MATH 226: Differential Equations

Class 20: April 2, 2025



Political Movement Model in MATLAB
A 3 x 3 Example in Maple (Handouts Folder)



Announcements

Project Two Due Monday, April 7
Exam 2 on Wednesday, April 16



Theorem from Last Time:

Suppose A, i, p are distinct eigenvalues of the n X n matrix A with
corresponding eigenvectors v, w, u, respectively; that is

Av = \v
Aw = uw
Au = pu.

Then the set {v,w,u} is linearly independent.

A Major Generalization:

Let A1, A2, ..., A\ be m distinct eigenvalues of a square matrix A
with corresponding eigenvectors vy, va, ..., vy, respectively; that is,
Av; = v for i =1,2,3,...,m.

Then the set {v1,va,...,vy} is linearly independent.



The four steps of math induction:

@ Show P(l) is true

I Let n = | and work it out.

@ Assume P(K) is true

Stick a K in for all the N's
and say it's true.

@ show P(K) = P(Kk+1)
* In math, the arrow =® means "implies" or "leads to."

use P (K) to show that

/ P (K * I) is true.

/
Very important!

@ End the proof

I write "Thus, P (n) is true.” W |

This is the modern way to end a proof.



Theorem: Let A1, A2, ..., \;;; be m distinct eigenvalues of a square
matrix A with corresponding eigenvectors vi,va, ..., Vi,
respectively; that is, Av; = A\;jv; for i =1,2,3, ..., m.

Then the set {v1,v2,...,vm} is linearly independent.

Consequently, the functions e*tvy, e*tvy, ...e*mtv,, form a

linearly independent set of solutions to the system x’ = Ax.



Here is a different generalization:

Suppose A and p are distinct eigenvalues of a square matrix A.
The eigenvalue A has associated with it a set of 3 linearly
independent eigenvectors vi, v, v3 while the eigenvalue p has an
associated set of 2 eigenvectors wy, ws.

Then the set {v1,vp,v3, Wi, wa} is linearly independent.



Theorem: Suppose A and p are distinct eigenvalues of a square
matrix A. The eigenvalue \ has associated with it a set of 3
linearly independent eigenvectors vy, va, v3 while the eigenvalue u
has an associated set of 2 eigenvectors wy, wa.

Then the set {v1,v2,v3, w1, wa} is linearly independent.

Proof: Suppose Ci, G, C3, C4, Cs are constants such that
(¥)Civi + Gz + Gvz + Gwy + Gswo =0

Multiply (*) by A to obtain

Gl Avy + GAvy + GGAvs + GiAwg + AGswy = A0 or

(%) C1Avy + GAva + G3Avs + Cuuwg + Csuwp = 0

Also multiply (*) by A to obtain:

(***) CGiAvy + GAvy + GGAvg + Ggawg + CGsadwy =0

Subtract equation (***) from equation (**):

C4(,u — )\)Wl + C5(u — )\)Wz =0

But {wy,w>} is a linearly independent set so C4 = 0, Cs = since
A F# .

Substituting back into (*), we have (x)Civy + Gova + Gavz+ =0
Linear Independence of {v1,va,v3} now implies C; = G = G30 as
well.



Political Movement Model

/r 1
L'=-2L+.25M+ 1R = —1L+ Im + 1r
5 4 10
M’:.15L—.6I\/I+.2R:3L—§M+1R
20 5 5

1 7 3
R' = .05L+.35M — 3R= —L+ —-M— —R
05L + .35 3 20 +20 10






Characteristic Polynomial det (A — Al) = A3 + J5A2 + 255
=A(N+ iéA + 400)
Eigenvalues:
A=0
o BB naym [P~ 315
2 20 “L-V22 784

Eigenvalue Eigenvector

A=0 v
A= —-.315 w
A= —.784 u

General Solution: Cie%v + Gy 315tw + Cye— 784ty



General Solution: X(t) = Cie%v + Ge 3tw + Ge 8y

As t — oo, X(t) = Giv
Important to find v

4

v is scalar multiple of | 2

3

Entries in X(t) must add to 1:
4c+2c+3c=1implies9c=1,c=1/9

4/9
Thus X(t) — | 2/9
3/9



Another 3 by 3 Example

4 4 11
X' = AX where A=|-16 -1 14
9 -6 —6

Characteristic Polynomial is det(A — A/)
= A3 +3X2 + 225X + 675
= A3 + 225X + 3A? + 675
= A(A2 4 225) + 3(\2 + 225)
= (A +3)(\2 +225)

So eigenvalues are A = —3, A = £15/



Vi

EIGENVECTORS: (A= X)v=0=(A=X)|w ]| =0

V3
4 4 11
A=1|-16 -1 14
9 -6 -6
7 4 —11
ForA=-3A-AM=A+3I=[|-16 2 14
9 -6 -3
which row reduces to
1 0 -1 Vi = Vv3 1
0 1 —-1]so w=v3 Takev=|1
0 -0 O vz any value 1
Hence one solution to our system of differential equations is
e 3t i

1



EIGENVECTOR FOR A = 15/

4—-15/ 4 —11 — 15/

Here A— A\ = A—15i = —16 -1 14
9 —6— —615/
which row reduces to
1 0 —i w1 = iwg ]
0 1 1+i|lsowr=—(1+i)wsz Takew=|—-1—
00 O w3 any value 1
0 1

We canwritewas | =1 | +i|—-1] =p+ir
1 0



Solutions Associated with A = 15/
0 1

Eigenvectorr w= | -1 | +i| -1 | =p+ir
1 0
Solution: e®(p + ir) = (cos 15t + isin 15t)(p + ir)
= (cos 15t)p + i(cos 15t)ir + i(sin 15t)p + i*(sin 15t)r
=[(cos 15t)p — (sin 15t)r] + i [cos 15t)r + (sin 15t)p]
Each term in square brackets is itself as solution.

0 1
The first is (cos15t) | =1 | — (sin15¢t) | —1
1 0
—sin15¢
which equals | sin 15t — cos 15t
cos 15t
cos 15t

Similarly, the second is | —sin15t — cos 15t
sin 15t



4 4 -11

The General Solution to X' = AX where A= | —-16 —1 14
9 -6 -6
1 —sin 15t cos 15t

Ge 3t |1|+GC |sin15t —cosl15t | +C3 | —sin 15t — cos 15t
1 cos 15t sin 15t



