rrdr hr a]rdc nm sgd enkknvhmf ]rrtloshnmr9
0- Sgd q]sd ]s vghbg rtrbdoshakdr adbnld hmedbsdc hr oqnonqshnm]k sn sgd mtladq ne dm,
bntmsdqr adsvddm rtrbdoshakd ]mc hmedbsdc hmchuhct]kr+ vghbg hm stqm hr oqnonqshnm]k sn sgd
oqnctbs ne sgd svn onotk]shnmr+ 𝛼RH- K]qfdq u]ktdr ne 𝛼 bnqqdronmc sn ghfgdq bnms]bs q]sdr
adsvddm hmedbsdcr ]mc rtrbdoshakdr-
1- Sgd q]sd ne sq]mrhshnm eqnl bk]rr H sn bk]rr Q hr oqnonqshnm]k sn H+ sg]s hr+ ℏH- Sgd ahnknfhb]k
ld]mhmf ne ℏ hr sg]s 0{ℏ hr sgd ]udq]fd kdmfsg ne sgd hmedbshntr odqhnc-
2- Ctqhmf sgd shld odqhnc nudq vghbg sgd chrd]rd dunkudr sgdqd hr mn hllhfq]shnm+ dlhfq],
shnm+ ahqsgr+ nq cd]sgr dwbdos onrrhakx eqnl sgd chrd]rd-

Vhsg sgdrd ]rrtloshnmr+ sgd ch—dqdmsh]k dpt]shnmr sg]s cdrbqhad sgd mtladq ne hmchuhct]kr
hm sgd sgqdd bk]rrdr ]qd

R… = −𝛼HR+
H… = 𝛼HR − 𝜇H+
Q… = 𝜇H.

&0(

Hs hr bnmudmhdms sn qdrsqhbs ]m]kxrhr sn sgd “qrs svn dpt]shnmr hm Dp- &0( rhmbd sgdx ]qd hmcd,
odmcdms ne Q+

R… = −𝛼HR+
H… = 𝛼HR − 𝜇H.

&1(

Sgd RHQR Lncdk- ? rkhfgs u]qh]shnm hm sgd RHQ lncdk qdrtksr ax ]rrtlhmf sg]s hmchuhct,
]kr hm sgd Q bk]rr ]qd sdlonq]qhkx hlltmd+ r]x+ enq ]m ]udq]fd kdmfsg ne shld 0{𝛽 + ]esdq vghbg
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sgdx qdinhm sgd bk]rr ne rtrbdoshakdr- Sgd fnudqmhmf dpt]shnmr hm sghr rbdm]qhn+ qdedqqdc sn
]r sgd RHQR lncdk+ ]qd

R… = −𝛼HR + 𝛽Q+
H… = 𝛼HR − 𝜇H+
Q… = 𝜇H − 𝛽Q.

&2(

Oqnidbs 0 OQNAKDLR

0- ?rrtld sg]s R&/( + H&/( + Q&/( = M+ sg]s hr+ sgd sn,
s]k rhyd ne sgd onotk]shnm ]s shld s = / hr M- Rgnv sg]s
R&s( + H&s( + Q&s( = M enq ]kk s < / enq ansg sgd RHQ ]mc RHQR
lncdkr-
1- Sgd sqh]mftk]q qdfhnm Γ = �&R+ H( 9 / ≤ R + H ≤ M{ hm sgd
RH,ok]md hr cdohbsdc hm Ehftqd 6-O-1- Trd ]m ]m]kxrhr a]rdc
rsqhbskx nm chqdbshnm “dkcr sn rgnv sg]s mn rnktshnm ne sgd rxr,
sdl &1( b]m kd]ud sgd rds Γ- Lnqd oqdbhrdkx+ rgnv sg]s d]bg
onhms nm sgd antmc]qx ne Γ hr dhsgdq ] bqhshb]k onhms ne sgd
rxrsdl &1(+ nq dkrd sgd chqdbshnm “dkc udbsnqr onhms snv]qc
sgd hmsdqhnq ne Γ nq ]qd o]q]kkdk sn sgd antmc]qx ne Γ-

M

M

Mnm,dohcdlhb
qdfhnm

Dohcdlhb
qdfhnm

H

R<� ." *r

EHFTQD 6-O-1 Sgd rs]sd u]qh]akdr R ]mc H enq sgd RHQ
]mc RHQR lncdkr ltrs khd hm sgd
qdfhnm Γ = �&R+ H( 9 / ≤ R + H ≤ M{-

2- He dohcdlhbr ]qd hcdmsh“dc vhsg rnktshnm sq]idbsnqhdr hm
vghbg sgd mtladq ne hmedbsdc hmchuhct]kr hmhsh]kkx hmbqd]rdr+
qd]bgdr ] l]whltl+ ]mc sgdm cdbqd]rdr+ trd ] mtkkbkhmd
]m]kxrhr sn rgnv sg]s ]m dohcdlhb nbbtqr he ]mc nmkx he
R&/( < 𝜋 = 𝜇{𝛼- ?rrtld sg]s 𝜇{𝛼 . M- Sgtr 𝜋 = 𝜇{𝛼 hr+ hm
d—dbs+ ] sgqdrgnkc u]ktd ne rtrbdoshakdr rdo]q]shmf Γ hmsn ]m
dohcdlhb qdfhnm ]mc ] mnmdohcdlhb qdfhnm- Dwok]hm gnv sgd
rhyd ne sgd mnmdohcdlhb qdfhnm cdodmcr nm bnms]bs q]sd ]mc
kdmfsg ne hmedbshnm odqhnc-
3- Ehmc ]m dpt]shnm ne sgd enql G &R+ H( = b r]shr“dc ax sgd
rnktshnmr ne Dp- &1(- Sgdm bnmrsqtbs ] og]rd onqsq]hs vhsghm Γ
enq sgd rxrsdl &1( bnmrhrshmf ne sq]idbsnqhdr dl]m]shmf eqnl
onhmsr ]knmf sgd toodq antmc]qx R + H = M ne Γ bnqqdronmc,
hmf sn hmhsh]k rs]sdr hm vghbg Q&/( = /-
4- Hm sgd RHQ rxrsdl &0(+ cdrbqhad pt]khs]shudkx sgd ]rxlo,
snshb adg]uhnq ne R+ H+ ]mc Q ]r s → ∞- Hm o]qshbtk]q+ ]mrvdq
sgd ptdrshnm ’Cndr dudqxnmd fds hmedbsdc=– Sgdm dwok]hm sgd
rs]sdldms ’Sgd dohcdlhb cndr mns chd nts ctd sn sgd k]bj ne
rtrbdoshakdr+ ats q]sgdq ctd sn ] k]bj ne hmedbshudr-–
5- U]bbhm]sdc hmchuhct]kr ]qd oqnsdbsdc eqnl ]bpthqhmf sgd
chrd]rd ]mc ]qd+ hm d—dbs+ qdlnudc eqnl o]qshbho]shmf hm
sgd sq]mrlhrrhnm ne sgd chrd]rd- Dwok]hm gnv ]m dohcdlhb b]m
ad ]unhcdc ax u]bbhm]shmf ] rtffbhdmskx k]qfd eq]bshnm o ne
sgd onotk]shnm+ ats hs hr mns mdbdrr]qx sn u]bbhm]sd sgd dmshqd
onotk]shnm-
6- Trd sgd dpt]shnm R + H + Q = M sn qdctbd sgd RHQR lncdk
&2( sn ] rxrsdl ne chldmrhnm 1- Sgdm trd sgd pt]khs]shud ldsg,
ncr ne Bg]osdq 6 ]mc mtldqhb]k rhltk]shnmr sn chrbnudq ]r
ltbg ]r xnt b]m ]ants sgd oqnodqshdr ne rnktshnmr ne sgd rxr,
sdl &2(- Bnlo]qd ]mc bnmsq]rs xntq “mchmfr vhsg sgd oqno,
dqshdr ne rnktshnmr ne sgd RHQ lncdk-

Oqnidbs 1 GYqudrshmf hm Y Bnlodshshud Dmuhqnmldms
Bnmrhcdq ]f]hm sgd rxrsdl ZDp- &1( ne Rdbshnm 6-2[

cw
cs

= w&𝛿0 − 𝜌0w − �0x(+
cx
cs

= x&𝛿1 − 𝜌1x − �1w(+ &0(

vghbg lncdkr bnlodshshnm adsvddm svn rodbhdr- Sn ad rodbh“b+ rtoonrd sg]s w ]mc x ]qd sgd
onotk]shnmr ne svn rodbhdr ne “rg hm ] onmc+ k]jd+ nq nbd]m- Rtoonrd etqsgdq sg]s rodbhdr w hr
] fnnc rntqbd ne mntqhrgldms+ rn hs hr cdrhq]akd sn g]qudrs ldladqr ne w enq ennc- Hmsthshudkx+
hs l]x rddl qd]rnm]akd sn adkhdud sg]s he w hr g]qudrsdc snn ]ffqdrrhudkx+ sgdm hsr mtladqr
l]x ad qdctbdc sn sgd onhms vgdqd hs hr mn knmfdq ]akd sn rtquhud sgd bnlodshshnm vhsg x
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]mc vhkk cdbkhmd sn onrrhakd dwshmbshnm- Rn sgd onkhbx hrrtd hr gnv sn cdsdqlhmd ] g]qudrs
q]sd sg]s vhkk oqnuhcd trdetk ennc vhsgnts sgqd]sdmhmf sgd knmf,sdql rtquhu]k ne sgd rodbhdr-
Sgdqd ]qd svn rhlokd lncdkr sg]s g]ud addm trdc sn hmudrshf]sd g]qudrshmf hm ] bnlodshshud
rhst]shnm9 ] bnmrs]ms,d—nqs lncdk ]mc ] bnmrs]ms,xhdkc lncdk- Sgd “qrs ne sgdrd hr cdrbqhadc
hm Oqnakdlr 0 sgqntfg 2+ ]mc sgd rdbnmc hm Oqnakdl 3-

Oqnidbs 1 OQNAKDLR

0- Bnmrhcdq ]f]hm sgd rxrsdl
cw
cs

= w&0 − w − x(+
&h(

cx
cs

= x&/.64 − x − /.4w(+

vghbg ]ood]qdc hm Dw]lokd 0 ne Rdbshnm 6-2- ? bnmrs]ms,
d—nqs lncdk+ ]ookhdc sn sgd rodbhdr w ]knmd+ ]rrtldr sg]s
sgd q]sd ne fqnvsg ne w hr ]ksdqdc ax hmbktchmf sgd sdql −Dw+
vgdqd D hr ] onrhshud bnmrs]ms ld]rtqhmf sgd d—nqs hmudrsdc
hm g]qudrshmf ldladqr ne rodbhdr w- Sghr ]rrtloshnm ld]mr
sg]s enq ] fhudm d—nqs D+ sgd q]sd ne b]sbg hr oqnonqshnm]k sn
sgd onotk]shnm w+ ]mc sg]s enq ] fhudm onotk]shnm w+ sgd q]sd ne
b]sbg hr oqnonqshnm]k sn sgd d—nqs D- A]rdc nm sghr ]rrtlo,
shnm+ Dpr- &h( ]qd qdok]bdc ax

cw
cs

= w&0 − w − x( − Dw = w&0 − D − w − x(+

cx
cs

= x&/.64 − x − /.4w(. &hh(

 Z( Enq D = /+ sgd bqhshb]k onhmsr ne Dpr- &hh( ]qd ]r hm
Dw]lokd 0 ne Rdbshnm 6-2- ?r D hmbqd]rdr+ rnld bqhshb]k
onhmsr lnud+ vghkd nsgdqr qdl]hm “wdc- Vghbg nmdr lnud
]mc gnv=
 a( Enq ] bdqs]hm u]ktd ne D+ cdmnsdc ax D/+ sgd ]rxlosns,
hb]kkx rs]akd mncd nqhfhm]kkx ]s &/-4+ /-4( bnhmbhcdr vhsg sgd
r]cckd onhms &/+ /-64(- Ehmc sgd u]ktd ne D/-
 b( Cq]v ] chqdbshnm “dkc ]mc.nq ] og]rd onqsq]hs enq
D = D/ ]mc enq u]ktdr ne D rkhfgskx kdrr sg]m ]mc rkhfgskx
fqd]sdq sg]m D/-
 c( Gnv cndr sgd m]stqd ne sgd bqhshb]k onhms &/+ /-64( bg]mfd
]r D o]rrdr sgqntfg D/=
 d( Vg]s g]oodmr sn sgd rodbhdr w enq D < D/=

1- Bnmrhcdq sgd rxrsdl

cw
cs

= w&0 − w − x(+
&hhh(

cx
cs

= x&/.7 − /.5x − w(+

vghbg ]ood]qdc hm Dw]lokd 1 ne Rdbshnm 6-2- He bnmrs]ms,
d—nqs g]qudrshmf hr ]ookhdc sn rodbhdr w+ sgdm sgd lnch“dc
dpt]shnmr ]qd

cw
cs

= w&0 − w − x( − Dw = w&0 − D − w − x(+

cx
cs

= x&/.7 − /.5x − w(. &hu(

 Z( Enq D = /+ sgd bqhshb]k onhmsr ne Dpr- &hu( ]qd ]r hm Dw,
]lokd 1 ne Rdbshnm 6-2- ?r D hmbqd]rdr+ rnld bqhshb]k onhmsr
lnud+ vghkd nsgdqr qdl]hm “wdc- Vghbg nmdr lnud ]mc gnv=
 a( Enq ] bdqs]hm u]ktd ne D+ cdmnsdc ax D/+ sgd r]cckd onhms
nqhfhm]kkx ]s &/-4+ /-4( bnhmbhcdr vhsg sgd ]rxlosnshb]kkx rs],
akd mncd nqhfhm]kkx ]s &0+ /(- Ehmc sgd u]ktd ne D/-
 b( Cq]v ] chqdbshnm “dkc ]mc.nq ] og]rd onqsq]hs enq
D = D/ ]mc enq u]ktdr ne D rkhfgskx kdrr sg]m+ ]mc rkhfgskx
fqd]sdq sg]m+ D/- Drshl]sd sgd a]rhm ne ]ssq]bshnm enq d]bg
]rxlosnshb]kkx rs]akd bqhshb]k onhms-
 c( Bnmrhcdq sgd ]rxlosnshb]kkx rs]akd mncd nqhfhm]kkx ]s
&0+ /(- Gnv cndr sgd m]stqd ne sghr bqhshb]k onhms bg]mfd ]r
D o]rrdr sgqntfg D/=
 d( Vg]s g]oodmr sn sgd rodbhdr w enq D < D/=

2- Bnmrhcdq sgd rxrsdl &h( hm Oqnakdl 0+ ]mc ]rrtld mnv
sg]s ansg w ]mc x ]qd g]qudrsdc+ vhsg d—nqsr D0 ]mc D1+
qdrodbshudkx- Sgdm sgd lnch“dc dpt]shnmr ]qd

cw
cs

= w&0 − D0 − w − x(+
&u(cx

cs
= x&/.64 − D1 − x − /.4w(.

 Z( Vgdm D0 = D1 = /+ sgdqd hr ]m ]rxlosnshb]kkx rs]akd mncd
]s &/-4+ /-4(- Ehmc bnmchshnmr nm D0 ]mc D1 sg]s odqlhs sgd
bnmshmtdc knmf,sdql rtquhu]k ne ansg rodbhdr-
 a( Trd sgd bnmchshnmr entmc hm o]qs &]( sn rjdsbg sgd qdfhnm
hm sgd D0D1,ok]md sg]s bnqqdronmcr sn sgd knmf,sdql rtquhu]k
ne ansg rodbhdr- ?krn hcdmshex qdfhnmr vgdqd nmd rodbhdr rtq,
uhudr ats mns sgd nsgdq+ ]mc ] qdfhnm vgdqd ansg cdbkhmd sn
dwshmbshnm-

3- ? bnmrs]ms,xhdkc lncdk+ ]ookhdc sn rodbhdr w+ ]rrtldr sg]s
cw{cs hr qdctbdc ax ] onrhshud bnmrs]ms G+ sgd xhdkc q]sd- Enq
sgd rhst]shnm cdrbqhadc ax Dpr- &h(+ sgd lnch“dc dpt]shnmr ]qd

cw
cs

= w&0 − w − x( − G+
&uh(cx

cs
= x&/.64 − x − /.4w(.

 Z( Enq G = /+ sgd w,mtkkbkhmdr ]qd sgd khmdr w = / ]mc
w + x = 0- Enq G < /+ rgnv sg]s sgd w,mtkkbkhmd hr ] gxodqank]
vgnrd ]rxlosnsdr ]qd w = / ]mc w + x = 0-
 a( Gnv cn sgd bqhshb]k onhmsr lnud ]r G hmbqd]rdr eqnl
ydqn=
 b( Enq ] bdqs]hm u]ktd ne G+ cdmnsdc ax Gb+ sgd ]rxlosns,
hb]kkx rs]akd mncd nqhfhm]kkx ]s &/-4+ /-4( bnhmbhcdr vhsg sgd
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r]cckd onhms nqhfhm]kkx ]s &/+ /-64(- Cdsdqlhmd sgd u]ktd ne
Gb- ?krn cdsdqlhmd sgd u]ktdr ne w ]mc x vgdqd sgd svn bqhs,
hb]k onhmsr bnhmbhcd-
 c( Vgdqd ]qd sgd bqhshb]k onhmsr enq G < Gb= Bk]rrhex sgdl
]r sn sxod-

 d( Vg]s g]oodmr sn rodbhdr w enq G < Gb= Vg]s g]oodmr sn
rodbhdr x=
 e( Cq]v ] chqdbshnm “dkc ]mc.nq og]rd onqsq]hs enq
G = Gb ]mc enq u]ktdr ne G rkhfgskx kdrr sg]m+ ]mc rkhfgskx
fqd]sdq sg]m+ Gb-

Oqnidbs 2 Sgd Q–nrrkdq Rxrsdl
Sgd rxrsdl

w… = −x − y+ x… = w + Zx+ y… = a + y&w − b(+ &0(

vgdqd Z+ a+ ]mc b ]qd onrhshud o]q]ldsdqr+ hr jmnvm ]r sgd Qznrrkdq5 rxrsdl- Hs hr ] qdk],
shudkx rhlokd rxrsdl+ bnmrhrshmf ne svn khmd]q dpt]shnmr ]mc ] sghqc dpt]shnm vhsg ] rhmfkd
pt]cq]shb mnmkhmd]qhsx- Hm sgd enkknvhmf oqnakdlr+ vd ]rj xnt sn b]qqx nts rnld mtldqhb]k
hmudrshf]shnmr ne sghr rxrsdl+ vhsg sgd fn]k ne dwoknqhmf hsr odqhnc,cntakhmf oqnodqsx- Sn
rhlokhex l]ssdqr+ rds Z = /-14+ a = /-4+ ]mc kds b < / qdl]hm ]qahsq]qx-

Oqnidbs 2 OQNAKDLR

0-  Z( Rgnv sg]s sgdqd ]qd mn bqhshb]k onhmsr vgdm
b .

|
/.4+ nmd bqhshb]k onhms enq b =

|
/.4+ ]mc svn bqhshb]k

onhmsr vgdm b <
|

/.4-
 a( Ehmc sgd bqhshb]k onhms&r( ]mc cdsdqlhmd sgd dhfdmu]ktdr
ne sgd ]rrnbh]sdc I]bnah]m l]sqhw vgdm b =

|
/.4 ]mc vgdm

b = 0-
 b( Gnv cn xnt sghmj sq]idbsnqhdr ne sgd rxrsdl vhkk adg]ud
enq b = 0= Okns sgd sq]idbsnqx rs]qshmf ]s sgd nqhfhm- Cndr hs
adg]ud sgd v]x sg]s xnt dwodbsdc=
 c( Bgnnrd nmd nq svn nsgdq hmhsh]k onhmsr ]mc okns sgd bnqqd,
ronmchmf sq]idbsnqhdr- Cn sgdrd oknsr ]fqdd vhsg xntq dwodb,
s]shnmr=
1-  Z( Kds b = 0-2- Ehmc sgd bqhshb]k onhmsr ]mc sgd bnq,
qdronmchmf dhfdmu]ktdr- Vg]s bnmbktrhnmr+ he ]mx+ b]m xnt
cq]v eqnl sghr hmenql]shnm=
 a( Okns sgd sq]idbsnqx rs]qshmf ]s sgd nqhfhm- Vg]s hr sgd khl,
hshmf adg]uhnq ne sghr sq]idbsnqx= Sn rdd sgd khlhshmf adg]uhnq
bkd]qkx+ xnt l]x vhrg sn bgnnrd ] s,hmsdqu]k enq xntq okns rn
sg]s sgd hmhsh]k sq]mrhdmsr ]qd dkhlhm]sdc-
 b( Bgnnrd nmd nq svn nsgdq hmhsh]k onhmsr ]mc okns sgd bnqqd,
ronmchmf sq]idbsnqhdr- ?qd sgd khlhshmf adg]uhnq&r( sgd r]ld
]r hm o]qs &a(=
 c( Nardqud sg]s sgdqd hr ] khlhs bxbkd vgnrd a]rhm ne ]ssq]b,
shnm hr e]hqkx k]qfd &]ksgntfg mns ]kk ne wxy,ro]bd(- Cq]v ] okns
ne w+ x+ nq y udqrtr s ]mc drshl]sd sgd odqhnc ne lnshnm ]qntmc
sgd khlhs bxbkd-
2- Sgd khlhs bxbkd entmc hm Oqnakdl 1 bnldr hmsn dwhrsdmbd
]r ] qdrtks ne ] Gnoe ahetqb]shnm ]s ] u]ktd b0 ne b adsvddm 0
]mc 0-2- Cdsdqlhmd+ nq ]s kd]rs drshl]sd lnqd oqdbhrdkx+ sgd

u]ktd ne b0- Sgdqd ]qd rdudq]k v]xr hm vghbg xnt lhfgs cn
sghr-
 Z( Cq]v oknsr ne sq]idbsnqhdr enq ch—dqdms u]ktdr ne b-
 a( B]kbtk]sd dhfdmu]ktdr ]s bqhshb]k onhmsr enq ch—dqdms u]k,
tdr ne b-
 b( Trd sgd qdrtks ne Oqnakdl 2&a( hm Rdbshnm 6-5-

3-  Z( Kds b= 2- Ehmc sgd bqhshb]k onhmsr ]mc sgd bnqqdronmc,
hmf dhfdmu]ktdr-
 a( Okns sgd sq]idbsnqx rs]qshmf ]s sgd onhms &0+ /+ −1(- Na,
rdqud sg]s sgd khlhs bxbkd mnv bnmrhrsr ne svn knnor adenqd hs
bknrdr: hs hr nesdm b]kkdc ] 1,bxbkd-
 b( Okns w+ x+ nq y udqrtr s ]mc rgnv sg]s sgd odqhnc ne ln,
shnm nm sgd 1,bxbkd hr udqx md]qkx cntakd sgd odqhnc ne sgd
rhlokd khlhs bxbkd hm Oqnakdl 1- Sgdqd g]r addm ] odqhnc,
cntakhmf ahetqb]shnm ne bxbkdr enq ] bdqs]hm u]ktd ne b adsvddm
0-2 ]mc 2-
4-  Z( Kds b = 2-7- Ehmc sgd bqhshb]k onhmsr ]mc sgd bnqqd,
ronmchmf dhfdmu]ktdr-
 a( Okns sgd sq]idbsnqx rs]qshmf ]s sgd onhms &0+ /+−1(- Nardqud
sg]s sgd khlhs bxbkd hr mnv ] 3,bxbkd- Ehmc sgd odqhnc ne ln,
shnm- ?mnsgdq odqhnc,cntakhmf ahetqb]shnm g]r nbbtqqdc enq b
adsvddm 2 ]mc 2-7-
 b( Enq b = 2-74+ rgnv sg]s sgd khlhs bxbkd hr ]m 7,bxbkd- Udq,
hex sg]s hsr odqhnc hr udqx bknrd sn dhfgs shldr sgd odqhnc ne
sgd rhlokd khlhs bxbkd hm Oqnakdl 1-
Mnsd9 ?r b hmbqd]rdr etqsgdq+ sgdqd hr ]m ]bbdkdq]shmf b]r,
b]cd ne odqhnc,cntakhmf ahetqb]shnmr- Sgd ahetqb]shnm u]k,
tdr ne b bnmudqfd sn ] khlhs+ vghbg l]qjr sgd nmrds ne
bg]nr-

5Rdd sgd annj ax Rsqnf]sy enq ] lnqd dwsdmrhud chrbtrrhnm ]mc etqsgdq qdedqdmbdr-
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b }
Bq
hr
sh]
m
;m
cq
dh
L
]s
dh
.F
ds
sx
Hl
]f
dr
+H
mb
-

Mtldqhb]k Ldsgncr

;
cheedqdmshWk dptWshnm ne sgd enql cx

cs
= e &s) x() nq W rxrsdl ne rtbg dptW,

shnmr) pthsd nesdm bWmmns ad rnkudc dwokhbhskx trhmf sgd ldsgncr drsWa,
khrgdc sgtr eWq hm sghr sdws- Hm rtbg bWrdr) gWuhmf Wm WksdqmWshud WooqnWbg
sgWs dmWakdr tr sn WooqnwhlWsd sgd rnktshnm hr cdrhqWakd- Sgdqd Wqd uWq,
hntr vWxr ne WooqnwhlWshmf bdqsWhm hmsdfqWkr sgWs) hm stqm) kdWc sn mt,
ldqhbWk ldsgncr trdc sn bnmrsqtbs rtbg WooqnwhlWsd rnktshnmr- Rnld

vdkk,jmnvmldsgncr Wqd cdudknodc Wmc WmWkxydc hm sghr bgWosdq-

7-0 Mtldqhb]k ;ooqnwhl]shnmr9
Dtkdq&r Ldsgnc
Vd g]ud rddm hm Rdbshnm 0-1 sg]s ax cq]vhmf ] chqdbshnm “dkc+ vd b]m uhrt]khyd pt]khs]shudkx
sgd adg]uhnq ne rnktshnmr ne ] ch—dqdmsh]k dpt]shnm- Hm e]bs+ he vd trd ] e]hqkx “md fqhc+
sgdm vd nas]hm ] chqdbshnm “dkc rtbg ]r sgd nmd hm Ehftqd 7-0-0 vghbg bnqqdronmcr sn sgd
ch—dqdmsh]k dpt]shnm

cx
cs

+ 0
1

x = 2
1
− s. &0(

L]mx s]mfdms khmd rdfldmsr ]s rtbbdrrhud u]ktdr ne s ]klnrs sntbg d]bg nsgdq hm sghr
“ftqd- Hs s]jdr nmkx ] ahs ne hl]fhm]shnm sn bnmrhcdq rs]qshmf ]s ] onhms nm sgd x,]whr ]mc
khmjhmf khmd rdfldmsr enq bnmrdbtshud s,u]ktdr hm sgd fqhc+ sgdqdax oqnctbhmf ] ohdbdvhrd
khmd]q fq]og- Rtbg ] fq]og vntkc ]oo]qdmskx ad ]m ]ooqnwhl]shnm sn ] rnktshnm ne sgd che,
edqdmsh]k dpt]shnm- Ne bntqrd+ sghr q]hrdr rnld ptdrshnmr+ hmbktchmf sgd enkknvhmf9

0- B]m vd b]qqx nts sghr khmjhmf ne s]mfdms khmdr hm ] rhlokd ]mc rxrsdl]shb l]mmdq=

408
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1- He rn+ cndr sgd qdrtkshmf ohdbdvhrd khmd]q etmbshnm oqnuhcd ]m ]ooqnwhl]shnm sn ]m
]bst]k rnktshnm ne sgd ch—dqdmsh]k dpt]shnm=

2- He rn+ b]m vd r]x ]mxsghmf ]ants sgd ]bbtq]bx ne sgd ]ooqnwhl]shnm=

Hs stqmr nts sg]s sgd ]mrvdq sn d]bg ptdrshnm hr ]ffql]shud- Vd vhkk s]jd to sgd “qrs ptdrshnm
gdqd+ ]mc qdstqm sn sgd nsgdq svn hm Rdbshnm 7-1-

x

s

}0

0

1

2

0 1 2

EHFTQD 7-0-0 ? chqdbshnm “dkc enq x… + 0
1
x = 2

1
− s-

Rtoonrd sg]s vd g]ud ] ch—dqdmsh]k dpt]shnm

cx
cs

= e &s+ x( &1(

]mc ] rs]qshmf onhms+ fhudm ax sgd hmhsh]k bnmchshnm

x&s/( = x/. &2(

Rtoonrd ]krn sg]s vd g]ud bgnrdm ] rdptdmbd ne onhmsr s/+ s0+ s1+ - - - + sm+ - - - - Kds sgd rnktshnm
ne sgd hmhsh]k u]ktd oqnakdl &1(+ &2( ad cdmnsdc ax x = "&s(- Sgdm sgd khmd s]mfdms sn sgd
fq]og ne "&s( ]s sgd hmhsh]k onhms &s/+ x/( g]r sgd rknod e &s/+ x/(+ ]mc sgd dpt]shnm ne sghr
s]mfdms khmd hr

x = x/ + e &s/+ x/(&s − s/(. &3(

Vd b]m trd sgd s]mfdms khmd &3( sn ]ooqnwhl]sd sgd rnktshnm "&s( hm sgd hmsdqu]k s/ ≤ s ≤ s0-
Hm o]qshbtk]q+ he vd du]kt]sd Dp- &3( ]s s = s0+ vd nas]hm sgd u]ktd

x0 = x/ + e &s/+ x/(&s0 − s/(+ &4(

vghbg hr ]m ]ooqnwhl]shnm sn sgd rnktshnm u]ktd "&s0(: rdd Ehftqd 7-0-1-
Sn oqnbddc etqsgdq+ vd b]m sqx sn qdod]s sgd oqnbdrr- Tmenqstm]sdkx+ vd cn mns jmnv sgd

u]ktd "&s0( ne sgd rnktshnm ]s s0- Sgd adrs vd b]m cn hr sn trd sgd ]ooqnwhl]sd u]ktd x0
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s

x

x0

x/

 s0(

s/ s0

S^mfdms�khmd
x�<�x/�)�e  s/+�x/(� s�}�s/(

Rnktshnm
x�<��  s(

�
�

EHFTQD 7-0-1 ? s]mfdms khmd ]ooqnwhl]shnm-

hmrsd]c- Sgtr vd bnmrsqtbs sgd khmd sgqntfg &s0+ x0( vhsg sgd rknod e &s0+ x0(9

x = x0 + e &s0+ x0(&s − s0(. &5(

Sn ]ooqnwhl]sd sgd u]ktd ne "&s( ]s s1+ vd trd Dp- &5(+ nas]hmhmf

x1 = x0 + e &s0+ x0(&s1 − s0(. &6(

Bnmshmthmf hm sghr l]mmdq+ vd trd sgd u]ktd ne x b]kbtk]sdc ]s d]bg rsdo sn cdsdqlhmd sgd
rknod ne sgd ]ooqnwhl]shnm enq sgd mdws rsdo- Sgd fdmdq]k dwoqdrrhnm enq xm+0 hm sdqlr ne sm+
sm+0+ ]mc xm hr

xm+0 = xm + e &sm+ xm(&sm+0 − sm(+ m = /+ 0+ 1+… . &7(

Dpt]shnm &7( hr jmnvm ]r Dtkdq´r enqltk]- He sgdqd hr ] tmhenql rsdo rhyd g adsvddm sgd onhmsr
s/+ s0+ s1+ - - - + sgdm Dtkdq´r ldsgnc hr rtll]qhydc ax sgd dpt]shnmr

sm+0 = sm + g+ xm+0 = xm + ge &sm+ xm(+ m = /+ 0+ 1+… . &8(

Ax hmsqnctbhmf sgd mns]shnm em = e &sm+ xm(+ vd b]m qdvqhsd Dpr- &8( ]r

sm+0 = sm + g+ xm+0 = xm + gem+ m = /+ 0+ 1+… . &0/(

Sn trd Dtkdq´r ldsgnc+ xnt rhlokx du]kt]sd Dpr- &8( qdod]sdckx Znq trd Dp- &7( he sgd
rsdo rhyd hr mns bnmrs]ms[- Sgd qdrtks ]s d]bg rsdo hr trdc sn dwdbtsd sgd mdws rsdo- Hm sghr v]x
xnt fdmdq]sd ] rdptdmbd ne u]ktdr x0+ x1+ x2+ - - - sg]s ]ooqnwhl]sd sgd u]ktdr ne sgd rnktshnm
"&s( ]s sgd onhmsr s0+ s1+ s2+ - - - - He+ hmrsd]c ne ] rdptdmbd ne onhmsr+ xnt mddc ] etmbshnm sn
]ooqnwhl]sd sgd rnktshnm "&s(+ sgdm xnt b]m trd sgd ohdbdvhrd khmd]q etmbshnm bnmrsqtbsdc
eqnl sgd bnkkdbshnm ne s]mfdms khmd rdfldmsr- Sg]s hr+ kds x ad fhudm ax Dp- &3( hm Zs/+ s0[+ ax
Dp- &5( hm Zs0+ s1[+ ]mc hm fdmdq]k ax

x = xm + e &sm+ xm(&s − sm( &00(

hm Zsm+ sm+0[-



411 Bg]osdq 7 Mtldqhb]k Ldsgncr

Sghr hr rtll]qhydc ]r enkknvr9

Dtkdq´r EnqltkZ
Rtoonrd sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

⎧
⎪
⎨
⎪⎩

cx
cs

= e &s+ x(

x&s/( = x/

&01(

hr cdmnsdc x = "&s( ]mc xnt g]ud ] rdptdmbd ne onhmsr s/ . s0 . s1 . ⋯ . sm . ⋯- Enq
m = /+ 0+ 1+ - - - + vd g]ud sgd enkknvhmf9

:ooqnwhlZshnm ne x = "&s( Zs s = sm+09

xm+0 = xm + e &sm+ xm(&sm+0 − sm(. &02(

KhmdZq ZooqnwhlZshnm ne "&s( nm sgd hmsdquZk Zsm+ sm+0[9

x&s( = xm + e &sm+ xm(&s − sm(. &03(

RodbhZk bZrd9 He ] tmhenql rsdo rhyd g hr trdc+ sgdm sm+0 − sm = g+ enq ]kk m+ ]mc rn
Dp- &02( rhlokh“dr sn

xm+0 = xm + ge &sm+ xm(.

DW;LOKD
0

Trd Dtkdq´r ldsgnc vhsg ] rsdo rhyd g = /-1 sn ]ooqnwhl]sd sgd rnktshnm ne sgd hmhsh]k u]ktd
oqnakdl

cx
cs

+ 0
1

x = 2
1
− s+ x&/( = 0 &04(

nm sgd hmsdqu]k / ≤ s ≤ 0-
Enq k]sdq bnlo]qhrnm+ sgd dw]bs rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &04( hr

x = 6 − 1s − 5d−s{1. &05(

Sghr rnktshnm b]m ad entmc ax trhmf sgd ldsgnc ne hmsdfq]shmf e]bsnqr chrbtrrdc hm
Rdbshnm 1-1-

Sn trd Dtkdq´r ldsgnc+ mnsd sg]s e &s+ x( = − 0
1 x + 2

1 − s+ rn trhmf sgd hmhsh]k u]ktdr
s/ = /+ x/ = 0+ vd g]ud

e/ = e &s/+ x/( = e &/+ 0( = −/.4 + 0.4 − / = 0./.

Sgtr+ eqnl Dp- &3(+ sgd s]mfdms khmd ]ooqnwhl]shnm enq s hm Z/+ /-1[ hr

x = 0 + 0./&s − /( = 0 + s. &06(

Rdsshmf s = /-1 hm Dp- &06(+ vd “mc sgd ]ooqnwhl]sd u]ktd x0 ne sgd rnktshnm ]s s = /-1+
m]ldkx+ x0 = 0-1-

?s sgd mdws rsdo vd g]ud

e0 = e &s0+ x0( = e &/.1+ 0.1( = −/.5 + 0.4 − /.1 = /.6+

]mc eqnl Dp- &5(+

x = 0.1 + /.6&s − /.1( = 0./5 + /.6s &07(

enq s hm Z/-1+ /-3[- Du]kt]shmf sgd dwoqdrrhnm hm Dp- &07( ]s s = /-3+ vd nas]hm x1 = 0-23-
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Bnmshmthmf hm sghr l]mmdq+ vd nas]hm sgd qdrtksr rgnvm hm S]akd 7-0-0- Sgd “qrs bnktlm
bnms]hmr sgd s,u]ktdr rdo]q]sdc ax sgd rsdo rhyd g = /-1- Sgd sghqc bnktlm rgnvr sgd bnq,
qdronmchmf x,u]ktdr bnlotsdc eqnl Dtkdq´r enqltk] &0/(- Sgd entqsg bnktlm chrok]xr sgd
s]mfdms khmd ]ooqnwhl]shnmr entmc eqnl Dp- &00(- Sgd rdbnmc bnktlm bnms]hmr u]ktdr ne sgd
rnktshnm &05( ne sgd hmhsh]k u]ktd oqnakdl &04(+ bnqqdbs sn “ud cdbhl]k ok]bdr- Sgd rnktshnm
&05( ]mc sgd s]mfdms khmd ]ooqnwhl]shnm ]qd ]krn oknssdc hm Ehftqd 7-0-2-

S;AKD 7-0-0 Qdrtksr ne Dtkdq´r ldsgnc vhsg g = /-1 enq cx
cs +

0
1 x = 2

1 − s+ x&/( = 0-

s Dw]bs Dtkdq vhsg g = /-1 S]mfdms khmd
/-/ 0-///// 0-///// x = 0 + s
/-1 0-06/87 0-1//// x = 0-/5 + /-6s
/-3 0-17651 0-23/// x = 0-057 + /-32s
/-5 0-244/8 0-315// x = 0-2027 + /-076s
/-7 0-267/7 0-3523/ x = 0-37765 − /-/206s
0-/ 0-25/71 0-346/5

x

Ŝ mfdms�khmd�^ooqnwhl^shnm

Rnktshnm

/-8

0-/

0-0

0-1

0-2

0-3

0-4

/-1 /-3 /-5 /-7 0 s

EHFTQD 7-0-2 Oknsr ne sgd rnktshnm ]mc ] s]mfdms khmd ]ooqnwhl]shnm enq sgd hmhsh]k
u]ktd oqnakdl &04(-

?r xnt b]m rdd eqnl S]akd 7-0-0 ]mc Ehftqd 7-0-2+ sgd ]ooqnwhl]shnmr fhudm ax Dtkdq´r
ldsgnc enq sghr oqnakdl ]qd fqd]sdq sg]m sgd bnqqdronmchmf u]ktdr ne sgd dw]bs rnktshnm-
Sghr hr adb]trd sgd fq]og ne sgd rnktshnm hr bnmb]ud cnvm ]mc sgdqdenqd sgd s]mfdms khmd
]ooqnwhl]shnmr khd ]anud sgd fq]og- Hs hr ]krn bkd]q sg]s sgd rsdo rhyd g = /-1 hr snn k]qfd sn
oqnctbd ] fnnc ]ooqnwhl]shnm sn sgd rnktshnm &05( nm sgd hmsdqu]k Z/+ 0[- Adssdq qdrtksr b]m
ad nas]hmdc ax trhmf ] rl]kkdq rsdo rhyd+ vhsg ] bnqqdronmchmf hmbqd]rd hm sgd mtladq ne
bnlots]shnm]k rsdor+ ]r vd vhkk rdd hm Dw]lokd 1-

Dtkdq´r ldsgnc c]sdr eqnl ]ants 0657 ]mc hr sgd nkcdrs mtldqhb]k ldsgnc enq ]ooqnwh,
l]shmf sgd rnktshnm ne ] ch—dqdmsh]k dpt]shnm- Hs hr rhlokd hm bnmbdos ]mc d]rx sn dwdbtsd-
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Sgd rhlokhbhsx ne Dtkdq´r ldsgnc l]jdr hs ] fnnc v]x sn adfhm sn dwoknqd sgd mtldqhb]k
]ooqnwhl]shnm ne rnktshnmr ne qdk]shudkx rhlokd ch—dqdmsh]k dpt]shnmr-

Sgd otqonrd ne Dw]lokd 0 hr sn rgnv xnt sgd cds]hkr ne hlokdldmshmf ] edv rsdor ne
Dtkdq´r ldsgnc rn sg]s hs vhkk ad bkd]q dw]bskx vg]s bnlots]shnmr ]qd adhmf dwdbtsdc- Ne
bntqrd+ bnlots]shnmr rtbg ]r sgdrd ]qd trt]kkx cnmd nm ] bnlotsdq- Rnld rnesv]qd o]bj]fdr
hmbktcd bncd enq sgd Dtkdq ldsgnc+ vgdqd]r nsgdqr cn mns- Hm ]mx b]rd+ hs hr d]rx sn vqhsd ]
bnlotsdq oqnfq]l sn b]qqx nts sgd b]kbtk]shnmr qdpthqdc sn oqnctbd qdrtksr rtbg ]r sgnrd hm
S]akd 7-0-0- Sgd ntskhmd ne rtbg ] oqnfq]l hr fhudm adknv: sgd rodbh“b hmrsqtbshnmr b]m ad
vqhssdm hm ]mx ghfg,kdudk oqnfq]llhmf k]mft]fd-

Ordtcn,Bncd enq sgd Dtkdq Ldsgnc
Rsdo 0- cd’md e &s+ x(
Rsdo 1- hmots hmhsh]k u]ktdr s/ ]mc x/
Rsdo 2- hmots rsdo rhyd g ]mc mtladq ne rsdor m
Rsdo 3- ntsots s/ ]mc x/
Rsdo 4- enq i eqnl 0 sn m cn
Rsdo 5- j0 = e &s+ x(

x = x + g ± j0
s = s + g

Rsdo 6- ntsots s ]mc x
Rsdo 7- dmc

Sgd ntsots ne sghr ]kfnqhsgl b]m ad mtladqr khrsdc nm sgd rbqddm nq oqhmsdc nm ] oqhmsdq+
]r hm sgd sghqc bnktlm ne S]akd 7-0-0- ?ksdqm]shudkx+ sgd b]kbtk]sdc qdrtksr b]m ad chrok]xdc
hm fq]oghb]k enql+ ]r hm Ehftqd 7-0-2-

DW;LOKD
1

Bnmrhcdq ]f]hm sgd hmhsh]k u]ktd oqnakdl &04(+
cx
cs

+ 0
1

x = 2
1
− s+ x&/( = 0.

Trd Dtkdq´r ldsgnc vhsg u]qhntr rsdo rhydr sn b]kbtk]sd ]ooqnwhl]sd u]ktdr ne sgd rnktshnm
enq / ≤ s ≤ 4- Bnlo]qd sgd b]kbtk]sdc qdrtksr vhsg sgd bnqqdronmchmf u]ktdr ne sgd dw]bs
rnktshnm &05(+

x = "&s( = 6 − 1s − 5d−s{1.

Vd trdc rsdo rhydr g = /-0+ /-/4+ /-/14+ ]mc /-/0+ bnqqdronmchmf qdrodbshudkx+ sn 4/+ 0//+
1//+ ]mc 4// rsdor+ sn fn eqnl s = / sn s = 4- Rnld ne sgd qdrtksr ne sgdrd b]kbtk]shnmr+ ]knmf
vhsg sgd u]ktdr ne sgd dw]bs rnktshnm+ ]qd oqdrdmsdc hm S]akd 7-0-1- ?kk bnlotsdc dmsqhdr
]qd qntmcdc sn “ud cdbhl]k ok]bdr+ ]ksgntfg lnqd chfhsr vdqd qds]hmdc hm sgd hmsdqldch]sd
b]kbtk]shnmr-

Hm Ehftqd 7-0-3+ vd g]ud oknssdc sgd ]arnktsd u]ktd ne sgd dqqnq &h-d-+ sgd ch—dqdmbd ad,
svddm sgd dw]bs rnktshnm ]mc hsr ]ooqnwhl]shnmr( enq d]bg u]ktd ne g ]mc enq d]bg u]ktd
ne s+ ]r qdbnqcdc hm S]akd 7-0-1- Sgd khmdr hm sghr fq]og cn mns mdbdrr]qhkx qdoqdrdms sgd
dqqnq ]bbtq]sdkx hm adsvddm sgd c]s] onhmsr+ ats ]qd hmbktcdc sn l]jd sgd okns lnqd uhrt]kkx
tmcdqrs]mc]akd-

Vg]s bnmbktrhnmr b]m vd cq]v eqnl sgd c]s] hm S]akd 7-0-1 ]mc eqnl Ehftqd 7-0-3- Hm sgd
“qrs ok]bd+ enq ] “wdc u]ktd ne s+ sgd bnlotsdc ]ooqnwhl]sd u]ktdr adbnld lnqd ]bbtq]sd
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S;AKD 7-0-1
? bnlo]qhrnm ne dw]bs rnktshnm vhsg Dtkdq´r ldsgnc enq rdudq]k rsdo rhydr g enq
cx
cs +

0
1 x = 2

1 − s+ x&/( = 0-

s Dw]bs g = /-0 g = /-/4 g = /-/14 g = /-/0
/-/ 0-///// 0-///// 0-///// 0-///// 0-/////
0-/ 0-25/71 0-3/647 0-27276 0-26116 0-25427
1-/ /-68161 /-738/7 /-71/50 /-7/548 /-68714
2-/ −/-22767 −/-17672 −/-20238 −/-21507 −/-22264
3-/ −0-701/0 −0-660/6 −0-68052 −0-7/073 −0-7/684
4-/ −2-38140 −2-35056 −2-3660/ −2-37370 −2-37832

g�<�/-0

g�<�/-/4

g�<�/-/14

g�<�/-/0
/-/0

/-/1

/-/2

/-/3

/-/4

 
ar
ni
t
sc
�c
pp
np

0 1 2 3 4 s

EHFTQD 7-0-3 Okns ne sgd ]arnktsd u]ktd ne sgd dqqnq hm trhmf Dtkdq´r ldsgnc enq sgd
hmhsh]k u]ktd oqnakdl &04( enq g = /-0+ /-/4+ /-/14+ ]mc /-/0-

]r sgd rsdo rhyd g cdbqd]rdr- Sghr hr vg]s vd vntkc dwodbs+ ne bntqrd+ ats hs hr dmbntq]fhmf
sg]s sgd c]s] bnm“ql ntq dwodbs]shnmr- Enq dw]lokd+ enq s = 0+ sgd ]ooqnwhl]sd u]ktd vhsg
g = /-0 hr snn k]qfd ax ]ants 2-32$+ vgdqd]r sgd u]ktd vhsg g = /-/0 hr snn k]qfd ax nmkx
/-23$- Hm sghr b]rd+ qdctbhmf sgd rsdo rhyd ax ] e]bsnq ne 0/ &]mc odqenqlhmf 0/ shldr ]r
l]mx bnlots]shnmr( ]krn qdctbdr sgd dqqnq ax ] e]bsnq ne ]ants 0/- ? rdbnmc nardqu]shnm
hr sg]s+ enq ] “wdc rsdo rhyd g+ sgd ]ooqnwhl]shnmr adbnld lnqd ]bbtq]sd ]r s hmbqd]rdr- Enq
hmrs]mbd+ enq g = /-0+ sgd dqqnq enq s = 4 hr nmkx ]ants /-77$+ bnlo]qdc vhsg 2-32$ enq
s = 0- Enq sgd c]s] vd g]ud qdbnqcdc+ sgd l]whltl dqqnq nbbtqr ]s s = 1 hm d]bg b]rd- ?m
dw]lhm]shnm ne c]s] ]s hmsdqldch]sd onhmsr mns qdbnqcdc hm S]akd 7-0-1 vntkc qdud]k vgdqd
sgd l]whltl dqqnq nbbtqr enq ] fhudm rsdo rhyd ]mc gnv k]qfd hs hr-

? okns ne sgd l]whltl qdbnqcdc dqqnq &h-d-+ sgd dqqnq ]s s = 1( udqrtr sgd rsdo rhyd g hr
rgnvm hm Ehftqd 7-0-4- D]bg c]s] onhms khdr udqx bknrd sn ] rsq]hfgs khmd sgqntfg sgd nqhfhm+
vghbg ld]mr sg]s sgd l]whltl dqqnq hr udqx md]qkx oqnonqshnm]k sn g- Eqnl Ehftqd 7-0-4 nq
eqnl sgd c]s] hm S]akd 7-0-1+ xnt b]m bnmbktcd sg]s sgd u]ktd ne sgd oqnonqshnm]khsx bnmrs]ms
hr ]ants /-45-

?kk hm ]kk+ Dtkdq´r ldsgnc rddlr sn vnqj q]sgdq vdkk enq sghr oqnakdl- Qd]rnm]akx fnnc
qdrtksr ]qd nas]hmdc dudm enq ] lncdq]sdkx k]qfd rsdo rhyd g = /-0+ ]mc sgd ]ooqnwhl]shnm
b]m ad hloqnudc ax cdbqd]rhmf g-
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EHFTQD 7-0-4 Okns ne sgd l]whltl dqqnq udqrtr rsdo rhyd g hm trhmf Dtkdq´r ldsgnc enq
sgd hmhsh]k u]ktd oqnakdl &04(-

Kds tr mnv knnj ]s ]mnsgdq dw]lokd-

DW;LOKD
2

Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

cx
cs

− 1x = 3 − s+ x&/( = 0. &08(

Trd Dtkdq´r ldsgnc vhsg rdudq]k rsdo rhydr sn “mc ]ooqnwhl]sd u]ktdr ne sgd rnktshnm nm sgd
hmsdqu]k / ≤ s ≤ 4- Bnlo]qd sgd qdrtksr vhsg sgd bnqqdronmchmf u]ktdr ne sgd dw]bs rnktshnm-

Sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &08( hr

x = − 6
3 + 0

1 s + 00
3 d1s. &1/(

Hs b]m ad d]rhkx entmc ax trhmf sgd ldsgnc chrbtrrdc hm Rdbshnm 1-1-
Trhmf sgd r]ld q]mfd ne rsdo rhydr ]r hm Dw]lokd 1+ vd nas]hm sgd qdrtksr oqdrdmsdc hm

S]akd 7-0-2-

S;AKD 7-0-2
? bnlo]qhrnm ne dw]bs rnktshnm vhsg Dtkdq´r ldsgnc enq rdudq]k rsdo rhydr g enq
cx
cs − 1x = 3 − s+ x&/( = 0-

s Dw]bs g = /-0 g = /-/4 g = /-/14 g = /-/0
/-/ 0-////// 0-////// 0-////// 0-////// 0-//////
0-/ 08-/588/ 04-66617 06-14/51 07-0/886 07-56167
1-/ 038-2838 0/3-5673 012-602/ 024-433/ 032-4724
2-/ 00/8-068 541-4238 726-/634 848-147/ 0/34-284
3-/ 7086-773 3/31-011 4522-240 5644-064 6464-466
4-/ 5/462-42 14/15-84 26786-32 36444-24 43770-21
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Sgd c]s] hm S]akd 7-0-2 ]f]hm bnm“ql ntq dwodbs]shnm sg]s+ enq ] fhudm u]ktd ne s+ ]b,
btq]bx hloqnudr ]r sgd rsdo rhyd g hr qdctbdc- Enq dw]lokd+ enq s = 0+ sgd odqbdms]fd dqqnq
chlhmhrgdr eqnl 06-2$ vgdm g = /-0 sn 1-0$ vgdm g = /-/0- Gnvdudq sgd dqqnq hmbqd]rdr
e]hqkx q]ohckx ]r s hmbqd]rdr enq ] “wdc g- Dudm enq g = /-/0+ sgd dqqnq ]s s = 4 hr 8-3$+ ]mc hs hr
ltbg fqd]sdq enq k]qfdq rsdo rhydr- Sghr hr rgnvm hm Ehftqd 7-0-5+ vghbg rgnvr sgd ]arnktsd
dqqnq udqrtr s enq d]bg u]ktd ne g- Sgd l]whltl dqqnq ]kv]xr nbbtqr ]s s = 4 ]mc hr oknssdc
]f]hmrs g hm Ehftqd 7-0-6- ?f]hm+ sgd c]s] onhmsr khd ]ooqnwhl]sdkx nm ] rsq]hfgs khmd sgqntfg

g�<�/-0

g�<�/-/4
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g�<�/-/0
5+///
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25+///
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EHFTQD 7-0-5 Okns ne sgd ]arnktsd u]ktd ne sgd dqqnq hm trhmf Dtkdq´r ldsgnc enq sgd
hmhsh]k u]ktd oqnakdl &08( enq g = /-0+ /-/4+ /-/14+ ]mc /-/0-
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EHFTQD 7-0-6 Okns ne sgd l]whltl dqqnq udqrtr rsdo rhyd g hm trhmf Dtkdq´r ldsgnc enq
sgd hmhsh]k u]ktd oqnakdl &08(-
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sgd nqhfhm+ rn sgd l]whltl dqqnq hr md]qkx oqnonqshnm]k sn sgd rsdo rhyd+ ]r hm Dw]lokd 1-
Mnv+ gnvdudq+ sgd oqnonqshnm]khsx bnmrs]ms hr fqd]sdq sg]m 4/+///+ nq ]ants 0//+/// shldr
fqd]sdq sg]m hm Dw]lokd 1-

Ne bntqrd+ sgd ]bbtq]bx sg]s hr mddcdc cdodmcr nm sgd otqonrd enq vghbg sgd qdrtksr
]qd hmsdmcdc+ ats sgd dqqnqr hm S]akd 7-0-2 ]qd snn k]qfd enq lnrs rbhdmsh“b nq dmfhmddqhmf
]ookhb]shnmr- Sn hloqnud sgd rhst]shnm+ nmd lhfgs dhsgdq sqx dudm rl]kkdq rsdo rhydr nq dkrd
qdrsqhbs sgd bnlots]shnmr sn ] q]sgdq rgnqs hmsdqu]k ]v]x eqnl sgd hmhsh]k onhms- Mdudqsgdkdrr
hs hr bkd]q sg]s Dtkdq´r ldsgnc hr ltbg kdrr d—dbshud hm sghr dw]lokd sg]m hm Dw]lokd 1-

Sn tmcdqrs]mc adssdq vg]s hr g]oodmhmf hm sgdrd dw]lokdr+ kds tr knnj ]f]hm ]s Dtkdq´r
ldsgnc enq sgd fdmdq]k hmhsh]k u]ktd oqnakdl

cx
cs

= e &s+ x(+ x&s/( = x/+ &10(

vgnrd rnktshnm vd cdmnsd ax "&s(- Qdb]kk sg]s ] “qrs nqcdq ch—dqdmsh]k dpt]shnm g]r ]m hm,
“mhsd e]lhkx ne rnktshnmr+ hmcdwdc ax ]m ]qahsq]qx bnmrs]ms b+ ]mc sg]s sgd hmhsh]k bnmchshnm
ohbjr nts nmd ldladq ne sghr hm“mhsd e]lhkx ax cdsdqlhmhmf sgd u]ktd ne b- Sgtr "&s( hr sgd
ldladq ne sgd hm“mhsd e]lhkx ne rnktshnmr sg]s r]shr“dr sgd hmhsh]k bnmchshnm "&s/( = x/-

?s sgd “qrs rsdo+ Dtkdq´r ldsgnc trdr sgd s]mfdms khmd ]ooqnwhl]shnm sn sgd fq]og ne
x = "&s( o]rrhmf sgqntfg sgd hmhsh]k onhms &s/+ x/(+ ]mc sghr oqnctbdr sgd ]ooqnwhl]sd u]ktd
x0 ]s s0- Trt]kkx+ x0 ≠ "&s0(+ rn ]s sgd rdbnmc rsdo+ Dtkdq´r ldsgnc trdr sgd s]mfdms khmd
]ooqnwhl]shnm mns sn x = "&s(+ ats sn ] md]qax rnktshnm x = "0&s( sg]s o]rrdr sgqntfg
sgd onhms &s0+ x0(- Rn hs hr ]s d]bg enkknvhmf rsdo- Dtkdq´r ldsgnc trdr ] rtbbdrrhnm ne s]m,
fdms khmd ]ooqnwhl]shnmr sn ] rdptdmbd ne ch—dqdms rnktshnmr "&s(+ "0&s(+ "1&s(+ - - - ne sgd
ch—dqdmsh]k dpt]shnm- ?s d]bg rsdo sgd s]mfdms khmd hr bnmrsqtbsdc sn sgd rnktshnm o]rrhmf
sgqntfg sgd onhms cdsdqlhmdc ax sgd qdrtks ne sgd oqdbdchmf rsdo+ ]r rgnvm hm Ehftqd 7-0-7-
Sgd pt]khsx ne sgd ]ooqnwhl]shnm ]esdq l]mx rsdor cdodmcr rsqnmfkx nm sgd adg]uhnq ne sgd
rds ne rnktshnmr sg]s o]rr sgqntfg sgd onhmsr &sm+ xm( enq m = 0+ 1+ 2+ - - - -

Hm Dw]lokdr 0 ]mc 1+ sgd fdmdq]k rnktshnm ne sgd ch—dqdmsh]k dpt]shnm hr

x = 6 − 1s + bd−s{1 &11(

]mc sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &04( bnqqdronmcr sn b = −5- Sghr e]lhkx ne
rnktshnmr hr ] bnmudqfhmf e]lhkx rhmbd sgd sdql hmunkuhmf sgd ]qahsq]qx bnmrs]ms b ]ooqn]bgdr
ydqn ]r s → ∞- Hs cndr mns l]ssdq udqx ltbg vghbg rnktshnmr vd ]qd ]ooqnwhl]shmf ax

s

x

s/ s0 s1 s2

 s0+�x0(

 s1+�x1(

 s2+�x2(

x�<���1 s(

x/

�

x�<���0 s(�
x�<��  s(�

EHFTQD 7-0-7 Sgd Dtkdq ldsgnc-
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s]mfdms khmdr hm sgd hlokdldms]shnm ne Dtkdq´r ldsgnc+ rhmbd ]kk sgd rnktshnmr ]qd fdsshmf
bknrdq ]mc bknrdq sn d]bg nsgdq ]r s hmbqd]rdr-

Nm sgd nsgdq g]mc+ hm Dw]lokd 2 sgd fdmdq]k rnktshnm ne sgd ch—dqdmsh]k dpt]shnm hr

x = − 6
3 + 0

1 s + bd1s+ &12(

]mc sghr hr ] chudqfhmf e]lhkx- Mnsd sg]s rnktshnmr bnqqdronmchmf sn svn md]qax u]ktdr ne
b rdo]q]sd ]qahsq]qhkx e]q ]r s hmbqd]rdr- Hm Dw]lokd 2+ vd ]qd sqxhmf sn enkknv sgd rnktshnm
enq b = 00

3 + ats+ hm sgd trd ne Dtkdq´r ldsgnc+ vd ]qd ]bst]kkx ]s d]bg rsdo enkknvhmf ]mnsgdq
rnktshnm sg]s rdo]q]sdr eqnl sgd cdrhqdc nmd e]rsdq ]mc e]rsdq ]r s hmbqd]rdr- Sghr dwok]hmr
vgx sgd dqqnqr hm Dw]lokd 2 ]qd rn ltbg k]qfdq sg]m sgnrd hm Dw]lokd 1-

Hm trhmf ] mtldqhb]k oqnbdctqd rtbg ]r sgd Dtkdq ldsgnc+ nmd ltrs ]kv]xr jddo hm
lhmc sgd ptdrshnm ne vgdsgdq sgd qdrtksr ]qd ]bbtq]sd dmntfg sn ad trdetk- Hm sgd oqdbdchmf
dw]lokdr+ sgd ]bbtq]bx ne sgd mtldqhb]k qdrtksr bntkc ad ]rbdqs]hmdc chqdbskx ax ] bnl,
o]qhrnm vhsg sgd rnktshnm nas]hmdc ]m]kxshb]kkx- Ne bntqrd+ trt]kkx sgd ]m]kxshb]k rnktshnm hr
mns ]u]hk]akd he ] mtldqhb]k oqnbdctqd hr sn ad dloknxdc+ rn vg]s hr mddcdc ]qd antmcr enq+
nq ]s kd]rs drshl]sdr ne+ sgd dqqnq sg]s cn mns qdpthqd ] jmnvkdcfd ne sgd dw]bs rnktshnm- Hm
Rdbshnmr 7-1 ]mc 7-2+ vd oqdrdms rnld hmenql]shnm nm sgd ]m]kxrhr ne dqqnqr ]mc ]krn chr,
btrr nsgdq ]kfnqhsglr sg]s ]qd bnlots]shnm]kkx ltbg lnqd dffbhdms sg]m sgd Dtkdq ldsgnc-
Gnvdudq+ sgd adrs sg]s vd b]m dwodbs+ nq gnod enq+ eqnl ] mtldqhb]k ]ooqnwhl]shnm hr sg]s
hs qdfidbsr sgd adg]uhnq ne sgd ]bst]k rnktshnm- Sgtr ] ldladq ne ] chudqfhmf e]lhkx ne rnkt,
shnmr vhkk ]kv]xr ad g]qcdq sn ]ooqnwhl]sd sg]m ] ldladq ne ] bnmudqfhmf e]lhkx- Ehm]kkx+
qdldladq sg]s cq]vhmf ] chqdbshnm “dkc hr nesdm ] gdkoetk “qrs rsdo hm tmcdqrs]mchmf sgd
adg]uhnq ne ch—dqdmsh]k dpt]shnmr ]mc sgdhq rnktshnmr-

OQNAKDLR

L]mx ne sgd oqnakdlr hm sghr rdbshnm b]kk enq e]hqkx dwsdm,
rhud mtldqhb]k bnlots]shnmr- Sgd ]lntms ne bnlotshmf sg]s
hr qd]rnm]akd enq xnt sn cn cdodmcr rsqnmfkx nm sgd sxod ne
bnlotshmf dptholdms sg]s xnt g]ud- ? edv rsdor ne sgd qd,
ptdrsdc b]kbtk]shnmr b]m ad b]qqhdc nts nm ]klnrs ]mx onbjds
b]kbtk]snqˆnq dudm ax g]mc he mdbdrr]qx- Sn cn lnqd+ xnt
vhkk mddc ] bnlotsdq nq ]s kd]rs ] oqnfq]ll]akd b]kbtk]snq-

Qdldladq ]krn sg]s mtldqhb]k qdrtksr l]x u]qx rnld,
vg]s cdodmchmf nm gnv xntq oqnfq]l hr bnmrsqtbsdc ]mc nm
gnv xntq bnlotsdq dwdbtsdr ]qhsgldshb rsdor+ qntmcr n—+ ]mc
rn enqsg- Lhmnq u]qh]shnmr hm sgd k]rs cdbhl]k ok]bd l]x ad
ctd sn rtbg b]trdr ]mc cn mns mdbdrr]qhkx hmchb]sd sg]s rnld,
sghmf hr ]lhrr- ?mrvdqr hm sgd a]bj ne sgd annj ]qd qdbnqcdc
sn rhw chfhsr hm lnrs b]rdr+ ]ksgntfg lnqd chfhsr vdqd qds]hmdc
hm sgd hmsdqldch]sd b]kbtk]shnmr-
Hm d]bg ne Oqnakdlr 0 sgqntfg 39
 Z( Ehmc ]ooqnwhl]sd u]ktdr ne sgd rnktshnm ne sgd fhudm hmh,
sh]k u]ktd oqnakdl ]s s = /-0+ /-1+ /-2+ ]mc /-3 trhmf sgd Dtkdq
ldsgnc vhsg g = /-0-
 a( Qdod]s o]qs &]( vhsg g = /-/4- Bnlo]qd sgd qdrtksr vhsg
sgnrd entmc hm &](-
 b( Qdod]s o]qs &]( vhsg g = /-/14- Bnlo]qd sgd qdrtksr vhsg
sgnrd entmc hm &]( ]mc &a(-
 c( Ehmc sgd rnktshnm x = " &s( ne sgd fhudm oqnakdl ]mc du]k,
t]sd " &s( ]s s = /-0+ /-1+ /-2+ ]mc /-3- Bnlo]qd sgdrd u]ktdr
vhsg sgd qdrtksr ne &](+ &a(+ ]mc &b(-

0- x… = 2 + s − x+ x&/( = 0
1- x… = 1x − 0+ x&/( = 0
2- x… = /-4 − s + 1x+ x&/( = 0
3- x… = 2 bnr s − 1x+ x&/( = /
Hm d]bg ne Oqnakdlr 4 sgqntfg 0/+ cq]v ] chqdbshnm “dkc enq
sgd fhudm ch—dqdmsh]k dpt]shnm ]mc rs]sd vgdsgdq xnt sghmj
sg]s sgd rnktshnmr ]qd bnmudqfhmf nq chudqfhmf-
4- x… = 4 − 2

√
x

5- x… = x&2 − sx(
6- x… = &3 − sx({&0 + x1(
7- x… = −sx + /-0x2

8- x… = s1 + x1

0.- x… = &x1 + 1sx({&2 + s1(
Hm d]bg ne Oqnakdlr 00 sgqntfg 03+ trd Dtkdq´r ldsgnc sn
“mc ]ooqnwhl]sd u]ktdr ne sgd rnktshnm ne sgd fhudm hmhsh]k
u]ktd oqnakdl ]s s = /-4+ 0+ 0-4+ 1+ 1-4+ ]mc 29
 Z( Vhsg g = /-0
 a( Vhsg g = /-/4
 b( Vhsg g = /-/14
 c( Vhsg g = /-/0
00- x… = 4 − 2

√
x+ x&/( = 1

01- x… = x&2 − sx(+ x&/( = /-4
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02- x… = &3 − sx({&0 + x1(+ x&/( = −1
03- x… = −sx + /-0x2+ x&/( = 0
04- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = 2s1{&2x1 − 3(+ x&0( = /.

 Z( Trd Dtkdq´r ldsgnc vhsg g = /-0 sn nas]hm ]ooqnwhl]sd
u]ktdr ne sgd rnktshnm ]s s = 0-1+ 0-3+ 0-5+ ]mc 0-7-
 a( Qdod]s o]qs &]( vhsg g = /-/4-
 b( Bnlo]qd sgd qdrtksr ne o]qsr &]( ]mc &a(- Mnsd sg]s sgdx
]qd qd]rnm]akx bknrd enq s = 0-1+ 0-3+ ]mc 0-5 ats ]qd pthsd che,
edqdms enq s = 0-7- ?krn mnsd &eqnl sgd ch—dqdmsh]k dpt]shnm(
sg]s sgd khmd s]mfdms sn sgd rnktshnm hr o]q]kkdk sn sgd x,]whr
vgdm x = +1{

√
2 ≅ +0.044- Dwok]hm gnv sghr lhfgs b]trd

rtbg ] ch—dqdmbd hm sgd b]kbtk]sdc u]ktdr-
05- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = s1 + x1+ x&/( = 0.

Trd Dtkdq´r ldsgnc vhsg g = /-0+ /-/4+ /-/14+ ]mc /-/0 sn
dwoknqd sgd rnktshnm ne sghr oqnakdl enq / ≤ s ≤ 0- Vg]s hr
xntq adrs drshl]sd ne sgd u]ktd ne sgd rnktshnm ]s s = /-7= ?s
s = 0= ?qd xntq qdrtksr bnmrhrsdms vhsg sgd chqdbshnm “dkc hm
Oqnakdl 8=
06- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = & x1 + 1sx({&2 + s1(+ x&0( = 1.

Trd Dtkdq´r ldsgnc vhsg g = /-0+ /-/4+ /-/14+ ]mc /-/0 sn
dwoknqd sgd rnktshnm ne sghr oqnakdl enq 0 ≤ s ≤ 2- Vg]s hr
xntq adrs drshl]sd ne sgd u]ktd ne sgd rnktshnm ]s s = 1-4= ?s
s = 2= ?qd xntq qdrtksr bnmrhrsdms vhsg sgd chqdbshnm “dkc hm
Oqnakdl 0/=
07- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = −sx + /.0x2+ x&/( = �+
vgdqd � hr ] fhudm mtladq-
 Z( Cq]v ] chqdbshnm “dkc enq sgd ch—dqdmsh]k dpt]shnm &nq qd,
dw]lhmd sgd nmd eqnl Oqnakdl 7(- Nardqud sg]s sgdqd hr ]
bqhshb]k u]ktd ne � hm sgd hmsdqu]k 1 ≤ � ≤ 2 sg]s rdo]q]sdr
bnmudqfhmf rnktshnmr eqnl chudqfhmf nmdr- B]kk sghr bqhshb]k
u]ktd �/-
 a( Trd Dtkdq´r ldsgnc vhsg g = /-/0 sn drshl]sd �/- Cn sghr
ax qdrsqhbshmf �/ sn ]m hmsdqu]k ZZ+ a[+ vgdqd a − Z = /-/0-
08- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = x1 − s1+ x&/( = �+
vgdqd � hr ] fhudm mtladq-
 Z( Cq]v ] chqdbshnm “dkc enq sgd ch—dqdmsh]k dpt]shnm- Na,
rdqud sg]s sgdqd hr ] bqhshb]k u]ktd ne � hm sgd hmsdqu]k
/ ≤ � ≤ 0 sg]s rdo]q]sdr bnmudqfhmf rnktshnmr eqnl chudqfhmf
nmdr- B]kk sghr bqhshb]k u]ktd �/-
 a( Trd Dtkdq´r ldsgnc vhsg g = /-/0 sn drshl]sd �/- Cn sghr
ax qdrsqhbshmf �/ sn ]m hmsdqu]k ZZ+ a[+ vgdqd a − Z = /-/0-

7-1 ;bbtq]bx ne Mtldqhb]k Ldsgncr
Hm Rdbshnm 7-0+ vd hmsqnctbdc sgd Dtkdq+ nq s]mfdms khmd+ ldsgnc enq ]ooqnwhl]shmf sgd rn,
ktshnm ne ]m hmhsh]k u]ktd oqnakdl

cx
cs

= e &s+ x(+ &0(

x&s/( = x/. &1(

Sghr ldsgnc hmunkudr sgd qdod]sdc du]kt]shnm ne sgd dwoqdrrhnmr

sm+0 = sm + g+ &2(

xm+0 = xm + ge &sm+ xm( &3(

enq m = /+ 0+ 1+ - - - - Sgd qdrtks hr ] rds ne ]ooqnwhl]sd u]ktdr x0+ x1+ - - - ]s sgd ldrg onhmsr
s0+ s1+ - - - - Vd ]rrtld+ enq rhlokhbhsx+ sg]s sgd rsdo rhyd g hr bnmrs]ms+ ]ksgntfg sghr hr mns
mdbdrr]qx- Hm sghr rdbshnm vd vhkk adfhm sn hmudrshf]sd sgd dqqnqr sg]s l]x nbbtq hm sghr
mtldqhb]k ]ooqnwhl]shnm oqnbdrr-

Rnld dw]lokdr ne Dtkdq´r ldsgnc ]ood]q hm Rdbshnm 7-0- ?r ]mnsgdq dw]lokd+ bnmrhcdq
sgd hmhsh]k u]ktd oqnakdl

cx
cs

= 0 − s + 3x+ &4(

x&/( = 0. &5(
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Dpt]shnm &4( hr ] “qrs nqcdq khmd]q dpt]shnm+ ]mc hs hr d]rhkx udqh“dc sg]s sgd rnktshnm r]shr,
exhmf sgd hmhsh]k bnmchshnm &5( hr

x = "&s( = 0
3 s − 2

05 + 08
05 d3s. &6(

Rhmbd sgd dw]bs rnktshnm hr jmnvm+ vd cn mns mddc mtldqhb]k ldsgncr sn ]ooqnwhl]sd sgd
rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &4(+ &5(- Nm sgd nsgdq g]mc+ sgd ]u]hk]ahkhsx ne sgd dw,
]bs rnktshnm l]jdr hs d]rx sn cdsdqlhmd sgd ]bbtq]bx ne ]mx mtldqhb]k oqnbdctqd sg]s vd
trd nm sghr oqnakdl- Vd vhkk trd sghr oqnakdl hm sghr rdbshnm ]mc sgd mdws sn hkktrsq]sd ]mc
bnlo]qd ch—dqdms mtldqhb]k ldsgncr- Sgd rnktshnmr ne Dp- &4( chudqfd q]sgdq q]ohckx eqnl
d]bg nsgdq+ rn vd rgntkc dwodbs sg]s hs vhkk ad e]hqkx chffbtks sn ]ooqnwhl]sd sgd rnktshnm
&6( vdkk nudq ]mx bnmrhcdq]akd hmsdqu]k- Hmcddc+ sghr hr sgd qd]rnm enq bgnnrhmf sghr o]q,
shbtk]q oqnakdl: hs vhkk ad qdk]shudkx d]rx sn nardqud sgd admd“sr ne trhmf lnqd ]bbtq]sd
ldsgncr-

DW;LOKD
0

Trhmf sgd Dtkdq enqltk] &3( ]mc rsdo rhydr g = /-/4+ /-/14+ /-/0+ ]mc /-//0+ cdsdq,
lhmd ]ooqnwhl]sd u]ktdr ne sgd rnktshnm x = "&s( ne sgd oqnakdl &4(+ &5( nm sgd hmsdqu]k
/ ≤ s ≤ 1-

Sgd hmchb]sdc b]kbtk]shnmr vdqd b]qqhdc nts nm ] bnlotsdq+ ]mc rnld ne sgd qdrtksr ]qd
rgnvm hm S]akd 7-1-0- Sgdhq ]bbtq]bx hr mns o]qshbtk]qkx hloqdrrhud- Enq g = /-/0+ sgd odq,
bdms]fd dqqnq hr 2-74$ ]s s = /-4+ 6-38$ ]s s = 0-/+ ]mc 03-3$ ]s s = 1-/- Sgd bnqqdronmchmf
odqbdms]fd dqqnqr enq g = /-//0 ]qd /-3/$+ /-68$+ ]mc 0-47$+ qdrodbshudkx- Nardqud sg]s
he g = /-//0+ sgdm hs qdpthqdr 1/// rsdor sn sq]udqrd sgd hmsdqu]k eqnl s = / sn s = 1- Sgtr
bnmrhcdq]akd bnlots]shnm hr mddcdc sn nas]hm dudm qd]rnm]akx fnnc ]bbtq]bx enq sghr oqna,
kdl trhmf sgd Dtkdq ldsgnc- Vgdm vd chrbtrr nsgdq mtldqhb]k ]ooqnwhl]shnm ldsgncr hm
Rdbshnm 7-2+ vd vhkk “mc sg]s hs hr onrrhakd sn nas]hm bnlo]q]akd nq adssdq ]bbtq]bx vhsg
ltbg k]qfdq rsdo rhydr ]mc l]mx edvdq bnlots]shnm]k rsdor-

S;AKD 7-1-0
? bnlo]qhrnm ne qdrtksr enq sgd mtldqhb]k rnktshnm ne cx

cs = 0 − s + 3x+ x&/( = 0 trhmf
sgd Dtkdq ldsgnc enq ch—dqdms rsdo rhydr g-

s g = /-/4 g = /-/14 g = /-/0 g = /-//0 Dw]bs
/-/ 0-/////// 0-/////// 0-/////// 0-/////// 0-///////
/-0 0-4364/// 0-4650077 0-48418/0 0-5/65178 0-5/8/307
/-1 1-2138/// 1-3/7/006 1-3533476 1-4/00048 1-4/42188
/-2 2-322245/ 2-5032726 2-628/234 2-71/602/ 2-72/0277
/-3 4-/074215 4-258/2/3 4-502601/ 4-6643733 4-683115/
/-4 6-18/076/ 6-8153/51 7-2655754 7-566/581 7-601//30
0-/ 34-4773// 42-7/6755 5/-/26015 53-271447 53-7867/2
0-4 171-/6076 250-64834 315-3/707 362-44868 368-14808
1-/ 0634-5551 1321-6767 2/18-2168 2373-05/7 243/-1//0

Sn adfhm sn hmudrshf]sd sgd dqqnqr hm trhmf mtldqhb]k ]ooqnwhl]shnmr+ ]mc ]krn sn rtffdrs
v]xr sn bnmrsqtbs lnqd ]bbtq]sd ]kfnqhsglr+ hs hr gdkoetk sn ldmshnm rnld ]ksdqm]shud v]xr
sn knnj ]s sgd Dtkdq ldsgnc-
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Ehqrs+ kds tr vqhsd sgd ch—dqdmsh]k dpt]shnm &0( ]s sgd onhms s = sm hm sgd enql
c"
cs

&sm( = e Zsm+"&sm([. &7(

Sgdm vd ]ooqnwhl]sd sgd cdqhu]shud hm Dp- &7( ax sgd bnqqdronmchmf &enqv]qc( ch—dqdmbd
ptnshdms+ nas]hmhmf

"&sm+0( − "&sm(
sm+0 − sm

≅ e Zsm+"&sm([. &8(

Ehm]kkx+ he vd qdok]bd"&sm+0( ]mc"&sm( ax sgdhq ]ooqnwhl]sd u]ktdr xm+0 ]mc xm+ qdrodbshudkx+
]mc rnkud enq xm+0+ vd nas]hm sgd Dtkdq enqltk] &3(-

?mnsgdq v]x sn oqnbddc hr sn vqhsd sgd oqnakdl ]r ]m hmsdfq]k dpt]shnm- Rhmbd x = " &s(
hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &0(+ &1(+ ax hmsdfq]shmf eqnl sm sn sm+0+ vd nas]hm

∫
sm+0

sm
"…&s( cs = ∫

sm+0

sm
e Zs+"&s([ cs+

nq

"&sm+0( = "&sm( + ∫
sm+0

sm
e Zs+"&s([ cs. &0/(

Sgd hmsdfq]k hm Dp- &0/( hr qdoqdrdmsdc fdnldsqhb]kkx ]r sgd ]qd] tmcdq sgd btqud hm Ehf,
tqd 7-1-0 adsvddm s = sm ]mc s = sm+0- He vd ]ooqnwhl]sd sgd hmsdfq]k ax qdok]bhmf e Zs+"&s([
ax hsr u]ktd e Zsm+"&sm([ ]s s = sm+ sgdm vd ]qd ]ooqnwhl]shmf sgd ]bst]k ]qd] ax sgd ]qd] ne
sgd rg]cdc qdbs]mfkd- Hm sghr v]x vd nas]hm

"&sm+0( ≅ "&sm( + e Zsm+"&sm([&sm+0 − sm(

= "&sm( + ge Zsm+"&sm([. &00(

Ehm]kkx+ sn nas]hm ]m ]ooqnwhl]shnm xm+0 enq "&sm+0(+ vd l]jd ] rdbnmc ]ooqnwhl]shnm
ax qdok]bhmf "&sm( ax hsr ]ooqnwhl]sd u]ktd xm hm Dp- &00(- Sghr fhudr sgd Dtkdq enqltk]
xm+0 = xm + ge &sm+ xm(- ? lnqd ]bbtq]sd ]kfnqhsgl b]m ad nas]hmdc ax ]ooqnwhl]shmf sgd
hmsdfq]k lnqd ]bbtq]sdkx- Sghr hr chrbtrrdc hm Rdbshnm 7-2-

xu

s

e Wsm+��� sm([

sm sm)0

xu�<�e Ws+��� s([

�

�

EHFTQD 7-1-0 Hmsdfq]k cdqhu]shnm ne sgd Dtkdq ldsgnc-

? sghqc ]ooqn]bg hr sn ]rrtld sg]s sgd rnktshnm x = "&s( g]r ] S]xknq rdqhdr ]ants sgd
onhms sm- Sgdm

"&sm + g( = "&sm( + "…&sm(g + "……&sm(g1

1=
+⋯ +

nq

"&sm+0( = "&sm( + e Zsm+"&sm([g + "……&sm(g1

1=
+⋯ . &01(
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He sgd rdqhdr hr sdqlhm]sdc ]esdq sgd “qrs svn sdqlr+ ]mc "&sm+0( ]mc "&sm( ]qd qdok]bdc ax
sgdhq ]ooqnwhl]sd u]ktdr xm+0 ]mc xm+ vd ]f]hm nas]hm sgd Dtkdq enqltk] &3(- He lnqd sdqlr
hm sgd rdqhdr ]qd qds]hmdc+ ] lnqd ]bbtq]sd enqltk] hr nas]hmdc- Etqsgdq+ ax trhmf ] S]xknq
rdqhdr vhsg ] qdl]hmcdq+ hs hr onrrhakd sn drshl]sd sgd l]fmhstcd ne sgd dqqnq hm sgd enqltk]-

▶ Dqqnqr hm Mtldqhb]k ;ooqnwhl]shnmr- Sgd trd ne ] mtldqhb]k oqnbdctqd+ rtbg ]r sgd Dtkdq
ldsgnc+ sn ]ooqnwhl]sd sgd rnktshnm ne ]m hmhsh]k u]ktd oqnakdl q]hrdr ] mtladq ne ptdrshnmr
sg]s ltrs ad ]mrvdqdc adenqd sgd mtldqhb]k ]ooqnwhl]shnm b]m ad ]bbdosdc ]r r]shre]bsnqx-
Nmd ne sgdrd hr sgd ptdrshnm ne bnmudqfdmbd- Sg]s hr+ ]r sgd rsdo rhyd g sdmcr sn ydqn+ cn
sgd u]ktdr ne sgd mtldqhb]k ]ooqnwhl]shnm x0+ x1+… + xm+… ]ooqn]bg sgd bnqqdronmchmf
u]ktdr ne sgd ]bst]k rnktshnm= He vd ]rrtld sg]s sgd ]mrvdq hr ]ffql]shud+ sgdqd qdl]hmr
sgd hlonqs]ms oq]bshb]k ptdrshnm ne gnv q]ohckx sgd mtldqhb]k ]ooqnwhl]shnm bnmudqfdr sn
sgd rnktshnm- Hm nsgdq vnqcr+ gnv rl]kk ] rsdo rhyd hr mddcdc hm nqcdq sn ft]q]msdd ] fhudm
kdudk ne ]bbtq]bx= Vd v]ms sn trd ] rsdo rhyd sg]s hr rl]kk dmntfg sn dmrtqd sgd qdpthqdc
]bbtq]bx+ ats mns snn rl]kk- ?m tmmdbdrr]qhkx rl]kk rsdo rhyd rknvr cnvm sgd b]kbtk]shnmr+
l]jdr sgdl lnqd dwodmrhud+ ]mc l]x dudm b]trd ] knrr ne ]bbtq]bx hm rnld b]rdr-

Sgdqd ]qd svn etmc]ldms]k rntqbdr ne dqqnq hm ]ooqnwhl]shmf sgd rnktshnm ne ]m hmhsh]k
u]ktd oqnakdl mtldqhb]kkx- Kds tr “qrs ]rrtld sg]s ntq bnlotsdq hr rtbg sg]s vd b]m b]qqx
nts ]kk bnlots]shnmr vhsg bnlokdsd ]bbtq]bx: sg]s hr+ vd b]m qds]hm hm“mhsdkx l]mx cdbhl]k
ok]bdr- Sgd ch—dqdmbd Dm adsvddm sgd rnktshnm x = "&s( ne sgd hmhsh]k u]ktd oqnakdl &0(+ &1(
]mc hsr mtldqhb]k ]ooqnwhl]shnm xm ]s sm hr fhudm ax

Dm = "&sm( − xm &02(

]mc hr jmnvm ]r sgd fknaZk sqtmbZshnm dqqnq- Hs ]qhrdr eqnl svn b]trdr9 Nmd+ ]s d]bg rsdo
vd trd ]m ]ooqnwhl]sd enqltk] sn cdsdqlhmd xm+0: svn+ sgd hmots c]s] ]s d]bg rsdo ]qd
nmkx ]ooqnwhl]sdkx bnqqdbs- Enq dw]lokd+ hm b]kbtk]shmf xm+0+ vd trd xm q]sgdq sg]m &sgd
tmjmnvm( "&sm( ]mc+ hm fdmdq]k+ "&sm( hr mns dpt]k sn xm- He vd ]rrtld sg]s xm = "&sm(+ sgdm
sgd nmkx dqqnq hm fnhmf nmd etqsgdq rsdo hr ctd sn sgd trd ne ]m ]ooqnwhl]sd enqltk]- Sghr
dqqnq hr jmnvm ]r sgd knbZk sqtmbZshnm dqqnq dm-

Sgd rdbnmc etmc]ldms]k rntqbd ne dqqnq hr sg]s vd b]qqx nts sgd bnlots]shnmr hm ]qhsg,
ldshb vhsg nmkx ] “mhsd mtladq ne chfhsr- Sghr kd]cr sn ] qntmc,n– dqqnq Qm cd“mdc ax

Qm = xm − Xm+ &03(

vgdqd Xm hr sgd u]ktd ZbstZkkx bnlotsdc eqnl sgd fhudm mtldqhb]k ldsgnc-
Sgd ]arnktsd u]ktd ne sgd sns]k dqqnq hm bnlotshmf "&sm( hr fhudm ax

⟩"&sm( − Xm⟩ = ⟩"&sm( − xm + xm − Xm⟩. &04(

L]jhmf trd ne sgd sqh]mfkd hmdpt]khsx+ ⟩Z + a⟩ ≤ ⟩Z⟩ + ⟩a⟩+ vd nas]hm+ eqnl Dp- &04(+

⟩"&sm( − Xm⟩ ≤ ⟩"&sm( − xm⟩ + ⟩xm − Xm⟩
≤ ⟩Dm⟩ + ⟩Qm⟩. &05(

Sgtr sgd sns]k dqqnq hr antmcdc ax sgd rtl ne sgd ]arnktsd u]ktdr ne sgd fkna]k sqtmb]shnm ]mc
qntmc,n— dqqnqr- Enq sgd mtldqhb]k oqnbdctqdr chrbtrrdc hm sghr annj+ hs hr onrrhakd sn nas]hm
trdetk drshl]sdr ne sgd fkna]k sqtmb]shnm dqqnq- Gnvdudq vd khlhs ntq chrbtrrhnm oqhl]qhkx
sn sgd knb]k sqtmb]shnm dqqnq+ vghbg hr rnldvg]s rhlokdq- Sgd qntmc,n— dqqnq hr bkd]qkx
lnqd q]mcnl hm m]stqd- Hs cdodmcr nm sgd sxod ne bnlotsdq trdc+ sgd rdptdmbd hm vghbg
sgd bnlots]shnmr ]qd b]qqhdc nts+ sgd ldsgnc ne qntmchmf n—+ ]mc rn enqsg- ?m ]m]kxrhr
ne qntmc,n— dqqnq hr adxnmc sgd rbnod ne sghr annj+ ats hs hr onrrhakd sn r]x lnqd ]ants hs
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sg]m nmd lhfgs ]s “qrs dwodbs-0 Rnld ne sgd c]mfdqr eqnl qntmc,n— dqqnq ]qd chrbtrrdc hm
Oqnakdlr 12 sgqntfg 14-

▶ Knb]k Sqtmb]s hnm Dqqnq enq sgd Dtkdq Ldsgnc- Kds tr ]rrtld sg]s sgd rnktshnm x = "&s( ne sgd
hmhsh]k u]ktd oqnakdl &0(+ &1( g]r ] bnmshmtntr rdbnmc cdqhu]shud hm sgd hmsdqu]k ne hmsdqdrs-
Sn dmrtqd sghr+ vd b]m ]rrtld sg]s e + e s+ ]mc e x ]qd bnmshmtntr- Nardqud sg]s he e g]r sgdrd
oqnodqshdr ]mc he " hr ] rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &0(+ &1(+ sgdm

"…&s( = e Zs+"&s([+

]mc+ ax sgd bg]hm qtkd+

"……&s( = esZs+"&s([ + exZs+"&s(["…&s(

= esZs+"&s([ + exZs+"&s([ e Zs+"&s([. &06(

Rhmbd sgd qhfgs rhcd ne sghr dpt]shnm hr bnmshmtntr+ "…… hr ]krn bnmshmtntr-
Sgdm+ l]jhmf trd ne ] S]xknq onkxmnlh]k vhsg ] qdl]hmcdq sn dwo]mc " ]ants sm+ vd

nas]hm

"&sm + g( = "&sm( + "…&sm(g + 0
1"

……&sm(g1+ &07(

vgdqd sm hr rnld onhms hm sgd hmsdqu]k sm . sm . sm + g- Rtasq]bshmf Dp- &3( eqnl Dp- &07(+
]mc mnshmf sg]s "&sm + g( = "&sm+0( ]mc "…&sm( = e Zsm+"&sm([+ vd “mc sg]s

"&sm+0( − xm+0 = Z"&sm( − xm[ + g! e Zsm+"&sm([ − e &sm+ xm(} + 0
1"

……&sm(g1. &08(

Sn bnlotsd sgd knb]k sqtmb]shnm dqqnq+ vd ]ookx Dp- &08( sn sgd sqtd rnktshnm "&s(: sg]s
hr+ vd s]jd xm sn ad "&sm(- Sgdm vd hlldch]sdkx rdd eqnl Dp- &08( sg]s sgd knb]k sqtmb]shnm
dqqnq dm+0 hr

dm+0 = "&sm+0( − xm+0 = 0
1"

……&sm(g1. &1/(

Sgtr sgd knb]k sqtmb]shnm dqqnq enq sgd Dtkdq ldsgnc hr oqnonqshnm]k sn sgd rpt]qd ne sgd
rsdo rhyd g+ ]mc sgd oqnonqshnm]khsx e]bsnq cdodmcr nm sgd rdbnmc cdqhu]shud ne sgd rnktshnm
"- Sgd dwoqdrrhnm fhudm ax Dp- &1/( cdodmcr nm m ]mc+ hm fdmdq]k+ hr ch—dqdms enq d]bg rsdo-
? tmhenql antmc+ u]khc nm ]m hmsdqu]k ZZ+ a[+ hr fhudm ax

⟩dm⟩ ≤ Lg1{1+ &10(

vgdqd L hr sgd l]whltl ne ⟩"……&s(⟩ nm sgd hmsdqu]k ZZ+ a[- Rhmbd Dp- &10( hr a]rdc nm ]
bnmrhcdq]shnm ne sgd vnqrs onrrhakd b]rdˆsg]s hr+ sgd k]qfdrs onrrhakd u]ktd ne ⟩"……&s(⟩ˆhs
l]x vdkk ad ] bnmrhcdq]akd nudqdrshl]sd ne sgd ]bst]k knb]k sqtmb]shnm dqqnq hm rnld o]qsr ne
sgd hmsdqu]k ZZ+ a[- Sgd oqhl]qx chffbtksx hm trhmf Dp- &1/( nq &10( khdr hm drshl]shmf ⟩"……&s(⟩
nq L- Gnvdudq+ sgd bdmsq]k e]bs dwoqdrrdc ax sgdrd dpt]shnmr hr sg]s sgd knb]k sqtmb]shnm
dqqnq hr oqnonqshnm]k sn g1- Sgtr+ he g hr ltkshokhdc ax 0

1 + sgdm sgd dqqnq hr ltkshokhdc ax
0
3 + ]mc rn nm- Etqsgdq+ sgd oqnonqshnm]khsx e]bsnq cdodmcr nm sgd rdbnmc cdqhu]shud ne sgd
rnktshnm+ rn Dtkdq´r ldsgnc vnqjr adrs nm oqnakdlr vgnrd rnktshnmr g]ud qdk]shudkx rl]kk
rdbnmc cdqhu]shudr-

Nmd trd ne Dp- &10( hr sn bgnnrd ] rsdo rhyd sg]s vhkk qdrtks hm ] knb]k sqtmb]shnm dqqnq mn
fqd]sdq sg]m rnld fhudm snkdq]mbd kdudk- Enq dw]lokd+ he sgd knb]k sqtmb]shnm dqqnq ltrs ad
mn fqd]sdq sg]m #+ sgdm eqnl Dp- &10( vd g]ud

g ≤ √
1#{L. &11(

0Rdd+ enq dw]lokd+ sgd annj ax Gdmqhbh khrsdc hm sgd qdedqdmbdr-
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Lnqd hlonqs]ms sg]m sgd knb]k sqtmb]shnm dqqnq hr sgd fkna]k sqtmb]shnm dqqnq Dm- Sgd
]m]kxrhr enq drshl]shmf Dm hr lnqd chffbtks sg]m sg]s enq dm- Gnvdudq+ jmnvhmf sgd knb]k
sqtmb]shnm dqqnq+ vd b]m l]jd ]m hmsthshud drshl]sd ne sgd fkna]k sqtmb]shnm dqqnq ]s ] “wdc
S < s/ ]r enkknvr- Rtoonrd sg]s vd s]jd m rsdor hm fnhmf eqnl s/ sn S = s/ + mg- Hm d]bg
rsdo+ sgd dqqnq hr ]s lnrs Lg1{1: sgtr sgd dqqnq hm m rsdor hr ]s lnrs mLg1{1- Mnshmf sg]s
m = &S − s/({g+ vd “mc sg]s sgd fkna]k sqtmb]shnm dqqnq enq sgd Dtkdq ldsgnc hm fnhmf eqnl
s/ sn S hr antmcdc ax

mLg1

1
= &S − s/(Lg

1
. &12(

Sghr ]qftldms hr mns bnlokdsd rhmbd hs cndr mns s]jd hmsn ]bbntms sgd d—dbs sg]s ]m dqqnq
]s nmd rsdo vhkk g]ud hm rtbbddchmf rsdor- Mdudqsgdkdrr hs b]m ad rgnvm sg]s sgd fkna]k
sqtmb]shnm dqqnq hm trhmf sgd Dtkdq ldsgnc nm ] “mhsd hmsdqu]k hr mn fqd]sdq sg]m ] bnmrs]ms
shldr g- Sgd Dtkdq ldsgnc hr b]kkdc ] “qrs nqcdq ldsgnc adb]trd hsr fkna]k sqtmb]shnm dqqnq
hr oqnonqshnm]k sn sgd “qrs onvdq ne sgd rsdo rhyd-

Adb]trd hs hr lnqd ]bbdrrhakd+ vd vhkk gdqd]esdq trd sgd knb]k sqtmb]shnm dqqnq ]r ntq oqhm,
bho]k ld]rtqd ne sgd ]bbtq]bx ne ] mtldqhb]k ldsgnc ]mc enq bnlo]qhmf ch—dqdms ldsgncr-
He vd g]ud ] oqhnqh hmenql]shnm ]ants sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl+ vd b]m
trd sgd qdrtks &1/( sn nas]hm lnqd oqdbhrd hmenql]shnm ]ants gnv sgd knb]k sqtmb]shnm dqqnq
u]qhdr vhsg s- ?r ]m dw]lokd+ bnmrhcdq sgd hkktrsq]shud oqnakdl

x… = 0 − s + 3x+ x&/( = 0 &13(

nm sgd hmsdqu]k / ≤ s ≤ 1- Kds x = "&s( ad sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &13(-
Sgdm+ ]r mnsdc oqduhntrkx+

"&s( = &3s − 2 + 08d3s({05

]mc sgdqdenqd

"……&s( = 08d3s.

Dpt]shnm &1/( sgdm rs]sdr sg]s

dm+0 = 08d3sm g1

1
+ sm . sm . sm + g. &14(

Sgd ]ood]q]mbd ne sgd e]bsnq 08 ]mc sgd q]ohc fqnvsg ne d3s dwok]hm vgx sgd qdrtksr hm S]akd
7-1-0 ]qd mns udqx ]bbtq]sd-

Enq hmrs]mbd+ trhmf g = /-/4+ sgd dqqnq hm sgd “qrs rsdo hr

d0 = "&s0( − x0 = 08d3s/ &/.//14(
1

+ / . s/ . /./4.

Hs hr bkd]q sg]s d0 hr onrhshud+ ]mc rhmbd d3s/ . d/.1+ vd g]ud

d0 ≤ 08d/.1&/.//14(
1

≅ /./18/0. &15(

Mnsd ]krn sg]s d3s/ < 0: gdmbd d0 < 08&/.//14({1 = /./1264- Sgd ]bst]k dqqnq hr /-/1431-
Hs enkknvr eqnl Dp- &14( sg]s sgd dqqnq adbnldr oqnfqdrrhudkx vnqrd vhsg hmbqd]rhmf s- Sghr
hr ]krn bkd]qkx rgnvm ax sgd qdrtksr hm S]akd 7-1-0- Rhlhk]q bnlots]shnmr enq antmcr enq sgd
knb]k sqtmb]shnm dqqnq fhud

0./506 ≅ 08d2.7&/.//14(
1

≤ d1/ ≤ 08d3&/.//14(
1

≅ 0.1856 &16(
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hm fnhmf eqnl /-84 sn 0-/ ]mc

46.85 ≅ 08d6.7&/.//14(
1

≤ d3/ ≤ 08d7&/.//14(
1

≅ 6/.7/ &17(

hm fnhmf eqnl 0-84 sn 1-/-
Sgdrd qdrtksr hmchb]sd sg]s+ enq sghr oqnakdl+ sgd knb]k sqtmb]shnm dqqnq hr ]ants 14//

shldr k]qfdq md]q s = 1 sg]m md]q s = /- Sgtr+ sn qdctbd sgd knb]k sqtmb]shnm dqqnq sn ]m
]bbdos]akd kdudk sgqntfgnts / ≤ s ≤ 1+ nmd ltrs bgnnrd ] rsdo rhyd g a]rdc nm ]m ]m]kxrhr
md]q s = 1- Ne bntqrd+ sghr rsdo rhyd vhkk ad ltbg rl]kkdq sg]m mdbdrr]qx md]q s = /- Enq
dw]lokd+ sn ]bghdud ] knb]k sqtmb]shnm dqqnq ne /-/0 enq sghr oqnakdl+ vd mddc ] rsdo rhyd ne
]ants /-///48 md]q s = 1 ]mc ] rsdo rhyd ne ]ants /-/21 md]q s = /- Sgd trd ne ] tmhenql
rsdo rhyd sg]s hr rl]kkdq sg]m mdbdrr]qx nudq ltbg ne sgd hmsdqu]k qdrtksr hm lnqd b]kbtk]shnmr
sg]m mdbdrr]qx+ lnqd shld bnmrtldc+ ]mc onrrhakx lnqd c]mfdq ne tm]bbdos]akd qntmc,n—
dqqnqr-

?mnsgdq ]ooqn]bg hr sn jddo sgd knb]k sqtmb]shnm dqqnq ]ooqnwhl]sdkx bnmrs]ms sgqntfgnts
sgd hmsdqu]k ax fq]ct]kkx qdctbhmf sgd rsdo rhyd ]r s hmbqd]rdr- Hm sgd dw]lokd oqnakdl+ vd
vntkc mddc sn qdctbd g ax ] e]bsnq ne ]ants 4/ hm fnhmf eqnl s = / sn s = 1- ? ldsgnc sg]s
oqnuhcdr enq u]qh]shnmr hm sgd rsdo rhyd hr b]kkdc ZcZoshud- ?kk lncdqm bnlotsdq bncdr enq
rnkuhmf ch—dqdmsh]k dpt]shnmr g]ud sgd b]o]ahkhsx ne ]citrshmf sgd rsdo rhyd ]r mddcdc- Vd
vhkk qdstqm sn sghr hcd] hm sgd mdws rdbshnm-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 5+ “mc ]ooqnwhl]sd u]ktdr ne
sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl ]s s = /-0+ /-1+
/-2+ ]mc /-3-
 Z( Trd sgd Dtkdq ldsgnc vhsg g = /-/4-
 a( Trd sgd Dtkdq ldsgnc vhsg g = /-/14-
0- x… = 2 + s − x+ x&/( = 0
1- x… = 4s − 2

√
x+ x&/( = 1

2- x… = 1x − 2s+ x&/( = 0
3- x… = 1s + d−sx+ x&/( = 0
4- x… = & x1 + 1sx({&2 + s1(+ x&/( = /.4
5- x… = &s1 − x1( rhm x+ x&/( = −0
Hm d]bg ne Oqnakdlr 6 sgqntfg 01+ “mc ]ooqnwhl]sd u]ktdr
ne sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl ]s s = /-4+
0-/+ 0-4+ ]mc 1-/-
 Z( Trd sgd Dtkdq ldsgnc vhsg g = /-/14-
 a( Trd sgd Dtkdq ldsgnc vhsg g = /-/014-
6- x… = /.4 − s + 1x+ x&/( = 0
7- x… = 4s − 2

√
x+ x&/( = 1

8- x… =
√

s + x+ x&/( = 2
0.- x… = 1s + d−sx+ x&/( = 0
00- x… = &3 − sx({&0 + x1(+ x&/( = −1
01- x… = & x1 + 1sx({&2 + s1(+ x&/( = /.4
02- Bnlokdsd sgd b]kbtk]shnmr kd]chmf sn sgd dmsqhdr hm
bnktlmr sgqdd ]mc entq ne S]akd 7-1-0-

03- Trhmf sgqdd sdqlr hm sgd S]xknq rdqhdr fhudm hm Dp- &01(
]mc s]jhmf g = /-0+ cdsdqlhmd ]ooqnwhl]sd u]ktdr ne sgd rn,
ktshnm ne sgd hkktrsq]shud dw]lokd x… = 0 − s + 3x+ x&/( = 0 ]s
s = /-0 ]mc /-1- Bnlo]qd sgd qdrtksr vhsg sgnrd trhmf sgd
Dtkdq ldsgnc ]mc vhsg sgd dw]bs u]ktdr-
Ghms9 He x… = e &s+ x(+ vg]s hr x……=
Hm d]bg ne Oqnakdlr 04 ]mc 05+ drshl]sd sgd knb]k sqtmb]shnm
dqqnq enq sgd Dtkdq ldsgnc hm sdqlr ne sgd rnktshnm x = "&s(-
Nas]hm ] antmc enq dm+0 hm sdqlr ne s ]mc "&s( sg]s hr u]khc nm
sgd hmsdqu]k / ≤ s ≤ 0- Ax trhmf ] enqltk] enq sgd rnktshnm+
nas]hm ] lnqd ]bbtq]sd dqqnq antmc enq dm+0- Enq g = /-0+
bnlotsd ] antmc enq d0 ]mc bnlo]qd hs vhsg sgd ]bst]k dqqnq
]s s = /-0- ?krn bnlotsd ] antmc enq sgd dqqnq d3 hm sgd entqsg
rsdo-
04- x… = 1x − 0+ x&/( = 0
05- x… = /.4 − s + 1x+ x&/( = 0
Hm d]bg ne Oqnakdlr 06 sgqntfg 1/+ nas]hm ] enqltk] enq sgd
knb]k sqtmb]shnm dqqnq enq sgd Dtkdq ldsgnc hm sdqlr ne s ]mc
sgd rnktshnm "-
06- x… = s1 + x1+ x&/( = 0
07- x… = 4s − 2

√
x+ x&/( = 1

08- x… =
√

s + x+ x&0( = 2
1.- x… = 1s + d−sx+ x&/( = 0
10- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = anr 4𝜉s+ x&/( = 0.
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 Z( Cdsdqlhmd sgd rnktshnm x = "&s( ]mc cq]v ] fq]og ne
x = "&s( enq / ≤ s ≤ 0-
 a( Cdsdqlhmd ]ooqnwhl]sd u]ktdr ne "&s( ]s s = /-1+ /-3+ ]mc
/-5 trhmf sgd Dtkdq ldsgnc vhsg g = /-1- Cq]v ] aqnjdm,khmd
fq]og enq sgd ]ooqnwhl]sd rnktshnm ]mc bnlo]qd hs vhsg sgd
fq]og ne sgd dw]bs rnktshnm-
 b( Qdod]s sgd bnlots]shnm ne o]qs &a( enq / ≤ s ≤ /.3+ ats
s]jd g = /-0-
 c( Rgnv ax bnlotshmf sgd knb]k sqtmb]shnm dqqnq sg]s mdh,
sgdq ne sgdrd rsdo rhydr hr rtffbhdmskx rl]kk- Cdsdqlhmd ]
u]ktd ne g sn dmrtqd sg]s sgd knb]k sqtmb]shnm dqqnq hr kdrr
sg]m /-/4 sgqntfgnts sgd hmsdqu]k / ≤ s ≤ 0- Sg]s rtbg ] rl]kk
u]ktd ne g hr qdpthqdc qdrtksr eqnl sgd e]bs sg]sl}t ⟩"……&s(⟩ hr
k]qfd-
11- Trhmf ] rsdo rhyd g = /-/4 ]mc sgd Dtkdq ldsgnc+ ats
qds]hmhmf nmkx sgqdd chfhsr sgqntfgnts sgd bnlots]shnmr+ cd,
sdqlhmd ]ooqnwhl]sd u]ktdr ne sgd rnktshnm ]s s = /-0+ /-1+
/-2+ ]mc /-3 enq d]bg ne sgd enkknvhmf hmhsh]k u]ktd oqnakdlr-
 Z( x… = 0 − s + 3x+ x&/( = 0
 a( x… = 2 + s − x+ x&/( = 0
 b( x… = 1x − 2s+ x&/( = 0
Bnlo]qd sgd qdrtksr vhsg sgnrd nas]hmdc hm Dw]lokd 0 ]mc
hm Oqnakdlr 0 ]mc 2- Sgd rl]kk ch—dqdmbdr adsvddm rnld ne
sgnrd qdrtksr qntmcdc sn sgqdd chfhsr ]mc sgd oqdrdms qdrtksr
]qd ctd sn qntmc,n— dqqnq- Sgd qntmc,n— dqqnq vntkc adbnld
hlonqs]ms he sgd bnlots]shnm qdpthqdc l]mx rsdor-
12- Sgd enkknvhmf oqnakdl hkktrsq]sdr ] c]mfdq sg]s nbbtqr
adb]trd ne qntmc,n— dqqnq vgdm md]qkx dpt]k mtladqr ]qd
rtasq]bsdc ]mc sgd ch—dqdmbd hr sgdm ltkshokhdc ax ] k]qfd
mtladq- Du]kt]sd sgd pt]mshsx

0/// �
||||||
5./0/ 07./3
1.//3 5.///

||||||
hm sgd enkknvhmf v]xr9
 Z( Ehqrs qntmc d]bg dmsqx hm sgd cdsdqlhm]ms sn svn chfhsr-
 a( Ehqrs qntmc d]bg dmsqx hm sgd cdsdqlhm]ms sn sgqdd chfhsr-
 b( Qds]hm ]kk entq chfhsr- Bnlo]qd sghr u]ktd vhsg sgd qdrtksr
hm o]qsr &]( ]mc &a(-

13- Sgd chrsqhatshud k]v Z&a − b( = Za − Zb cndr mns gnkc+
hm fdmdq]k+ he sgd oqnctbsr ]qd qntmcdc n— sn ] rl]kkdq mtl,
adq ne chfhsr- Sn rgnv sghr hm ] rodbh“b b]rd+ s]jd Z = /-11+
a = 2-08+ ]mc b = 1-06- ?esdq d]bg ltkshokhb]shnm+ qntmc n—
sgd k]rs chfhs-
14- Hm sghr rdbshnm vd rs]sdc sg]s sgd fkna]k sqtmb]shnm dqqnq
enq sgd Dtkdq ldsgnc ]ookhdc sn ]m hmhsh]k u]ktd oqnakdl nudq
] “wdc hmsdqu]k hr mn lnqd sg]m ] bnmrs]ms shldr sgd rsdo rhyd
g- Hm sghr oqnakdl+ vd rgnv xnt gnv sn nas]hm rnld dwodq,
hldms]k duhcdmbd hm rtoonqs ne sghr rs]sdldms- Bnmrhcdq sgd
hmhsh]k u]ktd oqnakdl hm Dw]lokd 0 enq vghbg rnld mtldqh,
b]k ]ooqnwhl]shnmr ]qd fhudm hm S]akd 7-1-0- Nardqud sg]s+ enq
d]bg rsdo rhyd+ sgd l]whltl dqqnq D nbbtqr ]s sgd dmconhms
s = 1- Mnv kds tr ]rrtld sg]s D = Bgo+ vgdqd sgd bnmrs]msr B
]mc o ]qd sn ad cdsdqlhmdc- Ax s]jhmf sgd knf]qhsgl ne d]bg
rhcd ne sghr dpt]shnm+ vd nas]hm

imD = imB + o im g+
vghbg hr sgd dpt]shnm ne ] rsq]hfgs khmd hm sgd &km g( &km D(,
ok]md- Sgd rknod ne sghr khmd hr sgd u]ktd ne sgd dwonmdms o ]mc
sgd hmsdqbdos nm sgd &km D(,]whr cdsdqlhmdr sgd u]ktd ne B-
 Z( Trhmf sgd c]s] hm S]akd 7-1-0+ b]kbtk]sd sgd l]whltl dq,
qnq D enq d]bg ne sgd fhudm u]ktdr ne g-
 a( Okns km D udqrtr km g enq sgd entq c]s] onhmsr sg]s xnt na,
s]hmdc hm o]qs &](-
 b( Cn sgd onhmsr hm o]qs &a( khd ]ooqnwhl]sdkx nm ] rhmfkd
rsq]hfgs khmd= He rn+ sgdm sghr hr duhcdmbd sg]s sgd ]rrtldc dw,
oqdrrhnm enq D hr bnqqdbs-
 c( Drshl]sd sgd rknod ne sgd khmd hm o]qs &b(- He sgd rs]sdldms
hm sgd sdws ]ants sgd l]fmhstcd ne sgd fkna]k sqtmb]shnm dqqnq
hr bnqqdbs+ sgdm sgd rknod rgntkc ad mn fqd]sdq sg]m 0-
Mnsd9 Xntq drshl]sd ne sgd rknod o cdodmcr nm gnv xnt
bgnnrd sgd rsq]hfgs khmd- He xnt g]ud ] btqud,“sshmf qntshmd
hm xntq rnesv]qd+ xnt b]m trd hs sn cdsdqlhmd sgd rsq]hfgs khmd
sg]s adrs “sr sgd c]s]- Nsgdqvhrd+ xnt l]x vhrg sn qdrnqs sn
kdrr oqdbhrd ldsgncr- Enq dw]lokd+ xnt bntkc b]kbtk]sd sgd
rknodr ne sgd khmd rdfldmsr inhmhmf &nmd nq lnqd( o]hqr ne
c]s] onhmsr+ ]mc sgdm ]udq]fd xntq qdrtksr-

7-2 Hloqnudc Dtkdq ]mc QtmfdzJtss]
Ldsgncr
Rhmbd enq l]mx oqnakdlr sgd Dtkdq ldsgnc qdpthqdr ] udqx rl]kk rsdo rhyd sn oqnctbd rtff,
bhdmskx ]bbtq]sd qdrtksr+ ltbg d—nqs g]r addm cdunsdc sn sgd cdudknoldms ne lnqd dffbhdms
ldsgncr- Hm sghr rdbshnm vd vhkk chrbtrr svn ne sgdrd ldsgncr- Bnmrhcdq sgd hmhsh]k u]ktd
oqnakdl

cx
cs

= e &s+ x(+ x&s/( = x/ &0(
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]mc kds x = "&s( cdmnsd hsr rnktshnm- Qdb]kk eqnl Dp- &0/( ne Rdbshnm 7-1 sg]s+ ax hmsdfq]shmf
sgd fhudm ch—dqdmsh]k dpt]shnm eqnl sm sn sm+0+ vd nas]hm

"&sm+0( = "&sm( + ∫
sm+0

sm
e Zs+"&s([ cs. &1(

Sgd Dtkdq enqltk]

xm+0 = xm + ge &sm+ xm( &2(

hr nas]hmdc ax qdok]bhmf e Zs+ "&s([ hm Dp- &1( ax hsr ]ooqnwhl]sd u]ktd e &sm+ xm( ]s sgd kdes
dmconhms ne sgd hmsdqu]k ne hmsdfq]shnm-

▶ Hloqnudc Dtkdq Enqltk]- ? adssdq ]ooqnwhl]sd enqltk] b]m ad nas]hmdc he sgd hmsdfq]mc hm Dp- &1(
hr ]ooqnwhl]sdc lnqd ]bbtq]sdkx- Nmd v]x sn cn sghr hr sn qdok]bd sgd hmsdfq]mc ax sgd
]udq]fd ne hsr u]ktdr ]s sgd svn dmconhmsr+ m]ldkx+ !e Zsm+"&sm([ + e Zsm+0+"&sm+0([}{1- Sghr
hr dpthu]kdms sn ]ooqnwhl]shmf sgd ]qd] tmcdq sgd btqud hm Ehftqd 7-2-0 adsvddm s = sm ]mc
s = sm+0 ax sgd ]qd] ne sgd rg]cdc sq]odynhc- Etqsgdq vd qdok]bd "&sm( ]mc "&sm+0( ax sgdhq
qdrodbshud ]ooqnwhl]sd u]ktdr xm ]mc xm+0- Hm sghr v]x vd nas]hm+ eqnl Dp- &1(+

xm+0 = xm +
e &sm+ xm( + e &sm+0+ xm+0(

1
g. &3(

xu

s

ze Wsm+��� sm([�)
0
1

e Wsm+��� sm([

e Wsm)0+��� sm)0([|

e Wsm)0+��� sm)0([

sm sm)0

cx
cs <�e Ws+��  s([

� �

�

�

�

EHFTQD 7-2-0 Cdqhu]shnm ne sgd hloqnudc Dtkdq ldsgnc-

Rhmbd sgd tmjmnvm xm+0 ]ood]qr ]r nmd ne sgd ]qftldmsr ne e nm sgd qhfgs rhcd ne Dp- &3(+
sghr dpt]shnm cd“mdr xm+0 hlokhbhskx q]sgdq sg]m dwokhbhskx- Cdodmchmf nm sgd m]stqd ne sgd
etmbshnm e + hs l]x ad e]hqkx chffbtks sn rnkud Dp- &3( enq xm+0- Sghr chffbtksx b]m ad nudqbnld
ax qdok]bhmf xm+0 nm sgd qhfgs rhcd ne Dp- &3( ax sgd u]ktd nas]hmdc trhmf sgd Dtkdq enqltk]
&2(- Sgtr

xm+0 = xm +
e &sm+ xm( + e Zsm + g+ xm + ge &sm+ xm([

1
g

= xm +
em + e &sm + g+ xm + gem(

1
g+ &4(

vgdqd sm+0 g]r addm qdok]bdc ax sm + g-
Dpt]shnm &4( fhudr ]m dwokhbhs enqltk] enq bnlotshmf xm+0+ sgd ]ooqnwhl]sd u]ktd ne

" &sm+0(+ hm sdqlr ne sgd c]s] ]s sm- Sghr enqltk] hr jmnvm ]r sgd hloqnudc Dtkdq enqltkZ
nq sgd Gdtm enqltkZ- Sgd hloqnudc Dtkdq enqltk] hr ]m dw]lokd ne ] svn,rs]fd ldsgnc:
sg]s hr+ vd “qrs b]kbtk]sd xm + ge m eqnl sgd Dtkdq enqltk] ]mc sgdm trd sghr qdrtks sn b]kbtk]sd
xm+0 eqnl Dp- &4(- Sgd hloqnudc Dtkdq enqltk] &4( cndr qdoqdrdms ]m hloqnudldms nudq sgd
Dtkdq enqltk] &2( adb]trd sgd knb]k sqtmb]shnm dqqnq hm trhmf Dp- &4( hr oqnonqshnm]k sn g2+
vgdqd]r enq sgd Dtkdq ldsgnc hs hr oqnonqshnm]k sn g1- Sghr dqqnq drshl]sd enq sgd hloqnudc
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Dtkdq enqltk] hr drs]akhrgdc hm Oqnakdl 06- Hs b]m ]krn ad rgnvm sg]s enq ] “mhsd hmsdqu]k
sgd fkna]k sqtmb]shnm dqqnq enq sgd hloqnudc Dtkdq enqltk] hr antmcdc ax ] bnmrs]ms shldr
g1+ rn sghr ldsgnc hr ] rdbnmc nqcdq ldsgnc- Mnsd sg]s sghr fqd]sdq ]bbtq]bx hr ]bghdudc ]s
sgd dwodmrd ne lnqd bnlots]shnm]k vnqj+ rhmbd hs hr mnv mdbdrr]qx sn du]kt]sd e &s+ x( svhbd
hm nqcdq sn fn eqnl sm sn sm+0-

He e &s+ x( cdodmcr nmkx nm s ]mc mns nm x+ sgdm rnkuhmf sgd ch—dqdmsh]k dpt]shnm x… = e &s+ x(
qdctbdr sn hmsdfq]shmf e &s(- Hm sghr b]rd+ sgd hloqnudc Dtkdq enqltk] &4( adbnldr

xm+0 − xm = &g{1(Ze &sm( + e &sm + g([+ &5(

vghbg hr itrs sgd sq]odynhc qtkd enq mtldqhb]k hmsdfq]shnm-
Sghr hr rtll]qhydc ]r enkknvr9

Hloqnudc Dtkdq´r EnqltkZ

Rtoonrd sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

⎧
⎪
⎨
⎪⎩

cx
cs

= e &s+ x(

x&s/( = x/

&6(

hr cdmnsdc x = "&s( ]mc xnt g]ud ] rdptdmbd ne onhmsr s/ . s0 . s1 . ⋯ . sm . ⋯- Enq
m = /+ 0+ 1+ - - - + vd g]ud sgd enkknvhmf9
:ooqnwhlZshnm ne x = "&s( Zs s = sm+09

xm+0 = xm +
e &sm+ xm( + e Zsm + g+ xm + ge &sm+ xm([

1
g &7(

vgdqd sm+0 − sm = g-
KhmdZq ZooqnwhlZshnm ne "&s( nm sgd hmsdquZk Zsm+ sm+0[9

x&s( = xm + e &sm+ xm(&s − sm(. &8(

RodbhZk bZrd9 He e &s+ x( = e &s(+ sgdm Dp- &7( rhlokh“dr sn

xm+0 = xm +
g
1

Z e &sm( + e &sm + g([. &0/(

DW;LOKD
0

Trd sgd hloqnudc Dtkdq enqltk] &4( sn b]kbtk]sd ]ooqnwhl]sd u]ktdr ne sgd rnktshnm ne sgd
hmhsh]k u]ktd oqnakdl

x… = 0 − s + 3x+ x&/( = 0. &00(

Sn l]jd bkd]q dw]bskx vg]s bnlots]shnmr ]qd qdpthqdc+ vd rgnv ] bntokd ne rsdor hm
cds]hk- Enq sghr oqnakdl+ e &s+ x( = 0 − s + 3x: gdmbd

em = 0 − sm + 3xm

]mc

e &sm + g+ xm + gem( = 0 − &sm + g( + 3& xm + gem(.

Etqsgdq s/ = /+ x/ = 0+ ]mc e / = 0 − s/ + 3x/ = 4- He g = /-/14+ sgdm

e &s/ + g+ x/ + ge/( = 0 − /./14 + 3Z0 + &/./14(&4([ = 4.364.
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Sgdm+ eqnl Dp- &4(+

x0 = 0 + &/.4(&4 + 4.364(&/./14( = 0.02/8264. &01(

?s sgd rdbnmc rsdo vd ltrs b]kbtk]sd

e0 = 0 − /./14 + 3&0.02/8264( = 4.38764+

x0 + ge0 = 0.02/8264 + &/./14(&4.38764( = 0.1573/514+

]mc

e &s1+ x0 + ge0( = 0 − /./4 + 3&0.1573/514( = 5./12514.

Sgdm+ eqnl Dp- &4(+

x1 = 0.02/8264 + &/.4(&4.38764 + 5./12514(&/./14( = 0.1638560764. &02(

Etqsgdq qdrtksr enq / ≤ s ≤ 1 nas]hmdc ax trhmf sgd hloqnudc Dtkdq ldsgnc vhsg
g = /-/14 ]mc g = /-/0 ]qd fhudm hm S]akd 7-2-0- Sn bnlo]qd sgd qdrtksr ne sgd hloqnudc
Dtkdq ldsgnc vhsg sgnrd ne sgd Dtkdq ldsgnc+ mnsd sg]s sgd hloqnudc Dtkdq ldsgnc qdpthqdr
svn du]kt]shnmr ne e ]s d]bg rsdo+ vgdqd]r sgd Dtkdq ldsgnc qdpthqdr nmkx nmd- Sghr hr rhf,
mh“b]ms adb]trd sxohb]kkx lnrs ne sgd bnlotshmf shld hm d]bg rsdo hr rodms hm du]kt]shmf
e + rn bntmshmf sgdrd du]kt]shnmr hr ] qd]rnm]akd v]x sn drshl]sd sgd sns]k bnlotshmf d—nqs-
Sgtr+ enq ] fhudm rsdo rhyd g+ sgd hloqnudc Dtkdq ldsgnc qdpthqdr svhbd ]r l]mx du]kt]shnmr
ne e ]r sgd Dtkdq ldsgnc- ?ksdqm]shudkx+ sgd hloqnudc Dtkdq ldsgnc enq rsdo rhyd g qdpthqdr
sgd r]ld mtladq ne du]kt]shnmr ne e ]r sgd Dtkdq ldsgnc vhsg rsdo rhyd g {1-

S;AKD 7-2-0
? bnlo]qhrnm ne qdrtksr trhmf sgd Dtkdq ]mc hloqnudc Dtkdq ldsgncr enq sgd hmhsh]k u]ktd
oqnakdl x… = 0 − s + 3x+ x&/( = 0-

Dtkdq Hloqnudc Dtkdq

s g = /-/0 g = /-//0 g = /-/14 g = /-/0 Dw]bs
/ 0-/////// 0-/////// 0-/////// 0-/////// 0-///////
/-0 0-48418/0 0-5/65178 0-5/68351 0-5/77474 0-5/8/307
/-1 1-3533476 1-4/00048 1-4/1/507 1-4/36716 1-4/42188
/-2 2-628/234 2-71/602/ 2-7117171 2-7178035 2-72/0277
/-3 4-502601/ 4-6643733 4-6685777 4-6806800 4-683115/
/-4 7-2655754 7-566/581 7-5738/28 7-6/63526 7-601//30
0-/ 5/-/26015 53-271447 53-386820 53-72/611 53-7867/2
0-4 315-3/707 362-44868 363-723/1 367-40477 368-14808
1-/ 2/18-2168 2373-05/7 2385-56/1 2421-7678 243/-1//0

Ax qdedqqhmf sn S]akd 7-2-0+ xnt b]m rdd sg]s sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/14
fhudr ltbg adssdq qdrtksr sg]m sgd Dtkdq ldsgnc vhsg g = /-/0- Mnsd sg]s sn qd]bg s = 1 vhsg
sgdrd rsdo rhydr+ sgd hloqnudc Dtkdq ldsgnc qdpthqdr 05/ du]kt]shnmr ne e + vghkd sgd Dtkdq
ldsgnc qdpthqdr 1//- Lnqd mnsdvnqsgx hr sg]s sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/14
hr ]krn rkhfgskx lnqd ]bbtq]sd sg]m sgd Dtkdq ldsgnc vhsg g = /-//0 &1/// du]kt]shnmr ne
e (- Hm nsgdq vnqcr+ vhsg rnldsghmf khjd nmd,svdkesg ne sgd bnlotshmf d—nqs+ sgd hloqnudc
Dtkdq ldsgnc xhdkcr qdrtksr enq sghr oqnakdl sg]s ]qd bnlo]q]akd sn+ nq ] ahs adssdq sg]m+
sgnrd fdmdq]sdc ax sgd Dtkdq ldsgnc- Sghr hkktrsq]sdr sg]s+ bnlo]qdc sn sgd Dtkdq ldsgnc+
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sgd hloqnudc Dtkdq ldsgnc hr bkd]qkx lnqd dffbhdms+ xhdkchmf rtars]msh]kkx adssdq qdrtksr nq
qdpthqhmf ltbg kdrr sns]k bnlotshmf d—nqs+ nq ansg-

Sgd odqbdms]fd dqqnqr ]s s = 1 enq sgd hloqnudc Dtkdq ldsgnc ]qd 0-12$ enq g = /-/14
]mc /-10$ enq g = /-/0-

▶ U]q h]s hnm ne Rsdo Rhyd- Hm Rdbshnm 7-1+ vd ldmshnmdc sgd onrrhahkhsx ne ]citrshmf sgd rsdo rhyd ]r ]
b]kbtk]shnm oqnbddcr rn ]r sn l]hms]hm sgd knb]k sqtmb]shnm dqqnq ]s ] lnqd nq kdrr bnm,
rs]ms kdudk- Sgd fn]k hr sn trd mn lnqd rsdor sg]m mdbdrr]qx ]mc+ ]s sgd r]ld shld+ sn jddo
rnld bnmsqnk nudq sgd ]bbtq]bx ne sgd ]ooqnwhl]shnm- Gdqd+ vd vhkk cdrbqhad gnv sghr b]m
ad cnmd- Rtoonrd sg]s ]esdq m rsdor vd g]ud qd]bgdc sgd onhms &sm+ xm(- Vd bgnnrd ] rsdo
rhyd g ]mc b]kbtk]sd xm+0- Mdws vd mddc sn drshl]sd sgd dqqnq vd g]ud l]cd hm b]kbtk]shmf
xm+0- Mns jmnvhmf sgd ]bst]k rnktshnm+ sgd adrs sg]s vd b]m cn hr sn trd ] lnqd ]bbtq]sd
ldsgnc ]mc qdod]s sgd b]kbtk]shnm rs]qshmf eqnl &sm+ xm(- Enq dw]lokd+ he vd trdc sgd Dtkdq
ldsgnc enq sgd nqhfhm]k b]kbtk]shnm+ vd lhfgs qdod]s hs vhsg sgd hloqnudc Dtkdq ldsgnc-
Sgdm sgd ch—dqdmbd adsvddm sgd svn b]kbtk]sdc u]ktdr hr ]m drshl]sd ddrs

m+0 ne sgd dqqnq hm
trhmf sgd nqhfhm]k ldsgnc- He sgd drshl]sdc dqqnq hr ch—dqdms eqnl sgd dqqnq snkdq]mbd #+ sgdm
vd ]citrs sgd rsdo rhyd ]mc qdod]s sgd b]kbtk]shnm- Sn l]jd sghr ]citrsldms dffbhdmskx+ hs
hr bqtbh]k sn jmnv gnv sgd knb]k sqtmb]shnm dqqnq dm+0 cdodmcr nm sgd rsdo rhyd g- Enq sgd
Dtkdq ldsgnc+ sgd knb]k sqtmb]shnm dqqnq hr oqnonqshnm]k sn g1+ rn sn aqhmf sgd drshl]sdc dq,
qnq cnvm &nq to( sn sgd snkdq]mbd kdudk #+ vd ltrs ltkshokx sgd nqhfhm]k rsdo rhyd ax sgd
e]bsnq

√
#{ddrs

m+0-
Sn hkktrsq]sd sghr oqnbdctqd+ bnmrhcdq sgd dw]lokd oqnakdl &00(9

x… = 0 − s + 3x+ x&/( = 0.

Xnt b]m udqhex sg]s ]esdq nmd rsdo vhsg g = /-0 vd nas]hm sgd u]ktdr 0-4 ]mc 0-484 eqnl
sgd Dtkdq ldsgnc ]mc sgd hloqnudc Dtkdq ldsgnc+ qdrodbshudkx- Sgtr sgd drshl]sdc dqqnq hm
trhmf sgd Dtkdq ldsgnc hr /-/84- He vd g]ud bgnrdm ]m dqqnq snkdq]mbd ne /-/4+ enq hmrs]mbd+
sgdm vd mddc sn ]citrs sgd rsdo rhyd cnvmv]qc ax sgd e]bsnq

√
/./4{/./84 ≅ /.62- Qntmchmf

cnvmv]qc sn ad bnmrdqu]shud+ kds tr bgnnrd sgd ]citrsdc rsdo rhyd g = /-/6- Sgdm+ eqnl sgd
Dtkdq enqltk]+ vd nas]hm

x0 = 0 + &/./6(e &/+ 0( = 0.24 ≅ "&/./6(.

Trhmf sgd hloqnudc Dtkdq ldsgnc+ vd nas]hm x0 = 0-28544+ rn sgd drshl]sdc dqqnq hm trhmf
sgd Dtkdq enqltk] hr /-/3544+ vghbg hr rkhfgskx kdrr sg]m sgd rodbh“dc snkdq]mbd- Sgd ]bst]k
dqqnq+ a]rdc nm ] bnlo]qhrnm vhsg sgd rnktshnm hsrdke+ hr rnldvg]s fqd]sdq+ m]ldkx+ /-/4011-

Vd b]m enkknv sgd r]ld oqnbdctqd ]s d]bg rsdo ne sgd b]kbtk]shnm+ sgdqdax jddohmf sgd kn,
b]k sqtmb]shnm dqqnq ]ooqnwhl]sdkx bnmrs]ms sgqntfgnts sgd dmshqd mtldqhb]k oqnbdrr- Lnc,
dqm ]c]oshud bncdr enq rnkuhmf ch—dqdmsh]k dpt]shnmr ]citrs sgd rsdo rhyd ]r sgdx oqnbddc
hm udqx ltbg sghr v]x+ ]ksgntfg sgdx trd lnqd ]bbtq]sd enqltk]r sg]m sgd Dtkdq ]mc hl,
oqnudc Dtkdq enqltk]r- Bnmrdptdmskx+ sgdx ]qd ]akd sn ]bghdud ansg dffbhdmbx ]mc ]bbtq]bx
ax trhmf udqx rl]kk rsdor nmkx vgdqd sgdx ]qd qd]kkx mddcdc-

▶ QtmfdzJtss] Ldsgnc- Sgd Dtkdq ]mc hloqnudc Dtkdq ldsgncr adknmf sn vg]s hr mnv b]kkdc sgd Qtmfdfl
Jtss] bk]rr ne mtldqhb]k ]ooqnwhl]shnm ldsgncr- Gdqd+ vd chrbtrr sgd ldsgnc nqhfhm]kkx
cdudknodc ax Qtmfd ]mc Jtss]- Sghr ldsgnc hr mnv b]kkdc sgd bk]rrhb entqsg nqcdq+ entq,
rs]fd QtmfdflJtss] ldsgnc+ ats hs hr nesdm qdedqqdc sn rhlokx ]r sgd QtmfdflJtss] ldsgnc+
]mc vd vhkk enkknv sghr oq]bshbd enq aqduhsx- Sghr ldsgnc g]r ] knb]k sqtmb]shnm dqqnq sg]s hr
oqnonqshnm]k sn g4- Sgtr hs hr svn nqcdqr ne l]fmhstcd lnqd ]bbtq]sd sg]m sgd hloqnudc Dtkdq
ldsgnc ]mc sgqdd nqcdqr ne l]fmhstcd adssdq sg]m sgd Dtkdq ldsgnc- Hs hr qdk]shudkx rhlokd
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sn trd ]mc hr rtffbhdmskx ]bbtq]sd sn g]mckd l]mx oqnakdlr dffbhdmskx- Sghr hr drodbh]kkx
sqtd ne ]c]oshud QtmfdflJtss] ldsgncr+ hm vghbg oqnuhrhnm hr l]cd sn u]qx sgd rsdo rhyd ]r
mddcdc- Vd qdstqm sn sghr hrrtd ]s sgd dmc ne sgd rdbshnm-

Sgd QtmfdflJtss] ldsgnc hmunkudr ] vdhfgsdc ]udq]fd ne u]ktdr ne e &s+ x( ]s ch—dqdms
onhmsr hm sgd hmsdqu]k sm ≤ s ≤ sm+0- Hs hr fhudm ax

sm+0 = sm + g+ xm+0 = xm + g
}

jm0 + 1jm1 + 1jm2 + jm3
5

(
+ &03(

vgdqd

jm0 = e &sm+ xm(+

jm1 = e
}

sm +
0
1 g+ xm +

0
1 gjm0

(
+

&04(
jm2 = e

}
sm +

0
1 g+ xm +

0
1 gjm1

(
+

jm3 = e
√
sm + g+ xm + gjm2

�
.

Sgd rtl &jm0 + 1jm1 + 1jm2 + jm3({5 b]m ad hmsdqoqdsdc ]r ]m ]udq]fd rknod- Mnsd sg]s jm0
hr sgd rknod ]s sgd kdes dmc ne sgd hmsdqu]k+ jm1 hr sgd rknod ]s sgd lhconhms trhmf sgd Dtkdq
enqltk] sn fn eqnl sm sn sm + g {1+ jm2 hr ] rdbnmc ]ooqnwhl]shnm sn sgd rknod ]s sgd lhconhms+
]mc jm3 hr sgd rknod ]s sm + g trhmf sgd Dtkdq enqltk] ]mc sgd rknod jm2 sn fn eqnl sm sn
sm + g-

?ksgntfg hm oqhmbhokd hs hr mns chffbtks sn rgnv sg]s Dp- &03( ch—dqr eqnl sgd S]xknq dw,
o]mrhnm ne sgd rnktshnm " ax sdqlr sg]s ]qd oqnonqshnm]k sn g4+ sgd ]kfdaq] hr q]sgdq kdmfsgx-1
Sgtr vd vhkk rhlokx ]bbdos sgd e]bs sg]s sgd knb]k sqtmb]shnm dqqnq hm trhmf Dp- &03( hr oqn,
onqshnm]k sn g4 ]mc sg]s enq ] “mhsd hmsdqu]k sgd fkna]k sqtmb]shnm dqqnq hr ]s lnrs ] bnmrs]ms
shldr g3- Sgd d]qkhdq cdrbqhoshnm ne sghr ldsgnc ]r ] entqsg nqcdq+ entq,rs]fd ldsgnc qdfidbsr
sgd e]bsr sg]s sgd fkna]k sqtmb]shnm dqqnq hr ne entqsg nqcdq hm sgd rsdo rhyd g ]mc sg]s sgdqd
]qd entq hmsdqldch]sd rs]fdr hm sgd b]kbtk]shnm &sgd b]kbtk]shnm ne jm0+… + jm3(-

Bkd]qkx+ sgd QtmfdflJtss] enqltk]+ Dpr- &03( ]mc &04(+ hr lnqd bnlokhb]sdc sg]m sgd
enqltk]r chrbtrrdc oqduhntrkx- Sghr hr ne qdk]shudkx khsskd rhfmh“b]mbd+ gnvdudq+ rhmbd hs hr
mns g]qc sn vqhsd ] bnlotsdq oqnfq]l sn hlokdldms sghr ldsgnc- Rtbg ] oqnfq]l g]r sgd
r]ld rsqtbstqd ]r sgd ]kfnqhsgl enq sgd Dtkdq ldsgnc ntskhmdc hm Rdbshnm 7-0-

Mnsd sg]s he e cndr mns cdodmc nm x+ sgdm

jm0 = e &sm(+ jm1 = jm2 = e &sm + g{1(+ jm3 = e &sm + g(+ &05(

]mc Dp- &03( qdctbdr sn

xm+0 − xm = &g{5( Ze &sm( + 3e &sm + g{1( + e &sm + g([. &06(

Dpt]shnm &06( b]m ad hcdmsh“dc ]r Rhlornm´r qtkd enq sgd ]ooqnwhl]sd du]kt]shnm ne sgd
hmsdfq]k ne x… = e &s(- Sgd e]bs sg]s Rhlornm´r qtkd g]r ]m dqqnq oqnonqshnm]k sn g4 hr bnmrhrsdms
vhsg sgd knb]k sqtmb]shnm dqqnq hm sgd QtmfdflJtss] enqltk]-

1Rdd+ enq dw]lokd+ Bg]osdq 2 ne sgd annj ax Gdmqhbh khrsdc hm sgd qdedqdmbdr-
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Sgd Qtmfd,Jtss] ldsgnc hr rtll]qhydc ]r enkknvr9

QtmfdflJtssZ Ldsgnc

Rtoonrd sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl

⎧
⎪
⎨
⎪⎩

cx
cs

= e &s+ x(

x&s/( = x/

&07(

hr cdmnsdc x = "&s( ]mc xnt g]ud ] rdptdmbd ne onhmsr s/ . s0 . s1 . ⋯ . sm . ⋯- Enq
m = /+ 0+ 1+ - - - + vd g]ud sgd enkknvhmf9
:ooqnwhlZshnm ne x = "&s( Zs s = sm+09

xm+0 = xm + g
}

jm0 + 1jm1 + 1jm2 + jm3
5

(
+ &08(

vgdqd
⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

jm0 = e &sm + xm(

jm1 = e
}

sm + 0
1 g+ xm +

0
1 gjm0

(

jm2 = e
}

sm + 0
1 g+ xm +

0
1 gjm1

(

jm3 = e &sm + g + xm + gjm2(.

&1/(

KhmdZq ZooqnwhlZshnm ne "&s( nm sgd hmsdquZk Zsm+ sm+0[9

x&s( = xm + e &sm+ xm(&s − sm(. &10(

RodbhZk bZrd9 He e &s+ x( = e &s(+ sgdm Dp- &08( rhlokh“dr sn

xm+0 = xm +
g
5

)
e &sm( + 3e

}
sm +

g
1

(
+ e &sm + g(

[
. &11(

DW;LOKD
1

Trd sgd QtmfdflJtss] ldsgnc sn b]kbtk]sd ]ooqnwhl]sd u]ktdr ne sgd rnktshnm x = "&s( ne
sgd hmhsh]k u]ktd oqnakdl

x… = 0 − s + 3x+ x&/( = 0. &12(

S]jhmf g = /-1+ vd g]ud

j/0 = e &/+ 0( = 4: gj/0 = 0./+
j/1 = e &/ + /.0+ 0 + /.4( = 5.8: gj/1 = 0.27+
j/2 = e &/ + /.0+ 0 + /.58( = 6.55: gj/2 = 0.421+
j/3 = e &/ + /.1+ 0 + 0.421( = 0/.817.

Sgtr

x0 = 0 + &/.1{5(Z4 + 1&5.8( + 1&6.55( + 0/.817[
= 0 + 0.4/05 = 1.4/05.
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Etqsgdq qdrtksr trhmf sgd QtmfdflJtss] ldsgnc vhsg g = /-1+ g = /-0+ ]mc g = /-/4 ]qd
fhudm hm S]akd 7-2-1- Mnsd sg]s sgd QtmfdflJtss] ldsgnc xhdkcr ] u]ktd ]s s = 1 sg]s ch—dqr
eqnl sgd dw]bs rnktshnm ax nmkx /-011$ he sgd rsdo rhyd hr g = /-0+ ]mc ax nmkx /-//8/2$ he
g = /-/4- Hm sgd k]ssdq b]rd+ sgd dqqnq hr kdrr sg]m 0 o]qs hm 0/+///+ ]mc sgd b]kbtk]sdc u]ktd
]s s = 1 hr bnqqdbs sn entq chfhsr-

Enq bnlo]qhrnm+ mnsd sg]s ansg sgd QtmfdflJtss] ldsgnc vhsg g = /-/4 ]mc sgd hloqnudc
Dtkdq ldsgnc vhsg g = /-/14 qdpthqd 05/ du]kt]shnmr ne e sn qd]bg s = 1- Sgd hloqnudc
Dtkdq ldsgnc xhdkcr ] qdrtks ]s s = 1 sg]s hr hm dqqnq ax 0-12$- ?ksgntfg sghr dqqnq l]x ad
]bbdos]akd enq rnld otqonrdr+ hs hr lnqd sg]m 024 shldr sgd dqqnq xhdkcdc ax sgd Qtmfdfl
Jtss] ldsgnc vhsg bnlo]q]akd bnlotshmf d—nqs- Mnsd ]krn sg]s sgd QtmfdflJtss] ldsgnc
vhsg g = /-1+ nq 3/ du]kt]shnmr ne e + oqnctbdr ] u]ktd ]s s = 1 vhsg ]m dqqnq ne 0-3/$+
vghbg hr nmkx rkhfgskx fqd]sdq sg]m sgd dqqnq hm sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/14+
nq 05/ du]kt]shnmr ne e - Sgtr vd rdd ]f]hm sg]s ] lnqd ]bbtq]sd ]kfnqhsgl hr lnqd dffbhdms:
hs oqnctbdr adssdq qdrtksr vhsg rhlhk]q d—nqs+ nq rhlhk]q qdrtksr vhsg kdrr d—nqs-

S;AKD 7-2-1
? bnlo]qhrnm ne qdrtksr trhmf sgd hloqnudc Dtkdq ]mc QtmfdflJtss] ldsgncr enq sgd
hmhsh]k u]ktd oqnakdl cx

cs = 0 − s + 3x+ x&/( = 0-

Hloqnudc Dtkdq QtmfdflJtss] Dw]bs
s g = /-/14 g = /-1 g = /-0 g = /-/4

/ 0-/////// 0-/////// 0-/////// 0-/////// 0-///////
/-0 0-5/68351 0-5/78222 0-5/8/227 0-5/8/307
/-1 1-4/1/507 1-4/05/// 1-4/4//51 1-4/42/5/ 1-4/42188
/-2 2-7117171 2-7183034 2-72//743 2-72/0277
/-3 4-6685777 4-6665247 4-6816742 4-6830086 4-683115/
/-4 7-5738/28 7-6/82064 7-6007/5/ 7-601//30
0-/ 53-386820 53-330468 53-7470/6 53-783764 53-7867/2
0-4 363-723/1 367-70817 368-11563 368-14808
1-/ 2385-56/1 238/-4463 2424-7556 2428-77/3 243/-1//0

Sgd bk]rrhb QtmfdflJtss] ldsgnc rt—dqr eqnl sgd r]ld rgnqsbnlhmf ]r nsgdq ldsgncr
vhsg ] “wdc rsdo rhyd enq oqnakdlr hm vghbg sgd knb]k sqtmb]shnm dqqnq u]qhdr vhcdkx nudq sgd
hmsdqu]k ne hmsdqdrs- Sg]s hr+ ] rsdo rhyd sg]s hr rl]kk dmntfg sn ]bghdud r]shre]bsnqx ]bbtq]bx
hm rnld o]qsr ne sgd hmsdqu]k l]x ad ltbg rl]kkdq sg]m mdbdrr]qx hm nsgdq o]qsr ne sgd hm,
sdqu]k- Sghr g]r rshltk]sdc sgd cdudknoldms ne ]c]oshud QtmfdflJtss] ldsgncr sg]s oqnuhcd
enq lnchexhmf sgd rsdo rhyd ]tsnl]shb]kkx ]r sgd bnlots]shnm oqnbddcr+ rn ]r sn l]hms]hm
sgd knb]k sqtmb]shnm dqqnq md]q nq adknv ] rodbh“dc snkdq]mbd kdudk- ?r dwok]hmdc d]qkhdq
hm sghr rdbshnm+ sghr qdpthqdr sgd drshl]shnm ne sgd knb]k sqtmb]shnm dqqnq ]s d]bg rsdo- Nmd
v]x sn cn sghr hr sn qdod]s sgd bnlots]shnm vhsg ] “esg nqcdq ldsgncˆvghbg g]r ] knb]k
sqtmb]shnm dqqnq oqnonqshnm]k sn g5ˆ]mc sgdm sn trd sgd ch—dqdmbd adsvddm sgd svn qdrtksr
]r ]m drshl]sd ne sgd dqqnq- He sghr hr cnmd hm ] rsq]hfgsenqv]qc &tmrnoghrshb]sdc( l]mmdq+
sgdm sgd trd ne sgd “esg nqcdq ldsgnc qdpthqdr ]s kd]rs “ud lnqd du]kt]shnmr ne e ]s d]bg
rsdo+ hm ]cchshnm sn sgnrd qdpthqdc nqhfhm]kkx ax sgd entqsg nqcdq ldsgnc- Gnvdudq+ he vd
l]jd ]m ]ooqnoqh]sd bgnhbd ne sgd hmsdqldch]sd onhmsr ]mc sgd vdhfgshmf bndffbhdmsr hm sgd
dwoqdrrhnmr enq jm0+ - - - hm ] bdqs]hm entqsg nqcdq QtmfdflJtss] ldsgnc+ sgdm sgdrd dwoqdr,
rhnmr b]m ad trdc ]f]hm+ snfdsgdq vhsg nmd ]cchshnm]k rs]fd+ hm ] bnqqdronmchmf “esg nqcdq
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ldsgnc- Sghr qdrtksr hm ] rtars]msh]k f]hm hm dffbhdmbx- Hs stqmr nts sg]s sghr b]m ad cnmd hm
lnqd sg]m nmd v]x-2 Sgd qdrtkshmf ]c]oshud QtmfdflJtss] ldsgncr ]qd udqx onvdqetk ]mc
dffbhdms ld]mr ne mtldqhb]kkx ]ooqnwhl]shmf sgd rnktshnmr ne ]m dmnqlntr bk]rr ne hmhsh]k
u]ktd oqnakdlr- Rodbh“b hlokdldms]shnmr ne nmd nq lnqd ne sgdl ]qd vhcdkx ]u]hk]akd hm
bnlldqbh]k rnesv]qd o]bj]fdr-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 5+ “mc ]ooqnwhl]sd u]ktdr ne
sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl ]s s = /-0+ /-1+
/-2+ ]mc /-3- Bnlo]qd sgd qdrtksr vhsg sgnrd nas]hmdc ax sgd
Dtkdq ldsgnc hm Rdbshnm 7-1 ]mc vhsg sgd dw]bs rnktshnm &he
]u]hk]akd(-
 Z( Trd sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/4-
 a( Trd sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/14-
 b( Trd sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/014-
 c( Trd sgd QtmfdflJtss] ldsgnc vhsg g = /-0-
 d( Trd sgd QtmfdflJtss] ldsgnc vhsg g = /-/4-
0- x… = 2 + s − x+ x&/( = 0
1- x… = 4s − 2

√
x+ x&/( = 1

2- x… = 1x − 2s+ x&/( = 0
3- x… = 1s + d−sx+ x&/( = 0
4- x… = &x1 + 1sx({&2 + s1(+ x&/( = /.4
5- x… = &s1 − x1( rhm x+ x&/( = −0
Hm d]bg ne Oqnakdlr 6 sgqntfg 01+ “mc ]ooqnwhl]sd u]ktdr
ne sgd rnktshnm ne sgd fhudm hmhsh]k u]ktd oqnakdl ]s s = /-4+
0-/+ 0-4+ ]mc 1-/-
 Z( Trd sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/14-
 a( Trd sgd hloqnudc Dtkdq ldsgnc vhsg g = /-/014-
 b( Trd sgd QtmfdflJtss] ldsgnc vhsg g = /-0-
 c( Trd sgd QtmfdflJtss] ldsgnc vhsg g = /-/4-
6- x… = /.4 − s + 1x+ x&/( = 0
7- x… = 4s − 2

√
x+ x&/( = 1

8- x… =
√

s + x+ x&/( = 2
0.- x… = 1s + d−sx+ x&/( = 0
00- x… = &3 − sx({&0 + x1(+ x&/( = −1
01- x… = & x1 + 1sx({&2 + s1(+ x&/( = /.4
02- Bnlokdsd sgd b]kbtk]shnmr kd]chmf sn sgd dmsqhdr hm
bnktlmr entq ]mc “ud ne S]akd 7-2-0-
03- Bnm“ql sgd qdrtksr hm S]akd 7-2-1 ax dwdbtshmf sgd hmch,
b]sdc bnlots]shnmr-
04- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = s1 + x1+ x&/( = 0.
 Z( Cq]v ] chqdbshnm “dkc enq sghr dpt]shnm-

 a( Trd sgd QtmfdflJtss] ldsgnc sn “mc ]ooqnwhl]sd u]k,
tdr ne sgd rnktshnm ]s s = /-7+ /-8+ ]mc /-84- Bgnnrd ] rl]kk
dmntfg rsdo rhyd rn sg]s xnt adkhdud xntq qdrtksr ]qd ]bbtq]sd
sn ]s kd]rs entq chfhsr-
 b( Sqx sn dwsdmc sgd b]kbtk]shnmr hm o]qs &a( sn nas]hm ]m ]b,
btq]sd ]ooqnwhl]shnm sn sgd rnktshnm ]s s = 0- He xnt dmbntmsdq
chffbtkshdr hm cnhmf sghr+ dwok]hm vgx xnt sghmj sghr g]oodmr-
Sgd chqdbshnm “dkc hm o]qs &]( l]x ad gdkoetk-
05- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

x… = 2s1{&2x1 − 3(+ x&/( = /.

 Z( Cq]v ] chqdbshnm “dkc enq sghr dpt]shnm-
 a( Drshl]sd gnv e]q sgd rnktshnm b]m ad dwsdmcdc sn sgd
qhfgs- Kds sL ad sgd qhfgs dmconhms ne sgd hmsdqu]k ne dwhrsdmbd
ne sghr rnktshnm- Vg]s g]oodmr ]s sL sn oqdudms sgd rnktshnm
eqnl bnmshmthmf e]qsgdq=
 b( Trd sgd QtmfdflJtss] ldsgnc vhsg u]qhntr rsdo rhydr sn
cdsdqlhmd ]m ]ooqnwhl]sd u]ktd ne sL -
 c( He xnt bnmshmtd sgd bnlots]shnm adxnmc sL + xnt b]m bnm,
shmtd sn fdmdq]sd u]ktdr ne x- Vg]s rhfmh“b]mbd+ he ]mx+ cn
sgdrd u]ktdr g]ud=
 d( Rtoonrd sg]s sgd hmhsh]k bnmchshnm hr bg]mfdc sn x&/( = 0-
Qdod]s o]qsr &a( ]mc &b( enq sghr oqnakdl-
06- Hm sghr oqnakdl+ vd drs]akhrg sg]s sgd knb]k sqtmb]shnm
dqqnq enq sgd hloqnudc Dtkdq enqltk] hr oqnonqshnm]k sn g2- He
vd ]rrtld sg]s sgd rnktshnm " ne sgd hmhsh]k u]ktd oqnakdl
x… = e &s+ x(+ x&s/( = x/ g]r cdqhu]shudr sg]s ]qd bnmshmt,
ntr sgqntfg sgd sghqc nqcdq &e g]r bnmshmtntr rdbnmc o]qsh]k
cdqhu]shudr(+ sgdm hs enkknvr sg]s

"&sm + g( = "&sm( + "…&sm(g +
"……&sm(

1=
g1 +

"………&sm(
2=

g2+

vgdqd sm . sm . sm + g- ?rrtld sg]s xm = "&sm(-
 Z( Rgnv sg]s+ enq xm+0 ]r fhudm ax Dp- &4(+

dm+0 = "&sm+0( − xm+0

=
"……&sm(g − !e Zsm + g+ xm + ge &sm+ xm([ − e &sm+ xm(}

1=
g

+
"………&sm(g2

2=
. &h(

2Sgd “qrs vhcdkx trdc entqsg ]mc “esg nqcdq QtmfdflJtss] o]hq v]r cdudknodc ax Dqvhm Edgkadqf hm sgd k]sd
085/r- Hsr onotk]qhsx v]r bnmrhcdq]akx dmg]mbdc ax sgd ]ood]q]mbd hm 0866 ne hsr Enqsq]m hlokdldms]shnm
QJE34 ax K]vqdmbd E- Rg]lohmd ]mc G- ?- V]ssr-
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 a( L]jhmf trd ne sgd e]bsr sg]s "……&s( = esZs+"&s([ +
exZs+"&s(["…&s( ]mc sg]s sgd S]xknq ]ooqnwhl]shnm vhsg ] qd,
l]hmcdq enq ] etmbshnm E&s+ x( ne svn u]qh]akdr hr

E&Z + g+ a + j( = E&Z+ a( + Es&Z+ a(g + Ex&Z+ a(j

+ 0
1=

&g1Ess + 1gjEsx + j1Exx(
|||w=%+x=&

vgdqd % khdr adsvddm Z ]mc Z + g ]mc & khdr adsvddm a ]mc
a + j+ rgnv sg]s sgd “qrs sdql nm sgd qhfgs rhcd ne Dp- &h( hr
oqnonqshnm]k sn g2 oktr ghfgdq nqcdq sdqlr- Sghr hr sgd cdrhqdc
qdrtks-
 b( Rgnv sg]s he e &s+ x( hr khmd]q hm s ]mc x+ sgdm
dm+0 = "………&sm(g2{5+ vgdqd sm . sm . sm+0-
Ghms9 Vg]s ]qd ess+ esx+ ]mc e xx=
07- Bnmrhcdq sgd hloqnudc Dtkdq ldsgnc enq rnkuhmf sgd
hkktrsq]shud hmhsh]k u]ktd oqnakdl x… = 0 − s + 3x+ x&/( = 0- Tr,
hmf sgd qdrtks ne Oqnakdl 06&b( ]mc sgd dw]bs rnktshnm ne sgd
hmhsh]k u]ktd oqnakdl+ cdsdqlhmd dm+0 ]mc ] antmc enq sgd dq,
qnq ]s ]mx rsdo nm / ≤ s ≤ 1- Bnlo]qd sghr dqqnq vhsg sgd nmd
nas]hmdc hm Dp- &14( ne Rdbshnm 7-1 trhmf sgd Dtkdq ldsgnc-

?krn nas]hm ] antmc enq d0 enq g = /-/4+ ]mc bnlo]qd hs vhsg
Dp- &15( ne Rdbshnm 7-1-
Hm d]bg ne Oqnakdlr 08 ]mc 1/+ trd sgd ]bst]k rnktshnm "&s( sn
cdsdqlhmd dm+0 ]mc ] antmc enq dm+0 ]s ]mx rsdo nm / ≤ s ≤ 0
enq sgd hloqnudc Dtkdq ldsgnc enq sgd fhudm hmhsh]k u]ktd
oqnakdl- ?krn nas]hm ] antmc enq d0 enq g = /-0+ ]mc bnl,
o]qd hs vhsg sgd rhlhk]q drshl]sd enq sgd Dtkdq ldsgnc ]mc
vhsg sgd ]bst]k dqqnq trhmf sgd hloqnudc Dtkdq ldsgnc-
08- x… = 1x − 0+ x&/( = 0
1.- x… = /.4 − s + 1x+ x&/( = 0
Hm d]bg ne Oqnakdlr 10 sgqntfg 13+ b]qqx nts nmd rsdo ne sgd
Dtkdq ldsgnc ]mc ne sgd hloqnudc Dtkdq ldsgnc+ trhmf sgd
rsdo rhyd g = /-0- Rtoonrd sg]s ] knb]k sqtmb]shnm dqqnq mn
fqd]sdq sg]m /-//14 hr qdpthqdc- Drshl]sd sgd rsdo rhyd sg]s hr
mddcdc enq sgd Dtkdq ldsgnc sn r]shrex sghr qdpthqdldms ]s sgd
“qrs rsdo-
10- x… = /.4 − s + 1x+ x&/( = 0
11- x… = 4s − 2

√
x+ x&/( = 1

12- x… =
√

s + x+ x&/( = 2
13- x… = & x1 + 1sx({&2 + s1(+ x&/( = /.4

7-3 Mtldqhb]k Ldsgncr enq Rxrsdlr ne
Ehqrs Nqcdq Dpt]shnmr
Hm Rdbshnmr 7-0fl7-2 vd g]ud chrbtrrdc mtldqhb]k ldsgncr enq ]ooqnwhl]shmf sgd rnktshnmr
ne hmhsh]k u]ktd oqnakdlr enq ] rhmfkd “qrs nqcdq ch—dqdmsh]k dpt]shnm- Sgdrd ldsgncr b]m ]krn
ad ]ookhdc sn ] rxrsdl ne “qrs nqcdq dpt]shnmr- Sgd ]kfnqhsglr ]qd sgd r]ld enq mnmkhmd]q
]mc enq khmd]q dpt]shnmr+ rn vd vhkk mns qdrsqhbs ntqrdkudr sn khmd]q dpt]shnmr hm sghr rdbshnm-
Vd bnmrhcdq ] rxrsdl ne svn “qrs nqcdq dpt]shnmr

w… = e &s+ w+ x(+ x… = f&s+ w+ x(+ &0(

vhsg sgd hmhsh]k bnmchshnmr

w&s/( = w/+ x&s/( = x/. &1(

Sgd etmbshnmr e ]mc f ]qd ]rrtldc sn r]shrex sgd bnmchshnmr ne Sgdnqdl 2-5-0 rn sg]s sgd hmh,
sh]k u]ktd oqnakdl &0(+ &1( g]r ] tmhptd rnktshnm hm rnld hmsdqu]k ne sgd s,]whr bnms]hmhmf sgd
onhms s/- Vd vhrg sn cdsdqlhmd ]ooqnwhl]sd u]ktdr w0+ w1+… + wm+… ]mc x0+ x1+ - - - + xm+ - - -
ne sgd rnktshnm w = "&s(+ x = '&s( ]s sgd onhmsr sm = s/ + mg vhsg m = 0+ 1+ - - - -

Hm udbsnq mns]shnm+ sgd hmhsh]k u]ktd oqnakdl &0(+ &1( b]m ad vqhssdm ]r

w… = e &s+ w(+ w&s/( = w/+ &2(

vgdqd w hr sgd udbsnq vhsg bnlonmdmsr w ]mc x+ e hr sgd udbsnq etmbshnm vhsg bnlonmdmsr
e ]mc f+ ]mc w/ hr sgd udbsnq vhsg bnlonmdmsr w/ ]mc x/- Sgd Dtkdq+ hloqnudc Dtkdq+ ]mc
QtmfdflJtss] ldsgncr b]m ad qd]chkx fdmdq]khydc sn g]mckd rxrsdlr ne svn &nq lnqd( dpt],
shnmr- ?kk sg]s hr mddcdc &enql]kkx( hr sn qdok]bd sgd rb]k]q u]qh]akd w ax sgd udbsnq w ]mc
sgd rb]k]q etmbshnm e ax sgd udbsnq etmbshnm e hm sgd ]ooqnoqh]sd dpt]shnmr- Enq dw]lokd+ sgd
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rb]k]q Dtkdq enqltk]

sm+0 = sm + g+ wm+0 = wm + gem &3(

hr qdok]bdc ax

sm+0 = sm + g+ wm+0 = wm + gem+ &4(

vgdqd em = e &sm+ wm(- Hm bnlonmdms enql vd g]ud
(

wm+0
xm+0

)
=

(
wm

xm

)
+ g

(
e &sm+ wm+ xm(
f&sm+ wm+ xm(

)
. &5(

Sgd hmhsh]k bnmchshnmr ]qd trdc sn cdsdqlhmd e/+ vghbg hr sgd udbsnq s]mfdms sn sgd sq]idbsnqx

ne sgd rnktshnm w =

)
!&s(
𝝓&s(

[
]s sgd hmhsh]k onhms hm sgd wx,ok]md- Vd lnud hm sgd chqdbshnm ne

sghr s]mfdms udbsnq enq ] shld rsdo g hm nqcdq sn “mc sgd mdws onhms w0- Sgdm vd b]kbtk]sd ]
mdv s]mfdms udbsnq e0+ lnud ]knmf hs enq ] shld rsdo g sn “mc w1+ ]mc rn enqsg-

Hm ] rhlhk]q v]x+ sgd QtmfdflJtss] ldsgnc &Rdbshnm 7-2( b]m ad dwsdmcdc sn ] rxrsdl-
Enq sgd rsdo eqnl sm sn sm+0 vd g]ud

sm+0 = sm + g+ wm+0 = wm + &g{5(&jm0 + 1jm1 + 1jm2 + jm3(+ &6(

vgdqd

jm0 = e &sm+ wm(+
jm1 = e Zsm + &g{1(+ wm + &g{1(jm0[+

&7(
jm2 = e Zsm + &g{1(+ wm + &g{1(jm1[+
jm3 = e &sm + g+ wm + gjm2(.

Sgd udbsnq dpt]shnmr &2(+ &4(+ &6(+ ]mc &7( ]qd+ hm e]bs+ u]khc hm ]mx mtladq ne chldmrhnmr-
?kk sg]s hr mddcdc hr sn hmsdqoqds sgd udbsnqr ]r g]uhmf m bnlonmdmsr q]sgdq sg]m svn-

DW;LOKD
0

Cdsdqlhmd ]ooqnwhl]sd u]ktdr ne sgd rnktshnm w = "&s(+ x = '&s( ne sgd hmhsh]k u]ktd oqnakdl

w… = −w + 3x+ x… = w − x+ &8(

w&/( = 1+ x&/( = −/.4+ &0/(

]s sgd onhms s = /-1- Trd sgd Dtkdq ldsgnc vhsg g = /-0 ]mc sgd QtmfdflJtss] ldsgnc vhsg
g = /-1- Bnlo]qd sgd qdrtksr vhsg sgd u]ktdr ne sgd dw]bs rnktshnm9

"&s( =
ds + 2d−2s

1
+ '&s( =

ds − 2d−2s

3
. &00(

Mnsd sg]s sgd ch—dqdmsh]k dpt]shnmr &8( enql ] khmd]q gnlnfdmdntr rxrsdl vhsg bnmrs]ms
bndffbhdmsr- Bnmrdptdmskx+ sgd rnktshnm hr d]rhkx entmc ax trhmf sgd ldsgncr cdrbqhadc hm
Bg]osdq 2- Hm o]qshbtk]q+ sgd dhfdmu]ktdr ne sgd bndffbhdms l]sqhw ]qd 0 ]mc −2+ rn sgd nqhfhm
hr ] r]cckd onhms enq sghr rxrsdl-

Sn ]ooqnwhl]sd sgd rnktshnm mtldqhb]kkx+ kds tr “qrs trd sgd Dtkdq ldsgnc- Enq sghr oqna,
kdl+ e m = − wm + 3xm ]mc fm = wm − xm: gdmbd

e/ = −1 + &3(&−/.4( = −3+ f/ = 1 − &−/.4( = 1.4.
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Sgdm+ eqnl sgd Dtkdq enqltk]r &4( ]mc &5(+ vd nas]hm

w0 = 1 + &/.0(&−3( = 0.5+ x0 = −/.4 + &/.0(&1.4( = −/.14.

?s sgd mdws rsdo

e0 = −0.5 + &3(&−/.14( = −1.5+ f0 = 0.5 − &−/.14( = 0.74.

Bnmrdptdmskx+

w1 = 0.5 + &/.0(&−1.5( = 0.23+ x1 = −/.14 + &/.0(&0.74( = −/./54.

Sgd u]ktdr ne sgd dw]bs rnktshnm+ bnqqdbs sn rhw cdbhl]k ok]bdr+ ]qd "&/-1( = 0-322808 ]mc
'&/-1( = − /-0/5147- Sgtr sgd u]ktdr b]kbtk]sdc eqnl sgd Dtkdq ldsgnc ]qd hm dqqnq ax
]ants /-/828 ]mc /-/302+ qdrodbshudkx+ bnqqdronmchmf sn odqbdms]fd dqqnqr ne ]ants 5-4$
]mc 27-7$-

Mnv kds tr trd sgd QtmfdflJtss] ldsgnc sn ]ooqnwhl]sd"&/-1( ]mc '&/-1(- Vhsg g = /-1+
vd nas]hm sgd enkknvhmf u]ktdr eqnl Dpr- &7(9

j/0 =

(
e &1+−/.4(
f&1+−/.4(

)
=

(
−3

1.4

)
:

j/1 =

(
e &0.5+−/.14(

f&0.5+−/.14(

)
=

(
−1.5

0.74

)
:

j/2 =

(
e &0.63+−/.204(

f&0.63+−/.204(

)
=

(
−2.//

1./44

)
:

j/3 =

(
e &0.3+−/./78(

f&0.3+−/./78(

)
=

(
−0.645

0.378

)
.

Sgdm+ rtarshstshmf sgdrd u]ktdr hm Dp- &6(+ vd nas]hm

w0 =

(
1

−/.4

)
+

/.1
5

(
−05.845

00.688

)
=

(
0.3237

−/.0/56

)
.

Sgdrd u]ktdr ne w0 ]mc x0 ]qd hm dqqnq ax ]ants /-///770 ]mc /-///331+ qdrodbshudkx+ bnq,
qdronmchmf sn odqbdms]fd dqqnqr ne ]ants /-/503$ ]mc /-305$-

Sghr dw]lokd ]f]hm hkktrsq]sdr sgd hmbqd]rd hm ]bbtq]bx ]mc rg]qodq ]ooqnwhl]shnmr sg]s
b]m ad nas]hmdc ax trhmf ] lnqd ]bbtq]sd ]ooqnwhl]shnm ldsgnc+ rtbg ]r sgd QtmfdflJtss]
ldsgnc- Hm sgd b]kbtk]shnmr vd g]ud itrs ntskhmdc+ sgd QtmfdflJtss] ldsgnc qdpthqdr nmkx
svhbd ]r l]mx etmbshnm du]kt]shnmr ]r sgd Dtkdq ldsgnc+ ats sgd dqqnq hm sgd QtmfdflJtss]
ldsgnc hr ]ants 0// shldr kdrr sg]m hm sgd Dtkdq ldsgnc-

Ne bntqrd+ sgdrd bnlots]shnmr b]m ad bnmshmtdc ]mc Ehftqd 7-3-0 rgnvr sgd qdrtksr
ne dwsdmchmf sgdl ]r e]q ]r s = 0- Sgd Dtkdq ldsgnc vhsg g = /-0 fhudr u]ktdr sg]s ]qd
pt]khs]shudkx e]hqkx ]bbtq]sd+ ats ]qd pt]mshs]shudkx hm dqqnq ax rdudq]k odqbdms- Sgd Qtmfdfl
Jtss] ]ooqnwhl]shnmr vhsg g = /-1 ch—dq eqnl sgd sqtd u]ktdr ne sgd rnktshnm nmkx hm sgd
sghqc nq entqsg cdbhl]k ok]bd+ ]mc ]qd hmchrshmfthrg]akd eqnl sgdl hm sgd okns-
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x

}/-5

}/-3

}/-1

/-1

/-3

/-5

/-7

0-1 0-3 0-5 0-7 1 w

Dtkdq�ldsgnc

Dw^bs�rnktshnm
Qtmfd}Itss^�ldsgnc

EHFTQD 7-3-0 ?ooqnwhl]shnmr sn sgd rnktshnm ne sgd hmhsh]k u]ktd oqnakdl &8(+ &0/(
trhmf sgd Dtkdq ldsgnc &g = /-0( ]mc sgd QtmfdflJtss] ldsgnc &g = /-1(-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 5+ cdsdqlhmd ]ooqnwhl]sd u]k,
tdr ne sgd rnktshnm w = "&s(+ x = '&s( ne sgd fhudm hmhsh]k u]ktd
oqnakdl ]s s = /-1+ /-3+ /-5+ /-7+ ]mc 0-/- Bnlo]qd sgd qdrtksr
nas]hmdc ax ch—dqdms ldsgncr ]mc ch—dqdms rsdo rhydr-
 Z( Trd sgd Dtkdq ldsgnc vhsg g = /-0-
 a( Trd sgd QtmfdflJtss] ldsgnc vhsg g = /-1-
 b( Trd sgd QtmfdflJtss] ldsgnc vhsg g = /-0-

0- w… = w + x + s+ x… = 3w − 1x:
w&/( = 0+ x&/( = /
1- w… = 1w + sx+ x… = wx:
w&/( = 0+ x&/( = 0
2- w… = −sw − x − 0+ x… = w:
w&/( = 0+ x&/( = 0
3- w… = w − x + wx+ x… = 2w − 1x − wx:
w&/( = /+ x&/( = 0
4- w… = w&0 − /.4w − /.4x(+ x… = x&−/.14 + /.4w(:
w&/( = 3+ x&/( = 0

5- w… = dto&−w + x( − anr w+ x… = rhm&w − 2x(:
w&/( = 0+ x&/( = 1
6- Bnmrhcdq sgd dw]lokd oqnakdl w… = −w + 3x+ x… = w − x
vhsg sgd hmhsh]k bnmchshnmr w&/( = 1 ]mc x&/( = −/-4- Trd
sgd QtmfdflJtss] ldsgnc sn “mc ]ooqnwhl]sd u]ktdr ne sgd
rnktshnm ne sghr oqnakdl nm sgd hmsdqu]k / ≤ s ≤ 0- Rs]qs
vhsg g = /-1 ]mc sgdm qdod]s sgd b]kbtk]shnm vhsg rsdo
rhydr g = /-0+ /-/4+ - - - + d]bg g]ke ]r knmf ]r hm sgd oqd,
bdchmf b]rd- Bnmshmtd sgd oqnbdrr tmshk sgd “qrs rhw chfhsr
ne sgd rnktshnm ]s s = 0 ]qd tmbg]mfdc enq rtbbdrrhud rsdo
rhydr- Cdsdqlhmd vgdsgdq sgdrd chfhsr ]qd ]bbtq]sd ax bnl,
o]qhmf sgdl vhsg sgd dw]bs rnktshnm fhudm hm Dpr- &00( hm
sgd sdws-
7- Bnmrhcdq sgd hmhsh]k u]ktd oqnakdl

w…… + s1w… + 2w = s: w&/( = 0+ w…&/( = 1.

Bnmudqs sghr oqnakdl sn ] rxrsdl ne svn “qrs nqcdq dpt]shnmr+
]mc cdsdqlhmd ]ooqnwhl]sd u]ktdr ne sgd rnktshnm ]s s = /-4
]mc s = 0-/ trhmf sgd QtmfdflJtss] ldsgnc vhsg g = /-0-

 BG;OSDQ RTLL;QX

Ch—dqdmsh]k dpt]shnmr ]qd trdc sn lncdk rxrsdlr sg]s bg]mfd bnmshmtntrkx hm shld- Mt,
ldqhb]k ldsgncr b]m ad trdc sn f]hm hmrhfgs nm sgd adg]uhnq ne ] rnktshnm ne ] ch—dqdmsh]k
dpt]shnm-
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Rdbshnm 7-0 MtldqhbYk ;ooqnwhlYshnmr Enq sgd hmhsh]k u]ktd oqnakdl
x… = e &s+ x(+ x&s/( = x/+ sgd Dtkdq ldsgnc hr sgd mtldqhb]k ]ooqnwhl]shnm ]kfnqhsgl

sm+0 = sm + g+ xm+0 = xm + ge &sm+ xm(+ m = /+ 0+ 1+…

sg]s fdnldsqhb]kkx bnmrhrsr ne ] “mhsd mtladq ne bnmmdbsdc khmd rdfldmsr+ d]bg ne vgnrd
rknodr hr cdsdqlhmdc ax sgd rknod ]s sgd hmhsh]k onhms ne d]bg rdfldms-

Rdbshnm 7-1 ;bbtqYbx ne MtldqhbYk Ldsgncr
▶ Mtldqhb]k ]ooqnwhl]shnmr sn rnktshnmr ne hmhsh]k u]ktd oqnakdlr hmunkud svn sxodr ne

dqqnq9 &h( sqtmbZshnm dqqnq &knb]k ]mc fkna]k( ]mc &hh( qntmc,n– dqqnq-
▶ Enq sgd Dtkdq ldsgnc+ sgd fkna]k sqtmb]shnm dqqnq hr oqnonqshnm]k sn sgd rsdo rhyd g ]mc

sgd knb]k sqtmb]shnm dqqnq hr oqnonqshnm]k sn g1-

Rdbshnm 7-2 Hloqnudc Dtkdq Ymc QtmfdzJtssY Ldsgncr Svn mtldqhb]k
]ooqnwhl]shnm ldsgncr lnqd rnoghrshb]sdc ]mc dffbhdms sg]m sgd Dtkdq ldsgnc+ sgd hl,
oqnudc Dtkdq ldsgnc ]mc sgd QtmfdflJtssZ ldsgnc+ ]qd cdrbqhadc ]mc hkktrsq]sdc ax dw,
]lokdr-

Rdbshnm 7-3 MtldqhbYk Ldsgncr enq Rxrsdlr ne Ehqrs Nqcdq DptYshnmr
Sgd Dtkdq ]mc QtmfdflJtss] ldsgncr cdrbqhadc hm Rdbshnmr 7-0fl7-2 ]qd dwsdmcdc sn rxrsdlr
ne “qrs nqcdq dpt]shnmr+ ]mc ]qd hkktrsq]sdc enq ] sxohb]k svn,chldmrhnm]k rxrsdl-

OQNIDBSR

b} AqhrshWm ;mcqdh LWsdh .
Fdssx HlWfdr) Hmb-

Oqnidbs 0 Cdrhfmhmf Y Cqho Chrodmrdq enq Y Gxcqnknfx
Dwodqhldms
Hm nqcdq sn l]jd k]anq]snqx ld]rtqdldmsr ne v]sdq “ksq]shnm ]mc r]stq]shnm q]sdr hm u]q,
hntr sxodr ne rnhkr tmcdq sgd bnmchshnm ne rsd]cx q]hme]kk+ ] gxcqnknfhrs vhrgdr sn cdrhfm
cqho,chrodmrhmf bnms]hmdqr hm rtbg ] v]x sg]s sgd v]sdq cqhor nts ]s ] md]qkx bnmrs]ms
q]sd- Sgd bnms]hmdqr ]qd rtoonqsdc ]anud fk]rr bxkhmcdqr sg]s bnms]hm sgd rnhk r]lokdr
&Ehftqd 7-O-0(- Sgd gxcqnknfhrs dkdbsr sn trd sgd enkknvhmf ch—dqdmsh]k dpt]shnm+ a]rdc nm
Snqqhbdkkh´r oqhmbhokd &rdd Oqnakdl 5+ Rdbshnm 1-2(+ sn gdko rnkud sgd cdrhfm oqnakdl9

:&g(cg
cs

= −�Z
√

1fg. &0(

Hm Dp- &0(+ g&s( hr sgd gdhfgs ne sgd khpthc rtqe]bd ]anud sgd chrodmrdq ntskds ]s shld s+ :&g(
hr sgd bqnrr,rdbshnm]k ]qd] ne sgd chrodmrdq ]s gdhfgs g+ Z hr sgd ]qd] ne sgd ntskds+ ]mc � hr ]
ld]rtqdc bnmsq]bshnm bndffbhdms sg]s ]bbntmsr enq sgd nardqudc e]bs sg]s sgd bqnrr rdbshnm
ne sgd &rlnnsg( ntsfinv rsqd]l hr rl]kkdq sg]m Z- Mnsd sg]s sgd gxcqnknfhrs hr trhmf ] k]l,
hm]q finv lncdk ]r ] fthcd hm cdrhfmhmf sgd rg]od ne sgd bnms]hmdq- Enqbdr ctd sn rtqe]bd
sdmrhnm ]s sgd shmx ntskds ]qd hfmnqdc hm sgd cdrhfm oqnakdl- Nmbd sgd rg]od ne sgd bnm,
s]hmdq g]r addm cdsdqlhmdc+ sgd ntskds ]odqstqd hr ]citrsdc sn ] cdrhqdc cqho q]sd sg]s vhkk
qdl]hm md]qkx bnmrs]ms enq ]m dwsdmcdc odqhnc ne shld- Ne bntqrd+ rhmbd rtqe]bd sdmrhnm
enqbdr ]qd mns ]bbntmsdc enq hm Dp- &0(+ sgd dpt]shnm hr mns ] u]khc lncdk enq sgd ntsots finv
q]sd vgdm sgd ]odqstqd hr rn rl]kk sg]s sgd v]sdq cqhor nts- Mdudqsgdkdrr+ nmbd sgd gxcqnkn,
fhrs rddr ]mc hmsdqoqdsr sgd qdrtksr a]rdc nm gdq cdrhfm rsq]sdfx+ rgd eddkr itrsh“dc hm trhmf
Dp- &0(-
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EHFTQD 7-O-0 V]sdq cqhoohmf hmsn ] rnhk r]lokd-

Oqnidbs 0 OQNAKDLR

0- ?rrtld sg]s sgd rg]od ne sgd chrodmrdqr ]qd rtqe]bdr ne
qdunktshnm rn sg]s :&g( = 𝜉Zq&g([1+ vgdqd q&g( hr sgd q]chtr ne
sgd bnms]hmdq ]s gdhfgs g- Enq d]bg ne sgd g,cdodmcdms bqnrr,
rdbshnm]k q]chh oqdrbqhadc adknv hm &h(fl&u(9
 Z( Bqd]sd ] rtqe]bd okns ne sgd rtqe]bd ne qdunktshnm+ ]mc
 a( Ehmc mtldqhb]k ]ooqnwhl]shnmr ne rnktshnmr ne Dp- &0(
enq / ≤ s ≤ 5/9
h- q&g( = q0+ / ≤ g ≤ G
hh- q&g( = q/ + &q0 − q/(g{G+ / ≤ g ≤ G

hhh- q&g( = q/ + &q0 − q/(
√

g{G+ / ≤ g ≤ G
hu- q&g( = q/ dto

)
&g{G( im &q0{q/(

[
+ / ≤ g ≤ G

u- q&g( =
q/q0G

q0G − &q0 − q/(g
+ / ≤ g ≤ G

Trd sgd o]q]ldsdq u]ktdr rodbh“dc ]r enkknvr9
q/ = /.0 es
q0 = 0 es
� = /.5
Z = /.0 es1

Hm ]cchshnm+ trd sgd hmhsh]k bnmchshnm g&/( = G+ vgdqd sgd hmh,
sh]k gdhfgs G ne v]sdq hm d]bg ne sgd bnms]hmdqr hr cdsdqlhmdc

ax qdpthqhmf sg]s sgd hmhsh]k unktld ne v]sdq r]shr“dr

U&/( = ∫
G

/
𝜉q1&g( cg = 0 es2.

Cdsdqlhmd sgd pt]khs]shud rg]od ne sgd bnms]hmdq rtbg sg]s
sgd ntsots finv q]sd fhudm ax sgd qhfgs,g]mc rhcd ne Dp- &0(+
EQ&s( = �Z

√
1fg&s(+ u]qhdr rknvkx ctqhmf sgd d]qkx rs]fdr ne

sgd dwodqhldms- ?r ] cdrhfm bqhsdqhnm+ bnmrhcdq oknsshmf sgd
q]shn Q = EQ&s({EQ&/( enq / ≤ s ≤ 5/+ vgdqd u]ktdr ne Q md]q
0 ]qd lnrs cdrhq]akd- A]rdc nm sgd qdrtksr ne xntq bnlotsdq
dwodqhldmsr+ rjdsbg sgd rg]od ne vg]s ] rths]akd bnms]hmdq
rgntkc knnj khjd-
1- ?esdq uhdvhmf sgd qdrtksr ne gdq bnlotsdq dwodqhldmsr+
hs rknvkx c]vmr nm sgd gxcqnknfhrs sg]s sgd ’noshl]k rg]od–
ne sgd bnms]hmdq hr bnmrhrsdms vhsg vg]s vntkc ad dwodbsdc
a]rdc nm sgd bnmbdost]khy]shnm sg]s sgd v]sdq hm sgd hcd]k
bnms]hmdq vntkc bnmrhrs ne ] bnkkdbshnm ne rl]kk o]qbdkr ne
v]sdq ne l]rr l+ ]kk onrrdrrhmf sgd r]ld ]lntms ne onsdm,
sh]k dmdqfx- He k]anq]snqx ro]sh]k bnmrsq]hmsr vdqd mns ]m hrrtd+
vg]s vntkc ad sgd hcd]k ’rg]od– ne d]bg bnms]hmdq= Odqenql
] bnlotsdq dwodqhldms sg]s rtoonqsr xntq bnmbktrhnmr a]rdc
nm onsdmsh]k dmdqfx bnmrhcdq]shnmr-

Oqnidbs 1 Lnmsd BYqkn Noshnm Oqhbhmf9 Oqhbhmf EhmYmbhYk Noshnmr ax
Ekhoohmf Y Bnhm
? chrbqdsd lncdk enq bg]mfd hm oqhbd ne ] rsnbj nudq ] shld hmsdqu]k Z/+ S[ hr

Rm+0 = Rm + (Rm�s + )Rm*m+0
√
�s+ R/ = r+ &0(

vgdqd Rm = R&sm( hr sgd rsnbj oqhbd ]s shld sm = m�s+ m = /+… + M − 0+ �s = S{M+ ( hr sgd
]mmt]k fqnvsg q]sd ne sgd rsnbj+ ]mc ) hr ] ld]rtqd ne sgd rsnbj´r ]mmt]k oqhbd unk]shkhsx
nq sdmcdmbx sn fitbst]sd- Ghfgkx unk]shkd rsnbjr g]ud k]qfd u]ktdr enq )+ enq dw]lokd+ u]ktdr
q]mfhmf eqnl /-1 sn /-3- D]bg sdql hm sgd rdptdmbd *0+ *1+… s]jdr nm sgd u]ktd 0 nq −0
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cdodmchmf nm vgdsgdq sgd ntsbnld ne ] bnhm snrrhmf dwodqhldms hr gd]cr nq s]hkr+ qdrodb,
shudkx- Sgtr+ enq d]bg m = 0+ 1+ - - - +

*m =

]
0 vhsg oqna]ahkhsx = 0

1
−0 vhsg oqna]ahkhsx = 0

1 .
&1(

? rdptdmbd ne rtbg mtladqr b]m d]rhkx ad bqd]sdc ax trhmf nmd ne sgd q]mcnl mtladq
fdmdq]snqr ]u]hk]akd hm lnrs l]sgdl]shb]k bnlotsdq rnesv]qd ]ookhb]shnmr- Fhudm rtbg ]
rdptdmbd+ sgd ch—dqdmbd dpt]shnm &0( b]m sgdm ad trdc sn rhltk]sd ] rZlokd oZsg nq sqZ,
idbsnqx ne rsnbj oqhbdr+

]
r+ R0+ R1+… + RM

{
- Sgd ’q]mcnl– sdqlr )Rm*m+0

√
�s nm sgd qhfgs,

g]mc rhcd ne &0( b]m ad sgntfgs ne ]r ’rgnbjr– nq ’chrstqa]mbdr– sg]s lncdk fitbst]shnmr hm
sgd rsnbj oqhbd- Ax qdod]sdckx rhltk]shmf rsnbj oqhbd sq]idbsnqhdr ]mc bnlotshmf ]ooqnoqh]sd
]udq]fdr+ hs hr onrrhakd sn nas]hm drshl]sdr ne sgd oqhbd ne ] DtqnodZm bZkk noshnm+ ] sxod ne
“m]mbh]k cdqhu]shud- ? rs]shrshb]k rhltk]shnm ]kfnqhsgl ne sghr sxod hr b]kkdc ] Lnmsd BZqkn
ldsgnc-

? Dtqnod]m b]kk noshnm hr ] bnmsq]bs adsvddm svn o]qshdr+ ] gnkcdq ]mc ] vqhsdq+ vgdqdax+
enq ] oqdlhtl o]hc sn sgd vqhsdq+ sgd gnkcdq ]bpthqdr sgd qhfgs &ats mns sgd nakhf]shnm( sn
otqbg]rd sgd rsnbj ]s ] etstqd c]sd S &sgd dwohqZshnm cZsd( ]s ] oqhbd J &sgd rsqhjd oqhbd(
]fqddc tonm hm sgd bnmsq]bs- He sgd atxdq dkdbsr sn dwdqbhrd sgd noshnm nm sgd dwohq]shnm c]sd+
sgd vqhsdq hr nakhf]sdc sn rdkk sgd tmcdqkxhmf rsnbj sn sgd atxdq ]s sgd oqhbd J- Sgtr sgd
noshnm g]r+ ]rrnbh]sdc vhsg hs+ ] oZxn– etmbshnm

e &R( = l}t &R − J+ /(+ &2(

vgdqd R = R&S( hr sgd oqhbd ne sgd tmcdqkxhmf rsnbj ]s sgd shld S vgdm sgd noshnm dwohqdr
&rdd Ehftqd 7-O-1(-

B

RJ

EHFTQD 7-O-1 Sgd u]ktd ne ] b]kk noshnm ]s dwohq]shnm hr B = l}t&R − J+ /(+ vgdqd J hr sgd
rsqhjd oqhbd ne sgd noshnm ]mc R = R&S( hr sgd rsnbj oqhbd ]s dwohq]shnm-

Dpt]shnm &2( hr sgd u]ktd ne sgd noshnm ]s shld S rhmbd+ he R&S( < J+ sgd gnkcdq b]m otqbg]rd+
]s oqhbd J+ rsnbj vhsg l]qjds u]ktd R&S( ]mc sgdqdax l]jd ] oqn“s dpt]k sn R&S( − J+ mns
bntmshmf sgd noshnm oqdlhtl- He R&S( . J+ sgd gnkcdq vhkk rhlokx kds sgd noshnm dwohqd rhmbd
hs vntkc ad hqq]shnm]k sn otqbg]rd rsnbj ]s ] oqhbd sg]s dwbddcr sgd l]qjds u]ktd- Sgd noshnm
u]kt]shnm oqnakdl hr sn cdsdqlhmd sgd bnqqdbs ]mc e]hq oqhbd ne sgd noshnm ]s sgd shld sg]s
sgd gnkcdq ]mc vqhsdq dmsdq hmsn sgd bnmsq]bs-3

3Sgd 0886 Mnadk Oqhyd hm Dbnmnlhbr v]r ]v]qcdc sn Qnadqs B- Ldqsnm ]mc Lxqnm R- Rbgnkdr enq sgdhq
vnqj+ ]knmf vhsg Ehrbgdq Ak]bj+ hm cdudknohmf sgd Ak]bjflRbgnkdr noshnmr oqhbhmf lncdk-



Oqnidbsr 442

Sn drshl]sd sgd oqhbd ne ] b]kk noshnm trhmf ] Lnmsd B]qkn ldsgnc+ ]m dmrdlakd
{

R&j(
M = R&j(&S(+ j = 0+… + L

{

ne L rsnbj oqhbdr ]s dwohq]shnm hr fdmdq]sdc trhmf sgd ch—dqdmbd dpt]shnm

R&j(
m+0 = R&j(

m + qR&j(
m �s + )R&j(

m *&j(
m+0

√
�s+ R&j(

/ = r. &3(

Enq d]bg j = 0+ - - - + L+ sgd ch—dqdmbd dpt]shnm &3( hr hcdmshb]k sn Dp- &0(+ dwbdos sg]s
sgd fqnvsg q]sd ( hr qdok]bdc ax sgd ]mmt]k q]sd ne hmsdqdrs q sg]s hs bnrsr sgd vqhsdq
sn anqqnv lnmdx- Noshnm oqhbhmf sgdnqx qdpthqdr sg]s sgd ]udq]fd u]ktd ne sgd o]xn—r
!e &R&j(

M (+ j = 0+… + L} ad dpt]k sn sgd bnlontmcdc sns]k qdstqm nas]hmdc ax hmudrshmf sgd
noshnm oqdlhtl+ B̂&r(+ ]s q]sd q nudq sgd khed ne sgd noshnm+

0
L

L∑
j=0

e &R&j(
M ( = &0 + q�s(MB̂&r(. &4(

Rnkuhmf &4( enq B̂&r( xhdkcr sgd Lnmsd B]qkn drshl]sd

B̂&r( = &0 + q�s(−M

]
0
L

L∑
j=0

e &R&j(
M (

}
&5(

enq sgd noshnm oqhbd- Sgtr sgd Lnmsd B]qkn drshl]sd B̂&r( hr sgd oqdrdms u]ktd ne sgd ]udq]fd
ne sgd o]xn—r bnlotsdc trhmf sgd qtkdr ne bnlontmc hmsdqdrs-

Oqnidbs 1 OQNAKDLR

0- Rgnv sg]s Dtkdq´r ldsgnc ]ookhdc sn sgd ch—dqdmsh]k dpt],
shnm

cR
cs

= (R &h(

xhdkcr Dp- &0( hm sgd ]ardmbd ne q]mcnl chrstqa]mbdr+ sg]s hr+
vgdm ) = /-
1- Rhltk]sd “ud r]lokd sq]idbsnqhdr ne Dp- &0( enq sgd enkknv,
hmf o]q]ldsdq u]ktdr ]mc okns sgd sq]idbsnqhdr nm sgd r]ld
rds ne bnnqchm]sd ]wdr9 ( = /-01+ ) = /-0+ S = 0+ r = #3/+
M = 143- Sgdm qdod]s sgd dwodqhldms trhmf sgd u]ktd ) = /-14
enq sgd unk]shkhsx- Cn sgd r]lokd sq]idbsnqhdr fdmdq]sdc hm sgd
k]ssdq b]rd ]ood]q sn dwghahs ] fqd]sdq cdfqdd ne u]qh]ahkhsx hm
sgdhq adg]uhnq=
Ghms9 Enq sgd *m´r+ hs hr odqlhrrhakd sn trd ] q]mcnl mtladq
fdmdq]snq sg]s bqd]sdr mnql]kkx chrsqhatsdc q]mcnl mtladqr
vhsg ld]m ydqn ]mc u]qh]mbd 0-
2- Trd sgd ch—dqdmbd dpt]shnm &3( sn fdmdq]sd ]m dmrdlakd
ne rsnbj oqhbdr R&j(

M = R&j(&M�s(+ j= 0+… + L &vgdqd S =M�s(
]mc sgdm trd enqltk] &5( sn bnlotsd ] Lnmsd B]qkn drsh,
l]sd ne sgd u]ktd ne ] “ud,lnmsg b]kk noshnm &S = 4

01
xd]qr(

enq sgd enkknvhmf o]q]ldsdq u]ktdr9 q = /-/5+ ) = /-1+ ]mc
J = #4/- Ehmc drshl]sdr bnqqdronmchmf sn btqqdms rsnbj
oqhbdr ne R&/( = r = #34+ #4/+ ]mc #44- Trd M = 1// shld
rsdor enq d]bg sq]idbsnqx ]mc L ≅ 0/+/// r]lokd sq]idbsnqhdr
enq d]bg Lnmsd B]qkn drshl]sd-4 Bgdbj sgd ]bbtq]bx ne xntq
qdrtksr ax bnlo]qhmf sgd Lnmsd B]qkn ]ooqnwhl]shnm vhsg
sgd u]ktd bnlotsdc eqnl sgd dw]bs Ak]bjflRbgnkdr enqltk]

B&r( = r
1

dqeb

(
−

c0√
1

)
− J

1
d−qS dqeb

(
−

c1√
1

)
+ &hh(

vgdqd

c0 = 0
)
√

S

[
im
} r

j

(
+
}

q + )1

1

(
S
]

+

c1 = c0 − )
√

S

]mc dqeb&w( hr sgd bnlokdldms]qx dqqnq etmbshnm+

dqeb&w( = 1√
𝜉 ∫

∞

w
d−s1 cs.

3- UZqhZmbd Qdctbshnm ax ?mshsgdshb UZqhZsdr- ? rhlokd
]mc vhcdkx trdc sdbgmhptd enq hmbqd]rhmf sgd dffbhdmbx

4?r ] qtkd ne sgtla+ xnt l]x ]rrtld sg]s sgd r]lokhmf dqqnq hm sgdrd Lnmsd B]qkn drshl]sdr hr oqnonqshnm]k
sn 0{

√
L- Trhmf rnesv]qd o]bj]fdr rtbg ]r L?SK?A sg]s ]kknv udbsnq nodq]shnmr vgdqd ]kk L sq]idbsnqhdr

b]m ad rhltk]sdc rhltks]mdntrkx fqd]skx roddcr to sgd b]kbtk]shnmr-
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]mc ]bbtq]bx ne Lnmsd B]qkn rhltk]shnmr hm bdqs]hm rhs,
t]shnmr vhsg khsskd ]cchshnm]k hmbqd]rd hm bnlots]shnm]k
bnlokdwhsx hr sgd ldsgnc ne ]mshsgdshb u]qh]sdr- Enq
d]bg j = 0+… + L+ trd sgd rdptdmbd

{
*&j(

0 +… + *&j(
M−0

{
hm

Dp- &3( sn rhltk]sd ] o]xn— e &R&j+(
M ( ]mc ]krn trd sgd rd,

ptdmbd
{
−*&j(

0 +… +−*&j(
M−0

{
hm Dp- &3( sn rhltk]sd ]m ]rrnbh,

]sdc o]xn— e &R&j−(
M (- Sgtr+ sgd o]xn—r ]qd rhltk]sdc hm o]hqr{

e &R&j+(
M (+ e &R&j−(

M (
{

- ? lnch“dc Lnmsd B]qkn drshl]sd hr sgdm

bnlotsdc ax qdok]bhmf d]bg o]xn— e &R&j(
M ( hm Dp- &5( ax sgd

]udq]fd Z e &R&j+(
M ( + e &R&j−(

M ([{1+

B̂:U &r( =

0
L

L∑
j=0

e &R&j+(
M ( + e &R&j−(

M (
1

&0 + q�s(M . &hhh(

Trd sgd o]q]ldsdqr rodbh“dc hm Oqnakdl 2 sn bnlotsd rdu,
dq]k &r]x+ 1/ nq rn( noshnm oqhbd drshl]sdr trhmf Dp- &5( ]mc
]m dpthu]kdms mtladq ne noshnm oqhbd drshl]sdr trhmf &hhh(-
Enq d]bg ne sgd svn ldsgncr+ okns ] ghrsnfq]l ne sgd drsh,
l]sdr ]mc bnlotsd sgd ld]m ]mc rs]mc]qc cduh]shnm ne sgd
drshl]sdr- Bnlldms nm sgd ]bbtq]bhdr ne sgd svn ldsgncr-



 ; O O D M C H W ;

L]sqhbdr ]mc Khmd]q
;kfdaq]

D
kdldmsWqx lWsqhw ldsgncr vdqd hmsqnctbdc hm AgWosdq 2 sn eWbhkhsWsd sgd rstcx
ne ehqrs nqcdq khmdWq rxrsdlr ne chldmrhnm 1- Hm ;oodmchw ;) vd oqdrdms rdudqWk
WcchshnmWk bnmbdosr Wmc snnkr eqnl lWsqhw sgdnqx mdbdrrWqx enq sgd rstcx ne
ehqrs nqcdq khmdWq rxrsdlr ne chldmrhnm f ≥ 1 sWjdm to hm AgWosdq 5- PdWcdqr
vhsg Wm WcdptWsd aWbjfqntmc hm lWsqhw ldsgncr Wmc khmdWq WkfdaqW lWx vhrg
sn oqnbddc chqdbskx sn AgWosdq 5) qdedqqhmf aWbj sn sghr Woodmchw enq qdedqdmbd

nq qduhdv he mdbdrrWqx-

;-0 L]sqhbdr
Sgd hcd] ne sgd l]sqhw ]r ] l]sgdl]shb]k naidbs hr lnrs d]rhkx bnmudxdc ax bnmrhcdqhmf ] sxod ne
oqnakdl sg]s eqdptdmskx nbbtqr hm rbhdmbd ]mc dmfhmddqhmf+ sgd khmd]q ]kfdaq]hb rxrsdl ne dpt]shnmr-
Enq dw]lokd+ bnmrhcdq sgd rxrsdl

w0 + 1w1 − w2 + 1w3 = /+
1w0 + w1 + 1w2 − 2w3 = /+
−w0 + 2w1 + w2 + w3 = /+

w0 + 8w1 + 2w2 + w3 = /.

&0(

Rnkuhmf sgd rxrsdl &0( ld]mr dwokhbhskx bg]q]bsdqhyhmf sgd rds ne ]kk u]ktdr ne w0+ w1+ w2+ ]mc w3 sg]s
rhltks]mdntrkx r]shrex ]kk entq dpt]shnmr- Sgd rnktshnm l]x rhlokx bnmrhrs ne mtldqhb]k u]ktdr enq sgd
tmjmnvmr+ nq hs l]x qdpthqd ] l]sgdl]shb]k cdrbqhoshnm ne ] lnqd bnlokdw rnktshnm rds- ?kk hmenql],
shnm qdpthqdc sn rnkud sgd oqnakdl qdrhcdr hm sgd bndffbhdmsr ne sgd tmjmnvmr+ vgdqd]r sgd m]ldr enq
sgd tmjmnvmr ]qd k]qfdkx hqqdkdu]ms- Mns nmkx hr hs o]qshbtk]qkx bnmudmhdms sn rsnqd sgd bndffbhdmsr hm
] qdbs]mftk]q ]qq]x b]kkdc ] l]sqhw+ ats dffbhdms ]kfnqhsglr ]krn dwhrs enq rxrsdl]shb]kkx l]mhotk]shmf
sgd dmsqhdr hm sgd ]qq]x sn ]qqhud ]s ] l]sgdl]shb]k bg]q]bsdqhy]shnm ne ]kk rnktshnmr- Sgd l]sqhw ne
bndffbhdmsr enq sgd rxrsdl &0(+ chrok]xdc hm ]m ]qq]x hcdmshb]k sn sgd o]ssdqm hm vghbg sgdx ]ood]q+ hr

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 1 −0 1
1 0 1 −2

−0 2 0 0
0 8 2 0

⎞
⎟
⎟
⎟
⎟
⎟⎠

. &1(

Rnktshnm ]kfnqhsglr ]qd ]ookhdc sn ]qq]xr ne sghr sxod-

444
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L]sqhbdr ]krn ok]x ]m hlonqs]ms qnkd hm ch—dqdmsh]k dpt]shnmr- Qdb]kk eqnl Bg]osdq 2 sg]s sgd rn,
ktshnm enq ] khmd]q+ bnmrs]ms bndffbhdms rxrsdl ne chldmrhnm 1+

w… =

}
Z00 Z01

Z10 Z11

(
w = ?w+ &2(

hr a]rdc nm sgd dhfdmu]ktd ldsgnc+ sg]s hr+ “mchmf sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd 1 % 1 l]sqhw
?- Hm Bg]osdq 5+ sgd dhfdmu]ktd ldsgnc hr ]krn trdc sn “mc rnktshnmr ne khmd]q+ bnmrs]ms bndffbhdms
rxrsdlr ne chldmrhnm m- Hm sghr ]oodmchw+ vd cdudkno sgnrd l]sqhw bnmbdosr ]mc ldsgncr otqrt]ms sn
sg]s fn]k-

CDEHMHSHNM
;-0-0

? l]sqhw hr ]m ]qq]x ne l]sgdl]shb]k naidbsr+ nq dkdldmsr+ ]qq]mfdc hm l qnvr ]mc m bnktlmr-

Sgd dkdldmsr l]x ad qd]k nq bnlokdw mtladqr rtbg ]r sgd l]sqhw &1(- Sgd dkdldmsr l]x ]krn ad
etmbshnmr nq bnms]hm rxlankr rtbg ]r

}
d−s d1s

d−s 1d1s

(

]mc

⎛
⎜
⎜
⎜⎝

2 − λ −0 1
/ −0 − λ −3
0 −1 0 − λ

⎞
⎟
⎟
⎟⎠
.

Vd vhkk cdrhfm]sd l]sqhbdr ax ankce]bdc b]ohs]kr ?+ A+ B+ - - - rtbg ]r

? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

Z00 Z01 ⋯ Z0m

Z10 Z11 ⋯ Z1m

⋮ ⋮ ⋮

Zl0 Zl1 ⋯ Zlm

⎞
⎟
⎟
⎟
⎟
⎟⎠

. &3(

Sgd qnvr ne ? ]qd sgd l gnqhynms]k m,stokdr

&Z00+ Z01+… + Z0m(+ &Z10+ Z11+… + Z1m(+ … + &Zl0+ Zl1+… + Zlm(.

Sgd bnktlmr ne ? ]qd sgd m udqshb]k l,stokdr

⎛
⎜
⎜
⎜
⎜
⎜⎝

Z00

Z10

⋮

Zl0

⎞
⎟
⎟
⎟
⎟
⎟⎠

+

⎛
⎜
⎜
⎜
⎜
⎜⎝

Z01

Z11

⋮

Zl1

⎞
⎟
⎟
⎟
⎟
⎟⎠

+ … +

⎛
⎜
⎜
⎜
⎜
⎜⎝

Z0m

Z1m

⋮

Zlm

⎞
⎟
⎟
⎟
⎟
⎟⎠

.

Sgd dkdldms kxhmf hm sgd hsg qnv ]mc isg bnktlm hr cdmnsdc ax Zhi+ sgd “qrs rtarbqhos hcdmshexhmf hsr
qnv ]mc sgd rdbnmc hsr bnktlm- Eqdptdmskx+ sgd bnmcdmrdc mns]shnm ? = &Zhi( hr trdc+ hmchb]shmf sg]s
? hr sgd l]sqhw vgnrd fdmdqhb dkdldms hr Zhi- Hm sghr b]rd+ sgd chldmrhnmr ne ? &mtladq ne qnvr ]mc
bnktlmr(+ he mns dwokhbhskx rs]sdc+ ]qd tmcdqrsnnc ax sgd bnmsdws hm vghbg sgd l]sqhw hr trdc-
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Svn l]sqhbdr ne rodbh]k hlonqs]mbd ]qd rpt]qd l]sqhbdr ]mc udbsnqr9

0- L]sqhbdr sg]s g]ud sgd r]ld mtladq ne qnvr ]mc bnktlmrˆsg]s hr+ l = mˆ]qd b]kkdc rptZqd
lZsqhbdr- Sgd l]sqhw &1( hr ]m dw]lokd ne ] rpt]qd l]sqhw ne chldmrhnm 3-

1- L]sqhbdr sg]s g]ud nmkx nmd bnktlmˆsg]s hr+ sgd chldmrhnmr ]qd m % 0ˆ]qd b]kkdc bnktlm
udbsnqr nq rhlokx udbsnqr- ? udbsnq vhsg m dmsqhdr hr b]kkdc ]m m,udbsnq- Dw]lokdr ne bnktlm
udbsnqr ]qd sgd enkknvhmf 1,udbsnq+ 2,udbsnq+ ]mc 3,udbsnq+ qdrodbshudkx+

}
0
1

(
+

⎛
⎜
⎜
⎜⎝

−0
/
2

⎞
⎟
⎟
⎟⎠

+

⎛
⎜
⎜
⎜
⎜
⎜⎝

0
1

−3
2

⎞
⎟
⎟
⎟
⎟
⎟⎠

.

Vd cdmnsd &bnktlm( udbsnqr ax ankce]bdc knvdqb]rd kdssdqr+ w+ x+ y+ - - - - Sgd fdmdq]k enql ne ]m
m,udbsnq hr

w =

⎛
⎜
⎜
⎜
⎜
⎜⎝

w0

w1

⋮

wm

⎞
⎟
⎟
⎟
⎟
⎟⎠

.

Sgd mtladq wi hr bnllnmkx b]kkdc sgd isg bnlonmdms ne sgd bnktlm udbsnq-

▶ L]sq hw ;kfdaq]-

CDEHMHSHNM
;-0-1

DptZkhsx- Svn l % m l]sqhbdr ? = &Zhi( ]mc A = &ahi( ]qd dptZk he ]kk bnqqdronmchmf dkdldmsr ]qd
dpt]kˆsg]s hr+ he Zhi = ahi enq d]bg h ]mc i-

CDEHMHSHNM
;-0-2

Ydqn LZsqhw- Sgd ydqn lZsqhw+ cdmnsdc ax .+ hr sgd l]sqhw &nq udbsnq( vgnrd dkdldmsr ]qd ydqn-
Sgtr . = &yhi(+ vgdqd yhi = / enq d]bg h ]mc i-

Rnld ne sgd trt]k ]qhsgldshb nodq]shnmr enq mtladqr b]m ad dwsdmcdc sn l]sqhbdr hm ] m]stq]k v]x-

CDEHMHSHNM
;-0-3

LZsqhw ?cchshnm- Sgd rtl ne svn l % m l]sqhbdr ? ]mc A hr cd“mdc sn ad sgd l]sqhw nas]hmdc
ax ]cchmf bnqqdronmchmf dkdldmsr9

? + A = &Zhi( + &ahi( = &Zhi + ahi(. &4(

Sgtr+ he B = ? ) A+ sgd &h+ i (sg dkdldms ne B hr sgd rtl ne sgd &h+ i (sg dkdldms ne ? ]mc sgd &h+ i (sg
dkdldms ne A- Enq dw]lokd+

}
−0 2 /

1 0 3

(
+

}
1 4 −6

−2 3 0

(
=

}
0 7 −6

−0 4 4

(
.

He sgd chldmrhnmr ne svn l]sqhbdr ]qd mns hcdmshb]k+ sgd l]sqhbdr b]mmns ad ]ccdc-
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Mnsd sg]s ? + . = ?- Enq sghr qd]rnm+ sgd ydqn l]sqhw . hr nesdm b]kkdc sgd Zcchshud hcdmshsx-
Hm l]sqhw ]kfdaq]+ hs hr sq]chshnm]k sn trd sgd sdql rbZkZq sn qdedq sn ] qd]k nq bnlokdw mtladq- Sgd

oqnctbs ne ] l]sqhw ]mc ] rb]k]q hr cd“mdc hm ] m]stq]k v]x-

CDEHMHSHNM
;-0-4

Oqnctbs ne Z LZsqhw Zmc Z RbZkZq- Sgd oqnctbs ne ] l]sqhw ? ]mc ] rb]k]q � hr cd“mdc ]r enkknvr9

�? = �&Zhi( = &�Zhi(. &5(

Sgdqdenqd sgd &h+ i (sg dmsqx ne �? hr rhlokx sgd &h+ i (sg dmsqx ne ? ltkshokhdc ax �- Enq dw]lokd+

−2
⎛
⎜
⎜
⎜⎝

−1 0 /
1 −0 3
0 / 4

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

5 −2 /
−5 2 −01
−2 / −04

⎞
⎟
⎟
⎟⎠
.

Sgd mdf]shud ne ] l]sqhw ?= &Zhi(+ cdmnsdc ax −?+ hr sgd l]sqhw vgnrd &h+ i (sg dmsqx hr −Zhi- Vd
sgdm cd“md sgd ch–dqdmbd ne svn l]sqhbdr+ ? − A+ ax

? − A = ? + &−A(.

Sgtr

? − A = &Zhi( + &−ahi( = &Zhi − ahi(.

Sgd enkknvhmf sgdnqdl fhudr sgd ]kfdaq]hb oqnodqshdr ne l]sqhbdr enq nodq]shnmr qdrsqhbsdc sn l]sqhw
]cchshnm ]mc sgd ltkshokhb]shnm ne l]sqhbdr ax rb]k]qr- Sgd oqnodqshdr enkknv qd]chkx eqnl sgd oqno,
dqshdr ne qd]k nq bnlokdw mtladqr ]mc sgd ]anud cd“mhshnmr enq l]sqhw ]cchshnm ]mc ltkshokhb]shnm ne
l]sqhbdr ax rb]k]qr-

SGDNQDL
;-0-5

He ?+ A+ ]mc B ]qd l % m l]sqhbdr ]mc � ]mc 𝛼 ]qd rb]k]qr+ sgdm

Z- ? + A = A + ?
a- ? + &A + B( = &? + A( + B
b- �&𝛼?( = &�𝛼(?
c- &� + 𝛼(? = �? + 𝛼?
d- �&? + A( = �? + �A
e- &−0(? = −?
f- −&−?( = ?
g- /? = .
h- �. = .

Mnsd sg]s sgd oqnodqshdr rs]sdc hm Sgdnqdl ?-0-5 rhlokx dwsdmc sgd oqnodqshdr ne dpthu]kdms nodq]shnmr
enq qd]k nq bnlokdw mtladqr- Gnvdudq sgd nodq]shnm ne l]sqhw ltkshokhb]shnm cndr mns g]ud sgd r]ld
oqnodqshdr ]r ltkshokhb]shnm ne qd]k nq bnlokdw mtladqr-



?-0 L]sqhbdr 448

Vd “qrs cd“md sgd l]sqhw oqnctbs ne ] 0 % m l]sqhw w vhsg ]m m % 0 l]sqhw x ax

wx = &w0+… + wm(
⎛
⎜
⎜
⎜⎝

x0

⋮

xm

⎞
⎟
⎟
⎟⎠
= w0x0 +⋯ + wmxm.

Sghr hr rhlokx sgd e]lhkh]q cns nq hmmdq oqnctbs eqnl b]kbtktr dwsdmcdc sn udbsnqr vhsg m bnlonmdmsr-
Sgd oqnctbs ne ]m l % m l]sqhw ]mc ]m m % o l]sqhw hr cd“mdc mdws-

CDEHMHSHNM
;-0-6

LZsqhw LtkshokhbZshnm- He ? hr ]m l % m l]sqhw ]mc A hr ]m m % o l]sqhw+ sgdm ?A hr cd“mdc sn
ad sgd l % o l]sqhw B = &bhi( r]shrexhmf

bhi =
m∑

j=0
Zhjaji+ 0 ≤ h ≤ l+ 0 ≤ i ≤ o. &6(

Mnsd sg]s sgd l]sqhw oqnctbs ?A hr cd“mdc nmkx he sgd mtladq ne bnktlmr hm sgd “qrs e]bsnq ? hr dpt]k
sn sgd mtladq ne qnvr hm sgd rdbnmc e]bsnq A- Hs hr bnmudmhdms sn sghmj ne bhi cd“mdc hm Dp- &6( ]r sgd
cns oqnctbs ne sgd hsg qnv ne ? vhsg sgd isg bnktlm ne A+

bhi = &Zh0+… + Zhm(
⎛
⎜
⎜
⎜⎝

a0i

⋮

ami

⎞
⎟
⎟
⎟⎠
= Zh0a0i +⋯ + Zhmami.

? rhlokd lmdlnmhb cduhbd enq cdsdqlhmhmf he sgd l]sqhw oqnctbs hr cd“mdc+ ]r vdkk ]r sgd chldmrhnmr
ne sgd qdrtks]ms oqnctbs+ bnmrhrsr ne vqhshmf sgd chldmrhnmr ne d]bg e]bsnq ]ci]bdms sn nmd ]mnsgdq hm
sgd r]ld nqcdq sg]s sgd l]sqhbdr ]qd sn ad ltkshokhdc+

?
⏞⏞⏟

A
⏞⏞⏟

= B
⏞⏞⏟

.

l % m m % o = l % o
&7(

Sgd oqnctbs hr cd“mdc he sgd hmsdqhnq chldmrhnmr m l]sbg ]r hmchb]sdc hm Dp- &7(-

DW;LOKD
0

Kds

? =

}
1 −0
2 0

(
]mc A =

}
0 / 1
1 0 −0

(
.

Rhmbd ? hr 1 % 1 ]mc A hr 1 % 2+ ?A hr cd“mdc ]mc hr 1 % 2- Eqnl Dp- &6(+ vd g]ud

?A =

}
1 − 1 / − 0 3 + 0
2 + 1 / + 0 5 − 0

(
=

}
/ −0 4
4 0 4

(
.

Sgd oqnctbs A? hr mns cd“mdc adb]trd sgd mtladq ne bnktlmr ne A &sgqdd( hr mns dpt]k sn sgd mtladq
ne qnvr ne ? &svn(-

Dw]lokd 0 rgnvr sg]s l]sqhw ltkshokhb]shnm cndr mns rg]qd sgd oqnodqsx ne bnllts]shuhsx onrrdrrdc
ax ltkshokhb]shnm ne mtladqr rhmbd A? hr mns cd“mdc- Dudm hm sgd b]rd sg]s ansg oqnctbsr ?A ]mc A?
dwhrs+ sgd svn oqnctbsr ]qd trt]kkx mns dpt]k-
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DW;LOKD
1

Bnmrhcdq sgd l]sqhbdr

? =
⎛
⎜
⎜
⎜⎝

0 −1 0
/ 1 −0
1 0 0

⎞
⎟
⎟
⎟⎠

]mc A =
⎛
⎜
⎜
⎜⎝

1 0 −0
0 −0 /
1 −0 0

⎞
⎟
⎟
⎟⎠
.

?f]hm+ eqnl sgd cd“mhshnm ne ltkshokhb]shnm fhudm hm Dp- &6(+ vd g]ud

?A =
⎛
⎜
⎜
⎜⎝

1 − 1 + 1 0 + 1 − 0 −0 + / + 0
/ + 1 − 1 / − 1 + 0 / + / − 0
3 + 0 + 1 1 − 0 − 0 −1 + / + 0

⎞
⎟
⎟
⎟⎠

=
⎛
⎜
⎜
⎜⎝

1 1 /
/ −0 −0
6 / −0

⎞
⎟
⎟
⎟⎠
.

Rhlhk]qkx+ vd “mc sg]s

A? =
⎛
⎜
⎜
⎜⎝

/ −2 /
0 −3 1
3 −4 3

⎞
⎟
⎟
⎟⎠
.

Bkd]qkx+ ?A ≠ A?-

Eqnl sgdrd dw]lokdr vd bnmbktcd sg]s+ hm fdmdq]k+

?A ≠ A?.

Sgd enkknvhmf sgdnqdl rs]sdr oqnodqshdr ne l]sqhw ltkshokhb]shnm sg]s ]qd rg]qdc hm bnllnm vhsg
ltkshokhb]shnm ne mtladqr-

SGDNQDL
;-0-7

Rtoonrd sg]s ?+ A+ ]mc B ]qd l]sqhbdr enq vghbg sgd enkknvhmf oqnctbsr ]qd cd“mdc ]mc kds � ad ]
rb]k]q- Sgdm

Z- &?A(B = ?&AB(
a- ?&�A( = &�?(A = �&?A(
b- ?&A + B( = ?A + ?B
c- &? + A(B = ?B + AB

▶ RodbhXk LXsqhbdr, Sgd hcdmshsx lZsqhw- Cdmnsd sgd Jqnmdbjdq cdks] ax &hi+

&hi =

]
0+ he h = i
/+ he h ≠ i

.

Sgd m % m l]sqhw

Hm = &&hi( =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 / ⋯ /
/ 0 ⋯ /
⋮ ⋮ ⋱ ⋮

/ / ⋯ 0

⎞
⎟
⎟
⎟
⎟
⎟⎠

&8(
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hr b]kkdc sgd ltkshokhbZshud hcdmshsx+ nq rhlokx sgd hcdmshsx lZsqhw- He ? hr ]m m % m l]sqhw+ sgdm eqnl
sgd cd“mhshnm ne l]sqhw ltkshokhb]shnm vd g]ud

Hm? = ?Hm = ?.

Sn rdd sg]s Hm? = ?+ vd mnsd sg]s sgd &h+ i (sg dmsqx ne Hm? hr
m∑

j=0
&hjZji = Zhi

rhmbd &hj = / enq ]kk j ≠ h- Sgd dpt]khsx ?Hm = ? hr drs]akhrgdc hm sgd r]ld v]x- Hm o]qshbtk]q+ enq ]mx
m,udbsnq w+

Hmw = w.

ChZfnmZk Zmc SqhZmftkZq LZsqhbdr- He ? hr ]m m % m l]sqhw+ sgd rds ne dkdldmsr Zii+
i = 0+ - - - + m hr qdedqqdc sn ]r sgd oqhmbhoZk chZfnmZk+ nq rhlokx+ sgd chZfnmZk+ ne sgd l]sqhw- He ]kk
dkdldmsr n— sgd ch]fnm]k ]qd ydqn+ sg]s hr+ Zhi = / vgdmdudq h ≠ i+ sgdm sgd l]sqhw hr b]kkdc ] chZfnmZk
lZsqhw- Enq dw]lokd+

? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

Z00 / / /
/ Z11 / /
/ / Z22 /
/ / / Z33

⎞
⎟
⎟
⎟
⎟
⎟⎠

hr ] ch]fnm]k l]sqhw+ vghbg vd b]m vqhsd hm ]aaqduh]sdc enql ]r ? = ch]f&Z00+ Z11+ Z22+ Z33(-
He ]kk sgd dkdldmsr ne ] rpt]qd l]sqhw adknv &nq ]anud( sgd oqhmbho]k ch]fnm]k ]qd ydqn+ sgdm sgd l],

sqhw hr b]kkdc ]m toodq &knvdq( sqhZmftkZq lZsqhw- Dw]lokdr ne toodq ]mc knvdq sqh]mftk]q l]sqhbdr
]qd

⎛
⎜
⎜
⎜⎝

Z00 Z01 Z02

/ Z11 Z12

/ / Z22

⎞
⎟
⎟
⎟⎠

]mc
⎛
⎜
⎜
⎜⎝

Z00 / /
Z10 Z11 /
Z20 Z21 Z22

⎞
⎟
⎟
⎟⎠

+

qdrodbshudkx-
Sgd SqZmronrd ne Z LZsqhw- He : hr ]m l% m l]sqhw+ sgdm sgd m%l l]sqhw enqldc ax hmsdqbg]mfhmf

sgd qnvr ]mc bnktlmr ne ? hr b]kkdc sgd sqZmronrd ne ? ]mc hr cdmnsdc ax ?S - Sgtr he ? = &Zhi(+
?S = &Zih(- Enq dw]lokd+ he

? =

}
−0 3 −2

1 4 −6

(
+

sgdm

?S =
⎛
⎜
⎜
⎜⎝

−0 1
3 4

−2 −6

⎞
⎟
⎟
⎟⎠
.

SGDNQDL
;-0-8

Oqnodqshdr ne SqZmronrdr-

Z- HS
m = Hm

a- Enq ]mx l]sqhw ?+ &?S (S = ?-
b- He ?A hr cd“mdc+ sgdm &?A(S = AS?S -
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Oqnne O]qsr &]( ]mc &a( ]qd nauhntr- Sn oqnud o]qs &b(+ ]rrtld sg]s ? hr l % m ]mc sg]s A hr m % o- Mnsd
sg]s sgd hi sg dmsqx ne &?A(S hr sgd ihsg dmsqx ne ?A+

∑m
j=0 Zijajh- Nm sgd nsgdq g]mc+ sgd hi sg dmsqx

ne AS?S hr sgd cns oqnctbs ne sgd hsg qnv ne AS vhsg sgd isg bnktlm ne ?S + nq dpthu]kdmskx+ sgd cns
oqnctbs ne sgd hsg bnktlm ne A vhsg sgd isg qnv ne ?+

∑m
j=0 ajhZij =

∑m
j=0 Zijajh- Sgtr+ enq d]bg h

]mc i+ sgd &h+ i (sg dmsqhdr ne &?A(S ]mc AS?S ]qd dpt]k-

Rxlldsqhb LZsqhbdr- ?m m % m l]sqhw ? hr r]hc sn ad rxlldsqhb he ? = ?S - Hm sghr b]rd+ Zhi = Zih enq
]kk h ]mc i vhsg sgd oqhmbho]k ch]fnm]k rdquhmf ]r sgd ]whr ne rxlldsqx- ?m dw]lokd ne ] rxlldsqhb
l]sqhw hr

: =

⎛
⎜
⎜
⎜
⎜
⎜⎝

1 −2 0 −1
−2 / 3 −4

0 3 −2 7
−1 −4 7 0

⎞
⎟
⎟
⎟
⎟
⎟⎠

.

LZsqhw Hmudqrd- Sgd rpt]qd l]sqhw ? hr r]hc sn ad mnmrhmftkZq nq hmudqshakd he sgdqd hr ]mnsgdq l]sqhw
A rtbg sg]s

?A = A? = Hm.

He sgdqd hr rtbg ] A+ sgdqd hr nmkx nmd- Sn rdd sghr+ rtoonrd sg]s sgdqd hr ]krn ] l]sqhw B rtbg sg]s

?B = B? = Hm.

Sgdm

A = AHm = A&?B( = &A?(B = HmB = B

vgdqd sgd sghqc dpt]khsx enkknvr eqnl o]qs &]( ne Sgdnqdl ?-0-7- Sgd tmhptd hmudqrd ne ?+ he hs dwhrsr+
hr b]kkdc sgd ltkshokhbZshud hmudqrd+ nq rhlokx sgd hmudqrd+ ne ?+ ]mc vd vqhsd A = ?−0- Sgdm

??−0 = ?−0? = Hm. &0/(

Vgdqd]r ]kk mnmydqn rb]k]qr onrrdrr hmudqrdr+ sgdqd ]qd knsr ne mnmydqn l]sqhbdr sg]s cn mns g]ud
hmudqrdr- L]sqhbdr sg]s cn mns g]ud ]m hmudqrd ]qd b]kkdc rhmftkZq nq mnmhmudqshakd-

DW;LOKD
2

Cdlnmrsq]sd sg]s

? =

}
0 1
1 1

(
]mc A =

}
−0 0

0 − 0
1

(

]qd ansg mnmrhmftk]q ax rgnvhmf sg]s ?A = A? = H1-
Vd g]ud

}
0 1
1 1

(}
−0 0

0 − 0
1

(
=

}
0 /
/ 0

(
=

}
−0 0

0 − 0
1

(}
0 1
1 1

(
.

Sgtr ansg ? ]mc A ]qd mnmrhmftk]q+ ?−0 = A+ ]mc A−0 = ?-
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SGDNQDL
;-0-0.

Oqnodqshdr ne LZsqhw Hmudqrdr-

Z- Hm hr mnmrhmftk]q ]mc H−0
m = Hm-

a- He ? ]mc A ]qd mnmrhmftk]q m % m l]sqhbdr+ sgdm ?A hr mnmrhmftk]q ]mc

&?A(−0 = A−0?−0.

b- He ? hr mnmrhmftk]q+ rn hr ?−0+ ]mc &?−0(−0 = ?-
c- He ? hr mnmrhmftk]q+ rn hr ?S + ]mc &?S (−0 = &?−0(S -
d- He ? ]mc A ]qd m% m l]sqhbdr+ dhsgdq ne vghbg hr rhmftk]q+ sgdm ?A ]mc A? ]qd ansg rhmftk]q-

Oqnne O]qs &]( enkknvr eqnl sgd e]bs sg]s HmHm = Hm-
Sn oqnud o]qs &a(+ vd trd sgd e]bs sg]s ?−0 ]mc A−0 dwhrs sn vqhsd

&?A(&A−0?−0( = ?&A−0A(?−0 = ?Hm?−0 = ??−0 = Hm.

Rhlhk]qkx+ &A−0?−0(&?A( = Hm+ rn A−0?−0 hr sgd tmhptd hmudqrd ne ?A-
O]qs &b( enkknvr eqnl ??−0 = ?−0? = Hm-
O]qs &c( enkknvr eqnl sgd svn rs]sdldmsr

Hm = HS
m = &??−0(S = &?−0(S?S +

]mc

Hm = HS
m = &?−0?(S = ?S &?−0(S +

vgdqd vd g]ud trdc o]qs &b( ne Sgdnqdl ?-0-8- Sgtr sgd tmhptd hmudqrd ne ?S hr &?−0(S -
? oqnne ne &d( vhkk ad onrrhakd nmbd vd g]ud chrbtrrdc cdsdqlhm]msr-

OQNAKDLR

0- Fhudm sgd l]sqhbdr

? =

}
1 1

−0 2

(
+ A =

}
−0 0 −1

0 2 3

(
+

w =

}
1
2

(
+ x = &0+ 1+−0(+

bnlotsd d]bg ne sgd enkknvhmf enq vghbg sgd hmchb]sdc nodq]shnmr ]qd
cd“mdc9
 Z( 3?  a( −1w  b( ? + A
 c( ?w  d( Aw  e( ?A
 f( A?  g( AS?  h( xAS

 i( &?A(S  j( wS?w  k( wAxS

1- He ? =
⎛
⎜
⎜
⎜⎝

0 −1 /
2 −1 −0

−1 0 2

⎞
⎟
⎟
⎟⎠

]mc he A =
⎛
⎜
⎜
⎜⎝

0 / 1
/ 0 −0
1 −0 2

⎞
⎟
⎟
⎟⎠
+ “mc

 Z( 1? + A  a( ? − 3A
 b( ?A  c( A?
 d( &? + A(S  e( &A + ?(?S

 f( ?1 = ??  g( ?A − A?

 h( A2 − 4A1 + 1A + 1H2

2- Cdlnmrsq]sd sg]s

? =
⎛
⎜
⎜
⎜⎝

1 1 2
0 / 0
0 0 0

⎞
⎟
⎟
⎟⎠

]mc A =
⎛
⎜
⎜
⎜⎝

−0 0 1
/ −0 0
0 / −1

⎞
⎟
⎟
⎟⎠

]qd ansg mnmrhmftk]q ax rgnvhmf sg]s ?A = A? = H2-
3- Oqnud d]bg ne sgd enkknvhmf k]vr ne l]sqhw ]kfdaq]9
 Z( ? + A = A + ?
 a( ? + &A + B( = &? + A( + B
 b( �&? + A( = �? + �A



453 ?oodmchw ? L]sqhbdr ]mc Khmd]q ?kfdaq]

 c( &� + 𝛼(? = �? + 𝛼?
 d( ?&AB( = &?A(B
 e( ?&A + B( = ?A + AB

4- He ? = ch]f&Z00+… + Zmm(+ tmcdq vg]s bnmchshnmr hr ? mnmrhmft,
k]q= Vg]s hr ?−0 hm sghr b]rd=
5- Oqnud sg]s rtlr ]mc oqnctbsr ne toodq &knvdq( sqh]mftk]q l]sqhbdr
]qd toodq &knvdq( sqh]mftk]q-
6- Kds ? = ch]f&Z00+… + Zmm( ad ] ch]fnm]k l]sqhw- Oqnud sg]s
?j = ch]f&Zj

00+… + Zj
mm(+ vgdqd

?1 = ??+ ?2 = ???+… .

7- Oqnud sg]s he ? hr rxlldsqhb ]mc mnmrhmftk]q+ sgdm ?−0 hr rxl,
ldsqhb-
8- Svn rpt]qd l]sqhbdr ? ]mc A ]qd r]hc sn bnlltsd he ?A = A?-
He ? ]mc A ]qd rxlldsqhb+ oqnud sg]s ?A hr rxlldsqhb he ]mc nmkx he
? ]mc A bnlltsd-
0.- He ? hr ]mx rpt]qd l]sqhw+ rgnv d]bg ne sgd enkknvhmf9
 Z( ??S ]mc ?S? ]qd ansg rxlldsqhb-
 a( ? + ?S hr rxlldsqhb-

;-1 Rxrsdlr ne Khmd]q ;kfdaq]hb
Dpt]shnmr+ Khmd]q Hmcdodmcdmbd+
]mc Q]mj
Hm sghr rdbshnm+ vd cdrbqhad ]m dffbhdms ]kfnqhsgl enq “mchmf rnktshnmr+ he sgdx dwhrs+ sn ] rds ne l
rhltks]mdntr khmd]q ]kfdaq]hb dpt]shnmr hm m u]qh]akdr+

Z00w0 + Z01w1 + ⋯ + Z0mwm = a0+
Z10w0 + Z11w1 + ⋯ + Z1mwm = a1+
⋮ ⋮ ⋮ ⋮

Zl0w0 + Zl1w1 + ⋯ + Zlmwm = al+

&0(

nq+ hm l]sqhw mns]shnm+
?w = a. &1(

Vd adfhm vhsg ]m dw]lokd sn gdko lnshu]sd ]m dwsqdldkx trdetk ]kfnqhsgl enq rnkuhmf khmd]q ]kfdaq]hb
rxrsdlr ne dpt]shnmr-

DW;LOKD
0

Trd sgd ldsgnc ne dkhlhm]shnm sn rnkud sgd rxrsdl ne dpt]shnmr

w0 − w1 + 1w2 + w3 = 2+
1w0 − 2w1 + 5w2 + 4w3 = 3+

−1w0 + 3w1 − 7w2 − 7w3 = −1.

&2(

He vd rtasq]bs svn shldr sgd “qrs qnv eqnl sgd rdbnmc qnv+ vd nas]hm

w0 − w1 + 1w2 + w3 = 2+
/w0 − w1 + 1w2 + 2w3 = −1+

−1w0 + 3w1 − 7w2 − 7w3 = −1.
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?cchmf svn shldr sgd “qrs qnv sn sgd sghqc qnv fhudr

w0 − w1 + 1w2 + w3 = 2+
/w0 − w1 + 1w2 + 2w3 = −1+
/w0 + 1w1 − 3w2 − 5w3 = 3.

Ltkshokxhmf sgd rdbnmc qnv ax −0 xhdkcr

w0 − w1 + 1w2 + w3 = 2+
/w0 + w1 − 1w2 − 2w3 = 1+
/w0 + 1w1 − 3w2 − 5w3 = 3.

Mdws+ rtasq]bs svn shldr qnv svn eqnl sgd sghqc qnv sn nas]hm

w0 − w1 + 1w2 + w3 = 2+
/w0 + w1 − 1w2 − 2w3 = 1+
/w0 + /w1 + /w2 + /w3 = /.

Sgtr+ sgd mnmydqn dpt]shnmr r]shr“dc ax sgd tmjmnvmr ]qd

w0 − w1 + 1w2 + w3 = 2+
w1 − 1w2 − 2w3 = 1.

&3(

Sn rnkud sgd rxrsdl &3(+ vd b]m bgnnrd svn ne sgd tmjmnvmr ]qahsq]qhkx ]mc sgdm trd sgd dpt]shnmr
sn rnkud enq sgd qdl]hmhmf svn tmjmnvmr- He vd kds w2 = � ]mc w3 = 𝛼+ vgdqd � ]mc 𝛼 ]qd ]qahsq]qx+ hs
sgdm enkknvr sg]s

w1 = 1� + 2𝛼 + 1+
w0 = 1� + 2𝛼 + 1 − 1� − 𝛼 + 2 = 1𝛼 + 4.

He vd vqhsd sgd rnktshnm hm udbsnq mns]shnm+ vd g]ud

w =

⎛
⎜
⎜
⎜
⎜
⎜⎝

1𝛼 + 4
1� + 2𝛼 + 1

�
𝛼

⎞
⎟
⎟
⎟
⎟
⎟⎠

= �

⎛
⎜
⎜
⎜
⎜
⎜⎝

/
1
0
/

⎞
⎟
⎟
⎟
⎟
⎟⎠

⏞⏞⏟
u0

+ 𝛼

⎛
⎜
⎜
⎜
⎜
⎜⎝

1
2
/
0

⎞
⎟
⎟
⎟
⎟
⎟⎠

⏞⏞⏟
u1

+

⎛
⎜
⎜
⎜
⎜
⎜⎝

4
1
/
/

⎞
⎟
⎟
⎟
⎟
⎟⎠

⏞⏞⏟
uo

. &4(

Sgd rnktshnm rds ne Dp- &2( hr sgdqdenqd

{
w 9 w = �u0 + 𝛼u1 + uo+ −∞ . �+ 𝛼 . ∞

{
+

vgdqd sgd udbsnqr u0+ u1+ ]mc uo ]qd ]r hmchb]sdc hm Dp- &4(- Sghr dw]lokd hkktrsq]sdr ansg
] rxrsdl]shb rnktshnm ]kfnqhsgl ]mc sgd fdmdq]k rsqtbstqd ne rnktshnm rdsr &oqnuhcdc ]mx



455 ?oodmchw ? L]sqhbdr ]mc Khmd]q ?kfdaq]

rnktshnmr ]bst]kkx dwhrs( enq khmd]q rxrsdlr ne dpt]shnmr- He vd cdmnsd sgd l]sqhw ne bndffbhdmsr hm
Dp- &2( ax

? =
⎛
⎜
⎜
⎜⎝

0 −0 1 0
1 −2 5 4

−1 3 −7 −7

⎞
⎟
⎟
⎟⎠

]mc sgd udbsnq nm sgd qhfgs,g]mc rhcd ne Dp- &2( ax

a =
⎛
⎜
⎜
⎜⎝

2
3

−1

⎞
⎟
⎟
⎟⎠

+

hs hr d]rx sn udqhex sg]s u0 ]mc u1 ]qd ansg rnktshnmr ne sgd gnlnfdmdntr dpt]shnm ?w = .+ vghkd uo hr ]
rnktshnm ne sgd mnmgnlnfdmdntr dpt]shnm ?w = a- Hs hr bnllnm sn qdedq sn sgd rnktshnm qdoqdrdms]shnm
&4( ]r sgd fdmdqZk rnktshnm ne Dp- &2(- Hs hr ] svn,o]q]ldsdq e]lhkx ne rnktshnmr &sgd o]q]ldsdqr ]qd �
]mc 𝛼( qdoqdrdmshmf ]kk onrrhakd rnktshnmr ne ?w = a-

Lnshu]sdc ax sgd ]anud dw]lokd+ vd mnv cdrbqhad+ hm lnqd cds]hk+ ] rhlokd ats onvdqetk ]kfnqhsgl enq
rnkuhmf khmd]q rxrsdlr b]kkdc FZtrrhZm dkhlhmZshnm nq qnv qdctbshnm- Hs hr ] rxrsdl]shb enql]khy]shnm
ne sgd nodq]shnmr ]ookhdc sn sgd rxrsdl hm sgd dw]lokd ]anud- Vd “qrs mnsd sg]s ]kk ne sgd vnqj hr
odqenqldc nm sgd bndffbhdmsr ]mc sgd qhfgs,g]mc rhcdr ne sgd dpt]shnmr- Sgd bnlots]shnmr ]qd l]cd
lnqd dffbhdms ax hfmnqhmf sgd m]ldr ne sgd tmjmnvmr ]mc cd]khmf nmkx vhsg sgd Ztfldmsdc lZsqhw
nas]hmdc ax ]oodmchmf sgd bnktlm l,udbsnq a ne qhfgs,g]mc rhcdr sn sgd l % m bndffbhdms l]sqhw ?-
Vd vhkk cdmnsd sgd ]tfldmsdc l]sqhw ax

&?⟩a( . &5(

Enq dw]lokd+ sgd ]tfldmsdc l]sqhw enq sgd rxrsdl &2( hr

⎛
⎜
⎜
⎜⎝

0 −0 1 0
1 −2 5 4

−1 3 −7 −7

||||||||

2
3

−1

⎞
⎟
⎟
⎟⎠
.

Hm sgd ]tfldmsdc l]sqhw+ ] udqshb]k khmd hr mnql]kkx trdc sn rdo]q]sd sgd qhfgs,g]mc rhcd ne sgd rxrsdl
eqnl sgd l]sqhw ne bndffbhdmsr ?- Sgd ]tfldmsdc l]sqhw hr ] qdbs]mftk]q ]qq]x ne mtladqr+ sg]s hr+ ]
l]sqhw+ sn vghbg sgd dkdldms]qx qnv nodq]shnmr cdrbqhadc adknv l]x ad ]ookhdc- ?kv]xr jddo hm lhmc
sg]s &?⟩a( hr qd]kkx dpthu]kdms sn ?w = a+ vghbg hr+ hm stqm+ l]sqhw mns]shnm enq sgd rds ne dpt]shnmr &0(-
Hm sgd b]rd ne ] gnlnfdmdntr rxrsdl ne dpt]shnmr+ sg]s hr+ vgdm a = .+ hs hr mns mdbdrr]qx sn ]tfldms
? vhsg ] bnktlm ne ydqnr ats rnldshldr hs l]x ad cnmd enq sgd r]jd ne bk]qhsx- Sgd odqlhrrhakd qnv
nodq]shnmr trdc hm F]trrh]m dkhlhm]shnm ]qd enql]kkx cdrbqhadc ax sgd enkknvhmf cd“mhshnm-

CDEHMHSHNM
;-1-0

Sgd dkdldmsZqx qnv nodqZshnmr trdc hm F]trrh]m dkhlhm]shnm ]qd9

D0- ?mx qnv ne Dp- &5( l]x ad ltkshokhdc ax ] rb]k]q ]mc sgd qdrtks ]ccdc sn ]mnsgdq qnv
ne Dp- &5(-

D1- ?mx svn qnvr ne Dp- &5( l]x ad hmsdqbg]mfdc-
D2- ?mx qnv ne Dp- &5( l]x ad ltkshokhdc ax ] mnmydqn rb]k]q-
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CDEHMHSHNM
;-1-1

Sgd rnktshnm rds ne sgd rxrsdl ?w = a hr sgd rds ne ]kk m,udbsnqr w sg]s r]shrex
?w = a-

O]qs ne sgd tshkhsx ne F]trrh]m dkhlhm]shnm hr dwok]hmdc ax sgd enkknvhmf sgdnqdl-

SGDNQDL
;-1-2

He ]m dkdldms]qx qnv nodq]shnm hr ]ookhdc sn Dp- &5(+ sgd rnktshnm rds ne sgd qdrtkshmf rxrsdl ne
dpt]shnmr hr hcdmshb]k sn sgd rnktshnm rds ne Dp- &5(- Sg]s hr+ dkdldms]qx qnv nodq]shnmr cn mns ]ksdq
sgd rnktshnm rds ne ] khmd]q rxrsdl ne dpt]shnmr-

Oqnne Rtoonrd ŵ = &ŵ0+… + ŵm(S hr ] rnktshnm ne ?w = a ]mc � shldr qnv h hr ]ccdc sn qnv i rn sg]s qnv i
hr qdok]bdc ax

&Zi0 + �Zh0(w0 +⋯ + &Zim + �Zhm(wm = ai + �ah. &6(

Rhmbd Zi0ŵ0 +⋯ + Zimŵm = ai &7(

]mc Zh0ŵ0 +⋯ + Zhmŵm = ah+ &8(

hs hr nauhntr sg]s &Zi0 + �Zh0(ŵ0 +⋯ + &Zim + �Zhm(ŵm = ai + �ah. &0/(

Nm sgd nsgdq g]mc+ he ŵ r]shr“dr Dp- &6( ]mc r]shr“dr
Zh0w0 +⋯ + Zhmwm = ah+

sgdm ŵ ]krn r]shr“dr
Zi0w0 +⋯ + Zimwm = ai

rn mn mdv rnktshnmr ]qd hmsqnctbdc ax ] qnv nodq]shnm ne sxod D0- Vd kd]ud hs sn xnt sn rgnv sg]s
sgd nodq]shnmr ne hmsdqbg]mfhmf svn qnvr nq ltkshokxhmf ] qnv ax ] mnmydqn rb]k]q vhkk ]krn mns
]ksdq sgd rnktshnm rds-

CDEHMHSHNM
;-1-3

He ] l]sqhw A b]m ad nas]hmdc eqnl ] l]sqhw ? ax ] “mhsd rdptdmbd ne dkdldms]qx qnv nodq]shnmr+
sgd l]sqhbdr ? ]mc A ]qd r]hc sn ad qnv dpthuZkdms-

Hm uhdv ne Sgdnqdl ?-1-2+ vd rdd sg]s he &?⟩a( ]mc &A⟩b( ]qd qnv dpthu]kdms+ sgdm ?w = a ]mc Aw = b
g]ud hcdmshb]k rnktshnm rdsr-

▶ Sgd Qnv Dbgdknm Enql ne ] L]sq hw - Bdqs]hm sxodr ne rsqtbstqdr oqdrdms hm khmd]q rxrsdlr ne dpt]shnmr
l]x ad trdetkkx dwoknhsdc hm sgd rnktshnm oqnbdrr- Enq dw]lokd+ rtoonrd sgd ]tfldmsdc l]sqhw ne ]
rxrsdl ne dpt]shnmr g]r sgd enql

⎛
⎜
⎜
⎜⎝

0 −1 2
/ 0 −0
/ / 0

||||||||

6
−1

0

⎞
⎟
⎟
⎟⎠
. &00(
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Sgd rxrsdl ne dpt]shnmr qdoqdrdmsdc ax sgd ]tfldmsdc l]sqhw &00( g]r ]m toodq sqh]mftk]q rsqtbstqd+

w0 − 1w1 + 2w2 = 6+
w1 − w2 = −1+

w2 = 0.

&01(

Hm rnkuhmf enq sgd tmjmnvmr+ hs hr lnrs rdmrhakd sn adfhm vhsg sgd sghqc dpt]shnm sg]s fhudr tr w2 = 0
chqdbskx- Rtarshstshmf sghr u]ktd hmsn sgd rdbnmc dpt]shnm+ vd nas]hm

w1 = −1 + w2 = −1 + 0 = −0.

Ehm]kkx+ rtarshstshmf sgd u]ktdr nas]hmdc enq w1 ]mc w2 hmsn sgd “qrs dpt]shnm fhudr

w0 = 6 + 1w1 − 2w2 = 6 − 1 − 2 = 1.

Sgtr+ vd nas]hm sgd rnktshnm ne sgd rxrsdl &01(

w =
⎛
⎜
⎜
⎜⎝

1
−0

0

⎞
⎟
⎟
⎟⎠
.

Sgd sdbgmhptd trdc sn rnkud enq sgd tmjmnvmr hm sghr dw]lokd hr jmnvm ]r sgd ldsgnc ne aZbjrtarsh,
stshnm- Hs b]m ad ]ookhdc sn rxrsdlr ne dpt]shnmr sg]s g]ud ]m toodq sqh]mftk]q rsqtbstqd rtbg ]r Dpr-
&01( nq+ lnqd fdmdq]kkx+ ] qnv dbgdknm rsqtbstqd sg]s vhkk ad cdrbqhadc adknv- Sghr dw]lokd rtffdrsr
sgd enkknvhmf rsq]sdfx enq rnkuhmf ] rxrsdl ne dpt]shnmr sg]s hr mns mdbdrr]qhkx hm sgd cdrhqdc enql9

0- Trd dkdldms]qx qnv nodq]shnmr+ vghbg cn mns ]ksdq sgd rnktshnm rds+ sn qdctbd sgd rxrsdl sn
toodq sqh]mftk]q enql nq+ lnqd fdmdq]kkx+ qnv dbgdknm enql-

1- Rnkud sgd qdrtkshmf rxrsdl trhmf a]bjrtarshstshnm-

Vd hkktrsq]sd sgd ]kfnqhsgl nm sgd enkknvhmf rxrsdl ne dpt]shnmr9

w0 − 1w1 + 2w2 = 6+
−w0 + w1 − 1w2 = −4+
1w0 − w1 − w2 = 3.

&02(

Sgd ]tfldmsdc l]sqhw enq sgd rxrsdl &02( hr

⎛
⎜
⎜
⎜⎝

0 −1 2
−0 0 −1

1 −0 −0

||||||||

6
−4

3

⎞
⎟
⎟
⎟⎠
. &03(

Vd mnv odqenql qnv nodq]shnmr nm sgd l]sqhw &03( vhsg sgd fn]k ne hmsqnctbhmf ydqnr hm sgd knvdq
kdes o]qs ne sgd l]sqhw- D]bg rsdo hr cdrbqhadc ]mc sgd qdrtks qdbnqcdc adknv-

Z- ?cc sgd “qrs qnv sn sgd rdbnmc qnv ]mc ]cc &−1( shldr sgd “qrs qnv sn sgd sghqc qnv9

⎛
⎜
⎜
⎜⎝

0 −1 2
/ −0 0
/ 2 −6

||||||||

6
1

−0/

⎞
⎟
⎟
⎟⎠
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a- Ltkshokx sgd rdbnmc qnv ax −09

⎛
⎜
⎜
⎜⎝

0 −1 2
/ 0 −0
/ 2 −6

||||||||

6
−1

−0/

⎞
⎟
⎟
⎟⎠

b- ?cc &−2( shldr sgd rdbnmc qnv sn sgd sghqc qnv9

⎛
⎜
⎜
⎜⎝

0 −1 2
/ 0 −0
/ / −3

||||||||

6
−1
−3

⎞
⎟
⎟
⎟⎠

c- Chuhcd sgd sghqc qnv ax −39

⎛
⎜
⎜
⎜⎝

0 −1 2
/ 0 −0
/ / 0

||||||||

6
−1

0

⎞
⎟
⎟
⎟⎠

&04(

Sgtr vd g]ud ]qqhudc ]s sgd ]tfldmsdc l]sqhw &00( enq sgd toodq sqh]mftk]q rxrsdl &01( nm vghbg
vd hkktrsq]sdc sgd ldsgnc ne a]bjrtarshstshnm- Sghr cdlnmrsq]sdr sgd ed]rhahkhsx ne sgd ]kfnqhsgl nm ]
o]qshbtk]q dw]lokd-

Vd mnv cdrbqhad sgd cdrhqdc rsqtbstqd ne sgd s]qfds l]sqhw ne sgd rnktshnm ]kfnqhsgl a]rdc
nm dkdldms]qx qnv nodq]shnmr hm lnqd cds]hk- Kds ? ad ]m l % m l]sqhw- Vgdsgdq sgd l],
sqhw hr ]tfldmsdc nq mns hr hqqdkdu]ms- Vd vhkk r]x sg]s ] qnv ne ? hr ] ydqn qnv he
d]bg ne hsr dkdldmsr hr ydqn- He ] qnv g]r ]s kd]rs nmd mnmydqn dmsqx+ sgdm sg]s qnv hr ] mnmydqn qnv-
Sgd kdZchmf dmsqx ne ] mnmydqn qnv hr sgd “qrs mnmydqn dmsqx hm sgd qnv+ qd]chmf eqnl kdes sn qhfgs- ?
ydqn qnv g]r mn kd]chmf &mnmydqn( dmsqx- ?r ]m dw]lokd+ bnmrhcdq sgd l]sqhw

⎛
⎜
⎜
⎜
⎜
⎜⎝

/ / / 0
/ −0 / 0
/ / / /
1 / / /

⎞
⎟
⎟
⎟
⎟
⎟⎠

.

Qnvr 0+ 1+ ]mc 3 ]qd mnmydqn qnvr+ vgdqd]r qnv 2 hr ] ydqn qnv- Sgd kd]chmf dmsqhdr hm qnvr 0+ 1+ ]mc
3 ]qd 0+ −0+ ]mc 1+ qdrodbshudkx-

CDEHMHSHNM
;-1-4

?m l % m l]sqhw ? hr r]hc sn ad hm qnv dbgdknm enql &nq itrs dbgdknm enql( he hs g]r sgd enkknvhmf
oqnodqshdr9

h- Enq rnld hmsdfdq q+ / ≤ q ≤ l+ sgd “qrs q qnvr ne ? ]qd mnmydqn-
hh- D]bg kd]chmf dmsqx khdr sn sgd qhfgs ne sgd kd]chmf dmsqx ne sgd oqduhntr qnv-
hhh- Adknv d]bg kd]chmf dmsqx hr ] bnktlm ne ydqnr-
hu- ?esdq sgd “qrs q qnvr+ d]bg qnv bnmrhrsr dmshqdkx ne ydqnr+ sg]s hr+ ydqn qnvr ]qd ok]bdc ]s

sgd anssnl ne sgd l]sqhw-
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Enq dw]lokd+ sgd enkknvhmf l]sqhbdr ]qd ]kk hm qnv dbgdknm enql9

}
1 −1
/ 2

( ⎛
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/ 2 / 1
/ / 1 −2
/ / / 6
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0 −1 3
/ / 4
/ / /
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⎟
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.

Gnvdudq+ sgd l]sqhw

⎛
⎜
⎜
⎜⎝

1 2 −1
/ / /
0 4 −8

⎞
⎟
⎟
⎟⎠

hr mns hm qnv dbgdknm enql+ rhmbd ] mnmydqn qnv ]ood]qr admd]sg ] ydqn qnv ]mc sgd kd]chmf dmsqx hm
sgd sghqc qnv cndr mns khd sn sgd qhfgs ne sgd kd]chmf dmsqx hm sgd “qrs qnv-

Sgd sq]mrenql]shnm ne ] fhudm l]sqhw hmsn ] l]sqhw sg]s hr hm qnv dbgdknm enql ax ] rdptdmbd ne
dkdldms]qx qnv nodq]shnmr hr qdedqqdc sn ]r qnv qdctbshnm nq FZtrrhZm dkhlhmZshnm-

DW;LOKD
1

Trd F]trrh]m dkhlhm]shnm sn “mc sgd fdmdq]k rnktshnm ne sgd khmd]q rxrsdl

⎛
⎜
⎜
⎜⎝

0 −1 0 /
1 0 −0 2
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⎟
⎟
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w =

⎛
⎜
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0
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⎟⎠

&05(

ax qdctbhmf sgd ]tfldmsdc l]sqhw

⎛
⎜
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0 −1 0 /
1 0 −0 2
0 2 −1 2

||||||||

0
−0
−1

⎞
⎟
⎟
⎟⎠

&06(

sn qnv dbgdknm enql-
Qnv dbgdknm enql hr ]ss]hmdc ax sgd enkknvhmf qnv nodq]shnmr-

Z- Rtasq]bs 1 shldr qnv nmd eqnl qnv svn9
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0 −1 0 /
/ 4 −2 2
0 2 −1 2
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a- Rtasq]bs qnv nmd eqnl qnv sgqdd9
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b- Rtasq]bs qnv svn eqnl qnv sgqdd9
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0 −1 0 /
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&07(
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Rxrsdl &07( hr hm qnv dbgdknm enql ]mc qdoqdrdmsr sgd rxrsdl

w0 − 1w1 + w2 = 0+
4w1 − 2w2 + 2w3 = −2.

&08(

Dpt]shnm &08( bnmrhrsr ne svn dpt]shnmr enq entq tmjmnvmr- Vd ]qd eqdd sn bgnnrd ]mx svn ne sgd tm,
jmnvmr ]qahsq]qhkx- Vd rds w2 = � ]mc w3 = 𝛼+ vgdqd � ]mc 𝛼 ]qd ]qahsq]qx rb]k]qr- Sgd rdbnmc dpt]shnm
hm &08( xhdkcr w1 = − 2

4
+ 2

4
� − 2

4
𝛼- A]bjrtarshstshmf sghr dwoqdrrhnm enq w1 hmsn sgd “qrs dpt]shnm hm

&08( sgdm xhdkcr w0 = − 0
4
+ 0

4
� − 5

4
𝛼- Sgd rnktshnm w l]x ad dwoqdrrdc hm sgd enql

w = �

⎛
⎜
⎜
⎜
⎜
⎜⎝

0
4
2
4

0
/
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⎟
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/
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4

− 2
4

/
/

⎞
⎟
⎟
⎟
⎟
⎟⎠

.

⏞⏞⏟
uo

&1/(

He ? hr sgd l]sqhw ne bndffbhdmsr ]mc a hr sgd udbsnq ne qhfgs,g]mc rhcdr hm Dp- &05(+ sgdm ?u0 = .+
?u1 = .+ ]mc ?uo = a-

▶ Khmd]q kx Cdodmcdms ]mc Khmd]q kx Hmcdodmcdms Rdsr ne Udbsnqr -

CDEHMHSHNM
;-1-5

? khmdZq bnlahmZshnm ne udbsnqr u0+… + uj hr ]m dwoqdrrhnm ne sgd enql

b0u0 +⋯ + bjuj+

vgdqd b0+… + bj ]qd ]mx rb]k]qr-

CDEHMHSHNM
;-1-6

? rds ne j udbsnqr u0+… + uj hr r]hc sn ad khmdZqkx cdodmcdms he sgdqd dwhrsr ] rds ne &qd]k nq bnlokdw(
mtladqr b0+… + bj+ ]s kd]rs nmd ne vghbg hr mnmydqn+ rtbg sg]s

b0u0 +⋯ + bjuj = .. &10(

Nm sgd nsgdq g]mc+ he sgd nmkx rds b0+… + bj enq vghbg Dp- &10( hr r]shr“dc hr b0 = b1 = ⋯ = bj = /+
sgdm sgd rds u0+… + uj hr r]hc sn ad khmdZqkx hmcdodmcdms-

?rrtlhmf sg]s d]bg ui+ i = 0+… + j hr ]m l,udbsnq+ trhmf l]sqhw mns]shnm+ Dp- &10(
b]m ad vqhssdm ]r

⎛
⎜
⎜
⎜⎝

ℏ00b0 + ⋯ + ℏ0jbj

⋮ ⋮

ℏl0b0 + ⋯ + ℏljbj

⎞
⎟
⎟
⎟⎠
= Ub = .. &11(

Sgdqdenqd+ sn sdrs vgdsgdq sgd rds u0+… + uj hr khmd]qkx cdodmcdms nq khmd]qkx hmcdodmcdms+ vd “mc
sgd fdmdq]k rnktshnm ne Ub = .- He sgd nmkx rnktshnm hr sgd ydqn udbsnq+ b = .+ sgdm sgd rds hr khmd]qkx
hmcdodmcdms- He sgdqd ]qd mnmydqn rnktshnmr+ sgdm sgd rds hr khmd]qkx cdodmcdms-
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DW;LOKD
2

Cdsdqlhmd vgdsgdq sgd rds ne udbsnqr

u0 =
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⎜
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−00

⎞
⎟
⎟
⎟
⎟⎠

&12(

hr khmd]qkx hmcdodmcdms nq khmd]qkx cdodmcdms-
Sn cdsdqlhmd vgdsgdq sgd rds hr khmd]qkx cdodmcdms+ vd rddj bnmrs]msr b0+ b1+ b2 rtbg sg]s b0u0 +

b1u1 + b2u2 = Ub = .- Dpthu]kdmskx+ vd knnj enq sgd fdmdq]k rnktshnm ne

⎛
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⎜
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⎟
⎟
⎟⎠

. &13(

Vd trd dkdldms]qx qnv nodq]shnmr sn qdctbd sgd bnqqdronmchmf ]tfldmsdc l]sqhw

⎛
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sn qnv dbgdknm enql-

Z- ?cc &−1( shldr sgd “qrs qnv sn sgd rdbnmc qnv+ ]mc ]cc sgd “qrs qnv sn sgd sghqc qnv9
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⎞
⎟
⎟
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a- Chuhcd sgd rdbnmc qnv ax &−2(+ sgdm ]cc &−4( shldr sgd rdbnmc qnv sn sgd sghqc qnv9
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⎞
⎟
⎟
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Sgd k]rs l]sqhw hr dpthu]kdms sn sgd rxrsdl

b0 + 1b1 − 3b2 = /
&14(

b1 − 2b2 = /.

Sgdqd ]qd svn dpt]shnmr ]mc sgqdd tmjmnvmr rn vd ]qd ]akd sn rds b2 = �+ vgdqd � hr ]m ]qahsq]qx mtl,
adq- Eqnl sgd rdbnmc dpt]shnm hm sgd rxrsdl &14(+ vd g]ud b1 = 2b2 = 2�+ ]mc eqnl sgd “qrs dpt]shnm+
vd nas]hm b0 = 3b2 − 1b1 = −1�- Sgd fdmdq]k rnktshnm ne Dp- &13( hr b = � &−1+ 2+ 0(S - Bgnnrhmf �
sn ad ]mx mnmydqn rb]k]q+ r]x+ � = 0+ dwghahsr ] mnmydqn rnktshnm b = &−1+ 2+ 0(S enq Dp- &13(- Sgtr
−1u0 + 2u1 + u2 = .+ rn sgd fhudm rds ne udbsnqr hr khmd]qkx cdodmcdms-

▶ Sgd Q]mj ne ] L]sq hw - Vd mnv hmsqnctbd ] oqnodqsx ne ] l]sqhw sg]s hr udqx trdetk hm sgd rstcx ne khmd]q ]kfdaq]hb
rxrsdlr-
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CDEHMHSHNM
;-1-7

Kds A ad ]mx l]sqhw sg]s hr qnv dpthu]kdms sn ? ]mc hr hm qnv dbgdknm enql- Sgdm sgd q]mj ne sgd
l]sqhw ?+ cdmnsdc ax q]mj&?(+ hr sgd mtladq ne mnmydqn qnvr hm sgd l]sqhw A-

Enq sgd q]mj ne ]m l % m l]sqhw ? sn ad vdkk cd“mdc+ hs hr mdbdrr]qx sg]s ]kk l]sqhbdr qnv dpthu]kdms sn
? g]ud sgd r]ld q]mj+ ]mc sgdqdenqd q]mj qdedqr sn ] oqnodqsx ne sgd rds ne ]kk l]sqhbdr qnv dpthu]kdms
sn ?- Sgd oqnodqsx hr hmcddc vdkk cd“mdc+ ]ksgntfg vd cn mns oqnud hs gdqd-

DW;LOKD
3

Ehmc sgd q]mj ne sgd l]sqhw

? =
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1 / 0 −0
0 −2 3 1
2 2 −1 −3
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.

Trhmf dkdldms]qx qnv nodq]shnmr+ ? hr qdctbdc sn sgd enkknvhmf l]sqhw hm qnv dbgdknm enql9
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&15(

]mc sgdqdenqd q]mj&?( = 1-

SGDNQDL
;-1-8

He A hr ]m m % m l]sqhw hm qnv dbgdknm enql+ sgdm sgd bnktlmr ne A ]qd khmd]qkx hmcdodmcdms he ]mc
nmkx he q]mj&A( = m-

Oqnne Rtoonrd sg]s sgd bnktlmr ne A ]qd khmd]qkx hmcdodmcdms- Sgdm sgd nmkx rnktshnm ne Ab = . hr b = .-
He q]mj&A( = q . m+ sgdm A ltrs g]ud sgd enql

A =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

± ± ±
/ ± ± ±
⋮ ⋱ ±
/ ⋯ / ± ± ⋯ ±
/ ⋯ / / / ⋯ /
⋮ ⋮ ⋮ ⋮ ⋮

/ ⋯ / / / ⋯ /

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

&16(

vhsg nmd nq lnqd ydqn qnvr- Mnmydqn qnvr hm sgd l]sqhw &16( ]qd sgnrd bnms]hmhmf ]rsdqhrjr+
]ksgntfg mns ]kk dkdldmsr qdoqdrdmsdc ax ]m ± ]qd mdbdrr]qhkx mnmydqn- Sgdqdenqd hs hr onrrhakd sn
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bgnnrd m − q ≥ 0 bnlonmdmsr ne b ]qahsq]qhkx vhsg sgd qdl]hmhmf q bnlonmdmsr cdsdqlhmdc ax sgd
q mnmydqn dpt]shnmr trhmf a]bjrtarshstshnm- ?mx mnmydqn bgnhbd enq sgdrd bndffbhdmsr rgnvr sg]s
sgd bnktlmr ne A ]qd khmd]qkx cdodmcdms+ bnmsq]chbshmf sgd nqhfhm]k ]rrtloshnm- Sgtr q]mj&A( = m-

Bnmudqrdkx+ rtoonrd sg]s q]mj&A( = m- Sgdm sgd enql ne A ltrs ad

A =

⎛
⎜
⎜
⎜
⎜
⎜⎝

% ± ± ⋯ ±
/ % ± ⋯ ±
⋮ ⋮

/ ⋯ %

⎞
⎟
⎟
⎟
⎟
⎟⎠

+

vgdqd d]bg dmsqx cdmnsdc ax % hr mnmydqn+ vgdqd]r dmsqhdr cdmnsdc ax ± l]x ad ydqn nq mnmydqn-
Trhmf a]bjrtarshstshnm+ sgd toodq sqh]mftk]q rsqtbstqd ne Ab = . hlokhdr sg]s b = . hr sgd nmkx
rnktshnm+ ]mc sgdqdenqd sgd bnktlmr ne A ]qd khmd]qkx hmcdodmcdms-

SGDNQDL
;-1-0.

Kds ? ad ]m m % m l]sqhw- Sgdm q]mj&?( = m he ]mc nmkx he sgd bnktlmr ne ? ]qd khmd]qkx hmcdodm,
cdms-

Oqnne ?rrtld sg]s q]mj&?( = m ]mc bnmrhcdq sgd dpt]shnm ?b = .- Kds A ad ] l]sqhw sg]s hr qnv dpthu],
kdms sn ? ]mc hm qnv dbgdknm enql- Ax Sgdnqdl ?-1-8+ q]mj&A( = m rn sgd nmkx rnktshnm ne Ab = .
hr b = .- Hs enkknvr sg]s sgd nmkx rnktshnm ne ?b = . hr b = . rhmbd sgd rnktshnm rdsr ne ?b = . ]mc
Ab = . ]qd hcdmshb]k-

Nm sgd nsgdq g]mc+ he sgd bnktlmr ne ? ]qd khmd]qkx hmcdodmcdms+ sgdm sgd nmkx rnktshnm ne
?b = . hr b = .- Sgdqdenqd sgd nmkx rnktshnm ne Ab = . hr b = . rn q]mj&A( = m ax Sgdnqdl ?-1-8-
Hs enkknvr sg]s q]mj&?( = q]mj&A( = m ax sgd cd“mhshnm ne q]mj-

▶ Rnkts hnm Rdsr ne ;w = /-

SGDNQDL
;-1-00

?rrtld sg]s ? hr ]m m % m l]sqhw-

 h( He q]mj&?( = m+ sgdm sgd tmhptd rnktshnm ne ?w = . hr w = .-
 hh( He q]mj&?( = q . m+ sgdm sgd fdmdq]k rnktshnm ne ?w = . g]r sgd enql

w = �0u0 +⋯ + �m−qum−q+

vgdqd u0+… + um−q hr ] rds ne khmd]qkx hmcdodmcdms rnktshnmr ne ?w = .-

Oqnne He q]mj&?( = m+ sgd bnktlmr ne ? ]qd khmd]qkx hmcdodmcdms ax Sgdnqdl ?-1-0/- Sgtr w = . hr sgd
nmkx rnktshnm ne ?w = .-
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He q]mj&?( = q . m+ ]mx l]sqhw A sg]s hr qnv dpthu]kdms sn ? ]mc hm qnv dbgdknm enql vhkk g]ud q
mnmydqn qnvr ]mc m − q ≥ 0 qnvr ne ydqnr+

A =

⎛
⎜
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+

vgdqd sgd qnvr bnms]hmhmf sgd rxlankr ± ]qd mnmydqn ats mns ]kk dkdldmsr qdoqdrdmsdc ax ± ]qd
mdbdrr]qhkx mnmydqn- Rhmbd sgd rxrsdl Aw = . bnmrhrsr ne m tmjmnvmr ]mc q dpt]shnmr+ vd ]qd
]akd sn bgnnrd m − q bnlonmdmsr ne w sn ad ]qahsq]qx bnmrs]msr+ r]x+ �0+… + �m−q- Sgd qdl]hmhmf q
bnlonmdmsr ne w ]qd nas]hmdc ax a]bjrtarshstshnm trhmf sgd q mnmydqn dpt]shnmr ]mc d]bg ne sgdrd
bnlonmdmsr hr ] khmd]q bnlahm]shnm ne �0+… + �m−q- Rnktshnmr ne Aw = . l]x sgdm ad qdoqdrdmsdc
hm sgd enql

w = �0u0 +⋯ + �m−qum−q. &17(

Rhmbd �0+… + �m−q ]qd ]qahsq]qx+ enq d]bg i = 0+… + m − q+ vd rds �i = 0 ]mc �j = / he j ≠ i sn rgnv
sg]s ?ui = . enq d]bg i = 0+… + m − q- Etqsgdqlnqd sgd rds u0+… + um−q hr khmd]qkx hmcdodmcdms- He
mns+ sgdm ]s kd]rs nmd udbsnq hm sgd rds+ r]x+ um−q+ l]x ad dwoqdrrdc ]r ] khmd]q bnlahm]shnm ne sgd
nsgdq udbsnqr+

um−q = b0u0 +⋯ + bm−q−0um−q−0. &18(

Rtarshstshmf sgd qhfgs,g]mc rhcd ne Dp- &18( enq um−q hm Dp- &17( rgnvr sg]s sgd fdmdq]k rnktshnm ne
Aw = . vntkc sgdm bnms]hm nmkx m − q − 0 ]qahsq]qx o]q]ldsdqr

w = &�0 + �m−qb0(u0 +⋯ + &�m−q−0 + �m−qbm−q−0(um−q−0 = 𝛼0u0 +⋯ + 𝛼m−q−0um−q−0+

hlokxhmf sg]s q]mj&?( = q + 0 hmrsd]c ne q+ ]r vd g]c nqhfhm]kkx ]rrtldc- Rhmbd sgd rnktshnm rdsr
ne ?w = . ]mc Aw = . ]qd hcdmshb]k+ sgd fdmdq]k rnktshnm ne ?w = . hr ]krn fhudm ax Dp- &17(-

DW;LOKD
4

Ehmc sgd fdmdq]k rnktshnm ne ?w = .+ vgdqd ? hr sgd l]sqhw hm Dw]lokd 3-
Sgd l]sqhw &15( sg]s hr qnv dpthu]kdms sn ? ]mc hm qnv dbgdknm enql qdoqdrdmsr sgd rds ne dpt]shnmr

w0 − 2w1 + 3w2 + 1w3 = /+
5w1 − 6w2 − 4w3 = /.

Rhmbd m = 3 ]mc q = q]mj&?( = 1+ vd b]m bgnnrd m − q = 1 bnlonmdmsr ne w ]qahsq]qhkx+ r]x+ w2 = �0
]mc w3 = �1- Hs enkknvr eqnl sgd rdbnmc dpt]shnm sg]s w1 = 6

5
�0 +

4
5
�1- Eqnl sgd “qrs dpt]shnm+ vd “mc

sg]s w0 = − 0
1
�0 +

0
1
�1- Sgtr sgd fdmdq]k rnktshnm ne ?w = . hr
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w =

⎛
⎜
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⎟
⎟
⎟
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.

⏞⏞⏟
u1

Hs hr d]rx sn bgdbj sg]s u0 ]mc u1 ]qd khmd]qkx hmcdodmcdms ]mc r]shrex ?w = .-

▶ Rnkts hnm Rdsr ne ;w = a- Vd hmsqnctbd rnld bnmudmhdms sdqlhmnknfx enq chrbtrrhmf sgd oqnakdl ne rnkuhmf sgd
mnmgnlnfdmdntr rxrsdl ?w = a-

CDEHMHSHNM
;-1-01

Sgd roZm ne ] rds ne udbsnqr
{
u0+… + uj

{
hr sgd rds ne ]kk onrrhakd khmd]q bnlahm]shnmr ne sgd fhudm

udbsnqr- Sgd ro]m hr cdmnsdc ax ro]m
{
u0+… + uj

{
]mc ] udbsnq a hr hm sghr ro]m he

a = w0u0 + w1u1 +⋯ + wjuj

enq rnld rb]k]qr w0+… + wj-

Kds sgd bnktlmr ne sgd m % m l]sqhw ? ad cdmnsdc ax sgd rds ne m,udbsnqr Z0+… + Zm- Vd vhkk cdmnsd
sgd rds ne ]kk onrrhakd khmd]q bnlahm]shnmr ne sgd bnktlmr ne ? ax Rbnk&?(+

Rbnk&?( = ro]m
{
Z0+… + Zm

{
.

Hm sdqlr ne sgd bnktlmr ne ?+ sgd dpt]shnm ?w = a l]x ad dwoqdrrdc hm sgd enql

w0Z0 + w1Z1 +⋯ + wmZm = a.

Sgtr ?w = a g]r ] rnktshnm he ]mc nmkx he a ∈ Rbnk&?(-
Rhmbd sgd rnktshnm rds ne ?w = a hr tm]ksdqdc ax dkdldms]qx qnv nodq]shnmr+ vd dw]lhmd sgd rnku,

]ahkhsx oqnakdl tmcdq sgd ]rrtloshnm sg]s sgd ]tfldmsdc l]sqhw &?⟩a( g]r addm aqntfgs hmsn qnv
dbgdknm enql &?±⟩a±(+ vgdqd ?± = &Z±

hi( ]mc a± = &a±
h (- He &?±⟩a±( hr hm qnv dbgdknm enql+ hs hr d]rx

sn ]rbdqs]hm vgdsgdq a± ∈ Rbnk&?±( ]mc sgdqdenqd vgdsgdq ?w = a g]r ]mx rnktshnmr- ? edv dw]lokdr
trhmf 2 % 2 l]sqhbdr gdko l]jd sghr bkd]q-

He q]mj&?( = 2+ sgdm &?±⟩a±( ltrs g]ud sgd enql

⎛
⎜
⎜
⎜⎝

Z±
00 Z±

01 Z±
02

/ Z±
11 Z±

12

/ / Z±
22

||||||||

a±
0

a±
1

a±
2

⎞
⎟
⎟
⎟⎠

+ &2/(

vgdqd d]bg ne sgd ch]fnm]k dmsqhdr Z±
00+ Z±

11+ ]mc Z±
22 hr mnmydqn- Hs hr bkd]q sg]s+ enq ]mx 2,udbsnq a±+ sgd

dpt]shnmr qdoqdrdmsdc ax sgd ]tfldmsdc l]sqhw &2/(+

Z±
00w0 + Z±

01w1 + Z±
02w2 = a±

0+
Z±

11w1 + Z±
12w2 = a±

1+
Z±

22w2 = a±
2+
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g]ud ] rnktshnm ŵ = &ŵ0+ ŵ1+ ŵ2( sg]s b]m ad entmc ax a]bjrtarshstshnm- Sgtr enq ]mx 2,udbsnq a±+ sgdqd
dwhrs rb]k]qr ŵ0+ ŵ1+ ]mc ŵ2 rtbg sg]s

?±ŵ = ŵ0

⎛
⎜
⎜
⎜⎝

Z±
00

/
/

⎞
⎟
⎟
⎟⎠
+ ŵ1

⎛
⎜
⎜
⎜⎝

Z±
01

Z±
11

/

⎞
⎟
⎟
⎟⎠
+ ŵ2

⎛
⎜
⎜
⎜⎝

Z±
02

Z±
12

Z±
22

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

a±
0

a±
1

a±
2

⎞
⎟
⎟
⎟⎠
= a±:

dpthu]kdmskx+ a± ∈ Rbnk&?±(- Rhmbd ?w = a hr qnv dpthu]kdms sn ?±w = a±+ hs enkknvr sg]s ?ŵ = a ]mc
a ∈ Rbnk&?(-

Mdws rtoonrd sg]s q]mj&?( = 1+ q]mj&?⟩a( = 1+ ]mc &?±⟩a±( g]r sgd enql

⎛
⎜
⎜
⎜⎝

Z±
00 Z±

01 Z±
02

/ Z±
11 Z±

12

/ / /

||||||||

a±
0

a±
1

/

⎞
⎟
⎟
⎟⎠

+ &20(

vgdqd Z±
00 ≠ / ]mc ]s kd]rs nmd ne Z±

11 ]mc Z±
12 hr mnmydqn- Sgd dpt]shnmr qdoqdrdmsdc ax sgd ]tfldmsdc

l]sqhw &20( ]qd

Z±
00w0 + Z±

01w1 + Z±
02w2 = a±

0+
Z±

11w1 + Z±
12w2 = a±

1.

Sgtr he a± = &a±
0+ a±

1+ /(S + sgdqd dwhrs rb]k]qr ŵ0+ ŵ1+ ]mc ŵ2 rtbg sg]s

?±ŵ = ŵ0

⎛
⎜
⎜
⎜⎝

Z±
00

/
/

⎞
⎟
⎟
⎟⎠
+ ŵ1

⎛
⎜
⎜
⎜⎝

Z±
01

Z±
11

/

⎞
⎟
⎟
⎟⎠
+ ŵ2

⎛
⎜
⎜
⎜⎝

Z±
02

Z±
12

/

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

a±
0

a±
1

/

⎞
⎟
⎟
⎟⎠
= a±:

dpthu]kdmskx+ a± ∈ Rbnk&?±(- Ax qnv dpthu]kdmbd ne ?±w = a± ]mc ?w = a+ vd g]ud ?ŵ = a- Sgd r]ld
bnmbktrhnm gnkcr he q]mj&?( = q]mj&?⟩a( = 1 ]mc &?±⟩a±( g]r sgd enql

⎛
⎜
⎜
⎜⎝

/ Z±
01 Z±

02

/ / Z±
12

/ / /

||||||||

a±
0

a±
1

/

⎞
⎟
⎟
⎟⎠
.

Mnv rtoonrd q]mj&?( = 1 ats q]mj&?⟩a( = 2 ]mc &?±⟩a±( g]r sgd enql

⎛
⎜
⎜
⎜⎝

Z±
00 Z±

01 Z±
02

/ Z±
11 Z±

12

/ / /

||||||||

a±
0

a±
1

a±
2

⎞
⎟
⎟
⎟⎠

+

vghbg qdoqdrdmsr sgd dpt]shnmr

w0

⎛
⎜
⎜
⎜⎝

Z±
00

/
/

⎞
⎟
⎟
⎟⎠
+ w1

⎛
⎜
⎜
⎜⎝

Z±
01

Z±
11

/

⎞
⎟
⎟
⎟⎠
+ w2

⎛
⎜
⎜
⎜⎝

Z±
02

Z±
12

/

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

a±
0

a±
1

a±
2

⎞
⎟
⎟
⎟⎠
. &21(

Rhmbd sgd sghqc bnlonmdms ne d]bg bnktlm ne ?± hr dpt]k sn /+ vghkd sgd sghqc bnlonmdms ne a± hr
mnmydqn+ hs hr bkd]q sg]s sgdqd hr mn bgnhbd ne w0+ w1+ ]mc w2 sg]s vhkk l]jd rs]sdldms &21( sqtd- Sgd
r]ld bnmbktrhnm gnkcr he &?±⟩a±( g]r sgd enql

⎛
⎜
⎜
⎜⎝

/ Z±
01 Z±

02

/ / Z±
12

/ / /

||||||||

a±
0

a±
1

a±
2

⎞
⎟
⎟
⎟⎠
.
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Sgtr+ vgdmdudq q]mj&?( = 1 ]mc q]mj&?⟩a( = 2+ sgdm a± ∉ Rbnk&?±( ]mc sgdqdenqd ?w = a g]r mn
rnktshnm- Vd oqnbddc sn sgd fdmdq]k b]rd-

SGDNQDL
;-1-02

He ? hr ]m m % m l]sqhw rtbg sg]s q]mj&?( = m ]mc a hr ]m m,udbsnq+ sgdm ?w = a g]r ] tmhptd
rnktshnm-

Oqnne He q]mj&?( = m+ dkdldms]qx qnv nodq]shnmr qdctbd &?⟩a( sn qnv dbgdknm enql

⎛
⎜
⎜
⎜
⎜
⎜⎝

% ± ± ⋯ ±
/ % ± ⋯ ±
⋮ ⋮

/ ⋯ %

|||||||||||

±
±
⋮

±

⎞
⎟
⎟
⎟
⎟
⎟⎠

+

vgdqd d]bg ne sgd dmsqhdr cdmnsdc ax % hr mnmydqn+ nsgdqvhrd q]mj&?( . m- Hs enkknvr sg]s
] rnktshnm ne sghr rxrsdl+ r]x+ ŵ0+ b]m ad entmc ax a]bjrtarshstshnm- Sghr rnktshnm hr ]krn ] rn,
ktshnm ne sgd qnv dpthu]kdms rxrsdl ?w = a- He sgdqd vdqd ]mnsgdq rnktshnm ne ?w = a+ r]x+ ŵ1+
sgdm ?&ŵ0 − ŵ1( = ?ŵ0 − ?ŵ1 = a − a = .- Rhmbd q]mj&?( = m+ sgd bnktlmr ne ? ]qd khmd]qkx hm,
cdodmcdms rn hs ltrs ad sgd b]rd sg]s ŵ0 − ŵ1 = .-

SGDNQDL
;-1-03

Kds ? ad ]m m % m l]sqhw ]mc kds a ad ]m m,udbsnq-

 h( He q]mj&?( = q]mj&?⟩a( = q . m+ sgdm ?w = a g]r ] fdmdq]k rnktshnm ne sgd enql

w = �0u0 +⋯ + �m−qum−q + uo+

vgdqd sgd m,udbsnqr u0+… + um−q ]qd khmd]qkx hmcdodmcdms rnktshnmr ne ?w = .+ ]mc uo r]s,
hr“dr ?uo = a-

 hh( He q]mj&?( = q . m ats q]mj&?⟩a( = q + 0+ sgdm ?w = a g]r mn rnktshnm-

Oqnne Rtoonrd sg]s q]mj&?( = q . m- He sgd ]tfldmsdc l]sqhw &?⟩a( hr qdctbdc sn qnv dbgdknm enql+
sgdqd ]qd nmkx svn onrrhahkhshdr- Dhsgdq q]mj&?⟩a( = q+

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

% % %
/ % % %
⋮ ⋱ %
/ ⋯ / % % ⋯ %
/ ⋯ / / / ⋯ /
⋮ ⋮ ⋮ ⋮ ⋮

/ ⋯ / / / ⋯ /

|||||||||||||||||||

±
±
⋮

±
/
⋮

/

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

+
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nq q]mj&?⟩a( = q + 0+

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

% % %
/ % % %
⋮ ⋱ %
/ ⋯ / % % ⋯ %
/ ⋯ / / / ⋯ /
⋮ ⋮ ⋮ ⋮ ⋮

/ ⋯ / / / ⋯ /

|||||||||||||||||||

±
±
⋮

±
%
⋮

/

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

+ &22(

vgdqd hm d]bg qnv ]s kd]rs nmd ne sgd dkdldmsr cdmnsdc ax sgd rxlank % hr mnmydqn- Hm sgd enqldq
b]rd+ hs hr onrrhakd ax a]bjrtarshstshnm sn “mc ] uo rtbg sg]s ?uo = a- Mnv kds ŵ ad ]mx udbsnq
sg]s r]shr“dr ?w = a- Sgdm ?&ŵ − uo( = ?ŵ − ?uo = a − a = .- Eqnl rs]sdldms &hh( ne Sgdnqdl
?-1-00+ hs enkknvr sg]s

ŵ − uo = �0u0 +⋯ + �m−qum−q+

vgdqd u0+… + um−q ]qd khmd]qkx hmcdodmcdms ]mc ?ui = .+ i = 0+… + m − q- Hs enkknvr sg]s ]mx rnkt,
shnm ŵ ne ?w = a ltrs ad ne sgd enql

ŵ = �0u0 +⋯ + �m−qum−q + uo+

vgdqd rds u0+… + um−q ]qd khmd]qkx hmcdodmcdms rnktshnmr ne ?w = . ]mc uo hr ] o]qshbtk]q rnktshnm
ne ?w = a+ sg]s hr+ ?uo = a-

He sgd qnv dbgdknm enql ne &?⟩a( hr fhudm ax sgd ]tfldmsdc l]sqhw &22(+ sgd k]rs bnktlm b]mmns
ad qdoqdrdmsdc ]r ] khmd]q bnlahm]shnm ne sgd bnktlmr sn sgd kdes ne sgd k]rs bnktlm- Sgtr sgdqd
dwhrsr mn rnktshnm sn ?w = a-

DW;LOKD
5

Bnmrhcdq sgd l]sqhw ? ]mc sgd udbsnqr a0 ]mc a1 fhudm ax

? =
⎛
⎜
⎜
⎜⎝

0 1 0
/ 0 −0

−0 0 −3

⎞
⎟
⎟
⎟⎠

+ a0 =
⎛
⎜
⎜
⎜⎝

3
/

−3

⎞
⎟
⎟
⎟⎠

+ a1 =
⎛
⎜
⎜
⎜⎝

0
−0

0

⎞
⎟
⎟
⎟⎠
.

Ehmc sgd fdmdq]k rnktshnm ne ?w = ai+ i = 0+ 1 nq dkrd cdsdqlhmd sg]s sgdqd hr mn rnktshnm-
Vd ]tfldms sgd l]sqhw ? vhsg ansg a0 ]mc a1+

⎛
⎜
⎜
⎜⎝

0 1 0
/ 0 −0

−0 0 −3

||||||||

3 0
/ −0

−3 0

⎞
⎟
⎟
⎟⎠
.

Trhmf dkdldms]qx qnv nodq]shnmr+ vd qdctbd sghr l]sqhw sn nmd hm qnv dbgdknm enql+

⎛
⎜
⎜
⎜⎝

0 1 0
/ 0 −0
/ / /

||||||||

3 0
/ −0
/ 4

⎞
⎟
⎟
⎟⎠
. &23(
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Eqnl Dp- &23(+ vd rdd sg]s q]mj&?⟩a0( = q]mj&?( = 1+ vgdqd]r q]mj&?⟩a1( = 2 = q]mj&?( + 0- Sgtr
a1 ∉ Rbnk&?( ]mc sgdqd hr mn rnktshnm sn ?w = a1- Gnvdudq sgd qdctbdc rxrsdl ne dpt]shnmr qnv dpthu,
]kdms sn ?w = a0 bnmrhrsr ne w0 + 1w1 + w2 = 3 ]mc w1 − w2 = / sg]s g]r sgd fdmdq]k rnktshnm

w = �

⎛
⎜
⎜
⎜⎝

−2
0
0

⎞
⎟
⎟
⎟⎠
+
⎛
⎜
⎜
⎜⎝

3
/
/

⎞
⎟
⎟
⎟⎠
.

OQNAKDLR

0- Hm d]bg b]rd+ qdctbd ? sn qnv dbgdknm enql ]mc cdsdqlhmd
q]mj&?(-

 Z( ? =

}
0 −2 3
1 −5 7

(

 a( ? =
⎛
⎜
⎜
⎜⎝

/ / 0
/ 0 /
0 / /

⎞
⎟
⎟
⎟⎠

 b( ? =
⎛
⎜
⎜
⎜⎝

0 1 0
1 −0 2
0 −4 2

⎞
⎟
⎟
⎟⎠

 c( ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 / −1 −0
−0 0 0 /

0 0 −2 −1
1 −2 −0 0

⎞
⎟
⎟
⎟
⎟
⎟⎠

Hm d]bg ne Oqnakdlr 1 sgqntfg 4+ he sgdqd dwhrs rnktshnmr ne sgd gn,
lnfdmdntr rxrsdl ne khmd]q dpt]shnmr nsgdq sg]m w = .+ dwoqdrr sgd
fdmdq]k rnktshnm ]r ] khmd]q bnlahm]shnm ne khmd]qkx hmcdodmcdms bnk,
tlm udbsnqr-

1- w0 − w2 = /
2w0 + w1 + w2 = /

−w0 + w1 + 1w2 = /

2- w0 + 1w1 − w2 = /

1w0 + w1 + w2 = /

w0 − w1 + 1w2 = /

3- 2w0 − w2 = /
1w0 − w1 + 1w2 = /

w0 + w1 − 2w2 = /

4- w0 − 1w1 + w3 = /
1w0 + w1 + w2 − w3 = /

w0 + 1w1 + w2 − 1w3 = /
2w0 + 2w1 + 1w2 − 2w3 = /

Hm d]bg ne Oqnakdlr 5 sgqntfg 8+ “mc sgd fdmdq]k rnktshnm ne sgd
fhudm rds ne dpt]shnmr+ nq dkrd rgnv sg]s sgdqd hr mn rnktshnm-
5- 1w0 + w1 + w2 = 1

−w0 + w2 = 0
w0 + w1 + 1w2 = 2

6- 1w0 + w1 + w2 = /
−w0 + w2 = −0

w0 + w1 + 1w2 = 0

7- −1w0 + w2 = 0
2w1 − w2 = 1

−w0 + w1 + 1w2 = 2

8- w0 − w1 + w2 + w3 = −0
w1 + w2 + 2w3 = 1

w0 + 1w2 + 3w3 = 0
w1 + w2 + 2w3 = 1

Hm d]bg ne Oqnakdlr 0/ sgqntfg 03+ cdsdqlhmd vgdsgdq sgd ldladqr
ne sgd fhudm rds ne udbsnqr ]qd khmd]qkx hmcdodmcdms- He sgdx ]qd khm,
d]qkx cdodmcdms+ “mc ] khmd]q qdk]shnm ]lnmf sgdl-

0.- u0 = &0+ 0+ /(S + u1 = &/+ 0+ 0(S + u2 = &0+ /+ 0(S

00- u0 = &1+ 0+ /(S + u1 = &/+ 0+ /(S + u2 = &−0+ 1+ /(S

01- u0 = &0+ 1+ 1+ 2(S + u1 = &−0+ /+ 2+ 0(S +
u2 = &−1+−0+ 0+ /(S + u3 = &−2+ /+−0+ 2(S
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02- u0 = &0+ 1+−0+ /(S + u1 = &1+ 2+ 0+−0(S +
u2 = &−0+ /+ 1+ 1(S + u3 = &2+−0+ 0+ 2(S

03- u0 = &0+ 1+−1(S + u1 = &2+ 0+ /(S +
u2 = &1+−0+ 0(S + u3 = &3+ 2+−1(S

Hm d]bg ne Oqnakdlr 04 sgqntfg 06+ cdsdqlhmd vgdsgdq
ai ∈ Rbnk&?(+ i = 0+ 1- He rn+ dwoqdrr ai ]r ] khmd]q bnlahm]shnm ne
sgd bnktlmr ne ?-

04- ? =
⎛
⎜
⎜
⎜⎝

1 1 −1
−0 −2 −0

0 −0 −1

⎞
⎟
⎟
⎟⎠

+ a0 =
⎛
⎜
⎜
⎜⎝

1
4
2

⎞
⎟
⎟
⎟⎠

+

a1 =
⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠

05- ? =
⎛
⎜
⎜
⎜⎝

0 −0 −2 2
1 / −3 1

−0 1 3 −4

⎞
⎟
⎟
⎟⎠

+ a0 =
⎛
⎜
⎜
⎜⎝

−0
0
/

⎞
⎟
⎟
⎟⎠

+

a1 =
⎛
⎜
⎜
⎜⎝

1
/

−3

⎞
⎟
⎟
⎟⎠

06- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 1 −0 1
−0 0 1 1

/ 0 2 3
1 / −0 0

⎞
⎟
⎟
⎟
⎟
⎟⎠

+ a0 =

⎛
⎜
⎜
⎜
⎜
⎜⎝

3
−4
−2

6

⎞
⎟
⎟
⎟
⎟
⎟⎠

+

a1 =

⎛
⎜
⎜
⎜
⎜
⎜⎝

/
0
0
1

⎞
⎟
⎟
⎟
⎟
⎟⎠

;-2 Cdsdqlhm]msr ]mc Hmudqrdr
Vhsg d]bg rpt]qd l]sqhw ?+ vd ]rrnbh]sd ] mtladq b]kkdc hsr cdsdqlhmZms+ cdmnsdc ax cds ?- Vgdm
? hr qdoqdrdmsdc hm ]qq]x enql

? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

Z00 Z01 ⋯ Z0m

Z10 Z11 ⋯ Z1m

⋮ ⋮ ⋮

Zm0 Zm1 ⋯ Zmm

⎞
⎟
⎟
⎟
⎟
⎟⎠

+

vd vhkk cdmnsd hsr cdsdqlhm]ms ax dmbknrhmf sgd ]qq]x adsvddm udqshb]k a]qr+

cds ? = ⟩?⟩ =

|||||||||||

Z00 Z01 ⋯ Z0m

Z10 Z11 ⋯ Z1m

⋮ ⋮ ⋮

Zm0 Zm1 ⋯ Zmm

|||||||||||

.

Cd“mhshnmr ne cdsdqlhm]msr ne 0 % 0 ]mc 1 % 1 l]sqhbdr ]qd

cds&Z00( = Z00+
||||||
Z00 Z01

Z10 Z11

||||||
= Z00Z11 − Z01Z10+

qdrodbshudkx- He ? hr 2 % 2+ sgdm cds ? hr cd“mdc ax

⟩?⟩ = Z00Z11Z22 − Z00Z12Z21 − Z01Z10Z22

+ Z01Z12Z20 + Z02Z10Z21 − Z02Z11Z20. &0(
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Hs hr d]rx sn bgdbj sg]s sgd rtl nm sgd qhfgs,g]mc rhcd ne Dp- &0( hr dpt]k sn sgd rtl

⟩?⟩ = &−0(&0+0(Z00

||||||
Z11 Z12

Z21 Z22

||||||
⏞⏞⏞⏞⏞⏞⏞⏞⏟

L00

+ &−0(&0+1(Z01

||||||
Z10 Z12

Z20 Z22

||||||
⏞⏞⏞⏞⏞⏞⏞⏞⏟

L01

+ &−0(&0+2(Z02

||||||
Z10 Z11

Z20 Z21

||||||
⏞⏞⏞⏞⏞⏞⏞⏞⏟

L02

+

vghbg b]m+ hm stqm+ ad vqhssdm ]r

⟩?⟩ =
2∑

i=0
&−0(0+iZ0iL0i+ &1(

vgdqd L0i hr sgd cdsdqlhm]ms ne sgd 1 % 1 rtal]sqhw nas]hmdc ax cdkdshmf sgd 0rs qnv ]mc isg bnktlm
ne ?+ sg]s hr+ sgd qnv ]mc bnktlm hm vghbg Z0i qdrhcdr- Sgd r]ld u]ktd enq sgd cdsdqlhm]ms hr nas]hmdc
ax nsgdq dwo]mrhnmr rhlhk]q sn sgd o]ssdqm dwghahsdc hm Dp- &1(- Enq dw]lokd+ sgd rtl

2∑
h=0

&−0(h+1Zh1Lh1

= &−0(&0+1(Z01

||||||
Z10 Z12

Z20 Z22

||||||
⏞⏞⏞⏞⏞⏞⏞⏞⏟

L01

+ &−0(&1+1(Z11

||||||
Z00 Z02

Z20 Z22

||||||
⏞⏞⏞⏞⏞⏞⏞⏞⏟

L11

+ &−0(&2+1(Z21

||||||
Z00 Z02

Z10 Z12

||||||
⏞⏞⏞⏞⏞⏞⏞⏞⏟

L21

+

vgdqd Lh1 hr sgd cdsdqlhm]ms ne sgd 1 % 1 rtal]sqhw nas]hmdc ax cdkdshmf sgd hsg qnv
]mc 1mc bnktlm ne ?+ hr ]krn d]rhkx rgnvm sn xhdkc sgd rtl nm sgd qhfgs,g]mc rhcd ne
Dp- &0(-

Cdsdqlhm]msr ne rpt]qd l]sqhbdr ne ghfgdq nqcdq ]qd cd“mdc qdbtqrhudkx ax enkknvhmf sgd o]ssdqm
hkktrsq]sdc ]anud enq 2 % 2 l]sqhbdr- He ? hr m% m+ cdmnsd ax Lhi sgd cdsdqlhm]ms ne sgd &m − 0( % &m − 0(
rtal]sqhw ne ? nas]hmdc ax cdkdshmf sgd hsg qnv ]mc isg bnktlm eqnl ?- Lhi hr b]kkdc sgd lhmnq ne Zhi-
Sgd bneZbsnq ne Zhi hr sgd pt]mshsx &−0(h+iLhi- Sgdm sgd bneZbsnq dwoZmrhnm ne ⟩?⟩ ]knmf sgd hsg qnv
hr cd“mdc ax

⟩?⟩ =
m∑

i=0
&−0(h+iZhiLhi. &2(

Rhlhk]qkx+ sgd bneZbsnq dwoZmrhnm ne ⟩?⟩ ]knmf sgd isg bnktlm hr cd“mdc ax

⟩?⟩ =
m∑

h=0
&−0(h+iZhiLhi. &3(

Sgd cdsdqlhm]ms ne d]bg &m − 0( % &m − 0( lhmnq hm Dpr- &2( ]mc &3( hr+ hm stqm+ cd“mdc ax ] bne]bsnq
dwo]mrhnm ]knmf dhsgdq ] qnv nq bnktlm- Enq d]bg lhmnq+ sghr vhkk qdpthqd ] rtl ne &m − 0( lhmnqr
ne chldmrhnm &m − 1( % &m − 1(- Sghr qdctbshnm oqnbdrr bnmshmtdr tmshk nmd fdsr cnvm sn ] rtl ne
m={1 cdsdqlhm]msr ne 1 % 1 l]sqhbdr- Sgntfg vd cn mns oqnud hs gdqd+ sgd u]ktd ne sgd cdsdqlhm]ms
nas]hmdc ax ] bne]bsnq dwo]mrhnm hr hmcdodmcdms ne sgd qnv nq bnktlm ]knmf vghbg sgd dwo]mrhnmr
]qd odqenqldc-
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DW;LOKD
0

Du]kt]sd ⟩?⟩ he

? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 −0 1 3
−0 2 −1 0

/ 1 0 /
−2 0 0 −0

⎞
⎟
⎟
⎟
⎟
⎟⎠

.

Sn du]kt]sd ⟩?⟩+ vd b]m dwo]mc ax bne]bsnqr ]knmf ]mx qnv nq bnktlm- Hs hr oqtcdms sn dwo]mc
]knmf sgd sghqc qnv adb]trd sghr qnv g]r svn ydqn dkdldmsr+ sgdqdax qdctbhmf sgd k]anq- Sgtr

⟩?⟩ =
3∑

i=0
Z2iL2i

= −1

||||||||

0 1 3
−0 −1 0
−2 0 −0

||||||||
+ 0

||||||||

0 −0 3
−0 2 0
−2 0 −0

||||||||
.

Sgdrd 2 % 2 cdsdqlhm]msr b]m ad du]kt]sdc chqdbskx eqnl sgd cd“mhshnm ne ] 2 % 2 cdsdqlhm]ms+ nq vd
b]m dwo]mc d]bg &r]x+ ]knmf sgd “qrs qnv( sn fds

⟩?⟩ = −1

]||||||
−1 0

0 −0

||||||
− 1

||||||
−0 0
−2 −0

||||||
+ 3

||||||
−0 −1
−2 0

||||||

}

+0

]||||||
2 0
0 −0

||||||
+
||||||
−0 0
−2 −0

||||||
+ 3

||||||
−0 2
−2 0

||||||

}

= −1 !0 − 7 − 17} + !−3 + 3 + 21} = 0/1.

Fhudm ] rpt]qd l]sqhw+ lnrs bnllnmkx trdc rnesv]qd o]bj]fdr ]mc l]mx b]kbtk]snqr oqnuhcd
etmbshnmr enq du]kt]shmf cdsdqlhm]msr- Sgd enkknvhmf sgdnqdl khrsr ] mtladq ne hlonqs]ms oqnodqshdr
ne cdsdqlhm]msr sg]s b]m ad trdc sn rhlokhex sgd bnlots]shnmr qdpthqdc enq sgdhq du]kt]shnm-

SGDNQDL
;-2-0

Oqnodqshdr ne CdsdqlhmZmsr- Kds ? ]mc A ad m % m l]sqhbdr- Sgdm

0- He A hr nas]hmdc eqnl ? ax ]cchmf ] bnmrs]ms ltkshokd ne nmd qnv &nq bnktlm( sn ]mnsgdq
qnv &nq bnktlm(+ sgdm ⟩A⟩ = ⟩?⟩-

1- He A hr nas]hmdc eqnl ? ax hmsdqbg]mfhmf svn qnvr nq svn bnktlmr+ sgdm
⟩A⟩ = −⟩?⟩-

2- He A hr nas]hmdc eqnl ? ax ltkshokxhmf ]mx qnv nq ]mx bnktlm ax ] rb]k]q �+ sgdm ⟩A⟩ = �⟩?⟩-
3- He ? g]r ] ydqn qnv nq ydqn bnktlm+ sgdm ⟩?⟩ = /-
4- He ? g]r svn hcdmshb]k qnvr &nq svn hcdmshb]k bnktlmr(+ sgdm ⟩?⟩ = /-
5- He nmd qnv &nq bnktlm( ne ? hr ] bnmrs]ms ltkshokd ne ]mnsgdq qnv &nq bnktlm(+ sgdm ⟩?⟩ = /-

Hm sgd oqduhntr rdbshnm+ vd entmc sg]s sqh]mftk]q l]sqhbdr vdqd udqx hlonqs]ms- Sgd cdsdqlhm]ms ne ]
sqh]mftk]q l]sqhw hr ]krn udqx d]rx sn du]kt]sd-
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SGDNQDL
;-2-1

Sgd cdsdqlhm]ms ne ] sqh]mftk]q l]sqhw hr sgd oqnctbs ne hsr ch]fnm]k dkdldmsr-

Oqnne Rtoonrd sg]s ? hr toodq sqh]mftk]q- Ax qdod]sdckx bnlotshmf bne]bsnq dwo]mrhnmr ]knmf sgd “qrs
bnktlm+ vd “mc sg]s

||||||||||||||

Z00 Z01 ⋯ Z0m

/ Z11 ⋯ Z1m

/ / ⋯ Z2m

⋮ ⋮ ⋮

/ / ⋯ Zmm

||||||||||||||

= Z00

||||||||

Z11 ⋯ Z1m

⋮ ⋱ ⋮

/ ⋯ Zmm

||||||||

= Z00Z11

||||||||

Z22 ⋯ Z2m

⋮ ⋱ ⋮

/ ⋯ Zmm

||||||||

= ⋯ = Z00Z11 ⋯ Zmm.

Hm ] rhlhk]q v]x+ hs b]m ad rgnvm sg]s sgd cdsdqlhm]ms ne ] knvdq sqh]mftk]q l]sqhw hr ]krn sgd
oqnctbs ne hsr ch]fnm]k dkdldmsr-

? l]sqhw b]m nesdm ad qdctbdc sn toodq sqh]mftk]q enql ax ] rdptdmbd ne dkdldms]qx qnv nodq]shnmr
ne sxod D0+ sg]s hr+ ]cchmf rb]k]q ltkshokdr ne nmd qnv sn ]mnsgdq qnv- Ax oqnodqsx 0 ne Sgdnqdl ?-2-0+
sgd cdsdqlhm]ms ne sgd qdrtks]ms sqh]mftk]q l]sqhw vhkk ad dpt]k sn sgd cdsdqlhm]ms ne sgd nqhfhm]k
l]sqhw- Sgtr+ trhmf dkdldms]qx qnv nodq]shnmr ne sxod D0 bnlahmdc vhsg oqnodqsx 0 ne Sgdnqdl
?-2-0+ oqnuhcdr ] bnlots]shnm]kkx dffbhdms ldsgnc enq bnlotshmf sgd cdsdqlhm]ms ne ] l]sqhw-

DW;LOKD
1

Hm sgd l]sqhw ? ne Dw]lokd 0+ he vd ]cc qnv nmd sn qnv svn ]mc sgdm ]cc 2 shldr qnv nmd sn qnv
entq+ vd fds

cds ? =

|||||||||||

0 −0 1 3
−0 2 −1 0

/ 1 0 /
−2 0 0 −0

|||||||||||

=

|||||||||||

0 −0 1 3
/ 1 / 4
/ 1 0 /
/ −1 6 00

|||||||||||

+

vgdqd vd g]ud trdc oqnodqsx 0 ne Sgdnqdl ?-2-0- Sgdm+ rtasq]bshmf qnv svn eqnl qnv sgqdd enkknvdc
ax ]cchmf qnv svn sn qnv entq fhudr tr

cds ? =

|||||||||||

0 −0 1 3
/ 1 / 4
/ / 0 −4
/ / 6 05

|||||||||||

+
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vgdqd vd g]ud ]f]hm trdc oqnodqsx 0 ne Sgdnqdl ?-2-0- Ax rtasq]bshmf 6 shldr qnv sgqdd eqnl qnv
entq hm sgd k]rs qdrtks+ vd qdctbd sgd oqnakdl sn du]kt]shmf sgd cdsdqlhm]ms ne ]m toodq sqh]mftk]q
l]sqhw+

cds ? =

|||||||||||

0 −0 1 3
/ 1 / 4
/ / 0 −4
/ / / 40

|||||||||||

= 0 � 1 � 0 � 40 = 0/1.

SGDNQDL
;-2-2

⟩?S ⟩ = ⟩?⟩-

Oqnne Sgd bne]bsnq dwo]mrhnm ]knmf sgd hsg bnktlm ne ?S hr dpt]k sn sgd bne]bsnq dwo]mrhnm ]knmf sgd
hsg qnv ne ?-

Vd rs]sd vhsgnts oqnne sgd enkknvhmf hlonqs]ms ]mc eqdptdmskx trdc qdrtks-

SGDNQDL
;-2-3

⟩?A⟩ = ⟩?⟩⟩A⟩.

Sgd mdws sgdnqdl rgnvr sg]s cdsdqlhm]msr ne svn qnv dpthu]kdms m % m l]sqhbdr ]qd dhsgdq ansg ydqn
nq ansg mnmydqn-

SGDNQDL
;-2-4

Kds ? ad ]m m % m l]sqhw ]mc kds A ad qnv dpthu]kdms sn ?- Sgdm ⟩?⟩ = / he ]mc nmkx he ⟩A⟩ = /- Hm
o]qshbtk]q+ he ?D hr ] l]sqhw hm qnv dbgdknm enql sg]s hr qnv dpthu]kdms sn ?+ sgdm ⟩?⟩ = / he ]mc
nmkx he ⟩?D⟩ = /-

Oqnne Vd dw]lhmd sgd d—dbs ne d]bg sxod ne dkdldms]qx qnv nodq]shnm nm sgd u]ktd ne ] cdsdqlhm]ms-
He A hr nas]hmdc eqnl ? ax ]cchmf ] rb]k]q ltkshokd ne nmd qnv sn ]mnsgdq qnv+ sgdm ⟩A⟩ = ⟩?⟩

ax oqnodqsx 0 ne Sgdnqdl ?-2-0-
He A hr nas]hmdc eqnl ? ax hmsdqbg]mfhmf svn qnvr ne ?+ sgdm ⟩A⟩ = −⟩?⟩ ax oqnodqsx 1

ne Sgdnqdl ?-2-0-
He A hr nas]hmdc eqnl ? ax ltkshokxhmf ] qnv ne ? ax ] mnmydqn rb]k]q �+ sgdm ⟩A⟩ = �⟩?⟩ ax

oqnodqsx 2 ne Sgdnqdl ?-2-0-
Hm fdmdq]k+ he A hr nas]hmdc eqnl ? ax ] “mhsd rdptdmbd ne dkdldms]qx qnv nodq]shnmr+ sgdm

⟩A⟩ = �j�j−0 ⋯ �0⟩?⟩.
vgdqd d]bg �i+ i = 0+… + j hr ] mnmydqn bnmrs]ms- Sgtr+ he ⟩A⟩ ≠ /+ sgdm ⟩?⟩ ≠ /- Nm sgd nsgdq
g]mc+ he ⟩A⟩ = /+ sgdm ⟩?⟩ = /- ?r ] rodbh]k b]rd+ sghr qdrtks gnkcr he A = ?D-

Sgd cdsdqlhm]ms b]m ad trdc sn sdrs vgdsgdq sgd rds ne bnktlm udbsnqr ne ] rpt]qd l]sqhw hr khmd]qkx
hmcdodmcdms nq khmd]qkx cdodmcdms-
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SGDNQDL
;-2-5

Sgd bnktlmr ne ? ]qd khmd]qkx hmcdodmcdms he ]mc nmkx he ⟩?⟩ ≠ /-

Oqnne Rtoonrd sg]s sgd bnktlmr ne ? ]qd khmd]qkx hmcdodmcdms- Sgdm sgd nmkx rnktshnm ne ?b = . hr b = .-
Kds A ad qnv dpthu]kdms sn ? ]mc hm qnv dbgdknm enql- Rhmbd sgd rnktshnm rdsr ne Ab = . ]mc ?b = .
]qd hcdmshb]k+ sgd nmkx rnktshnm ne Ab = . hr b = .- Sghr ld]mr sg]s sgd bnktlmr ne A ]qd khmd]qkx
hmcdodmcdms- Ax Sgdnqdl ?-1-8+ q]mj&A( = m- Rhmbd A hr sqh]mftk]q+ sgd ch]fnm]k dmsqhdr ltrs ]kk
ad mnmydqn- Bnmrdptdmskx+ ⟩A⟩ ≠ / ]mc sgd qnv dpthu]kdmbd ne ? ]mc A hlokhdr sg]s ⟩?⟩ ≠ / ax
Sgdnqdl ?-2-4-

Bnmudqrdkx+ he ⟩?⟩ ≠ / ]mc A hr qnv dpthu]kdms sn ? ]mc hm qnv dbgdknm enql+ sgdm ⟩A⟩ ≠ /
ax Sgdnqdl ?-2-4- Sgtr sgd ch]fnm]k dmsqhdr ne A ltrs ]kk ad mnmydqn+ vghbg hlokhdr sg]s
q]mj&A( = m- Ax Sgdnqdl ?-1-8+ sgd bnktlmr A ]qd khmd]qkx hmcdodmcdms ]mc sgd nmkx rnktshnm
ne Ab = . hr b = .- Sgtr sgd nmkx rnktshnm ne ?b = . hr b = .- Bnmrdptdmskx+ sgd bnktlmr ne ? ]qd
khmd]qkx hmcdodmcdms-

DW;LOKD
2

Trd sgd cdsdqlhm]ms sn rgnv sg]s sgd sgqdd udbsnqr hm Dw]lokd 2 ne Rdbshnm ?-1+

u0 =
⎛
⎜
⎜
⎜⎝

0
1

−0

⎞
⎟
⎟
⎟⎠

+ u1 =
⎛
⎜
⎜
⎜⎝

1
0
2

⎞
⎟
⎟
⎟⎠

+ u2 =
⎛
⎜
⎜
⎜⎝

−3
0

00

⎞
⎟
⎟
⎟⎠

+

]qd khmd]qkx cdodmcdms-
Vd itws]onrd sgd udbsnqr sn enql sgd 2 % 2 l]sqhw ? = Zu0+ u1+ u2[- B]kbtk]shnm ne sgd cdsdqlhm]ms

hr sgdm rhlokh“dc ax ]cchmf ]ooqnoqh]sd rb]k]q ltkshokdr ne sgd “qrs qnv sn sgd rdbnmc ]mc sghqc qnvr
enkknvdc ax ] bne]bsnq dwo]mrhnm ]knmf sgd “qrs bnktlm+

⟩?⟩ =
||||||||

0 1 −3
1 0 0

−0 2 −00

||||||||
=

||||||||

0 1 −3
/ −2 8
/ 4 −04

||||||||
=
||||||
−2 8

4 −04

||||||
= 34 − 34 = /.

Rhmbd ⟩?⟩ = /+ sgd rds
{
u0+ u1+ u2

{
hr khmd]qkx cdodmcdms-

▶ Sgd Cdsdqlhm]ms Sdrs enq Rnku]ah k h sx ne ;w = a-

SGDNQDL
;-2-6

Kds ? ad ]m m % m l]sqhw ]mc kds a ad ]m m,udbsnq-

 h( He ⟩?⟩ ≠ /+ sgdm q]mj&?( = m ]mc ?w = a g]r ] tmhptd rnktshnm- Hm o]qshbtk]q+ sgd tmhptd
rnktshnm ne ?w = . hr w = .-

 hh( He ⟩?⟩ = /+ sgdm q = q]mj&?( . m- Hm sghr b]rd+ dhsgdq
 Z( q]mj&?⟩a( = q + 0 ]mc ?w = a g]r mn rnktshnm+ nq
 a( q]mj&?⟩a( = q ]mc sgd fdmdq]k rnktshnm ne ?w = a hr ne sgd enql

w = �0u0 +⋯ + �m−qum−q + uo+ &4(
vgdqd u0+… + um−q ]qd khmd]qkx hmcdodmcdms rnktshnmr ne ?w = .+ ]mc ?uo = a-
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Hm o]qshbtk]q+ he ⟩?⟩ = /+ sgdm sgd fdmdq]k rnktshnm ne sgd gnlnfdmdntr dpt]shnm
?w = . hr ne sgd enql

w = �0u0 +⋯ + �m−qum−q+
vgdqd u0+… + um−q ]qd khmd]qkx hmcdodmcdms rnktshnmr ne ?w = .-

Oqnne ?rrtld sg]s ⟩?⟩ ≠ /- He ?D hr qnv dpthu]kdms sn ? ]mc hm qnv dbgdknm enql+ sgdm ⟩?D⟩ ≠ / ax
Sgdnqdl ?-2-4- Rhmbd ?D hr toodq sqh]mftk]q ]mc ⟩?D⟩ ≠ /+ ]kk ne sgd ch]fnm]k dmsqhdr ]qd mnmydqn-
Sgtr q]mj&?D( = q]mj&?( = m- Hs enkknvr eqnl Sgdnqdl ?-1-02 sg]s ?w = a g]r ] tmhptd rnktshnm-
He a = .+ sg]s tmhptd rnktshnm hr nauhntrkx w = .- Sgtr rs]sdldms &h( ne sgd sgdnqdl hr oqnudc-

Mnv rtoonrd sg]s ⟩?⟩ = .- Sgdm ⟩?D⟩ = . ax Sgdnqdl ?-2-4- Rhmbd ?D hr toodq sqh]mftk]q
]mc ⟩?D⟩ = /+ ]s kd]rs nmd ne sgd ch]fnm]k dmsqhdr hr dpt]k sn ydqn- Bnmrdptdmskx+ q = q]mj&?( . m-
He q]mj &?⟩a( = q + 0+ sgdm ?w = a g]r mn rnktshnm ax o]qs &hh( ne Sgdnqdl ?-1-03- Nm sgd nsgdq
g]mc+ he q]mj &?⟩a( = q+ sgdm ax o]qs &h( ne Sgdnqdl ?-1-03 sgd fdmdq]k rnktshnm ne ?w = a g]r sgd
enql

w = �0u0 +⋯ + �m−qum−q + uo+ &5(

vgdqd u0+… + um−q ]qd khmd]qkx hmcdodmcdms rnktshnmr ne ?w = .+ ]mc ?uo = a- Sgtr rs]sdldms &hh(
ne sgd sgdnqdl hr oqnudc-

Hm sgd rodbh]k b]rd ne sgd gnlnfdmdntr dpt]shnm ?w = .+ he ⟩?⟩ = .+ sgdm ax o]qs &hh( ne Sgdn,
qdl ?-1-00 sgd fdmdq]k rnktshnm ne ?w = . g]r sgd enql

w = �0u0 +⋯ + �m−qum−q+ &6(

vgdqd u0+… + um−q ]qd khmd]qkx hmcdodmcdms rnktshnmr ne ?w = .-

▶ L]sq hw Hmudqrdr-

SGDNQDL
;-2-7

?m m % m l]sqhw hr mnmrhmftk]q he ]mc nmkx he ⟩?⟩ ≠ /-

Oqnne ?rrtld sg]s ⟩?⟩ ≠ /- Vd rddj ] l]sqhw A = Za0+… + am[ rtbg sg]s

?A = Z?a0+… + ?am[ = Hm = Zd0+… + dm[+

vgdqd

d0 = &0+ /+ /+… + /(S + d1 = &/+ 0+ /+… + /(S + … + dm = &/+… + /+ 0(S .

Rhmbd ⟩?⟩ ≠ /+ Sgdnqdl ?-2-6 hlokhdr sg]s sgdqd hr ] tmhptd rnktshnm aj sn d]bg ne sgd rxrsdlr
?aj = dj+ j = 0+… + m- Sgtr sgdqd hr ] tmhptd l]sqhw A rtbg sg]s ?A = Hm- Rhmbd ⟩?S ⟩ = ⟩?⟩ ≠ /+
sgd r]ld ]qftldms oqnctbdr ] tmhptd l]sqhw BS rtbg sg]s ?SBS = Hm+ nq dpthu]kdmskx+ B? = H- Hs
enkknvr sg]s B = BHm = B&?A( = &B?(A = HmA = A-

Bnmudqrdkx+ he ? hr mnmrhmftk]q+ sgdqd hr ] l]sqhw A rtbg sg]s ?A= Hm- Ax
Sgdnqdl ?-2-3+ ⟩?A⟩ = ⟩?⟩⟩A⟩ = 0+ rn ⟩?⟩ ≠ /-
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Sgtr+ vgdmdudq ⟩?⟩ ≠ /+ sgd hmudqrd ne ? b]m ad entmc ax qdctbhmf sgd ]tfldmsdc l]sqhw &?⟩Hm(
sn &Hm⟩A( trhmf dkdldms]qx qnv nodq]shnmr- Rhmbd sgd isg bnktlm ne A hr sgd rnktshnm ne ?ai = di+
i = 0+… + m+ hs enkknvr sg]s ?−0 = A-

DW;LOKD
3

Ehmc sgd hmudqrd ne

? =
⎛
⎜
⎜
⎜⎝

0 −0 −0
2 −0 1
1 1 2

⎞
⎟
⎟
⎟⎠
.

Vd adfhm ax enqlhmf sgd ]tfldmsdc l]sqhw &?⟩H2(9

&?⟩H2( =
⎛
⎜
⎜
⎜⎝

0 −0 −0
2 −0 1
1 1 2

||||||||

0 / /
/ 0 /
/ / 0

⎞
⎟
⎟
⎟⎠
.

Sgd l]sqhw ? b]m ad sq]mrenqldc hmsn H2 ax sgd enkknvhmf rdptdmbd ne dkdldms]qx qnv nodq]shnmr+
]mc ]s sgd r]ld shld+ H2 hr sq]mrenqldc hmsn ?−0-

Z- Nas]hm ydqnr hm sgd n—,ch]fnm]k onrhshnmr hm sgd “qrs bnktlm ax ]cchmf &−2( shldr sgd “qrs qnv
sn sgd rdbnmc qnv ]mc ]cchmf &−1( shldr sgd “qrs qnv sn sgd sghqc qnv9

⎛
⎜
⎜
⎜⎝

0 −0 −0
/ 1 4
/ 3 4

||||||||

0 / /
−2 0 /
−1 / 0

⎞
⎟
⎟
⎟⎠
.

a- Nas]hm ] 0 hm sgd ch]fnm]k onrhshnm hm sgd rdbnmc bnktlm ax ltkshokxhmf sgd rdbnmc qnv ax 0
1
9

⎛
⎜
⎜
⎜⎝

0 −0 −0
/ 0 4

1

/ 3 4

||||||||

0 / /
− 2

1
0
1

/
−1 / 0

⎞
⎟
⎟
⎟⎠
.

b- Nas]hm ydqnr hm sgd n—,ch]fnm]k onrhshnmr hm sgd rdbnmc bnktlm ax ]cchmf sgd rdbnmc qnv sn
sgd “qrs qnv ]mc ]cchmf &−3( shldr sgd rdbnmc qnv sn sgd sghqc qnv9

⎛
⎜
⎜
⎜⎝

0 / 2
1

/ 0 4
1

/ / −4

|||||||||

− 0
1

0
1

/
− 2

1
0
1

/
3 −1 0

⎞
⎟
⎟
⎟⎠
.

c- Nas]hm ] 0 hm sgd ch]fnm]k onrhshnm ne sgd sghqc bnktlm ax ltkshokxhmf sgd sghqc qnv ax − 0
4
9

⎛
⎜
⎜
⎜⎝

0 / 2
1

/ 0 4
1

/ / 0

|||||||||

− 0
1

0
1

/
− 2

1
0
1

/
− 3

4
1
4

− 0
4

⎞
⎟
⎟
⎟⎠
.
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d- Nas]hm ydqnr hm sgd n—,ch]fnm]k onrhshnmr hm sgd sghqc bnktlm ax ]cchmf &− 2
1
( shldr sgd sghqc

qnv sn sgd “qrs qnv ]mc ]cchmf &− 4
1
( shldr sgd sghqc qnv sn sgd rdbnmc qnv9

⎛
⎜
⎜
⎜⎝

0 / /
/ 0 /
/ / 0

||||||||

6
0/

− 0
0/

2
0/

0
1

− 0
1

0
1

− 3
4

1
4

− 0
4

⎞
⎟
⎟
⎟⎠
.

Sgd k]rs ne sgdrd l]sqhbdr hr &H⟩?−0(+ ] e]bs sg]s b]m ad udqh“dc chqdbskx ax ltkshokxhmf sgd l]sqhbdr
?−0 ]mc ?- Sghr dw]lokd v]r l]cd rkhfgskx rhlokdq ax sgd e]bs sg]s sgd nqhfhm]k l]sqhw ? g]c ] 0 hm
sgd toodq kdes bnqmdq &Z00 = 0(- He sghr hr mns sgd b]rd+ sgdm sgd “qrs rsdo hr sn oqnctbd ] 0 sgdqd ax ltk,
shokxhmf sgd “qrs qnv ax 0{Z00+ ]r knmf ]r Z00 ≠ /- He Z00 = /+ sgdm sgd “qrs qnv ltrs ad hmsdqbg]mfdc
vhsg rnld nsgdq qnv sn aqhmf ] mnmydqn dkdldms hmsn sgd toodq kdes onrhshnm adenqd oqnbddchmf-

Vd “m]kkx mnsd sg]s he ? nq A hr rhmftk]q+ sgdm ⟩?A⟩ = ⟩?⟩ ⟩A⟩ = ⟩A?⟩ = / ]mc sgdqdenqd Sgdnqdl
?-2-7 hlokhdr sg]s ansg ?A ]mc A? ]qd rhmftk]q- Sgtr o]qs &d( ne Sgdnqdl ?-0-0/ hr oqnudc-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 0/+ trd dkdldms]qx qnv ]mc bnktlm
nodq]shnmr sn rhlokhex sgd s]rj ne du]kt]shmf sgd cdsdqlhm]ms ax bn,
e]bsnq dwo]mrhnmr- He ? hr mnmrhmftk]q+ “mc ?−0-

0- ? =

}
0 3

−1 2

(
1- ? =

}
2 −0
5 1

(

2- ? =
⎛
⎜
⎜
⎜⎝

0 1 2
1 3 4
2 4 5

⎞
⎟
⎟
⎟⎠

3- ? =
⎛
⎜
⎜
⎜⎝

0 0 −0
1 −0 0
0 0 1

⎞
⎟
⎟
⎟⎠

4- ? =
⎛
⎜
⎜
⎜⎝

0 1 0
−1 0 7

0 −1 −6

⎞
⎟
⎟
⎟⎠

5- ? =
⎛
⎜
⎜
⎜⎝

1 0 /
/ 1 0
/ / 1

⎞
⎟
⎟
⎟⎠

6- ? =
⎛
⎜
⎜
⎜⎝

0 0 −0
1 0 /
2 −1 0

⎞
⎟
⎟
⎟⎠

7- ? =
⎛
⎜
⎜
⎜⎝

1 2 0
−0 1 0

3 −0 −0

⎞
⎟
⎟
⎟⎠

8- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 / / −0
/ −0 0 /

−0 / 0 /
/ 0 −0 0

⎞
⎟
⎟
⎟
⎟
⎟⎠

0.- ? =

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 −0 1 /
−0 1 −3 1

0 / 0 2
−1 1 / −0

⎞
⎟
⎟
⎟
⎟
⎟⎠

00- Kds

? =
⎛
⎜
⎜
⎜⎝

0 2 /
−0 1 3

0 −1 /

⎞
⎟
⎟
⎟⎠

]mc A =
⎛
⎜
⎜
⎜⎝

1 / 0
−0 2 1

3 / /

⎞
⎟
⎟
⎟⎠
.

Udqhex sg]s ⟩?A⟩ = ⟩?⟩ ⟩A⟩-
01- He ? hr mnmrhmftk]q+ rgnv sg]s ⟩?−0⟩ = 0{⟩?⟩-
Hm d]bg ne Oqnakdlr 02 sgqntfg 05+ “mc ]kk u]ktdr ne λ rtbg sg]s sgd
fhudm l]sqhw hr rhmftk]q-

02-
⎛
⎜
⎜
⎜⎝

−λ −0 −2
1 2 − λ 2

−1 0 0 − λ

⎞
⎟
⎟
⎟⎠

03-
⎛
⎜
⎜
⎜⎝

3 − λ 5 5
0 2 − λ 1

−0 −3 −2 − λ

⎞
⎟
⎟
⎟⎠

04-

⎛
⎜
⎜
⎜
⎜
⎜⎝

0 − λ 0 / −0
/ −0 − λ 2 3
/ / −1 − λ −2
/ / / 0 − λ

⎞
⎟
⎟
⎟
⎟
⎟⎠
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;-3 Sgd Dhfdmu]ktd Oqnakdl
Qdb]kk sg]s hm Bg]osdq 2 vd trdc sgd dhfdmu]ktd ldsgnc sn “mc rnktshnmr ne gnlnfdmdntr khmd]q “qrs
nqcdq rxrsdlr ne chldmrhnm svn+

w… =

}
Z00 Z01

Z10 Z11

(
w = ?w. &0(

Mnmydqn rnktshnmr ne Dp- &0( ne sgd enql w = dλsu+ vgdqd u hr ] mnmydqn 1,udbsnq+ dwhrs he ]mc nmkx he
sgd rb]k]q λ ]mc sgd udbsnq u r]shrex sgd dpt]shnm

?u = λu+
nq dpthu]kdmskx+

&? − λH1(u = .. &1(

Sgd dhfdmu]ktd ldsgnc fdmdq]khydr+ hm ] m]stq]k v]x+ sn gnlnfdmdntr khmd]q bnmrs]ms bndffbhdms rxr,
sdlr ne chldmrhnm m

w… =
⎛
⎜
⎜
⎜⎝

Z00 ⋯ Z0m

⋮ ⋮

Zm0 ⋯ Zmm

⎞
⎟
⎟
⎟⎠
w. &2(

?r hm sgd b]rd enq rxrsdlr ne chldmrhnm 1+ mnmydqn rnktshnmr ne Dp- &2( ne sgd enql
w = dλsu+ vgdqd u hr ] mnmydqn m,udbsnq+ dwhrs he ]mc nmkx he λ ]mc u r]shrex

&? − λHm(u = .+ &3(

vgdqd ? hr sgd m % m l]sqhw ne bndffbhdmsr nm sgd qhfgs,g]mc rhcd ne Dp- &2(+

? =
⎛
⎜
⎜
⎜⎝

Z00 ⋯ Z0m

⋮ ⋮

Zm0 ⋯ Zmm

⎞
⎟
⎟
⎟⎠
.

Eqnl Sgdnqdl ?-2-6+ mnmydqn rnktshnmr ne Dp- &3( dwhrs he ]mc nmkx he

cds&? − λHm( = /. &4(

Itrs ]r hm Bg]osdq 2+ u]ktdr ne λ sg]s r]shrex Dp- &4( ]qd b]kkdc dhfdmuZktdr ne sgd l]sqhw ?+ ]mc sgd
mnmydqn rnktshnmr ne Dp- &3( sg]s ]qd nas]hmdc ax trhmf rtbg ] u]ktd ne λ ]qd b]kkdc sgd dhfdmudbsnqr
bnqqdronmchmf sn sg]s dhfdmu]ktd-

Hm sgd fdmdq]k m % m b]rd+ Dp- &4( hr ] onkxmnlh]k dpt]shnm o&λ( = /+ vgdqd

o&λ( = &−0(m&λm + om−0λm−0 +⋯ + o0λ + o/( &5(

hr b]kkdc sgd bgZqZbsdqhrshb onkxmnlhZk ne ?- Sgd dpt]shnm o&λ( = / hr b]kkdc sgd bgZqZbsdqhrshb
dptZshnm ne ?- Ax sgd etmc]ldms]k sgdnqdl ne ]kfdaq]+ vd jmnv sg]s o&λ( g]r ] e]bsnqhy]shnm nudq
sgd bnlokdw mtladqr ne sgd enql

o&λ( = &−0(m&λ − λ0(l0 ⋯ &λ − λj(lj + &6(

vgdqd λh ≠ λi he h ≠ i- Sgtr sgd dhfdmu]ktdr ne ? ]qd λi+ i = 0+… + j- Enq d]bg i = 0+… + j+ sgd onvdq
li ne sgd e]bsnq λ − λi hm Dp- &6( hr b]kkdc sgd ZkfdaqZhb ltkshokhbhsx ne sgd dhfdmu]ktd λi- Rhmbd o&λ(
hr ] onkxmnlh]k ne cdfqdd m+ hs ltrs ad sgd b]rd sg]s

l0 +⋯ + lj = m.

G]uhmf entmc sgd dhfdmu]ktdr λ0+… + λj ]mc sgdhq ]kfdaq]hb ltkshokhbhshdr ax bnlokdsdkx
e]bsnqhmf o&λ(+ sgd mdws rsdo hr sn “mc sgd l]whltl mtladq ne khmd]qkx hmcdodmcdms
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dhfdmudbsnqr sg]s adknmf sn d]bg dhfdmu]ktd- Sgtr+ enq d]bg i = 0+… + j+ vd “mc sgd fdmdq]k rnktshnm
ne

&? − λiHm(u = .. &7(

He vd cdmnsd sgd q]mj ne &? − λiHm( ax qi+ sgdm eqnl Sgdnqdl ?-1-00 vd jmnv sg]s sgd fdmdq]k rnktshnm
ne Dp- &7( vhkk g]ud sgd enql

u = �0u
&i(
0 +⋯ + �m−qi

u&i(
m−qi

+ &8(

vgdqd u& i(
0 +… + u& i(

m−qi
]qd khmd]qkx hmcdodmcdms rnktshnmr ne &? − λiHm(u = .- Sgd udbsnqr u& i(

0 +… + u& i(
m−qi

]qd sgd l]whl]k rds ne khmd]qkx hmcdodmcdms dhfdmudbsnqr sg]s adknmf sn sgd dhfdmu]ktd λi- Sgd l]whl]k
mtladq ne khmd]qkx hmcdodmcdms dhfdmudbsnqr+ fi = m − qi+ sg]s adknmf sn sgd dhfdmu]ktd λi hr b]kkdc sgd
fdnldsqhb ltkshokhbhsx ne sgd dhfdmu]ktd λi- He sgd fdnldsqhb ltkshokhbhsx ne dhfdmu]ktd λi hr dpt]k sn
sgd ]kfdaq]hb ltkshokhbhsx+ sg]s hr+ fi = li+ sgd dhfdmu]ktd λi hr r]hc sn ad mnmcdedbshud- Nsgdqvhrd λi
hr r]hc sn ad cdedbshud- He fi = li enq d]bg i = 0+… + j+ sgdm ? hr r]hc sn ad ] mnmcdedbshud lZsqhw- He
fi . li enq rnld i+ sgdm sgd l]sqhw ? hr r]hc sn ad cdedbshud-

DW;LOKD
0

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =
⎛
⎜
⎜
⎜⎝

1 −2 −0
/ −0 /

−0 0 1

⎞
⎟
⎟
⎟⎠
. &0/(

Sgd dhfdmu]ktdr λ ]mc sgd dhfdmudbsnqr u r]shrex sgd dpt]shnm &? − λH2(u = .+ nq

⎛
⎜
⎜
⎜⎝

1 − λ −2 −0
/ −0 − λ /

−0 0 1 − λ

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0

ℏ1

ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
. &00(

Sgd dhfdmu]ktdr ]qd sgd qnnsr ne sgd bg]q]bsdqhrshb dpt]shnm

o&λ( = cds&? − λH2( =

||||||||

1 − λ −2 −0
/ −0 − λ /

−0 0 1 − λ

||||||||
= −λ2 + 2λ1 + λ − 2. &01(

Sgd qnnsr ne Dp- &01( ]qd λ0 = −0+ λ1 = 0+ ]mc λ2 = 2- Dpthu]kdmskx+ sgd bg]q]bsdqhrshb onkxmnlh]k
ne ?+ o&λ(+ g]r sgd e]bsnqhy]shnm o&λ( = −&λ + 0(&λ − 0(&λ − 2(- Sgd dhfdmu]ktdr ]qd r]hc sn ad rhl,
okd rhmbd sgd ]kfdaq]hb ltkshokhbhsx ne d]bg nmd hr dpt]k sn 0- Rhmbd d]bg dhfdmu]ktd g]r ]s kd]rs nmd
dhfdmudbsnq+ sgd fdnldsqhb ltkshokhbhsx ne d]bg dhfdmu]ktd vhkk ]krn ad 0- Gdmbd sgd l]sqhw ? hr mnm,
cdedbshud ]mc onrrdrrdr sgqdd khmd]qkx hmcdodmcdms dhfdmudbsnqr-

Sn “mc sgd dhfdmudbsnq bnqqdronmchmf sn sgd dhfdmu]ktd λ0+ vd rtarshstsd λ = −0 hm
Dp- &00(- Sghr fhudr sgd rxrsdl

⎛
⎜
⎜
⎜⎝

2 −2 −0
/ / /

−0 0 2

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0

ℏ1

ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠
.
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Vd b]m qdctbd sghr sn sgd dpthu]kdms rxrsdl

⎛
⎜
⎜
⎜⎝

0 −0 −2
/ / 0
/ / /

⎞
⎟
⎟
⎟⎠

⎛
⎜
⎜
⎜⎝

ℏ0

ℏ1

ℏ2

⎞
⎟
⎟
⎟⎠
=
⎛
⎜
⎜
⎜⎝

/
/
/

⎞
⎟
⎟
⎟⎠

ax dkdldms]qx qnv nodq]shnmr- Sgtr sgd bnlonmdmsr ne u ltrs r]shrex sgd dpt]shnmr ℏ0 − ℏ1 − 2ℏ2 = /
]mc ℏ2 = /- Sgd fdmdq]k rnktshnm hr fhudm ax u = �&0+ 0+ /(S vgdqd � hr ]qahsq]qx- Rdsshmf � = 0 xhdkcr
sgd dhfdmudbsnq

u0 =
⎛
⎜
⎜
⎜⎝

0
0
/

⎞
⎟
⎟
⎟⎠

bnqqdronmchmf sn sgd dhfdmu]ktd λ = −0-
Enq λ = 0+ Dpr- &00( qdctbd sn sgd o]hq ne dpt]shnmr ℏ0 − ℏ2 = / ]mc ℏ1 = / vhsg fdmdq]k rnktshnm

u = �&0+ /+ 0(S - Bgnnrhmf � = 0 fhudr sgd dhfdmudbsnq

u1 =
⎛
⎜
⎜
⎜⎝

0
/
0

⎞
⎟
⎟
⎟⎠

sg]s adknmfr sn sgd dhfdmu]ktd λ = 0-
Ehm]kkx+ rtarshstshmf λ = 2 hmsn Dp- &00( ]mc qdctbhmf sgd rxrsdl sn qnv dbgdknm

enql ax dkdldms]qx qnv nodq]shnmr xhdkcr ℏ0 + ℏ2 = / ]mc ℏ1 = / vhsg fdmdq]k rnktshnm
u = �&0+ /+−0(S - Rdsshmf � = 0 fhudr sgd dhfdmudbsnq

u2 =
⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠

]rrnbh]sdc vhsg sgd dhfdmu]ktd λ = 2-
Rhmbd fi = li = 0+ i = 0+… 2+ ]kk ne sgd dhfdmu]ktdr ne ? ]qd mnmcdedbshud ]mc sgdqdenqd ? hr ]

mnmcdedbshud l]sqhw-

DW;LOKD
1

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =
⎛
⎜
⎜
⎜⎝

3 5 5
0 2 1

−0 −4 −1

⎞
⎟
⎟
⎟⎠
. &02(

Sgd bg]q]bsdqhrshb onkxmnlh]k o&λ( = cds&? − λH2( ne ? hr

o&λ( = −λ2 + 4λ1 − 7λ + 3 = −&λ − 0(&λ − 1(1

rn sgd dhfdmu]ktdr ]qd λ0 = 0 ]mc λ1 = 1 vhsg ]kfdaq]hb ltkshokhbhshdr 0 ]mc 1+ qdrodbshudkx-
Sgd rxrsdl &? − λ0H2(u = . hr qdctbdc ax dkdldms]qx qnv nodq]shnmr sn ℏ0+1ℏ1+1ℏ2 =/
]mc 2ℏ1 + ℏ2 = / vhsg fdmdq]k rnktshnm u = �&3+ 0+−2(S - Rdsshmf � = 0 fhudr tr sgd dhfdmudbsnq

u0 =
⎛
⎜
⎜
⎜⎝

3
0

−2

⎞
⎟
⎟
⎟⎠

adknmfhmf sn λ0-
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Sn “mc sgd dhfdmudbsnq&r( adknmfhmf sn λ1+ vd “mc sgd fdmdq]k rnktshnm ne
&? − λ1H2(u = .- Qnv qdctbshnm kd]cr sn sgd rxrsdl ℏ0 + ℏ1 + 1ℏ2 = / ]mc 1ℏ1 + ℏ2 = /- Rhmbd q]mj
&? − λ1H2( = 1+ vd qd]khyd sg]s λ = 1 b]m g]ud nmkx nmd dhfdmudbsnq+ sg]s hr+ λ1 g]r ] fdnldsqhb
ltkshokhbhsx dpt]k sn 0 ]mc hr sgdqdenqd ] cdedbshud dhfdmu]ktd- Sgd fdmdq]k rnktshnm ne &? − λ1H2(u = .
hr u = �&2+ 0+−1(S - Rdsshmf � = 0 xhdkcr sgd dhfdmudbsnq

u1 =
⎛
⎜
⎜
⎜⎝

2
0

−1

⎞
⎟
⎟
⎟⎠

enq sgd dhfdmu]ktd λ1- Rhmbd f1 = 0 ]mc l1 = 1+ sgd dhfdmu]ktd λ1 hr cdedbshud- Sgdqdenqd+ sgd l]sqhw
? hm sghr dw]lokd hr ] cdedbshud l]sqhw-

▶ Bnlokdw Dhfdmu]ktdr- He sgd dmsqhdr ne sgd l]sqhw ? ]qd qd]k+ sgdm sgd bndffbhdmsr ne sgd bg]q]bsdqhrshb onkxmn,
lh]k o&λ( = cds&? − λHm( ne ? ]qd ]krn qd]k- Sgtr he * + h𝜇 hr ] bnlokdw dhfdmu]ktd ne ? ]mc 𝜇 ≠ /+
sgdm * − h𝜇 ltrs ]krn ad ]m dhfdmu]ktd ne ?- Sn rdd sghr+ rtoonrd λ = * + h𝜇 vhsg 𝜇 ≠ / hr ]m dhfdm,
u]ktd ne ? vhsg bnqqdronmchmf dhfdmudbsnq u rn sg]s

?u = &* + h𝜇(u.

He vd s]jd sgd bnlokdw bnmitf]sd nm ansg rhcdr ne sghr dpt]shnm vd fds

?ū = &* − h𝜇(ū+ &03(

vgdqd vd g]ud trdc sgd e]bs sg]s ?̄ = ? rhmbd ? hr qd]k ]knmf vhsg sgd oqnodqsx sg]s+ he y0 ]mc y1 ]qd
bnlokdw mtladqr+ sgdm y0y1 = ȳ0ȳ1- Dp- &03( rgnvr sg]s mns nmkx hr λ̄ = * − h𝜇 ]m dhfdmu]ktd ne ?+ hsr
dhfdmudbsnq ū hr sgd bnmitf]sd ne sgd dhfdmudbsnq adknmfhmf sn λ = * + h𝜇-

DW;LOKD
2

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =
⎛
⎜
⎜
⎜⎝

− 0
1

6
1

−2
− 0

1
− 0

1
−0

0
1

2
1

−1

⎞
⎟
⎟
⎟⎠
.

Sgd bg]q]bsdqhrshb onkxmnlh]k ne ? hr

o&λ( = −λ2 − 2λ1 − 6λ − 4 = −&λ + 0(Zλ − &−0 + 1h([Zλ − &−0 − 1h([

rn sgd dhfdmu]ktdr ne ? ]qd λ0 = −0+ λ1 = −0 + 1h+ ]mc λ2 = λ1 = −0 − 1h- Sgd dhfdmudbsnq adknmfhmf
sn λ0 hr entmc sn ad

u0 =
⎛
⎜
⎜
⎜⎝

0
−0
−0

⎞
⎟
⎟
⎟⎠
.

Sgd dpt]shnmr qdoqdrdmsdc ax &? − λ1H2(u = . ]qd qdctbdc+ uh] dkdldms]qx qnv nodq]shnmr
]mc enkknvhmf sgd qtkdr ne bnlokdw ]qhsgldshb+ sn ℏ0 − &1 + h(ℏ2 = / ]mc ℏ1 − hℏ2 = /- Sgd
fdmdq]k rnktshnm ne sghr rxrsdl ne dpt]shnmr hr u = �&1 + h+ h+ 0(S - Bgnnrhmf � = 0 xhdkcr
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sgd bnlokdw dhfdmudbsnq

u1 =
⎛
⎜
⎜
⎜⎝

1 + h
h
0

⎞
⎟
⎟
⎟⎠
.

Sgd dhfdmudbsnq adknmfhmf sn λ2 hr sgdqdenqd

u2 = ū1 =
⎛
⎜
⎜
⎜⎝

1 − h
−h

0

⎞
⎟
⎟
⎟⎠
.

▶ Rxlldsq hb L]sq hbdr - Qdb]kk sg]s ] rxlldsqhb l]sqhw ? r]shr“dr ?S = ?+ sg]s hr+ Zih = Zhi- Sgd oqnodqshdr ne
dhfdmudbsnqr ne rxlldsqhb l]sqhbdr qdpthqd sg]s vd hmsqnctbd sgd mnshnm ne ]mfkd adsvddm udbsnqr-
Vd cd“md sgd hmmdq nq cns oqnctbs ne svn m,udbsnqr t ]mc u ax

⟨t+ u⟩ = t0ℏ0 + t1ℏ1 +⋯ + tmℏm.

Mnsd sg]s he u ≠ .+ sgdm ⟨u+ u⟩ = ℏ1
0 +⋯ + ℏ1

m < /-

CDEHMHSHNM
;-3-0

Svn m,udbsnqr t ]mc u ]qd r]hc sn ad nqsgnfnmZk he ⟨t+ u⟩ = /-

He ] rds ne mnmydqn m,udbsnqr
{
u0+… + uj

{
]qd o]hqvhrd nqsgnfnm]k+ sg]s hr+ ⟨uh+ ui⟩ = / vgdmdudq h ≠ i+

sgdm sgd rds hr ]krn khmd]qkx hmcdodmcdms- Sn rdd sghr+ vd s]jd sgd hmmdq oqnctbs ne ansg rhcdr ne sgd
dpt]shnm

b0u0 +⋯ + bjuj = .

vhsg ui enq d]bg i = 0+… + j+

b0⟨u0+ ui⟩ +⋯ + bi⟨ui+ ui⟩ +⋯ + bj⟨uj+ ui⟩ = ⟨.+ ui⟩+
nq rhmbd ⟨uh+ ui⟩ = / enq ]kk h ≠ i+ sgd dpt]shnm qdctbdr sn

bi⟨ui+ ui⟩ = /.

Rhmbd ⟨ui+ ui⟩ < /+ bi = / enq d]bg i = 0+… + j-
Dhfdmu]ktdr ]mc dhfdmudbsnqr ne rxlldsqhb l]sqhbdr g]ud sgd enkknvhmf trdetk oqnodqshdr9

0- ?kk dhfdmu]ktdr ]qd qd]k-
1- Sgdqd ]kv]xr dwhrsr ] etkk+ nq bnlokdsd+ rds ne m khmd]qkx hmcdodmcdms dhfdmudbsnqr+ qdf]qckdrr

ne sgd ]kfdaq]hb ltkshokhbhshdr ne sgd dhfdmu]ktdr- Sgtr rxlldsqhb l]sqhbdr ]qd ]kv]xr mnmcd,
edbshud-

2- He u0 ]mc u1 ]qd dhfdmudbsnqr sg]s bnqqdronmc sn ch—dqdms dhfdmu]ktdr+ sgdm
⟨u0+ u1⟩ = /- Sgtr he ]kk dhfdmu]ktdr ]qd rhlokd+ sgdm sgd ]rrnbh]sdc dhfdmudbsnqr enql
]m nqsgnfnm]k rds ne udbsnqr-

3- Bnqqdronmchmf sn ]m dhfdmu]ktd ne ]kfdaq]hb ltkshokhbhsx l+ hs hr onrrhakd sn bgnnrd l dhfdm,
udbsnqr sg]s ]qd ltst]kkx nqsgnfnm]k- Sgtr sgd bnlokdsd rds ne m dhfdmudbsnqr ne ] rxlldsqhb
l]sqhw b]m ]kv]xr ad bgnrdm sn ad nqsgnfnm]k-
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DW;LOKD
3

Ehmc sgd dhfdmu]ktdr ]mc dhfdmudbsnqr ne sgd l]sqhw

? =
⎛
⎜
⎜
⎜⎝

/ 0 0
0 / 0
0 0 /

⎞
⎟
⎟
⎟⎠
. &04(

Sgd bg]q]bsdqhrshb onkxmnlh]k ne ? hr

o&λ( = cds&? − λH2( = −λ2 + 2λ + 1 = −&λ − 1(&λ + 0(1.

Sgtr sgd dhfdmu]ktdr ne ? ]qd λ0 = 1 ]mc λ1 = −0 vhsg ]kfdaq]hb ltkshokhbhshdr 0 ]mc 1+ qdrodbshudkx-
Sn “mc sgd dhfdmudbsnq bnqqdronmchmf sn λ0+ vd trd dkdldms]qx qnv nodq]shnmr sn qdctbd sgd rxrsdl
&? − λ0H2(u = . sn sgd rxrsdl 1ℏ0 − ℏ1 − ℏ2 = / ]mc ℏ1 − ℏ2 = / vgnrd fdmdq]k rnktshnm sgdm xhdkcr
sgd dhfdmudbsnq

u0 =
⎛
⎜
⎜
⎜⎝

0
0
0

⎞
⎟
⎟
⎟⎠
.

Dkdldms]qx qnv nodq]shnmr qdctbd &? − λ1H2(u = . sn sgd rhmfkd mnmydqn dpt]shnm
ℏ0 + ℏ1 + ℏ2 = /+ vghbg g]r sgd fdmdq]k rnktshnm

u = �

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠
+ 𝛼

⎛
⎜
⎜
⎜⎝

/
0

−0

⎞
⎟
⎟
⎟⎠

+

vgdqd � ]mc 𝛼 ]qd ]qahsq]qx rb]k]qr- Ehqrs bgnnrhmf � = 0 ]mc 𝛼 = / ]mc sgdm � = / ]mc 𝛼 = 0 xhdkcr
] o]hq ne khmd]qkx hmcdodmcdms dhfdmudbsnqr

u1 =
⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠

+ û2 =
⎛
⎜
⎜
⎜⎝

/
0

−0

⎞
⎟
⎟
⎟⎠

]rrnbh]sdc vhsg λ1- Rhmbd u0 adknmfr sn ] ch—dqdms dhfdmu]ktd+ ⟨u0+ u1⟩ = / ]mc ⟨u0+ û2⟩ = / hm ]bbnq,
c]mbd vhsg oqnodqsx 2 ne dhfdmudbsnqr ne rxlldsqhb l]sqhbdr- Gnvdudq+ u1 ]mc û2 ]qd mns nqsgnfnm]k
rhmbd ⟨u1+ û2⟩ = 0- Enq ] rdbnmc dhfdmudbsnq adknmfhmf sn λ1+ vd bntkc ]rrtld sg]s u2 hr sgd khmd]q
bnlahm]shnm

u2 = �

⎛
⎜
⎜
⎜⎝

0
/

−0

⎞
⎟
⎟
⎟⎠
+ 𝛼

⎛
⎜
⎜
⎜⎝

/
0

−0

⎞
⎟
⎟
⎟⎠

hmrsd]c+ ]mc bgnnrd � ]mc 𝛼 sn r]shrex sgd nqsgnfnm]khsx bnmchshnm

⟨u1+ u2⟩ = 1� + 𝛼 = /.

Sgdm u1 ]mc u2 vhkk ad nqsgnfnm]k dhfdmudbsnqr ne λ1+ oqnuhcdc sg]s 𝛼 = −1� ≠ /- Enq dw]lokd+ bgnnr,
hmf � = 0 qdpthqdr sg]s 𝛼 = −1 ]mc fhudr

u2 =
⎛
⎜
⎜
⎜⎝

0
−1

0

⎞
⎟
⎟
⎟⎠
.

Sgdm+ hm ]fqddldms vhsg oqnodqsx 3 ]anud+
{
u0+ u1+ u2

{
hr ] bnlokdsd nqsgnfnm]k rds ne dhfdmudbsnqr

enq sgd l]sqhw ?-
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▶ Ch]fnm]k hy]akd L]sq hbdr - He ]m m % m l]sqhw ? g]r m khmd]qkx hmcdodmcdms dhfdmudbsnqr+ u0+… + um+ ]mc vd
enql ] l]sqhw S trhmf sgdrd udbsnqr ]r bnktlmr+ sg]s hr+

S = Zu0+… + um[ =
⎛
⎜
⎜
⎜⎝

ℏ00 ⋯ ℏ0m

⋮ ⋮

ℏm0 ⋯ ℏmm

⎞
⎟
⎟
⎟⎠

+ &05(

sgdm

S−0?S = C =

⎛
⎜
⎜
⎜
⎜
⎜⎝

λ0 / ⋯ /
/ λ1 ⋯ /
⋮ ⋮

/ / ⋯ λm

⎞
⎟
⎟
⎟
⎟
⎟⎠

. &06(

Sn rdd vgx Dp- &06( hr sqtd+ vd “qrs mnsd sg]s S−0ui = di enq d]bg i = 0+… + m+ vgdqd d0+… + dm ]qd sgd
bnktlm udbsnqr ne Hm- Sghr hr duhcdms ax bnlo]qhmf+ bnktlm ax bnktlm+ sgd qhfgs,g]mc rhcdr ne

S−0S = S−0Zu0+… + um[ = ZS−0u0+… + S−0um[
]mc

S−0S = Hm = Zd0+… + dm[.

Vd mnv vqhsd sgd oqnctbs ?S hm sgd enql

?S = ?Zu0+… + um[ = Z?u0+… + ?um[ = Zλ0u0+… + λmum[

ax trhmf sgd qdk]shnmr ?ui = λiui+ i = 0+… + m- Oqdltkshokxhmf ?S ax S−0 sgdm fhudr

S−0?S = S−0Zλ0u0+… + λmum[ = Zλ0S−0u0+… + λmS−0um[
= Zλ0d0+… + λmdm[ = HmC = C.

Sgtr+ he ? g]r m khmd]qkx hmcdodmcdms dhfdmudbsnqr+ ? b]m ad sq]mrenqldc hmsn ] ch]fnm]k l]sqhw ax sgd
oqnbdrr rgnvm hm Dp- &06(- Hm sghr b]rd+ vd r]x sg]s sgd l]sqhw ? hr chZfnmZkhyZakd- Hm khmd]q ]kfdaq]+
svn m % m l]sqhbdr ? ]mc A ]qd r]hc sn ad rhlhkZq he sgdqd dwhrsr ]m hmudqshakd m % m l]sqhw S rtbg sg]s
S−0?S = A+ ]mc sgd sq]mrenql]shnm hr jmnvm ]r ] rhlhkZqhsx sqZmrenqlZshnm- Sgtr Dp- &06( rs]sdr
sg]s mnmcdedbshud l]sqhbdr ]qd rhlhk]q sn ch]fnm]k l]sqhbdr-

▶ Inqc]m Enqlr- ?r chrbtrrdc ]anud+ ]m m % m l]sqhw ? b]m ad ch]fnm]khydc he hs g]r ] etkk bnlokdldms ne m khmd]qkx
hmcdodmcdms dhfdmudbsnqr- He sgdqd hr ] rgnqs]fd ne dhfdmudbsnqr &adb]trd nmd nq lnqd dhfdmu]ktdr ]qd
cdedbshud(+ sgdm ? b]m ]kv]xr ad sq]mrenqldc+ uh] ] rhlhk]qhsx sq]mrenql]shnm+ hmsn ] md]qkx ch]fnm]k
l]sqhw b]kkdc hsr Inqc]m enql+ vghbg g]r sgd dhfdmu]ktdr ne ? nm sgd l]hm ch]fnm]k+ nmdr hm bdqs]hm
onrhshnmr nm sgd ch]fnm]k ]anud sgd l]hm ch]fnm]k+ ]mc ydqnr dkrdvgdqd- Enq dw]lokd+ vd bnmrhcdq
sgd l]sqhw

? =
⎛
⎜
⎜
⎜⎝

−2 / −0
0 −1 0
0 / −0

⎞
⎟
⎟
⎟⎠

&07(

vhsg bg]q]bsdqhrshb onkxmnlh]k o&λ( = −&λ + 1(2- Sgtr λ0 = −1 hr ]m dhfdmu]ktd vhsg ]kfdaq]hb ltk,
shokhbhsx l0 = 2- ?ookxhmf qnv qdctbshnm sn &? − λ0H2(u = . kd]cr sn sgd rxrsdl ℏ0 + ℏ2 = / rn sgd
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fdmdq]k rnktshnm hr

u = �

⎛
⎜
⎜
⎜⎝

−0
/
0

⎞
⎟
⎟
⎟⎠
+ 𝛼

⎛
⎜
⎜
⎜⎝

/
0
/

⎞
⎟
⎟
⎟⎠
. &08(

Bgnnrhmf � = 0 ]mc 𝛼 = 0 fhudr sgd dhfdmudbsnq

u0 =
⎛
⎜
⎜
⎜⎝

−0
0
0

⎞
⎟
⎟
⎟⎠

+

vgdqd]r bgnnrhmf � = 0 ]mc 𝛼 = / fhudr ] rdbnmc khmd]qkx hmcdodmcdms dhfdmudbsnq

u1 =
⎛
⎜
⎜
⎜⎝

−0
/
0

⎞
⎟
⎟
⎟⎠
.

Sgtr sgd fdnldsqhb ltkshokhbhsx ne λ0 = −1 hr f0 = 1 ]mc ? hr mns ch]fnm]khy]akd- Gnvdudq+ he

v =
⎛
⎜
⎜
⎜⎝

/
/
0

⎞
⎟
⎟
⎟⎠

hr sgdm rdkdbsdc ]r ] rnktshnm ne

&? − λ0H2(v = u0 &1/(

]mc sgd l]sqhw

S = Zu0+ v+ u1[ =
⎛
⎜
⎜
⎜⎝

−0 / −0
0 / /
0 0 0

⎞
⎟
⎟
⎟⎠

hr enqldc eqnl u0+ v+ ]mc u1+ sgdm

S−0?S = I =
⎛
⎜
⎜
⎜⎝

−1 0 /
/ −1 /
/ / −1

⎞
⎟
⎟
⎟⎠
.

Sgtr ? hr rhlhk]q sn ] l]sqhw vhsg sgd dhfdmu]ktd λ0 = −1 ]knmf sgd ch]fnm]k+ ] nmd hm sgd rdbnmc
bnktlm ne sgd “qrs qnv+ ]mc ydqnr dkrdvgdqd- Sgd udbsnq v r]shrexhmf Dp- &1/( hr b]kkdc ] fdmdqZkhydc
dhfdmudbsnq adknmfhmf sn λ0-

Gnvdudq+ hmrsd]c ne otqrthmf ] chrbtrrhnm ne fdmdq]khydc dhfdmudbsnqr gdqd+ hs hr jmnvkdcfd ne sgd
dwhrsdmbd ]mc rsqtbstqd ne sgd Inqc]m enql sg]s hr lnrs qdkdu]ms sn ntq ]ooqn]bg sn “mchmf etmc]ldm,
s]k rdsr ne rnktshnmr ne w… = ?w enq sgd b]rd ne cdedbshud ? hm Rdbshnm 5-6- He sgd chrshmbs dhfdmu]k,
tdr ne ? ]qd cdmnsdc ax λ0+… + λq vhsg bnqqdronmchmf ]kfdaq]hb ltkshokhbhshdr l0+… + lq &rtbg sg]s
l0 +⋯ + lq = m(+ sgdm sgdqd hr ] mnmrhmftk]q m % m l]sqhw S rtbg sg]s

S−0?S = I+ &10(
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vgdqd I hr aknbj ch]fnm]k+

I =

⎛
⎜
⎜
⎜
⎜
⎜
⎜⎝

I0 . . ⋯ .
. I1 . ⋯ .
. . I2 ⋯ .
⋮ ⋮ ⋮ ⋱ ⋮

. . . ⋯ Iq

⎞
⎟
⎟
⎟
⎟
⎟
⎟⎠

. &11(

Enq d]bg j = 0+… + q+ sgd Inqc]m aknbj Ij hr ]m lj % lj l]sqhw ne sgd enql

Ij =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

λj ± / / ⋯ /
/ λj ± / ⋯ /
/ / ⋱ ⋱ /
⋮ ⋮ ⋮

λj ±
/ / ⋯ λj

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

+ &12(

vgdqd sgd ]rsdqhrjr qdoqdrdms nmdr nq ydqnr- Mnsd sg]s sgd ydqnr sg]s ]ood]q hm Dp- &11( ]qd aknbj
l]sqhbdr ne ]ooqnoqh]sd chldmrhnm sg]s bnmrhrs dmshqdkx ne ydqn dmsqhdr- Sghr rsqtbstq]k qdrtks tmcdqkhdr
sgd enkknvhmf sgdnqdl sg]s hr trdc hm Rdbshnm 5-6 sn gdko bnmrsqtbs etmc]ldms]k rdsr ne rnktshnmr enq
w… = ?w hm sgd b]rd sg]s ? hr cdedbshud-

SGDNQDL
;-3-1

He λ hr ]m dhfdmu]ktd ne ? ]mc sgd ]kfdaq]hb ltkshokhbhsx ne λ dpt]kr l+ sgdm
q]mj&? − λHm(l = m − l- Sgtr sgd fdmdq]k rnktshnm ne

&? − λHm(lu = . &13(

b]m ad dwoqdrrdc ]r u = �0u0 +⋯ + �lul+

vgdqd
{
u0+… + ul

{
hr ] khmd]qkx hmcdodmcdms rds ne rnktshnmr sn Dp- &13(-

Q]sgdq sg]m oqnud sghr sgdnqdl+ vd bnmrhcdq sgd enkknvhmf dw]lokd sg]s rgnvr vgx hs hr sqtd ]mc gnv
hs cdodmcr nm adhmf ]akd sn qdk]sd ? sn hsr Inqc]m enql- Rtoonrd sg]s

S−0?S = I+ &14(

vgdqd

I =

}
I0 .
. I1

(
+ I0 =

⎛
⎜
⎜
⎜⎝

λ0 ± /
/ λ0 ±
/ / λ0

⎞
⎟
⎟
⎟⎠

+ ]mc I1 =

}
λ1 ±
/ λ1

(
+

]mc sgd ]rsdqhrjr qdoqdrdms dhsgdq nmdr nq ydqnr hm sgd Inqc]m aknbjr I0 ]mc I1- Sgtr sgd
]kfdaq]hb ltkshokhbhsx ne λ0 hr l0 = 2 ]mc sgd ]kfdaq]hb ltkshokhbhsx ne λ1 hr l1 = 1- Eqnl
Dp- &14(+ vd l]x vqhsd

S−0 (? − λ0H4
�
S = I − λ0H4

]mc bnmrdptdmskx+
S−0 (? − λ0H4

�2 S =
(
Iλ0 − H4

�2 .
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Vd rs]sd+ vhsgnts oqnne+ sg]s+ rhmbd S hr mnmrhmftk]q+ sgd q]mj ne
(
? − λ0H4

�2 hr dpt]k sn sgd q]mj ne(
I − λ0H4

�2- Sgtr hs hr nmkx mdbdrr]qx sn dw]lhmd sgd q]mj ne
(
I − λ0H4

�2- Sgd aknbj ch]fnm]k rsqtbstqd
ne I − λ0H4 ]kknvr tr sn vqhsd

&I − λ0H4(2 =

}
&I0 − λ0H2(2 .

. &I1 − λ0H1(2

(
.

Rhmbd

I0 − λ0H2 =
⎛
⎜
⎜
⎜⎝

/ ± /
/ / ±
/ / /

⎞
⎟
⎟
⎟⎠

+

hs enkknvr sg]s

(
I0 − λ0H2

�1 =
⎛
⎜
⎜
⎜⎝

/ / ±
/ / /
/ / /

⎞
⎟
⎟
⎟⎠

]mc

&I0 − λ0H2(2 =
⎛
⎜
⎜
⎜⎝

/ / /
/ / /
/ / /

⎞
⎟
⎟
⎟⎠
.

Nm sgd nsgdq g]mc+

&I1 − λ0H1(2 =

}
&λ1 − λ0(2 %

/ &λ1 − λ0(2

(
+

vgdqd sgd u]ktd ne sgd dmsqx qdoqdrdmsdc ax sgd rxlank % hr hqqdkdu]ms- Rhmbd λ0 ]mc λ1 ]qd chrshmbs+
λ1 − λ0 ≠ /- Sgtr q]mj&? − λ0H4(2 = q]mj&I − λ0H4(2 = 4 − 2 = 1- Mnsd sg]s vd ]qd bnlo]qhmf sgd
mtladq ne tmjmnvmr vhsg sgd mtladq ne hmcdodmcdms mnmydqn dpt]shnmr vgdm vd ]ssdlos sn “mc sgd
fdmdq]k rnktshnm ne

(
? − λ0H4

�2 u = .- Rhmbd sgdqd ]qd nmkx svn hmcdodmcdms mnmydqn qnvr hm sgd qd,
ctbdc enql ne

(
? − λ0H4

�2 u = . ]mc sgdqd ]qd “ud tmjmnvmr+ vd ]qd ]akd sn bgnnrd sgqdd bnlonmdmsr
ne u ]qahsq]qhkx- Sgd mnmydqn qnvr hm sgd qdctbdc enql ne

(
? − λ0H4

�2 u = . vhkk cdsdqlhmd sgd qdl]hm,
hmf svn tmjmnvm bnlonmdmsr- Sgtr sgd fdmdq]k rnktshnm ne

(
? − λ0H4

�2 u = . vhkk ad ne sgd enql
u = �0u0 + �1u1 + �2u2+ vgdqd u0+ u1+ ]mc u2 ]qd khmd]qkx hmcdodmcdms-

OQNAKDLR

Hm d]bg ne Oqnakdlr 0 sgqntfg 0/+ “mc ]kk dhfdmu]ktdr ]mc dhfdmudb,
snqr ne sgd fhudm l]sqhw-

0-

}
4 −0
2 0

(
1-

}
2 −1
3 −0

(

2-
⎛
⎜
⎜
⎜⎝

0 / /
1 0 −1
2 1 0

⎞
⎟
⎟
⎟⎠

3-
⎛
⎜
⎜
⎜⎝

2 1 1
0 3 0

−1 −3 −0

⎞
⎟
⎟
⎟⎠

4-
⎛
⎜
⎜
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}1

}0

0

1

w

x

}0}1 / 0 1

00- &]( mns dw]bs
02- x = &w +

|
17 − 2w1({1+ |w| .

|
17{2

04- a = 2+ w1x1 + 1w2x = b
08- &a( w1 − 0{x1 + 1 im |x| = b+ x = /
&b(

}/-/5

}/-/1

}/-/3

/-/3

/-/1

/-/5

w

x

}0/}1/}2/ / 0/ 1/ 2/

10- &a( wx1 − dx&x1 − 1x + 1( = b
&b(

}1

}0

0

1

w

x

}0}1 / 0 1 2

14- &]( 𝜃&w( = d2w+ &2w1x + x2(d2w = b
&a(

}0

}/-4

/-4

0

w

x

/ 0-50-30-1 0-7 1

16- &]( 𝜃&x( = x+ wx − rhm x + x anr x = b
&a(

}1

}0

0

1

w

x

}0}1 / 0 1



501 ?mrvdqr
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0- &]( G&w+ x( = x{w1

&a(

0

}1

}0

1

x

w}0 }/-4 / /-4 0

&b(

1

0

2

}3

}1

}2

}0

3

x

w}3 }1}2 }0 / 10 2 3

2- &]( G&w+ x( = w1x
&a(

0

}1

}0

1

x

w}0 }/-4 / /-4 0

&b(

1

0

2

}3

}1

}2

}0

3

x

w}3 }1}2 }0 / 10 2 3

4- &]( G&w+ x( = x1 − 3w1

&a(

1

0

2

}3

}1

}2

}0

3

x

w}3 }1}2 }0 / 10 2 3
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&b(

1

0

2

}3

}1

}2

}0

3

x

w}3 }1}2 }0 / 10 2 3

6- &]( &/+ /( &a( G&w+ x( = w1 − 3wx + x1

&b(

0

}1

}0

1

x

w}1 }0 / 0 1

&c( &/+ /( hr ] r]cckd onhms
8- &]( &/+ /( &a( G&w+ x( = w1 − 1wx + 1x1

&b(

0

}1

}0

1

x

w}1 }0 / 0 1

&c( &/+ /( hr ] bdmsdq

00- &]( &/+ /(+ &1+ 2(+ &−1+ 2( &a( G&w+ x( = w1x1 − 2w1x − 1x1

&b(

1

0

2

}3

}1

}2

}0

3

x

w}3 }1}2 }0 / 10 2 3

&c( &/+ /(+ &1+ 2(+ ]mc &−1+ 2( ]qd r]cckd onhmsr

02- &](
}
− 0

1
+ 0
(

+ &/+ /(
&a(

0

}1

}0

1

x

w}1 }0 / 0 1

&b(
}
− 0

1
+ 0
(

hr ] r]cckd onhms: &/+ /( hr ]m tmrs]akd mncd

04- &]( &/+ /(+ &/+ 1(+
}

0
1
+ 0

1

(
+ &0+ /(

&a(

}0

0

1

2

}0 }/-4 /-4 0 0-4 1 w

x

&b( &/+ /( hr ]m tmrs]akd mncd: &0+ /( ]mc &/+ 1( ]qd ]rxlosnsh,
b]kkx rs]akd mncdr:

}
0
1
+ 0

1

(
hr ] r]cckd onhms
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06- &]( &/+ /(+ &0 −
|

1+ 0 +
|

1(+ &0 +
|

1+ 0 −
|

1(
&a(

1

0

}2

}1

}0

2

x

w}2 }1 }0 / 0 1 2

&b( &/+ /( hr ]m ]rxlosnshb]kkx rs]akd rohq]k onhms:
&0 −

|
1+ 0 +

|
1( ]mc &0 +

|
1+ 0 −

|
1( ]qd r]cckd onhmsr

08- &]( &/+ /(+ &/+ 0(+
}

0
1
+ 0

1

(
+
}
− 0

1
+ 0

1

(

&a(

0

}1

}0

1

x

w}1 }0 / 0 1

&b( &/+ /( ]mc &/+ 0( ]qd r]cckd onhmsr:
}

0
1
+ 0

1

(
]mc
}
− 0

1
+ 0

1

(

]qd bdmsdqr
10- &](

}0

}/-4

/

/-4

0

r0/ 1/ 2/

w r(

&a( sgd odqhnc hmbqd]rdr ]r sgd ]lokhstcd hmbqd]rdr
12- &]( &/+ /( hr ] r]cckd onhms: &−0+ /( ]mc &0+ /( ]qd ]rxlo,
snshb]kkx rs]akd rohq]k onhmsr- &a( &h( &0+ /(+ &hh( &−0+ /(+ &hhh(
&−0+ /(+ &hu( &0+ /(

14- bqhshb]k onhmsr9 &/+ /(+ &/+ 2{3(+ &0{1+ 0{1(+ &0+ /(

/-4

0-4

0

/

1

w/-4 0 0-4 1

x

Sgd khlhshmf adg]uhnq ne sgd rnktshnmr rgnvr sg]s sgd onot,
k]shnmr bn,dwhrs-

BG;OSDQ 3 RDBNMC NQCDQ KHMD;Q
DPT;SHNMR
Rdbshnm 3-0 Cdehmhshnmr Ymc DwYlokdr oZfd 103
0- khmd]q: gnlnfdmdntr
2- khmd]q: gnlnfdmdntr
4- mnmkhmd]q
6- khmd]q: mnmgnlnfdmdntr vgdm c ≠ /+ gnlnfdmdntr
vgdm c = /
8- j = 03/ M.l
00- x……+38x = /+ x&/( = /+ x…&/( = /./4
02- P…… + &3 % 0/5(P = /+ P&/( = 0/−5+ P…&/( = /
04- x…… + 3x… + 017x = /+ x&/( = /+ x…&/( = 0

3

06- P…… + 04//P… + &4% 0/4(P= /+ P&/(= 0/−5+ P…&/(= /
08- &]( lw…… + jw + 𝛿w2 = / &a( lw…… + jw = /
10- 𝜋kt…… + 𝜋/ft = /
12- &](

}2

0

1

2

s1

}0

}1

/ 3 5 7 0/
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&a(

}3

}2

}1

}0

0

1

2

3

w

x

}0}1 / 0 1

&b( &/+ /( bdmsdq+ rs]akd
14- &](

}/-7

}/-3

}/-1

}/-5

/-1

/-3

/-5

/-7

0

x

/ s31 20 4 5

&a(

}3

}2

}1

}0

0

1

2

3

w

x

}0}1 / 0 1

&b( &/+ /( rohq]k+ ]rxlosnshb]kkx rs]akd
16- Sgd eqdptdmbx ne sgd khmd]q odmctktl hr ghfgdq sg]m
sgd eqdptdmbx ne sgd mnmkhmd]q odmctktl- Sgd ch—dqdmbd ad,
svddm eqdptdmbhdr hmbqd]rdr vhsg sgd ]lokhstcd ne nrbhkk],
shnmr-

Rdbshnm 3-1 Sgdnqx ne Rdbnmc Nqcdq KhmdYq
Gnlnfdmdntr DptYshnmr oZfd 115
0- H = &/+∞(
2- H = &/+ 3(
4- H = &/+∞(

6- H = &−0+ 0(
8- − 6

1
ds{1

00- d−3s

02- −d1s

06- mn

08- sds + bs
10- −3&s anr s − rhm s(
12- xdr
14- xdr
18- x1 = s2

20- x1 = s−0 im s
22- x1 = anr w1

24- x1 = w0{3d−1
|

w

26- ,

Rdbshnm 3-2 KhmdYq Gnlnfdmdntr DptYshnmr vhsg
BnmrsYms Bndeehbhdmsr oZfd 128
0- &]( x = b0d−2s + b1ds &a( &/+ /( r]cckd onhms+ tmrs]akd

&b( w = b0d−2s

}
0

−2

(
+ b1ds

}
0
0

(

w1

w0

}4

}3

}2

}1

}0

0

1

2

3

4

}4 }3 }2 }1 }0 0 1 2 3 4

2- &]( x = b0d1s + b1sd1s &a( &/+ /( hloqnodq mncd+ tmrs]akd

&b( w = b0d1s

}
0
1

(
+ b1d1s

}
s

0 + 1s

(

0

}1

}0

1

x

w}1 }0 / 0 1
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4- &]( x = b0ds rhm s + b1ds anr s &a( &/+ /( rohq]k onhms+ tmrs],

akd &b( w = b0ds

}
rhm s

rhm s + anr s

(
+ b1ds

}
anr s

anr s − rhm s

(

}4

}3

}2

}1

}0

0

1

2

3

4

w1

w0}4 }3 }2 }1 }0 0 1 2 3 4

6- &]( x = b0ds{1 + b1sds{1 &a( &/+ /( hloqnodq mncd+ tmrs]akd

&b( w = b0ds{1

}
0
0
1

(
+ b1ds{1

}
s

0 + &s{1(

(

0

}1

}0

1

x

w}1 }0 / 0 1

8- &]( x = b0ds{1 + b1d−s{2 &a( &/+ /( r]cckd onhms+ tmrs]akd

&b( w = b0ds{1

}
0
0
1

(
+ b1d−s{2

}
0

− 0
2

(

0

}1

}0

1

x

w}1 }0 / 0 1

00- &]( x = b0d−3s + b1d1s &a( &/+ /( r]cckd onhms+ tmrs]akd

&b( w = b0d−3s

}
0

−3

(
+ b1d1s

}
0
1

(

w}1 }0 / 0 1

0

}1

}0

1

x

02- &]( x = b0 + b1d−4s &a( &w0+ /( mnmhrnk]sdc+ rs]akd &b( w =

b0

}
0
/

(
+ b1d−4s

}
0

−4

(

0

}1

}0

1

x

w}1 }0 / 0 1

04- &]( x = b0d1s{4 + b1sd1s{4 &a( &/+ /( hloqnodq mncd+ tmrs],

akd &b( w = b0d1s{4

}
0
1
4

(
+ b1d1s{4

}
s

0 + &1s{4(

(

0

}1

}0

1

x

w}1 }0 / 0 1
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06- &]( x = b0d−2s rhm 1s + b1d−2s anr 1s &a( &/+ /( rohq]k onhms+

]rxlosnshb]kkx rs]akd &b( w = b0d−2s

}
rhm 1s

1 anr 1s − 2 rhm 1s

(
−

b1d−2s

}
anr 1s

2 anr 1s + 1 rhm 1s

(

}4

}3

}2

}1

}0

0

1

2

3

4

w1

w0}4 }3 }2 }1 }0 0 1 2 3 4

08- &]( λ0 = &8 + 2
|

4({1+ λ1 = &8 − 2
|

4({1: x =
b0dλ0 s + b1dλ1 s &a( &/+ /( mncd+ tmrs]akd &b( w =

b0dλ0 s

}
0
λ0

(
+ b1dλ1 s

}
0
λ1

(

0

}1

}0

1

x

w}1 }0 / 0 1

10- &]( x = b0d−1s + b1sd−1s &a( &/+ /( hloqnodq mncd+ ]rxlo,

snshb]kkx rs]akd &b( w = b0d−1s

}
0

−1

(
+ b1d−1s

}
s

0 − 1s

(

0

}1

}0

1

x

w}1 }0 / 0 1

12- &]( x = b0 rhm&2s{1( + b1 anr&2s{1( &a( &/+ /( bdmsdq+ rs],

akd &b( w = b0

}
rhm&2s{1(

2
1
anr&2s{1(

(
+ b1

}
anr&2s{1(

− 2
1
rhm&2s{1(

(

}4

}3

}2

}1

}0

0

1

2

3

4

w1

w0}4 }3 }2 }1 }0 0 1 2 3 4

14- &]( x = b0d−s{1 rhm s + b1d−s{1 anr s &a( &/+ /( rohq]k onhms+

]rxlosnshb]kkx rs]akd &b( w = b0d−s{1

}
rhm s

anr s − 0
1
rhm s

(
−

b1d−s{1

}
anr s

rhm s + 0
1
anr s

(

0

}1

}0

1

x

w}1 }0 / 0 1

16- x = ds+

0-1

0

0-5

0-3

/

0-7

1

1-1

1-3

1-5

1-7

s/-1 /-3 /-5 /-7 0

+ hmbqd]rdr vhsgnts antmc
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18- x = 1d1s{2 − 6
2
sd1s{2+

}3/

}2/

}1/

}0/

x

/

0/

s0 1 2

+ cdbqd]rdr vhsgnts antmc
20- x &s( = 1d−1 s rhm s + d−1 s anr s+

/-0

/-2

/-1

/

/-3

/-4

/-5

/-6

/-7

/-8

0-/

s/-4 0 0-4 1

+ cdb]xhmf nrbhkk]shnm
22- x = 1sd−2s+

/-/4

/-04

/-0/

/

/-1/

/-14

s0 1 2 + bnmudqfhmf sn /

24- x = −0 − d−2s+

}1

}0-5

}0-6

}0-7

}0-8

}0-4

}0-3

}0-2

}0-1

}0-0
s

/-1 /-3 /-5 /-7 0

+ bnmudqfhmf sn −0
26- x = 6d−1&s+0( + 4sd−1&s+0(+

0-3

0-1

/-3

/-5

/-7

0-/

/-1

0-5

0-7

1-/

s}0 / 0 1 + bnmudqfhmf sn /
28- x = 4

1
d−s{1 rhm s + 2 d−s{1 anr s+

/

0

}0

1

2

s1 3 5 7 0/

+ cdb]xhmf nrbhkk]shnm
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30- x = 0
0/

d8−8 s + 8
0/

d−0+s+

0-1

0

0-5

0-3

0-7

1

1-1

1-3

1-5

s0-1 0-3 0-5 0-7 1

+ hmbqd]rdr vhsgnts antmc
32- x = − 0

1
d0+&0{1( s + 2

1
d−0−&0{1( s+

}2

}1

}0

0

x

/ s
}1 }0 0 1

+ cdbqd]rdr vhsgnts antmc
34- x…… + 3x… + 3 = /
36- x → / enq � . /: x adbnldr tmantmcdc enq � < 2
40- &]( a < / ]mc / . b . a1{3Z &a( b . / &b( a . / ]mc
/ . b . a1{3Z
44- x = b0{w1 + b1{w 46- x = b0w−0 + b1w5

48- x = b0w2 + b1w2 im w

50- x = b0w2{1 rhm
}|

2
1
im w
(
+ b1w2{1 anr

}|
2

1
im w
(

52- x = −w−0{1 rhm &1 im w( + 1w−0{1 anr &1 im w(+

0 0-1/-7/-5/-3/-1 0-3 0-5 0-7 1

}5

}3

}1

1

3

5

7

0/

01

x

w

+ fqnvhmf ]lokhstcd nrbhkk]shnm

54- x = w−0 anr &1 im w(+

}0/

}4

04

0/

4

1/

14

2/

w/-1/ /-3 0-3 0-5 0-70-10-//-7/-5 1-/

+ fqnvhmf ]lokhstcd nrbhkk]shnm

Rdbshnm 3-3 LdbgYmhbYk Ymc DkdbsqhbYk
UhaqYshnmr oZfd 14.

0- x = 2
|

1 anr&1s − #{3(
2- x = 1

|
4 anr&2s − 𝛾(+ 𝛾 = − }pas}m& 0

1
( ≈ −/.3525

4- &]( x = 0
3
anr&7s( es+ s hm r+ , = 7 q]c.r+ S = #{3 r+

Q = 0
3

es+

/-1

/-04

/-0

/-/4

}/-/4
}/-0

}/-04

}/-1

}/-14

/-14

/-4 0 0-4 1 1-4 2

x

s

&a( w1

w0

}3

}2

}1

}0

0

1

2

3

}/-1}/-3}/-5 /-1/-3/-5

6- x = &
|

1{7( rhm&7
|

1s( − 0
01
anr&7

|
1s( es+ s hm r+ , =

7
|

1 q]c.r+ S =
|

1#{7 r+ Q =
|

00{177 ≈ /.0843 es+ 𝛾 =
# − }pas}m&2{

|
1( ≈ 1./002
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8- &]( x = d−0/s
)
1 anr&3

|
5s( + &4{

|
5( rhm&3

|
5s(
[

bl+ s

hmr: 𝜇 = 3
|

5 q]c.r+ Sc =
|

5#{01 r+ Sc{S = 6
1

|
5 ≈

0.3178+ 𝜎 ≈ /.3/34

/

}/-4

0

/-4

0-4

1

s/-1 /-3 /-5 /-7 0

&a(

4

}0/

}4

0/

x

w}0 }/-4 / /-4 0

00- &]( x ≈ /./46087d−/.04s anr&2.76//7s − /.4/6/8( l+ s hm
r: 𝜇 = 2.76//7 q]c.r+ 𝜇{,/ = 2.76//7{

|
04 ≈ /.88814

&a(

}/-/5 }/-/3 }/-/1 /-/1 /-/3 /-/5

}/-04

}/-1

}/-/4

}/-0

/-/4

/-0

/-1

/-04

w1

w,

02- 𝛽 =
|

1/{8 ≈ 0.38/6
06- 𝛽 = 7 ka,r.es
12- 𝛽 = 4 ka,r.es

14- &]( 𝜎 ≈ 30.604 &a( 𝛽 = /.4+ 𝜎 ≈ 1/.3/1: 𝛽 = 0./+ 𝜎 ≈
8.057: 𝛽 = 0.4+ 𝜎 ≈ 6.073 &c( 𝛽/ ≈ 0.62+ lhm 𝜎 ≈ 3.76 &d(
𝜎 = &1{𝛽( im&3//{

|
3 − 𝛽1(

16- 𝜋kt…… + 𝜋/ft = /+ S = 1#
|
𝜋k{𝜋/f

18- &]( x =
|

1 rhm
|

1s
&a(

}1

}0

0

/

1

s0 1 2 3 4 5 6

&b(

0

}1

}0

1

x

w}1 }0 / 0 1

20- &a( x = Z anr&
|

j{ls( + a
|

l{j rhm&
|

j{ls(
&b( &jZ1 + la1({1

Rdbshnm 3-4 Mnmgnlnfdmdntr DptYshnmr:
Ldsgnc ne Tmcdsdqlhmdc Bndeehbhdmsr oZfd 15.
0- x = b0d2s + b1d−s − d1s

2- x = b0d2s + b1d−s + 2
05

sd−s + 2
7
s1d−s

4- x = b0 anr 2s + b1 rhm 2s + 0
051

&8s1 − 5s + 0(d2s + 1
2

6- x = b0ds + b1d3s − 1sds{2
8- x = b0d−s + b1sd−s + 2s1d−s{1
00- x = b0d−s + b1d−s{1 + s1 − 5s + 03 − 2

0/
rhm s − 8

0/
anr s

02- t = b0 anr,/s + b1 rhm,/s + &,1
/ − ,1(−0 anr,s

04- x = b0d−s{1 anr&
|

04s{1( + b1b0d−s{1 rhm&
|

04s{1( +
0
5
ds − 0

3
d−s

06- x = ds − 0
1
d−1s − s − 0

1

08- x = −2ds + 3sds + 0
5
s2ds + 3

10- x = − 0
7
rhm 1s + 1 anr 1s − 2

3
s anr 1s
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12- &]( X&s( = s&:/s3 + :0s2 + :1s1 + :2s + :3( + s&A/s1 +
A0s + A1(d−2s + C rhm 2s + D anr 2s &a( :/ = 1

04
+ :0 = − 1

8
+

:1 = 7
16

+ :2 = − 7
16

+ :3 = 05
70

+ A/ = − 0
8
+ A0 = − 0

8
+ A1 = − 1

16
+

C = − 0
07

+ D = − 0
07

14- &]( X&s( = ds&: anr 1s + A rhm 1s( + &C/s + C0(d1s rhm s +
&D/s + D0(d1s anr s &a( : = − 0

1/
+ A = − 2

1/
+ C/ = − 2

1
+ C0 =

−4+ D/ = 2
1
+ D0 = 0

1

16- &]( X&s(=:/s1 +:0s+:1 + s1&A/s+A0(d1s + &C/s+C0(
rhm 1s + &D/s + D0( anr 1s &a( :/ = 0

1
+ :0 = 0+ :1 = 2

3
+ A/ =

1
2
+ A0 = /+ C/ = /+ C0 = − 0

05
+ D/ = 0

7
+ D0 = 0

05

18- &]( X&s(= &:/s1 +:0s+:1(ds rhm 1s+ &A/s1 +A0s+A1(ds

anr 1s + d−s&C anr s + D rhm s( + Eds &a( :/ = 0
41

+ :0 = 0/
058

+
:1 = − 0122

24041
+ A/ = − 4

41
+ A0 = 62

565
+ A1 = − 30/4

24041
+ C = − 2

1
+

D = 2
1
+ E = 1

2

20- &]( , &a( v = − 1
4
+ b0d4s &b( ,

22- x = b0w−0 + b1w−4 + 0
01

w

24- x = b0 anr&1 im w( + b1 rhm&1 im w( + 0
2
rhm&im w(

26- x ={
s+ / ≤ s ≤ #
−&0 + #{1( rhm s − &#{1( anr s + &#{1(d#−s+ s < #

}

Rdbshnm 3-5 Enqbdc UhaqYshnmr’ Eqdptdmbx
Qdronmrd’ Ymc QdrnmYmbd oZfd 161
0- −1 rhm 6s rhm 3s
2- 1 anr&8#s{1( anr&4#s{1(
4- x…… + 145x = 45 anr 2s+ x&/( = 0+ x…&/( = /+ x hm es+ s hm r
6- &]( x = 080

136
anr 05s + 45

136
anr 2s

&a(

}0

}/-3

}/-5

}/-7

}/-1

/-5

/-7

/-3

/-1

/

0

s0 1 2 3

&b( F&h,( = 0
145 − ,1 + |F&h,(| = 0

|145 − ,1| + 𝜏&,( =

⎧
⎪
⎨
⎪⎩

/ , . 05
#{1 , = 05
# , < 05

+ ,l}t = 05

8- x = 7
2
&anr 6s − anr 7s( es+ s hm r

}5

}3

}1

3

1

/

5
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&b( Enq � . 1+ O1 hr ] r]cckd onhms ]mc O2 hr ]m tmrs]akd
mncd: enq � < 1+ O1 hr ]m tmrs]akd mncd ]mc O2 hr ] r]cckd
onhms-



543 ?mrvdqr

&c(
3

1

0

2

w

x

/}1}2 }1-4}2-4}3

3

1

0

2

w

x

/}1}2 }1-4}2-4}3

3

1

0

2

w

x

/}1}2 }1-4}2-4}3

06- &]( &/+ /(+ &/+ 1 + 1�(+ &3+ /(+ &1+ 1( &a( � = /.64+ ]rxlo,
snshb]kkx rs]akd mncd: � = 0.14+ &tmrs]akd( r]cckd onhms
&b( t… = −1t − 1v+ v… = −1�t − 1v &c( λ = −1 + 1

|
�:

�/ = 0

&d(
2

0-4

0

1

1-4

w

x

21-410-40

2

0-4

0

1

1-4

w

x

21-410-40

2

0-4

0

1

1-4

w

x

21-410-40

Rdbshnm 6-3 OqdcYsnq,Oqdx DptYshnmr oZfd 383
0- &](

4

0

1

2

3

w

x

0/-3 /-5 /-7/-1/
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&a+ b( &/+ /(: t… = 2
1
t+ v… = − 0

1
v: λ = 2

1
+− 0

1
: r]cckd

onhms+ tmrs]akd & 0
1
+ 2(: t… = − 0

3
v+ v… = 2t: λ =

+
|

2 h{1: bdmsdq nq rohq]konhms+ hmcdsdqlhm]sd
&c+ d(

4

0

1

2

3

w

x

0/-3 /-5 /-7/-1/

&e( rnktshnmr nrbhkk]sd
2- &](

}0

0

1

2

}0 0 1 2 w

x

&a+ b( &/+ /(: t… = t+ v… = − 0
3
v: λ = 0+− 0

3
: r]cckd

onhms+ tmrs]akd &1+ /(: t… = −t − v+ v… = 2
3
v: λ =

−0+ 2
3
: r]cckd onhms+ tmrs]akd & 0

1
+ 2

1
(: t… = − 0

3
t −

0
3
v+ v… = 2

3
t: λ = &−0 +

|
00 h({7: rohq]k onhms+ ]rxlo,

snshb]kkx rs]akd
&c+ d(

2

0

1

w

x

10 0-4/-4/

&e( ihls→∞&w+ x( = & 0
1
+ 2

1
(: bndwhrsdmbd

4- &](
2

0

1

w

x

210/

&a+ b( &/+ /(: t… = −t+ v… = − 2
1
v: λ = −0+− 2

1
: mncd+

]rxlosnshb]kkx rs]akd & 0
1
+ /(: t… = 2

3
t − 2

1/
v+ v… =

−v: λ = −0+ 2
3
: r]cckd onhms+ tmrs]akd &1+ /(: t… =

−2t − 2
4
v+ v… = 0

1
v: λ = −2+ 0

1
: r]cckd onhms+ tm,

rs]akd & 2
1
+ 4

2
(: t… = − 2

3
t − 8

1/
v+ v… = 4

2
t: λ = &−2 +|

28 h({7:
rohq]k onhms+ ]rxlosnshb]kkx rs]akd
&c+ d(

2

0

1

w

x

210/

&e( cdodmchmf nm sgd hmhsh]k bnmchshnmr+ ihls→∞&w+ x( = &/+ /(
nq ihls→∞&w+ x( = & 2

1
+ 4

2
(: ltst]k dwshmbshnm nq bndwhrsdmbd

6- &](
|

b �{
|

Z 𝛽 &a(
|

2 &b( , &c( Sgd q]shn ne oqdx ]lokh,
stcd sn oqdc]snq ]lokhstcd hmbqd]rdr udqx rknvkx ]r sgd hmhsh]k
onhms lnudr ]v]x eqnl sgd dpthkhaqhtl onhms-
8- &](

3

0

/

2

1

w

x

764 53210

S ≈ 5.4
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&a(
3

0

/

2

1

w

x

764 53210

S ≈ 2.6

4

0

/

2

3

1

w

x

764 53210

S ≈ 00.4
&b(

4

0

/

2

3

1

w

x

764 53210

S ≈ 2.7

4

0

/

2

3

1

w

x

764 53210

S ≈ 00.0
00- &]( O0&/+ /(+ O1&0{𝜌+ /(+ O2&2+ 1 − 5𝜌(: O1 lnudr sn
sgd kdes ]mc O2 lnudr cnvm: sgdx bnhmbhcd ]s &2+ /( vgdm
𝜌 = 0

2
- &a( O0 hr ] r]cckd onhms- O1 hr ] r]cckd onhms enq 𝜌 . 0

2
]mc ]m ]rxlosnshb]kkx rs]akd mncd enq 𝜌 < 0

2
- O2 hr ]m ]rxlo,

snshb]kkx rs]akd rohq]k onhms enq 𝜌 . 𝜌0 = &
|

6{2 − 0({1 ≈
/.1527+ ]m ]rxlosnshb]kkx rs]akd mncd enq 𝜌0 . 𝜌 . 0

2
+ ]mc ]

r]cckd onhms enq 𝜌 < 0
2
-

&b(
2

0

/

1

w

x

543210

2

0

/

1

w

x

543210
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02- &]+ a( O0&/+ /( hr ] r]cckd onhms: O1&4+ /( hr ] r]cckd
onhms: O2&1+ 1.3( hr ]m ]rxlosnshb]kkx rs]akd rohq]k onhms
&b(

4

0

/

1

2

3

w

x

543210

04- &]( r]ld oqdx+ edvdq oqdc]snqr &a( lnqd oqdx+ edvdq
oqdc]snqr &b( lnqd oqdx+ dudm edvdq oqdc]snqr

Rdbshnm 6-4 Odqhnchb Rnktshnmr Ymc Khlhs
Bxbkdr oZfd 4.3
0- q = 0+ 1 = s + s/+ ]rxlosnshb]kkx rs]akd khlhs bxbkd
2- q = 1+ 1 = s + s/+ ]rxlosnshb]kkx rs]akd khlhs bxbkd:
q = 4+ 1 = s + s/+ tmrs]akd odqhnchb rnktshnm
4- q = &1m − 0({2+ 1 = s + s/+ m = 0+ 1+ 2+… + ]rxlosnsh,
b]kkx rs]akd khlhs bxbkd: q = 1m{2+ 1 =s+ s/+ m= 0+ 1+ 2+… +
tmrs]akd odqhnchb rnktshnm
8- q =

|
4+ 1 = s + s/+ tmrs]akd odqhnchb rnktshnm

04- &]( w… = x+ x… = −w + 𝜃x − 𝜃x2{2 &a( / . 𝜃 . 1+ tmrs],
akd rohq]k onhms: 𝜃 ≥ 1+tmrs]akd mncd
&b(

}1

}0

1

0

s

t

/ 1404 1/0/4

}1

}0

0

1

t}0}1 / 0 1

t 

: ≈ 1.05+ S ≈ 5.54&c( 𝜃 = /.1+ : ≈ 0.88+ S ≈ 5.20: 𝜃 =
/.4+ : ≈ 1./2+ S ≈ 5.28:𝜃 = 1+ : ≈ 1.5/+ S ≈ 6.54: 𝜃 =
4+ : ≈ 3.25+ S ≈ 00.5/
06- &]( Sgd nqhfhm hr ]m ]rxlosnshb]kkx rs]akd mncd enq
𝜃 . −1+ ]m ]rxlosnshb]kkx rs]akd rohq]k onhms enq −1 . 𝜃 .
/+ ]m tmrs]akd rohq]k onhms enq / . 𝜃 . 1+ ]mc ]m tmrs]akd
mncd enq 𝜃 < 1-
&a(

}2

}0

}1

0

1

2

w

x

}0}2 }1 / 0 1 2

&b( 𝜃 = −0{19

}2

}0

}1

0

1

2

w

x

}0}2 }1 / 0 1 2
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𝜃 = −2{19

}3

}0

}1

}2

0

1

2

3

w

x

}0}3 }2 }1 / 0 1 2 3

&c( 𝜃 = −0{0/9

}3

}0

}1

}2

0

1

2

3

w

x

}0}3 }2 }1 / 0 1 2 3

𝜃 = 0{0/9

}3

}0

}1

}2

0

1

2

3

w

x

}0}3 }2 }1 / 0 1 2 3

08- &]( &/+ /(+ &4Z+ /(+ &1+ 3Z − 0.5( &a( λ = −/.14 +
/.014Z + /.14

|
11/ − 3//Z + 14Z1: Z/ = 1

&b(
05

0/

1

/

01

03

7

5

3

w

x

0/5 731

10- &a( j = /+ &0.0883+ −/.51315(:

}1

}/-4

/-4

0

w

x

}0}1 / 0 1

j = /.4+ &/.7/374+ −/.020/5(

}0

}/-4

/-4

0

w

x

}0}1 / 0 1
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&b( j/ ≈ /.2354+ &/.8434/+ −/.20702(

}0

}/-4

/-4

0

w

x

}0}1 / 0 1

&c( j = /.3+ S ≈ 00.12:

}0

}/-4

/-4

0

w

x

}0}1 / 0 1

j = /.4+ S ≈ 0/.26:

}0

}/-4

/-4

0

w

x

}0}1 / 0 1

j = /.5+ S ≈ 8.82

}0

}/-4

/-4

0

w

x

}0}1 / 0 1

&d( j0 ≈ 0.3/24

Rdbshnm 6-5 BgYnr Ymc RsqYmfd ;ssqYbsnqr9 Sgd
Knqdmy DptYshnmr oZfd 401
0- &a( λ = λ0+ u0 = &/+ /+ 0(S : λ = λ1+ u1 = &1/+ 8 −|

70 + 3/q+ /(S : λ = λ2+ u2 = &1/+ 8 +
|

70 + 3/q+ /(S

&b( λ0 ≈ −1.5556+ u0 = &/+ /+ 0(S : λ1 ≈ −11.7166+ u1 ≈
&1/+ −14.5443+ /(S : λ2 ≈ 00.7166+ u2 ≈ &1/+ 32.5443+ /(S

4-

}1/

}4

}0/

}04

1/

04

4

0/

s

w

/ 1/040/4

6- &](

}0/

}4

04

4

0/

w

/ s2/1/0/
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}04

}4

}0/

04

4

0/

s

w

/ 2/1/0/

}04

}4

}0/

04

4

0/

s

w

/ 4/1/ 2/ 3/0/

&a(

}0/

}4

1/

4

0/

04

w

/ s3/1/ 2/0/

}04

}4

}0/

04

4

0/

s

w

/ 7/1/ 2/ 3/ 4/ 5/ 6/0/

}04

}4

}0/

04

4

0/

s

w

/ 04/4/ 0//

8- &](

}3/

}0/

}1/

}2/

0/

1/

2/

3/

4/

5/

x

/ w}0/}2/ }1/ 0/ 1/ 2/

&a(

}5/

}1/

}3/

1/

3/

5/

w

x

}0/}2/ }1/ / 0/ 1/ 2/

BG;OSDQ 7 MTLDQHB;K LDSGNCR
Rdbshnm 7-0 MtldqhbYk ;ooqnwhlYshnmr9 Dtkdq r
Ldsgnc oZfd 418
0- &]( 0-1+ 0-28+ 0-460+ 0-6328
&a( 0-0864+ 0-27438+ 0-45380+ 0-62547
&b( 0-08520+ 0-27224+ 0-451//+ 0-622/7
&c( 0-08405+ 0-27016+ 0-44807+ 0-61857
2- &]( 0-14+ 0-43+ 0-767+ 1-1625
&a( 0-15+ 0-4530+ 0-81045+ 1-23248
&b( 0-15440+ 0-46635+ 0-83475+ 1-27176
&c( 0-1603+ 0-48071+ 0-86101+ 1-31443
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4-

1

0

2

3

s

x

}0}1 / 0 1

bnmudqfd enq x ≥ /: tmcd“mdc enq x . /
6-

0

1

2

}3

}0

}1

}2

3

x

s}3 }0}1}2 / 0 1 2 3

bnmudqfd
8-

0

}1

}0

1

x

s}1 }0 / 0 1

chudqfd
00- &]( 1-2/7//+ 1-38//5+ 1-5//12+ 1-55662+ 1-6/828+
1-62410
&a( 1-2/056+ 1-37152+ 1-48241+ 1-55116+ 1-6/408+
1-621/8
&b( 1-18753+ 1-368/2+ 1-48/13+ 1-54847+ 1-6/20/+
1-62/42
&c( 1-18575+ 1-36580+ 1-4772/+ 1-54687+ 1-6/074+
1-61848

02- &]( −0-37738+ −/-301228+ 0-/3576+ 0-32065+
0-43327+ 0-40860
&a( −0-358/8+ −/-176772+ 0-/4240+ 0-31//2+ 0-42///+
0-4/438
&b( −0-34754+ −/-106434+ 0-/4604+ 0-30375+ 0-41223+
0-38768
&c( −0-34101+ −/-062265+ 0-/4830+ 0-30086+ 0-40838+
0-3838/
04- &]( −/-055023+ −/-30/761+ −/-7/355/+ 3-04756
&a( −/-063541+ −/-323127+ −/-77803/+ −2-/870/
06- ? qd]rnm]akd drshl]sd enq x ]s s = 1.4 hr adsvddm 07 ]mc
08- Mn qdkh]akd drshl]sd hr onrrhakd ]s s = 2 eqnl sgd rodbh“dc
c]s]-
08- &](

0

}1

}0

1

x

s}1 }0 / 0 1

&a( /.56 . �/ . /.57

Rdbshnm 7-1 ;bbtqYbx ne MtldqhbYk
Ldsgncr oZfd 425
0- &]( 0-0864+ 0-27438+ 0-45380+ 0-62547
&a( 0-08520+ 0-27224+ 0-451//+ 0-622/7
2- &]( 0-1/14+ 0-305/2+ 0-53178+ 0-7748/
&a( 0-1/277+ 0-30825+ 0-53785+ 0-78461
4- &]( /-4/8128+ /-411076+ /-428/12+ /-448825
&a( /-4/86/0+ /-412044+ /-43/44/+ /-451/78
6- &]( 1-8/22/+ 6-42888+ 08-3181+ 4/-4503
&a( 1-824/5+ 6-6/846+ 1/-0/70+ 41-8668
8- &]( 2-84602+ 4-/8742+ 5-30437+ 6-8/063
&a( 2-84854+ 4-0/260+ 5-31232+ 6-80144
00- &]( −0-34754+ −/-106434+ 0-/4604+ 0-30376
&a( −0-34211+ −/-07/702+ 0-/48/2+ 0-30133

04- dm+0 = Z1𝜏&sm( − 0[g1+ |dm+0| ≤
[

0 + 1 l}t
/≤s≤0

|𝜏&s(|
]

g1+

dm+0 = d1sm g1+ |d0| ≤ /./01+ |d3| ≤ /./11

06- dm+0 = Zsm + s1
m𝜏&sm( + 𝜏2&sm([g1

08- dm+0 = &0 + Zsm + 𝜏&sm([−0{1(g1{3
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10- &]( 𝜏&s( = 0 + &0{4#( rhm 4#s

/-83

0-/1

0-//

/-87

/-85

0-/3

0-/5

s/-1 /-3 /-5 /-7 0

&a( 0-1+ 0-/+ 0-1

0)..

0)04

0)0.

0).4

0)1.

.)0 .)1 .)2 .)3 .)5.)4 s

&b( 0-/+ 0-0+ 0-0+ 0-/+ 0-/ &c( g . 0{
|

4/# ≈ /./7
12- &]( / &a( 5/ &b( −81-05
14- &]( 45./282+ 40/.7611+ 00/6.3012+ 0683.4228
&a(

6-4

4-4

4

3-4

5-4

6

5

}2}4 }3}5}6

&b( xdr &c( rknod ≈ /.8

Rdbshnm 7-2 Hloqnudc Dtkdq Ymc Qtmfd,JtssY
Ldsgncr oZfd 434
0- &]( 0-08401+ 0-2701/+ 0-448/8+ 0-61845
&a( 0-08404+ 0-27014+ 0-44805+ 0-61854

&b( 0-08405+ 0-27015+ 0-44807+ 0-61856
&c( 0-08405+ 0-27016+ 0-44807+ 0-61857
&d( 0-08405+ 0-27016+ 0-44807+ 0-61857
2- &]( 0-1/415+ 0-31162+ 0-54400+ 0-8/46/
&a( 0-1/422+ 0-3118/+ 0-54431+ 0-8/510
&b( 0-1/423+ 0-31183+ 0-5444/+ 0-8/523
&c( 0-1/424+ 0-31184+ 0-54442+ 0-8/527
&d( 0-1/424+ 0-31185+ 0-54442+ 0-8/527
4- &]( /-40/053+ /-413015+ /-431/72+ /-453140
&a( /-40/057+ /-413024+ /-4310//+ /-453166
&b( /-40/058+ /-413026+ /-4310/3+ /-453173
&c( /-40/06/+ /-413027+ /-4310/4+ /-453175
&d( /-41/058+ /-413027+ /-4310/4+ /-453175
6- &]( 1-85608+ 6-77202+ 1/-7003+ 44-40/5
&a( 1-857//+ 6-77644+ 1/-7183+ 44-4647
&b( 1-85714+ 6-77778+ 1/-7238+ 44-4846
&c( 1-85717+ 6-778/3+ 1/-7244+ 44-487/
8- &]( 2-85106+ 4-0/776+ 5-32023+ 6-81221
&a( 2-85107+ 4-0/778+ 5-32027+ 6-81226
&b( 2-85108+ 4-0/78/+ 5-32028+ 6-81227
&c( 2-85108+ 4-0/78/+ 5-32028+ 6-81227
00- &]( −0-33657+ −/-033367+ 0-/5//3+ 0-3/85/
&a( −0-33654+ −/-03258/+ 0-/5/61+ 0-3/888
&b( −0-33653+ −/-032432+ 0-/5/78+ 0-30//7
&c( −0-33653+ −/-032316+ 0-/5/84+ 0-30/00
04- &](

0

}1

}0

1

x

s}1 }0 / 0 1

&a( 4-737505+ 03-2/3674+ 4/-325254
08- dm+0 = &1g2{2(d1sm + |dm+0| ≤ 3.815/3g2 nm
/ ≤ s ≤ 0+ |d0| ≤ /.///703158
10- g ≈ /./60
12- g ≈ /./70

Rdbshnm 7-3 MtldqhbYk Ldsgncr enq Rxrsdlr ne
Ehqrs Nqcdq DptYshnmr oZfd 438
0- &]( 0-15+ /-65: 0-6603+ 0-3713: 1-47880+ 1-26/2:
2-71263+ 2-5/302: 4-53135+ 4-27774
&a( 0-21382+ /-647822: 0-82568+ 0-46808: 1-82303+
1-55/88: 3-37207+ 3-11528: 5-73125+ 5-45341
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&b( 0-21378+ /-648405: 0-8258+ 0-46888: 1-82348+
1-551/0: 3-37311+ 3-11673: 5-7333+ 5-45573
2- &]( /-471+ 0-07: /-006858+ 0-16233: −/-225801+
0-16271: −/-62///6+ 0-07461: −0-/1023+ 0-/1260
&a( /-457340+ 0-04664: /-0/8665+ 0-11445: −/-211/7+
0-1/236: −/-570185+ 0-0/051: −/-826741+ /-826741
&b( /-45734+ 0-04664: /-0/8662+ 0-11446: −/-211/70+
0-1/236: −/-570180+ 0-0/050: −/-826730+ /-82673

4- &]( 1-85114+ 0-23427: 1-23008+ 0-56010: 0-8/125+
0-86047: 0-455/1+ 1-12784: 0-18657+ 1-35621
&a( 2-/5228+ 0-23747: 1-33386+ 0-57527: 0-8800+
1-///25: 0-52707+ 1-16870: 0-2444+ 1-4064
&b( 2-/5203+ 0-23788: 1-33354+ 0-57588: 0-88/64+
1-//0/6: 0-52670+ 1-17/46: 0-24403+ 1-40716
6- Enq g = /./4 ]mc /./149 w = 0.32272+ x = /.53112/-
Sgdrd qdrtksr ]fqdd vhsg sgd dw]bs rnktshnm sn rhw chfhsr-



Q D E D Q D M B D R

Cheedqdmsh]k Dpt]shnmr ]mc Cxm]lhb]k Rxrsdlr

?qmnk´c+ Uk]chldq H-+ NqchmZqx ChˆdqdmshZk DptZshnmr &Mdv
Xnqj.Adqkhm9 Roqhmfdq,Udqk]f+ 0881(- Sq]mrk]shnm ax
Qnfdq Bnnjd ne sgd sghqc Qtrrh]m dchshnm-

Ahqjgn—+ F-+ ]mc Qns]+ F-,B-+ NqchmZqx ChˆdqdmshZk
DptZshnmr &3sg dc-( &Mdv Xnqj9 Vhkdx+ 0878(-

Aq]tdq+ Eqdc ]mc Mngdk+ Ingm ?-+ Sgd PtZkhsZshud Sgdnqx ne
NqchmZqx ChˆdqdmshZk DptZshnmr9 :m Hmsqnctbshnm &Mdv
Xnqj9 V- ?- Admi]lhm+ Hmb-+ 0858: Mdv Xnqj9 Cnudq+
0878(-

Bncchmfsnm+ D- ?-+ :m Hmsqnctbshnm sn NqchmZqx ChˆdqdmshZk
DptZshnmr &Dmfkdvnnc Bkh—r+ MI9 Oqdmshbd,G]kk+ 0850:
Mdv Xnqj9 Cnudq+ 0878(-

Bncchmfsnm+ D- ?-+ ]mc Kduhmrnm+ M-+ Sgdnqx ne NqchmZqx
ChˆdqdmshZk DptZshnmr &Mdv Xnqj9 LbFq]v,Ghkk+ 0844(-

Bnkd+ Q- G-+ Sgdnqx ne NqchmZqx ChˆdqdmshZk DptZshnmr
&Mdv Xnqj9 Hquhmfsnm+ 0857(-

Ftbjdmgdhldq+ Ingm ]mc Gnkldr+ Oghkho+ MnmkhmdZq
NrbhkkZshnmr) CxmZlhbZk Rxrsdlr) Zmc AhetqbZshnmr ne
Udbsnq Ehdkcr &Mdv Xnqj.Adqkhm9 Roqhmfdq,Udqk]f+ 0872(-

Ghqrbg+ Lnqqhr V-+ Rl]kd+ Rsdogdm+ ]mc Cdu]mdx+ Qnadqs
K-+ ChˆdqdmshZk DptZshnmr) CxmZlhbZk Rxrsdlr) Zmc Zm
Hmsqnctbshnm sn BgZnr &1mc dc-( &R]m Chdfn+
B?.Knmcnm9 Dkrduhdq ?b]cdlhb Oqdrr+ 1//3(-

Gnbgrs]cs+ G-+ ChˆdqdmshZk DptZshnmr9 : Lncdqm :ooqnZbg
&Mdv Xnqj9 Gnks+ 0853: Mdv Xnqj9 Cnudq+ 0864(-

Lhkkdq+ Q- J-+ ]mc Lhbgdk+ ?- M-+ NqchmZqx ChˆdqdmshZk
DptZshnmr &Mdv Xnqj9 ?b]cdlhb Oqdrr+ 0871(-

Q]hmuhkkd+ D- C-+ HmsdqldchZsd ChˆdqdmshZk DptZshnmr &1mc
dc-( &Mdv Xnqj9 L]blhkk]m+ 0853(-

Ro]qqnv+ Bnkhm+ Sgd Knqdmy DptZshnmr9 AhetqbZshnmr)
BgZnr) Zmc RsqZmfd :ssqZbsnqr &Mdv Xnqj.Adqkhm9
Roqhmfdq,Udqk]f+ 0871(-

Rsqnf]sy+ Rsdudm G-+ MnmkhmdZq CxZlhbr Zmc BgZnr
&Qd]chmf+ L?9 ?cchrnm,Vdrkdx+ 0883(-

Xnrhc]+ J-+ Kdbstqdr nm ChˆdqdmshZk Zmc HmsdfqZk DptZshnmr
&Mdv Xnqj9 Vhkdx,Hmsdqrbhdmbd+ 085/: Mdv Xnqj9
Cnudq+ 0880(-

Odqstqa]shnm Ldsgncr+ Chldmrhnm]k ;m]kxrhr+ ]mc Rb]khmf

Gnkldr+ L- G-+ Hmsqnctbshnm sn OdqstqaZshnm Ldsgncr &Mdv
Xnqj9 Roqhmfdq,Udqk]f+ 0884(-

Khm+ B- B- ]mc Rdfdk+ K- ?-+ LZsgdlZshbr :ookhdc sn
Cdsdqlhmhrshb Oqnakdlr hm sgd MZstqZk Rbhdmbdr
&Oghk]cdkogh]9 RH?L+ 0878(-

G]mcannjr+ S]akdr+ ]mc Rodbh]k Etmbshnmr

?aq]lnvhsy+ L-+ ]mc Rsdftm+ H- ?- &dcr-(+ GZmcannj ne
LZsgdlZshbZk Etmbshnmr &Mdv Xnqj9 Cnudq+ 0854(:
nqhfhm]kkx otakhrgdc ax sgd M]shnm]k Atqd]t ne
Rs]mc]qcr+ V]rghmfsnm+ CB+ 0853-

Bnornm+ D- S-+ :m Hmsqnctbshnm sn sgd Sgdnqx ne Z Bnlokdw
UZqhZakd &Nwenqc9 Nwenqc Tmhudqrhsx+ 0824(-

Gnbgrs]cs+ G-+ RodbhZk Etmbshnmr ne LZsgdlZshbZk Ogxrhbr
&Mdv Xnqj9 Gnks+ 0850(-

I]gmjd+ D-+ ]mc Dlcd+ E-+ SZakdr ne Etmbshnmr vhsg
EnqltkZd Zmc Btqudr &Kdhoyhf9 Sdtamdq+ 0827: Mdv
Xnqj9 Cnudq+ 0834(-
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;cu]mbdc B]kbtktr

Atbj+ Q- B-+ ]mc Atbj+ D- E-+ :cuZmbdc BZkbtktr &2qc dc-(
&Mdv Xnqj9 LbFq]v,Ghkk+ 0867(-

Bntq]ms+ Q-+ ]mc Ingm+ E-+ Hmsqnctbshnm sn BZkbtktr Zmc
:mZkxrhr &Mdv Xnqj9 Vhkdx,Hmsdqrbhdmbd+ 0854:

qdoqhmsdc ax Roqhmfdq,Udqk]f+ Mdv Xnqj+
0878(-

J]ok]m+ V-+ :cuZmbdc BZkbtktr &4sg dc-( &Qd]chmf+ L?9
?cchrnm,Vdrkdx+ 1//2(-

Entqhdq Rdqhdr

B]qrk]v+ G- R-+ Hmsqnctbshnm sn sgd Sgdnqx ne Entqhdqzr
Rdqhdr Zmc HmsdfqZkr &2qc dc-( &B]laqhcfd9 B]laqhcfd
Tmhudqrhsx Oqdrr+ 082/: Mdv Xnqj9 Cnudq+ 0841(-

Bgtqbghkk+ Q- U-+ ]mc Aqnvm+ I- V-+ Entqhdq Rdqhdr Zmc
AntmcZqx UZktd Oqnakdlr &5sg dc-( &Mdv Xnqj9
LbFq]v,Ghkk+ 1///(-

O]qsh]k Cheedqdmsh]k Dpt]shnmr

G]adql]m+ Q-+ DkdldmsZqx :ookhdc OZqshZk ChˆdqdmshZk
DptZshnmr &2qc dc-( &Dmfkdvnnc Bkh—r+ MI9
Oqdmshbd,G]kk+ 0887(-

Ohmrjx+ L- ?-+ OZqshZk ChˆdqdmshZk DptZshnmr Zmc AntmcZqx
UZktd Oqnakdlr vhsg :ookhbZshnmr &2qc dc-( &Anrsnm9
VBA.LbFq]v,Ghkk+ 0887(-

Onvdqr+ C- K-+ AntmcZqx UZktd Oqnakdlr &3sg dc-( &R]m
Chdfn9 ?b]cdlhb Oqdrr+ 0888(-

R]f]m+ G-+ AntmcZqx Zmc DhfdmuZktd Oqnakdlr hm
LZsgdlZshbZk Ogxrhbr &Mdv Xnqj9 Vhkdx+ 0850: Mdv
Xnqj9 Cnudq+ 0878(-

Rsq]trr+ V- ?-+ OZqshZk ChˆdqdmshZk DptZshnmr) Zm
Hmsqnctbshnm &Mdv Xnqj9 Vhkdx+ 0881(-

Vdhmadqfdq+ G- E-+ : Ehqrs Bntqrd hm OZqshZk ChˆdqdmshZk
DptZshnmr &Mdv Xnqj9 Vhkdx+ 0854: Mdv Xnqj9 Cnudq+
0884(-

Mtldqhb]k ;m]kxrhr

?rbgdq+ Tqh L-+ ]mc Odsynkc+ Khmc] Q-+ Bnlotsdq Ldsgncr
enq NqchmZqx ChˆdqdmshZk DptZshnmr Zmc
ChˆdqdmshZk,:kfdaqZhb DptZshnmr &Oghk]cdkogh]9 Rnbhdsx
enq Hmctrsqh]k ]mc ?ookhdc L]sgdl]shbr+ 0887(-

Gdmqhbh+ Odsdq+ Chrbqdsd UZqhZakd Ldsgncr hm NqchmZqx
ChˆdqdmshZk DptZshnmr &Mdv Xnqj9 Vhkdx+ 0851(-

Rg]lohmd+ K]vqdmbd E-+ MtldqhbZk Rnktshnm ne NqchmZqx
ChˆdqdmshZk DptZshnmr &Mdv Xnqj9 Bg]ol]m ]mc G]kk+
0883(-

L]sgdl]shb]k Lncdkhmf

A]hkdx+ M- S- I-+ Sgd LZsgdlZshbZk Sgdnqx ne Hmedbshntr
ChrdZrdr Zmc Hsr :ookhbZshnmr &1mc dc-( &Mdv Xnqj9
G]emdq Oqdrr+ 0864(-

Aq]tdq+ Eqdc ]mc B]rshkkn,Bg®]udy+ B]qknr+ LZsgdlZshbZk
Lncdkr hm OnotkZshnm Ahnknfx Zmc Dohcdlhnknfx &Mdv
Xnqj.Adqkhm9 Roqhmfdq,Udqk]f+ 1//0(-

Bk]qj+ Bnkhm V-+ LZsgdlZshbZk Ahndbnmnlhbr &1mc dc-(
&Mdv Xnqj9 Vhkdx,Hmsdqrbhdmbd+ 088/(-

Nctl+ D- O-+ EtmcZldmsZkr ne Dbnknfx &2qc dc-(
&Oghk]cdkogh]9 R]tmcdqr+ 0860(-
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?

?adk´r sgdnqdl+ 113fl115
?bshnm hmsdfq]k+ 178
?bst]k hmudrsldms+ 17
?c]oshud ldsgnc+ 425
?cchshnm+ ne l]sqhbdr+ 446fl447
?cchshud hcdmshsx+ 446
?hqx´r dpt]shnm+ 103
?kfdaq]hb ltkshokhbhsx+ 48/
?klnrs khmd]q rxrsdlr+ 355fl364

c]lodc odmctktl+ 361fl364
d—dbs ne rl]kk odqstqa]shnmr nm+

355fl357
khmd]q ]ooqnwhl]shnmr sn mnmkhmd]q

rxrsdlr+ 357fl360
rs]ahkhsx oqnodqshdr ne+ 360

?lahdms sdlodq]stqd+ 2
?lokhstcd+ 132

bqhshb]k+ 78
lncd+ 337
lnctk]shnm ne+ 16/

?m]kxshb]k ]ooqn]bgdr+ 0
?mftk]q udknbhsx+ 263
?mshsgdshb u]qh]sdr+ 004+ 442fl443
?ooqnwhl]shnmr9

khmd]q+ 357fl360
mtldqhb]k+ 408fl425
rtbbdrrhud+ 320

?qbghldcdr+ 01
?rxlosnshb rs]ahkhsx+ 347fl35/

ne dpthkhaqhtl onhmsr+ 04+ 08
fkna]k+ 364
ne khlhs bxbkd+ 085fl086+ 387
ne mncdr+ 045+ 073
qdfhnm ne+ 352

?ssq]bsnqr+ 07
?tfldmsdc l]sqhbdr+ 455
?tsnmnlntr dpt]shnmr9

bqhshb]k sgqdrgnkc hm+ 77fl78
cd“mdc+ 02
dpthkhaqhtl rnktshnmr enq+ 02fl08
enq dwonmdmsh]k fqnvsg+ 70
enq knfhrshb fqnvsg+ 70fl74
enq knfhrshb fqnvsg vhsg sgqdrgnkcr+

78fl80
mnmkhmd]q+ 345fl346
]mc nsgdq bk]rrdr ne dpt]shnmr+ 0/7
og]rd khmdr enq+ 02fl08+ 74fl80
]mc onotk]shnm cxm]lhbr+ 7/fl80
rnktshnmr ]mc chqdbshnm “dkcr enq+

10fl14
?tsnmnlntr rxrsdlr9

cd“mdc+ 028+ 080
cxm]lhb]k+ 1/5
mnmkhmd]q+ 080fl084
ne svn “qrs nqcdq khmd]q ch—dqdmsh]k

dpt]shnmr+ 028fl03/

?twhkh]qx dpt]shnmr+ rdd Bg]q]bsdqhrshb
dpt]shnmr

A

A]bjrtarshstshnm+ ldsgnc ne+ 457fl458
A]k]mbdc fqnvsg o]sg+ 17
A]rhm ne ]ssq]bshnm+ 352
Ad]sr+ 16/+ 160
Adqmntkkh+ C]mhdk+ 80+ 81
Adqmntkkh+ I]jna+ 58+ 0/4+ 250
Adqmntkkh+ Ing]mm+ 58
Adqmntkkh ch—dqdmsh]k dpt]shnmr+ 0/4fl0/7
Adqmntkkh dpt]shnmr+ 0/4+ 0/7
Adqs]k]m—x dpt]shnm+ 16
Adrrdk dpt]shnmr &Adrrdk etmbshnmr(+ 103
AHAN &antmcdc,hmots antmcdc,ntsots(

rs]akd rxrsdl+ 253
Ahetqb]shnm+ 82+ 4/4
Ahetqb]shnm ch]fq]l+ 82
Ahetqb]shnm onhms&r(+ 81fl82+ 376
Ak]bj+ Ehrbgdq+ 003m.00+ 441m.3
Ak]bj,Rbgnkdr noshnmr oqhbhmf lncdk+

003m.00+ 441m.3
Aknncflaq]hm og]ql]bnjhmdshb lncdk

&oqnidbs(+ 1/0fl1/1
Antmcdc etmbshnm+ 253
Antmcdc,hmots antmcdc,ntsots &AHAN(

rs]akd rxrsdl+ 253
Aq]bghrsnbgqnmd oqnakdl+ 58fl6/+ 181
Aqd]j,dudm hmudrsldms+ 17
Aqtrrdk]snq lncdk+ 4/4
Athkchmfr+ d]qsgpt]jdr ]mc s]kk+ 335fl338
Atnx]mbx+ oqhmbhokd ne+ 01

B

B]ohs]k rsnbj odq tmhs ne d—dbshud k]anq+ 17
B]q kn]m &dw]lokd(+ 5/fl50
B]qqhdqr+ chrd]rd+ 81
B]qqxhmf b]o]bhsx+ 16
B]tbgxflDtkdq dpt]shnmr+ 130+ 150
Bdmsdq+ 061fl065
Bdmsqhetf]k fnudqmnq+ 261
Bg]nshb rnktshnmr+ 4/5fl401
Bg]q]bsdqhrshb dpt]shnmr+ 118fl122

vhsg bnlokdw bnmitf]sd qnnsr+ 120
cd“mdc+ 013+ 118+ 48/
vhsg chrshmbs qd]k qnnsr+ 12/
vhsg qd]k qdod]sdc qnnsr+ 12/

Bg]q]bsdqhrshb onkxmnlh]kr+ 118+ 212fl213+
48/

Bgdlhb]k qd]bshnmr+ 81
Bgdlhb]kr hm onmc &dw]lokd(+ 50fl52
Bhqbths ]m]kxrhr+ rs]sd u]qh]akd ]ooqn]bg sn+

275fl277
Bk]hq]ts´r sgdnqdl+ 84
Bk]rrhb]k ldbg]mhbr+ 0/fl00
Bknrdc,knno bnmsqnk rxrsdlr+ 251+ 264

Bndffbhdmsr+ 20+ 35- Rdd Zkrn Bnmrs]ms
bndffbhdmsr

cdsdqlhm]msr ne+ 01/
chrbnmshmtntr+ 7/
l]sbghmf onkxmnlh]k+ 206
l]sqhw ne+ 268
sq]mrlhrrhnm+ 2
tmcdsdqlhmdc+ 141fl15/+ 323fl325
u]qh]akd+ 1/4

Bne]bsnq dwo]mrhnm+ 471
Bnktlm udbsnqr+ 446
Bnlo]qsldmsr+ 272
Bnlo]qsldms lncdkr+ 48fl5/+ 272fl273
Bnlodshmf rodbhdr+ 365fl375
Bnlokdldms]qx rnktshnmr+ 143
Bnlokdsdkx bnmsqnkk]akd &sdql(+ 342
Bnlokdw bnmitf]sd qnnsr+ 120
Bnlokdw dhfdmu]ktdr+ 056fl065+ 30/fl307
Bnlonmdms oknsr+ 022fl023
Bnmrs]msr+ u]qh]shnm ne+ rdd U]qh]shnm ne

o]q]ldsdqr
Bnmrs]ms bndffbhdmsr9

gnlnfdmdntr khmd]q rxrsdlr vhsg+
034fl054+ 288fl3/7

khmd]q bnmrs]ms bndffbhdms bnmsqnk+
340fl342

rdbnmc nqcdq gnlnfdmdntr khmd]q
dpt]shnmr vhsg+ 056+ 117fl128

Bnmrs]ms bndffbhdms dpt]shnmr+ 1/4
Bnmrs]ms d—nqs g]qudrshmf+ 000+ 406
Bnmrs]ms xhdkc g]qudrshmf+ 000+ 406fl407
Bnms]fhntr chrd]rdr+ 80fl81
Bnmshmtntrkx bnlontmcdc hmsdqdrs+ 01
Bnmsqnk9

ne khmd]q bnmrs]ms bndffbhdmsr+ 340fl342
ne roqhmf,l]rr rxrsdl sn dpthkhaqhtl+

338fl344
ne rxrsdl rs]sd+ 273

Bnmsqnk etmbshnm+ 342fl343
Bnmsqnkkdqr+ 251
Bnmsqnk rxrsdlr9

eddca]bj+ 250fl258+ 265
khmd]q+ 273fl275

Bnmudqfdmbd+ 184+ 422
Bnmunktshnm+ 240fl248

cd“mdc+ 171+ 241
]mc eqdd.enqbdc qdronmrdr sn

hmotsflntsots oqnakdlr+ 244fl245
oqnodqshdr ne+ 241fl242
]mc sq]mredq etmbshnm.hlotkrd qdronmrdr+

246fl248
Bnmunktshnm sgdnqdl+ 242fl244
Bnnkhmf9

dw]lokd ne gd]shmf ]mc+ 13fl14
Mdvsnm´r k]v ne+ 2fl3+ 0/+ 13+ 56

Bntokdc roqhmf,l]rr rxrsdlr+ 270fl271
Bq]ldq´r qtkd+ 01/
Bqhshb]k ]lokhstcd+ 78
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Bqhshb]k c]lohmf+ 136
Bqhshb]kkx c]lodc lnshnm+ 134
Bqhshb]k onhmsr9

hm ]tsnmnlntr rxrsdlr+ 028+ 080fl084
bk]rrh“b]shnm ne+ 08fl1/
cd“mdc+ 02+ 74fl76+ 028+ 080
hlonqs]mbd ne+ 350fl353
hrnk]sdc+ 1/5+ 357
khmd]qhy]shnm ]ants ]m+ 1/fl10
rs]ahkhsx ne+ 04+ 347fl348

Bqhshb]k sgqdrgnkc+ 77fl78
Bxbknhc+ 6/

C

C]lodc athkchmfr+ 337fl338
C]lodc eqdd uhaq]shnmr+ 134fl138
C]lodc lnshnm+ 134fl136
C]lodc odmctktlr+ 361fl364
C]lohmf9

bqhshb]k+ 136
enqbdc uhaq]shnmr vhsg+ 151fl154
enqbdc uhaq]shnmr vhsgnts+ 158fl161

C]lohmf bnmrs]ms+ 1/8
C]lohmf enqbd+ 1/8
C]qbx udknbhsx &C]qbx fitw(+ 001m.0/
Cdedbshud l]sqhbdr+ 327fl333+ 480
Cdfidbshnm+ dqqnq hm+ 263fl264
Cdfdmdq]sd mncd+ 073
Cdfqddr ne eqddcnl+ 303
Cdks] etmbshnm+ 236fl24/
Cdmrd mnm]ptdntr og]rd khpthcr

&CM?OKr(+ 000
Cdodmcdmbd+ khmd]q+ rdd Khmd]q cdodmcdmbd
Cdodmcdms u]qh]akdr+ 3
Cdsdqlhm]msr+ 470fl478- Rdd Zkrn

Vqnmrjh]m cdsdqlhm]ms &Vqnmrjh]m(
ne bndffbhdmsr+ 01/
]mc khmd]q hmcdodmcdmbd+ 475
oqnodqshdr ne+ 472
ne qnv dpthu]kdms l]sqhbdr+ 474
]mc rnku]ahkhsx ne mnmgnlnfdmdntr

rxrsdlr+ 475fl476
ne sqh]mftk]q l]sqhbdr+ 473

Ch]fnm]khy]akd l]sqhbdr+ 485
Ch]fnm]k l]sqhbdr+ 450
Ch]fnm]k ne ] l]sqhw+ 450
Ch—dqdmbd dpt]shnm+ 55
Ch—dqdmbd ne svn l]sqhbdr+ 447
Ch—dqdmsh]k dpt]shnmr- Rdd Zkrn rodbh’b

gdZchmfr
]ookhb]shnmr ne+ 1
cd“mdc+ 1+ 17fl18
vhsg chrbnmshmtntr enqbhmf etmbshnmr+

226fl231
K]ok]bd sq]mrenqlr enq rnkuhmf+ 21/fl216
khmd]q ur- mnmkhmd]q+ 20fl21
nqcdq ne+ 2/fl20
nqchm]qx ur- o]qsh]k+ 18
rnktshnmr ne+ 21fl22
rxrsdlr ne+ 18fl2/

Ch—dqdmsh]k nodq]snqr+ 108
Ch—trhnm9

nm nmd,chldmrhnm]k k]sshbd vhsg
]arnqahmf antmc]qx+ 3/8

nm nmd,chldmrhnm]k k]sshbd vhsg
qdfidbshmf antmc]qhdr+ 3/4fl3/7

Chldmrhnmr+ l]sqhw+ 445
Chq]b cdks] etmbshnm+ 236fl24/
Chqdbshnm “dkcr+ 10fl14+ 025+ 41/
Chqdbshnm “dkc udbsnqr+ 025
Chrbnmshmthsx+ onrrhakd onhmsr ne+ 67
Chrbnmshmtntr bndffbhdmsr+ 7/
Chrbnmshmtntr etmbshnmr9

enqbhmf+ 226fl231
K]ok]bd sq]mrenqlr ne+ 217fl222

Chrd]rd+ 80fl81+ 403fl405- Rdd Zkrn
Dohcdlhbr

Chrshmbs qd]k qnnsr+ 12/
Chrsqhatshnmr+ 24/
Chudqfdmbd+ 184
CM?OKr &cdmrd mnm]ptdntr og]rd

khpthcr(+ 000
Cns oqnctbs+ 483
Cqho chrodmrdq &oqnidbs(+ 44/fl440
Cqhud rg]es+ ]mftk]q udknbhsx ne+ 263
Ctffmf´r dpt]shnm+ 103+ 104
Cxm]lhb]k rxrsdlr+ 1/4fl1/5

D

D]qsgpt]jdr ]mc s]kk athkchmfr &oqnidbs(+
335fl338

Dbgdknm enql+ 456fl460
D—dbshud k]anq+ 17
Dhfdmu]ktd&r(9

bnlokdw+ 056fl065+ 30/fl307
bnlotshmf dmsqhdr ne J eqnl+ 1//
cd“mdc+ 48/
]mc dhfdmudbsnqr+ 011fl017
drshl]shmf+ 088fl1//
qd]k ]mc chrshmbs+ 041fl045+ 3/2fl3/4
qdod]sdc+ 067fl077
rhlokd+ 480
]mc rxrsdlr ne svn khmd]q ]kfdaq]hb

dpt]shnmr+ 013fl017
rxrsdlr vhsg ] rhmfkd ydqn+ 052fl053
tmrs]akd+ 045

Dhfdmu]ktd ldsgnc ne rnkuhmf rxrsdlr+
04/fl040

Dhfdmu]ktd oqnakdlr+ 3//+ 48/fl488
Dhfdmudbsnq&r(9

bnlotshmf dmsqhdr ne J eqnl+ 1//
cd“mdc+ 48/
]mc dhfdmu]ktdr+ 011fl017
drshl]shmf+ 088fl1//
fdmdq]khydc+ 073+ 486
]mc rxrsdlr ne svn khmd]q ]kfdaq]hb

dpt]shnmr+ 013fl017
Dkdbsqhb]k uhaq]shnmr+ rdd Uhaq]shnm&r(
Dkdbsqhb bhqbthsr+ 032fl033+ 056+ 260fl261
Dkdldms]qx K]ok]bd sq]mrenqlr+ 202

Dkdldms]qx qnv nodq]shnmr &F]trrh]m
dkhlhm]shnm(+ 455

Dkkhoshb hmsdfq]kr+ 354
Dmuhqnmldms]k b]qqxhmf b]o]bhsx+ 74
Dohcdlhbr+ 80fl81+ 403fl405
Dpthkhaqhtl onhmsr+ rdd Bqhshb]k onhmsr
Dpthkhaqhtl rnktshnmr9

ne ]tsnmnlntr ch—dqdmsh]k dpt]shnmr+
74fl76

bk]rrh“b]shnm ne+ 07fl1/
cd“mdc+ 3+ 02
ne khmd]q ]tsnmnlntr rxrsdlr+ 028
]mc khmd]qhy]shnm ]ants ]m dpthkhaqhtl

onhms+ 1/fl10
]mc og]rd khmdr+ 02fl08

Dqqnq&r(9
hm cdfidbshnm+ 263fl264
hm mtldqhb]k ]ooqnwhl]shnmr+ 414fl417+

422fl423
qntmc,n—+ 422
r]lokhmf+ 004m.01+ 442m.4
sqtmb]shnm+ 422fl425

Drb]od udknbhsx &dw]lokd(+ 52fl53
DtkdqflK]fq]mfd dpt]shnmr+ 178fl182
Dtkdq ldsgnc+ 408fl418

]bbtq]bx ne+ 418fl422
hloqnudc+ 426fl430
knb]k sqtmb]shnm dqqnq enq+ 423fl425
ordtcn,bncd enq+ 413
enq rxrsdlr ne “qrs nqcdq dpt]shnmr+

436fl438
Dtkdq´r enqltk]+ 410fl411
Dtqnod]m b]kk noshnm+ 002fl003+ 441
Dudms oqnakdl+ 177
Dw]bs ch—dqdmsh]k dpt]shnmr+ 82fl0//+ 0/7
Dwbg]mfd ne rs]ahkhsx+ 82
Dwhrsdmbd ne K]ok]bd sq]mrenql+ 2/0fl2/1
Dwhrsdmbd ne rnktshnmr9

enq “qrs nqcdq khmd]q rxrsdlr+ 28/
enq khmd]q.mnmkhmd]q dpt]shnmr+ 6/fl64
enq mnmkhmd]q rxrsdlr+ 08/fl080
enq rdbnmc nqcdq khmd]q gnlnfdmdntr

rxrsdlr+ 105fl107
Dwohq]shnm c]sd+ 003+ 441
Dwokhbhs rnktshnmr+ 33
Dwonmdmsh]k fqnvsg+ 70
Dwonmdmsh]k ne l]sqhw+ rdd L]sqhw

dwonmdmsh]k etmbshnm
Dwonmdmsh]k nqcdq+ etmbshnmr ne+ 2//fl2/0
Dwonmdmsh]k oddkhmf ldsgnc+ 1//m.6
Dwsdqm]k enqbdr+ nm roqhmf,l]rr rxrsdlr+

10/

E

E]kkhmf anchdr+ 180
Eddca]bj bnmsqnk rxrsdlr+ 250fl258

aknbj ch]fq]l ne+ 252
bknrdc,knno+ 251+ 264
cd“mdc+ 251
mnmkhmd]q+ 265



557 Hmcdw

Eddca]bj bnmsqnk rxrsdlr &Bnmshmtdc(
onkdr ne+ 253
]mc qnns,knbtr ]m]kxrhr+ 255fl256
]mc Qntsg rs]ahkhsx bqhsdqhnm+ 256fl258
rs]ahkhsx ne+ 253fl255
hm rsd]l dmfhmdr+ 261fl265
ydqndr ne+ 253

Edgkadqf+ Dqvhm+ 434m.2
Edql]s´r oqhmbhokd+ 181
Ehdkc lhbd ]mc nvkr &dw]lokd(+ 6fl7+ 05fl06
Ehesg nqcdq ldsgnc+ 433
Ehqrs hmsdfq]k+ 66
Ehqrs lncd ne uhaq]shnm+ 304+ 306
Ehqrs nqcdq ch—dqdmsh]k dpt]shnmr+ 26fl004

]tsnmnlntr dpt]shnmr &onotk]shnm
cxm]lhbr(+ 7/fl80

cd“mdc+ 3+ 35
dw]bs+ 82fl87
]mc hmsdfq]shmf e]bsnqr+ 87fl0//
khmd]q dpt]shnmr ]mc hmsdfq]shmf e]bsnqr+

34fl43
khmd]q ur- mnmkhmd]q+ 6/fl68
lncdkhmf vhsg+ 44fl53
mtldqhb]k ldsgncr enq rxrsdlr ne+

435fl438
oqnidbsr tshkhyhmf+ 00/fl004
qdk]shnmrghor ]lnmf+ 0/7
rdo]q]akd+ 27fl33
rs]mc]qc enql+ 35
rtarshstshnm ldsgncr enq+ 0/0fl0/7
svn+ rdd Rxrsdlr ne svn “qrs nqcdq

dpt]shnmr
Ehqrs nqcdq khmd]q rxrsdl&r(+ 266fl344

]ookhb]shnmr lncdkdc ax+ 27/fl277
hm bhqbths ]m]kxrhr rs]sd u]qh]akd

]ooqn]bg+ 275fl277
hm bnlo]qsldms lncdkr+ 272fl273
hm bntokdc roqhmf,l]rr rxrsdlr+

270fl271
cdedbshud l]sqhbdr+ 327fl333
ne chldmrhnm svn+ 026
dwonmdmsh]k ne l]sqhw+ 312fl32/
etmc]ldms]k l]sqhbdr+ 31/fl312
fdmdq]k eq]ldvnqj enq+ 268fl27/
gnlnfdmdntr+ vhsg bnmrs]ms

bndffbhdmsr+ 288fl3/7
hm khmd]q bnmsqnk rxrsdlr+ 273fl275
l]sqhw,u]ktdc etmbshnmr+ 267
mnmcdedbshud l]sqhbdr vhsg bnlokdw

dhfdmu]ktdr+ 30/fl307
mnmgnlnfdmdntr+ 320fl325
msg nqcdq khmd]q dpt]shnmr+ 27/+

285fl287
oqnidbsr tshkhyhmf+ 335fl344
sgdnqx ne+ 278fl287

Ehrgdqhdr+ 76+ 00/fl000+ 405fl407
EhsygtfgflM]ftln dpt]shnmr+ 4/5
Ehwdc onhmsr+ 02
Ekxa]kk+ 261fl263
Ekxvgddk+ 263
Enqbdc qdronmrd+ 154+ 245

Enqbdc uhaq]shnmr9
vhsg c]lohmf+ 151fl154
vhsgnts c]lohmf+ 158fl161

Enqbhmf etmbshnmr+ 226fl231+ 268
Eq]bshnm]k stqmnudq+ 278
Eq]bshnm]k stqmnudq q]sd+ 278
Eqdd qdronmrd+ 245
Eqdptdmbx+ 132+ 135+ 304fl307
Eqdptdmbx qdronmrd+ 154+ 323fl325
Eqdptdmbx qdronmrd etmbshnm+ 154fl158
Etmbshnmr ne dwonmdmsh]k nqcdq+ 2//fl2/0
Etmbshnm u]ktdr+ l]sbghmf+ 206
Etmc]ldms]k l]sqhbdr+ 163+ 31/fl312
Etmc]ldms]k rds ne rnktshnmr9

enq cdedbshud l]sqhbdr+ 327fl333
enq “qrs nqcdq khmd]q rxrsdlr+ 283fl285
enq gnlnfdmdntr khmd]q rxrsdlr vhsg

bnmrs]ms bndffbhdmsr+ 038fl04/
enq rdbnmc nqcdq khmd]q gnlnfdmdntr

dpt]shnmr+ 110fl112
enq rxrsdlr ne khmd]q msg nqcdq

dpt]shnmr+ 287

F

F]hm+ 155+ 157+ 252
F]ll] etmbshnm+ 2/2
F]trrh]m dkhlhm]shnm+ 455fl460
FCO odq tmhs ne d—dbshud k]anq+ 17
Fdmdq]khydc dhfdmudbsnqr+ 073+ 486
Fdmdq]khydc etmbshnmr+ 24/
Fdmdq]k ldsgnc enq rdo]q]akd dpt]shnmr+

3/fl33
Fdmdq]k rnktshnm&r(+ 4

enq “qrs nqcdq khmd]q rxrsdlr+ 283
enq gnlnfdmdntr khmd]q rxrsdlr vhsg

bnmrs]ms bndffbhdmsr+ 04/
enq khmd]q dpt]shnmr+ 66
enq mnmgnlnfdmdntr dpt]shnmr+ 143
enq rxrsdlr ne khmd]q ]kfdaq]hb

dpt]shnmr+ 455
enq rxrsdlr ne rdbnmc nqcdq khmd]q

gnlnfdmdntr dpt]shnmr+ 110fl111
enq svn “qrs nqcdq khmd]q dpt]shnmr+

026fl027
Fdmdq]k rxrsdl&r(9

dwsdmrhnm ne bnlokdw dhfdmu]ktdr sn+
060fl061

dwsdmrhnm ne gnlnfdmdntr khmd]q
rxrsdlr vhsg bnmrs]ms bndffbhdmsr sn+
040fl041

Fdnldsqhb]k ]ooqn]bgdr+ 0
Fdnldsqhb ltkshokhbhsx+ 480
Fkna]kkx ]rxlosnshb]kkx rs]akd &sdql(+

364
Fkna]k sqtmb]shnm dqqnq+ 422
Fnlodqsy dpt]shnm+ 16
Fq]oghb]k bnmrsqtbshnm ne hmsdfq]k btqudr+

67
Fq]uhs]shnm]k enqbd+ 1/7
Fqd]s K]jdr+ 56fl57

Fqntmcv]sdq bnms]lhm]ms rntqbd &oqnidbs(+
000fl001

Fqnvsg q]sd+ 6+ 70+ 71

G

G]ke,khed+ 0/
G]qcdmhmf roqhmf+ 1/6
G]qlnmhb lnshnm+ 134fl135
G]qlnmhb nrbhkk]snqr+ 138fl14/
G]qudrshmf9

hm bnlodshshud dmuhqnmldms+ 405fl407
hm oqdc]snqfloqdx qdk]shnmrghor+ 384
hm qdmdv]akd qdrntqbd oqnidbs+ 00/fl000

Gd]s dpt]shnm+ 18
Gd]shmf ]mc bnnkhmf &dw]lokd(+ 13fl14
Gd]uhrhcd etmbshnm+ rdd Tmhs rsdo etmbshnm
Gdtm enqltk]+ rdd Hloqnudc Dtkdq enqltk]
Gnlnfdmdntr ch—dqdmsh]k dpt]shnmr+

0/0fl0/4
Gnlnfdmdntr dpt]shnmr+ 20+ 0/7+ 056+

1/3
Gnlnfdmdntr khmd]q dpt]shnmr+ 35fl36
Gnlnfdmdntr khmd]q dpt]shnmr+ rdbnmc

nqcdq+ 105fl115
?adk´r dpt]shnm enq Vqnmrjh]m+

113fl115
dwhrsdmbd.tmhptdmdrr ne rnktshnmr+

105fl107
rtodqonrhshnm oqhmbhokd enq+ 108fl110
Vqnmrjh]mr.etmc]ldms]k rdsr ne

rnktshnmr enq+ 110fl112
Gnlnfdmdntr khmd]q dpt]shnmr vhsg

bnmrs]ms bndffbhdmsr+ rdbnmc nqcdq+
056+ 117fl128

bg]q]bsdqhrshb dpt]shnmr+ 118fl122
vhsg chrshmbs qd]k qnnsr+ 12/
hmhsh]k u]ktd oqnakdlr vhsg+ 122fl128
og]rd onqsq]hsr enq+ 122fl128
vhsg qd]k qdod]sdc qnnsr+ 12/

Gnlnfdmdntr khmd]q rxrsdlr vhsg bnmrs]ms
bndffbhdmsr+ 034fl054+ 288fl3/7

dhfdmu]ktd ldsgnc enq+ 04/fl040
dwsdmrhnm sn fdmdq]k rxrsdl+ 040fl041
mnmcdedbshud l]sqhw vhsg qd]k

dhfdmu]ktdr+ 3//fl3/7
qd]k ]mc chrshmbs dhfdmu]ktdr+ 041fl045+

3/2fl3/4
qdctbhmf dwoqdrrhnmr enq+ 036
qnbjadc gd]s rsnq]fd rxrsdl dw]lokd+

035+ 041fl045
]mc rtodqonrhshnm oqhmbhokd.khmd]q

hmcdodmcdmbd+ 036fl04/
rxlldsqhb l]sqhbdr+ 3/4fl3/7

Gnlnfdmdntr ne cdfqdd j &sdql(+ 0/0fl0/1
Gnlnfdmdntr rxrsdlr+ 010fl011+ 026+

268
Gnnjd´r k]v+ 1/6+ 363
Gnoe ahetqb]shnm+ 4/4
Gtqvhsy onkxmnlh]k+ 255m.5
Gtxfdmr+ Bgqhrsh]m+ 250
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H

Hcdmshsx l]sqhw+ 45/fl450
Hlokhbhs rnktshnmr+ 33+ 66fl67
Hloqnodq mncd+ 073
Hloqnudc Dtkdq enqltk]+ 426fl430+ 433
Hlotkrd+ 233
Hlotkrd etmbshnmr+ 233fl24/
Hlotkrd qdronmrd+ 246fl248
Hmcdodmcdmbd+ khmd]q+ rdd Khmd]q

cdodmcdmbd
Hmcdodmcdms u]qh]akdr+ 3
Hmchb]snq etmbshnm+ 217fl22/
Hmedbshntr chrd]rd+ 403fl405
Hmhsh]k bnmchshnm+ 5+ 23
Hmhsh]k u]ktd oqnakdl&r(+ 22fl24

enq “qrs nqcdq khmd]q rxrsdlr+ 268
enq gnlnfdmdntr khmd]q dpt]shnmr vhsg

bnmrs]ms bndffbhdmsr+ 122fl128
l]sgdl]shb]k lncdkhmf enq+ 5fl6
enq mnmkhmd]q rxrsdlr+ 08/
enq rdbnmc nqcdq dpt]shnmr+ 1/3
rnktshnm ne+ 23fl24+ 1/3
enq svn “qrs nqcdq khmd]q dpt]shnmr+ 027

Hmmdq oqnctbs+ 483
Hmots etmbshnm+ 268
Hmots l]sqhw+ 273
Hmotsflntsots oqnakdlr9

eqdd.enqbdc qdronmrdr ne+ 244fl245
hlotkrd qdronmrd ne+ 246fl248
sq]mredq etmbshnm ne+ 246fl248

Hmrs]ahkhsx+ 347fl35/
Hmrs]ahkhsx oqnakdl+ rsd]l dmfhmd+ 262
Hmrs]ahkhsx oqnodqshdr+ 360
Hmsdfq]kr9

]bshnm+ 178
dkkhoshb+ 354
“qrs+ 66
ne l]sqhw etmbshnm+ 267

Hmsdfq]k btqudr+ 4fl5+ 67+ 86+ 0//
Hmsdfq]k dpt]shnmr+ 25/
Hmsdfq]shmf e]bsnqr+ 34fl43

cd“mdc+ 36
enq dw]bs ch—dqdmsh]k dpt]shnmr+ 87fl0/0
enq “qrs nqcdq khmd]q dpt]shnmr+ 38fl43

Hmsdfqn,ch—dqdmsh]k dpt]shnmr+ 25/
Hmsdqbnmmdbsdc s]mjr &dw]lokd(+ 033fl034
Hmsdqdrs+ 01
Hmsdqm]shnm]k Hmrshstsd ne Rnbh]k Ghrsnqx+

01
Hmsdqu]k ne cd“mhshnm+ 64fl66
Hmsqhmrhb fqnvsg q]sd+ 71
Hmudqrd+ ne l]sqhw+ 01/+ 451fl452+ 476fl478
Hmudqrd K]ok]bd sq]mrenql+ 200fl208

cd“mdc+ 201
dwhrsdmbd ne+ 200fl201
khmd]qhsx ne+ 203fl204
ne o]qsh]k eq]bshnmr+ 204fl208

Hmudqshakd l]sqhbdr+ 01/
Hmudrsldms+ ]bst]k ur- aqd]j,dudm+ 17
Hrnk]sdc bqhshb]k onhmsr+ 1/5+ 357

I

I]bnah]m l]sqhw+ 36/
Inqc]m enqlr+ 485fl488

J

Jdqmdk+ 171+ 183
Jhqbggn—´r k]vr+ 032+ 102
Jqnmdbjdq cdks]+ 45/

K

K]anq+ d—dbshud+ 17
K]lhm]q finv+ 78
K]ok]bd´r dpt]shnm+ 18
K]ok]bd sq]mrenql&r(+ 183fl265

ne bnmunktshnm hmsdfq]kr+ 240fl248
cd“mdc+ 183+ 185fl186
ne "&s − s/(+ 237fl238
ne cdqhu]shudr ne e &s(+ 2/4fl2/7
ne cdqhu]shudr ne sme &s(+ 2/8
ne ch—dqdmsh]k dpt]shnmr vhsg

chrbnmshmtntr enqbhmf etmbshnmr+
226fl231

ne chrbnmshmtntr etmbshnmr+
217fl222

ne dbse &s(+ 2/3fl2/4
dkdldms]qx+ 202
dwhrsdmbd ne+ 2/0fl2/1
]mc etmbshnmr ne dwonmdmsh]k nqcdq+

2//fl2/0
]mc hloqnodq hmsdfq]kr+ 184fl185
ne hlotkrd etmbshnmr+ 233fl24/
hmudqrd+ 200fl208
khmd]qhsx ne+ 186fl188
]mc khmd]q rxrsdlr.eddca]bj bnmsqnk+

250fl258
enq l]sqhw dwonmdmsh]k etmbshnm+

318fl32/
]mc o]qsh]k eq]bshnmr+ 204fl208
ne odqhnchb etmbshnmr+ 222fl225
ne ohdbdvhrd bnmshmtntr etmbshnmr+

188fl2//
oqnidbsr tshkhyhmf+ 260fl265
oqnodqshdr ne+ 2/3fl2/8
rnkuhmf ch—dqdmsh]k dpt]shnmr vhsg+

21/fl216
ne rxrsdlr ne ch—dqdmsh]k dpt]shnmr+

214fl216
ne shld,rghesdc etmbshnmr+ 220fl222
ne tmhs rsdo etmbshnm+ 22/fl220

Kdfdmcqd´r dpt]shnm+ 103
Kdhamhy+ Fnsseqhdc+ 36+ 58+ 0/4+ 250
Kdhamhy´r qtkd+ 2/8
K´G”nohs]k+ L]qpthr cd+ 58
Khaax+ Vhkk]qc E-+ 55
Khlhs bxbkdr+ 085fl086+ 387fl4/3
Khmd]q ]ooqnwhl]shnmr+ 357fl360
Khmd]q bnlahm]shnmr9

ne rnktshnmr+ 28/
ne udbsnqr+ 460

Khmd]q bnmrs]ms bndffbhdms bnmsqnk+
340fl342

Khmd]q bnmsqnk rxrsdlr+ 273fl275
Khmd]q cdodmcdmbd9

ne l]sqhw bnktlmr+ 475
ne rnktshnmr+ 038+ 280fl283
ne udbsnqr+ 038+ 460fl463

Khmd]q ch—dqdmsh]k dpt]shnmr+ 20fl21
dwhrsdmbd.tmhptdmdrr ne rnktshnmr enq+

6/fl64
fdmdq]k rnktshnm enq+ 66
fq]oghb]k.mtldqhb]k bnmrsqtbshnm ne

hmsdfq]k btqudr enq+ 67
hlokhbhs rnktshnmr enq+ 66fl67
hmsdqu]k ne cd“mhshnm enq+ 64fl66
mnmkhmd]q ur-+ 20fl21+ 6/fl68
oqnodqshdr ne+ 67fl68

Khmd]q dpt]shnmr- Rdd Zkrn Ehqrs nqcdq
khmd]q rxrsdl&r(: Rdbnmc nqcdq khmd]q
dpt]shnmr

cd“mhshnmr+ 1/3fl1/4
]mc hmsdfq]shmf e]bsnqr+ 34fl43
msg nqcdq+ 27/+ 285fl287
]mc nsgdq bk]rrdr ne dpt]shnmr+ 0/7

Khmd]q etmbshnmr+ 20
Khmd]qhsx9

ne hmudqrd K]ok]bd sq]mrenql+ 203fl204
ne K]ok]bd sq]mrenql+ 186fl188

Khmd]qhy]shnm9
]ants ]m dpthkhaqhtl onhms+ 1/fl10
]ants ]m nodq]shmf onhms+ 263fl264
ne mnmkhmd]q ldbg]mhb]k rxrsdl+

101fl102+ 175fl176
Khmd]qhydc odmctktl+ 100fl102
Khmd]qkx cdodmcdms rnktshnmr+ 038+

280fl283
Khmd]qkx cdodmcdms udbsnqr+ 038+

460fl463
Khmd]qkx hmcdodmcdms rnktshnmr+ 038+

280fl283
Khmd]qkx hmcdodmcdms udbsnqr+ 038+

460fl463
Khmd]q nodq]snqr+ 108+ 186
Khmd]q rxrsdlr- Rdd Zkrn ?klnrs khmd]q

rxrsdlr: Ehqrs nqcdq khmd]q rxrsdl&r(:
Gnlnfdmdntr khmd]q rxrsdlr vhsg
bnmrs]ms bndffbhdmsr

mnmgnlnfdmdntr+ 320fl325
rs]ahkhsx oqnodqshdr ne+ 077

Kn]mr+ b]q+ 5/fl50
Knb]k sqtmb]shnm dqqnq+ 422fl425
Knf]qhsglhb cdbqdldms+ 140
Knfhrshb dpt]shnm+ 71
Knfhrshb fqnvsg+ 70fl74
Knfhrshb fqnvsg vhsg sgqdrgnkc+ 78fl80
Knqdmy+ Dcv]qc M-+ 4/6
Knqdmy dpt]shnmr+ 4/5fl401
Knsj]flUnksdqq] dpt]shnmr+ 2/+ 377
Knvdq sqh]mftk]q l]sqhw+ 450
Knv,o]rr “ksdq+ 276+ 325
Ktlodc rxrsdl sgdql]k ]m]kxrhr+ 02/
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L

L]rr,roqhmf rxrsdlr+ rdd Roqhmf,l]rr
rxrsdlr

L]sbghmf etmbshnm u]ktdr+ 206
L]sbghmf onkxmnlh]k bndffbhdmsr+ 206
L]sgdl]shb]k lncdkr ]mc lncdkhmf+ 1fl0/

]m]kxrhr ne+ 45
b]q kn]m dw]lokd+ 5/fl50
bgdlhb]kr hm onmc dw]lokd+ 50fl52
bnlo]qhrnm vhsg

dwodqhldms.nardqu]shnm+ 45fl46
bnmrsqtbshmf+ 7fl0/+ 45
cd“mdc+ 1
drb]od udknbhsx dw]lokd+ 52fl53
“dkc lhbd ]mc nvkr dw]lokd+ 6fl7
vhsg “qrs nqcdq dpt]shnmr+ 44fl53
gd]s sq]mredq dw]lokd+ 2fl3
ne hmhsh]k u]ktd oqnakdlr+ 5fl6
vhsg hmsdfq]k btqudr+ 3fl5
lhwhmf dw]lokd+ 46fl5/
sdqlhmnknfx enq+ 3

L]sqhw&,bdr(+ 444fl452
]cchshnm ne+ 446fl447
]tfldmsdc+ 455
cdedbshud+ 327fl333+ 480
cd“mdc+ 445
ch]fnm]k+ 450
ch]fnm]khy]akd+ 485
ch—dqdmbd ne+ 447
chldmrhnmr ne+ 445
dpt]k+ 446
etmc]ldms]k+ 163+ 31/fl312
hcdmshsx+ 45/fl450
hmots+ 273
hmudqrd ne+ 01/+ 451fl452+ 476fl478
hmudqshakd+ 01/
I]bnah]m+ 36/
ltkshokhb]shnm ne+ 448fl45/
mdf]shud cd“mhsd+ 344
mnmcdedbshud+ 3//fl3/7+ 30/fl307+ 480
mnmhmudqshakd+ 010+ 451
mnmrhmftk]q+ 01/
ntsots+ 273
oqnctbs ne rb]k]q ]mc+ 447fl448
q]mj ne+ 461fl463
qnv dbgdknm enql ne+ 456fl460
qnv dpthu]kdms+ 474
rhlhk]q+ 485
rhmftk]q+ 010+ 451
rpt]qd+ 446
rxlldsqhb+ 3/4fl3/7+ 451
rxrsdl+ 273
sq]mronrd ne ]+ 450fl451
sqh]mftk]q+ 450+ 473
ydqn+ 446

L]sqhw dwonmdmsh]k etmbshnm+ 312fl32/
bnmrsqtbshmf+ 316fl317
K]ok]bd sq]mrenql ldsgnc vhsg+

318fl32/
mnmcdedbshud+ 317fl318

L]sqhw etmbshnmr+ 267
L]sqhw mns]shnm+ 021fl022+ 268
L]sqhw ne bndffbhdmsr+ 268
L]sqhw,u]ktdc etmbshnmr+ 267
L]whltl rtrs]hm]akd xhdkc+ 000
Ldbg]mhb]k rxrsdl+ khmd]qhy]shnm ne

mnmkhmd]q+ 101fl102+ 175fl176
Ldbg]mhb]k uhaq]shnmr+ rdd Uhaq]shnm&r(
Ldqsnm+ Qnadqs B-+ 003m.00+ 441m.3
Lhkkhj]m+ Q- ?-+ 58
Lhwhmf oqnakdlr+ 00+ 46fl5/+ 033fl034
Lncd ]lokhstcd+ 337
Lnmsd B]qkn ldsgnc+ 002fl004+ 440fl443
Lnshnm9

c]lodc+ 134fl136
Mdvsnm´r k]v ne+ 1/7+ 10/

Ltkshokhb]shnm+ ne l]sqhbdr+ 448fl45/
Ltkshokhb]shud hcdmshsx+ 450
Ltkshokhb]shud hmudqrd+ 451fl452

M

M]stq]k eqdptdmbx+ 132+ 304
Mdf]shud cd“mhsd l]sqhbdr+ 344
Mdvsnm+ Hr]]b+ 2+ 58
Mdvsnm´r k]v ne bnnkhmf+ 2fl3+ 0/+ 13+ 56
Mdvsnm´r k]v ne lnshnm+ 1/7+ 10/
Mdvsnm´r rdbnmc k]v+ 101
Mnc]k rhmjr+ 045+ 054
Mnc]k rntqbdr+ 045+ 054
Mncdr+ 045+ 07/+ 073
Mnm]tsnmnlntr dpt]shnmr+ 10
Mnmbnmrs]ms odqhnchb rnktshnmr+ 385
Mnmcdedbshud l]sqhbdr+ 480

vhsg bnlokdw dhfdmu]ktdr+ 30/fl307
vhsg qd]k dhfdmu]ktdr+ 3//fl3/7

Mnmcdedbshud l]sqhw dwonmdmsh]k etmbshnm+
317fl318

Mnmgnlnfdmdntr dpt]shnmr+ 20+ 1/3+
141fl15/

B]tbgxflDtkdq+ 150
fdmdq]k rnktshnm rsq]sdfx enq+ 143
khmd]q+ 35fl36
rtodqonrhshnm oqhmbhokd enq+ 145fl147
tmcdsdqlhmdc bndffbhdmsr ldsgnc enq+

143fl145+ 147fl15/
u]qh]shnm ne o]q]ldsdqr enq+ 163fl17/

Mnmgnlnfdmdntr khmd]q rxrsdlr+ 320fl325
vhsg bnmrs]ms O+ 322fl323
“qrs nqcdq+ 268
ldsgnc ne tmcdsdqlhmdc bndffbhdmsr

vhsg+ 323fl325
u]qh]shnm ne o]q]ldsdqr hm+ 320fl323

Mnmgnlnfdmdntr rxrsdlr9
cdsdqlhm]msr ]mc rnku]ahkhsx ne+

475fl476
rnktshnm rdsr enq+ 465fl47/
ne svn “qrs nqcdq khmd]q dpt]shnmr+ 026
ne svn khmd]q dpt]shnmr+ 010

Mnmgnlnfdmdntr sdql ne ] rxrsdl+ 268
Mnmhmudqshakd l]sqhbdr+ 010+ 451

Mnmkhmd]q ch—dqdmsh]k dpt]shnmr+ 36+ 101+
345fl407

]klnrs khmd]q rxrsdlr ne+ 355fl364
]tsnmnlntr+ 345fl346
enq bnlodshmf rodbhdr+ 365fl375
]mc bqhshb]k onhmsr+ 350fl353
dwhrsdmbd.tmhptdmdrr ne rnktshnmr enq+

6/fl64
fdmdq]k rnktshnm enq+ 66
fq]oghb]k.mtldqhb]k bnmrsqtbshnm ne

hmsdfq]k btqudr enq+ 67
hlokhbhs rnktshnmr enq+ 66fl67
hmsdqu]k ne cd“mhshnm enq+ 64fl66
]mc khlhs bxbkdr+ 387fl4/3
khmd]q ur-+ 20fl21+ 6/fl68
Knqdmy dpt]shnmr ]r+ 4/5fl401
enq nrbhkk]shmf odmctktl+ 348fl350
odqhnchb rnktshnmr enq+ 385fl4/3
oqdc]snqfloqdx dpt]shnmr ]r+ 377fl382
oqnidbsr tshkhyhmf+ 403fl407
oqnodqshdr ne+ 67fl68
rs]ahkhsx ne+ 347fl350

Mnmkhmd]q eddca]bj bnmsqnk rxrsdlr+ 265
Mnmkhmd]q ldbg]mhb]k rxrsdl+

khmd]qhy]shnm ne+ 101fl102+ 175fl176
Mnmkhmd]q rxrsdlr+ 078fl084

]tsnmnlntr+ 080fl084
dwhrsdmbd.tmhptdmdrr ne rnktshnmr enq+

08/fl080
khmd]q ]ooqnwhl]shnmr sn+ 357fl360

Mnmqdod]sdc khmd]q e]bsnqr+ 205
Mnmrhmftk]q l]sqhbdr+ 01/
Mnmydqn qnvr+ 458
Mnql]k enql ne “qrs nqcdq ch—dqdmsh]k
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o]q]ldsdqr
lncdk+ 3
rnktshnm+ 41

O]qsh]k ch—dqdmsh]k dpt]shnmr &OCDr(+
18

O]qsh]k eq]bshnmr+ 204fl208
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Og]rd+ 132fl133+ 155+ 158
Og]rd,]lokhstcd enql+ 131
Og]rd khmd+ 03fl08

“dkc lntrd ]mc nvkr dw]lokd+
05fl06

enq fdmdq]k ]tsnmnlntr ch—dqdmsh]k
dpt]shnmr+ 74fl80

oqnbdctqd enq cq]vhmf+ 07fl08
Og]rd ok]md+ 024
Og]rd onqsq]hsr+ 025fl026+ 122fl128+

138fl14/
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Onkxmnlh]k&r(9
bg]q]bsdqhrshb+ 118+ 212fl213+ 48/
Gtqvhsy+ 255m.5
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Q]xkdhfg dpt]shnm+ 4/3
Qd]k ]mc chrshmbs dhfdmu]ktdr+ 041fl045+

3/2fl3/4
Qdctbshnm ne nqcdq ldsgnc+ 116
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sgdnqx ne gnlnfdmdntr+ 105fl115
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rsd]cx,rs]sd+ 14+ 154
ne rxrsdl+ 027+ 08/
sq]mrhdms+ 152
sqhuh]k+ 010
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enqbdr nm+ 1/6fl10/
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1/3
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Rs]sd ro]bd+ 024
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Rs]sd udbsnqr+ 023
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Rsdo rhyd+ u]qh]shnm ne+ 430
Rsh—mdrr+ 1/6
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108fl110
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214fl216
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]mc khmd]q cdodmcdmbd+ 460fl461
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456fl460
rnktshnm rdsr ne ?w : .+ 463fl465
rnktshnm rdsr ne mnmgnlnfdmdntr

rxrsdlr+ 465fl47/

Rxrsdlr ne svn “qrs nqcdq dpt]shnmr+
005fl1/1- Rdd Zkrn Rxrsdlr ne svn
“qrs nqcdq khmd]q ch—dqdmsh]k dpt]shnmr

bnlokdw dhfdmu]ktdr+ 056fl065
gnlnfdmdntr khmd]q rxrsdlr vhsg

bnmrs]ms bndffbhdmsr+ 034fl054+
288fl3/7

khmd]q ]kfdaq]hb dpt]shnmr+ 006fl017
]mc mnmkhmd]q rxrsdlr+ 078fl084
mtldqhb]k ldsgncr enq rxrsdlr ne “qrs

nqcdq dpt]shnmr+ 435fl438
oqnidbsr tshkhyhmf+ 088fl1/1
qdod]sdc dhfdmu]ktdr+ 067fl077
eqnl rdbnmc nqcdq dpt]shnm+ 03/fl031

Rxrsdlr ne svn “qrs nqcdq khmd]q
ch—dqdmsh]k dpt]shnmr+ 018fl031

]tsnmnlntr+ 028fl03/
bnlonmdms oknsr+ 022fl023
cd“mdc+ 021
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dwhrsdmbd.tmhptdmdrr ne rnktshnmr enq+

027
fdmdq]k rnktshnmr ne+ 026fl027
fdnldsqx ne rnktshnmr enq+ 023fl025
khmd]q ]tsnmnlntr rxrsdlr+ 028fl03/
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dpt]shnmr sn+ 03/fl031
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006fl017
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Tmrs]akd oqnodq mncdr+ 073
Tmrs]akd rs]q mncdr+ 073
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ldbg]mhb]k.dkdbsqhb]k+ 130fl14/
oqhmbho]k lncd ne+ 304fl307
rdbnmc lncd ne+ 304
tmc]lodc eqdd+ 130fl134

Uhaq]shnm hmrtk]shnm &oqnidbs(+ 174fl175
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Ydqnr+ ne sq]mredq etmbshnm+ 253
Ydqn l]sqhw+ 446
Ydqn qnvr+ 458



WILEY END USER LICENSE AGREEMENT
Go to www.wiley.com/go/eula to access Wiley’s ebook EULA.


