MATH 226 Differential Equations
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Monday, May 5

Class 33



Notes on Assignment 21
Assignment 22



Announcements
Project 3 Due Friday

Course Response Forms
In Class Next Monday
Bring Laptop/SmartPhone

Final Exam
Friday, May 16: 9 - Noon



Numerical Approximations To Solutions of Differential
Equations

y' = f(t,y) with y(to) = yo
Euler’s Method: y,i 1 =y, + f(tn, ¥n)

Improved Euler’s:
Y1 = Yo+ 5 [F(tn, yn)+F(tn + 0, yn + F(tn, yn))]

Classic Runge—Kutta Method (RK4):

1
Ynt1 =Yn+ < (kl + 2ky + 2k3 + k4) where

6
klzf(tmyn)
h k
k2:f(tn+§7)/n+?1)
h ko
ks =f(th+ =, yn+ h—
3 = f( o et 2)

ks = f(tn+ h, yn+ hks)



Start with the Differential Equation
Solution ¢ has ¢'(t) = f(ta, ¢(t))
Integrate both sides over the interval [t,, tp+1]:

tn+1
Sy de= [ fltn0(0) ot
tn tn

Now left hand side is ¢(tn+1) — &(tn)

and right hand side is area under curve

tht1

2

y
y' = f(t, ()

tn tn+]



Thus ¢(tn+1) — ¢(tn) = Area Under Curve

v
y’ = f(t' (p(t))

L th+1

d(tnt1) = ¢(tn) + Area Under Curve

Yn+1 = Yn + Area Under Curve



Approximation Schemes Based On Estimating Area Under
Curve

/abf(t) dt

Approach 1: Find Polynomial That Agrees With f At Many

Points
» Degree 0 : Py(x) = f(a)
» Degree 1: Pi(x): Pi(a) = f(a) and Pi(b) = f(b)
» Degree 2: Py(x) : Py(a) = f(a), Po(m) = f(m), Po(b) = f(b)

where m = "erb.




Approximate function by the quadratic polynomial (i.e. parabola)
P(x) that takes the same values as the function at the end points
a and b and the midpoint m = (a+ b)/2 .

We obtain P(x) =

(x — m)(x — b) +F(m) (x —a)(x — b)

@ G=ma—5) T sy m—b)

Lagrange Interpolation Polynomial
b—

b
Then / P(x) = 5 2 [f(a) +4f(m) + f(b)]




John Couch Adams Francis Bashforth  Forest Ray Moulton
June 5, 1819 — January 8, 1819 — April 29, 1872 -
January 21, 1892  February 13, 1912  December 7, 1952
Biography Biography Biography


https://mathshistory.st-andrews.ac.uk/Biographies/Adams/
https://mathshistory.st-andrews.ac.uk/Biographies/Bashforth/
https://mathshistory.st-andrews.ac.uk/Biographies/Moulton/

Cubic Polynomial Approximation

Want P(a) = f(a), P(p) = f(p), P(q) = f(q), P(b) = b where
a<p<qg<hb

P —q)(x—b) (x—2)(x—q)(x—b)
Px)=f Ea) RIS + f((”) RIGRID
x—a)(x—p)(x— x—a)(x—p)(x—q
+H( @)= aman T (D) o= 6-p)6-0)




Adams-Bashforth Schemes;

Yn+t1 =Yn + hf(tna)/n)

3 1
Yni2 = Ynt1+h [2f(tn+1>Yn+1) 5 (fm)/n)}

4 5
= f(tns2, Ynr2) = 5 f(tns1, Ynr1) + uf(fnaYn)}

23
Yni3 = Yni2+h 3

12

59 37 3
f n y yn if n s yn - 7f ns Yn
24 24 (t +25 Y +2) 24 (t +1, Y +1) 8 (t Yi ):|

Adams—Moulton Methods are Similar

Yo+a = Yny3+h |: f(tn+37yn+3)



Taylor Series Approach

Choose Polynomial P which agrees with f at a and
whose first few derivatives agree with the first few
derivatives of f at a:

f(a)
2!

f(3)(a)
3!

P(x) = f(a) + f'(a)(x — a) + (x —a)® + (x —a)i...

n AR
P =3 T gyt

k=0



Taylor Series Approximation to €* on [0,3]:

P(x)=1+x+% PH)=1+x+%5+%



0

0 1 2 3 0 1 2 3

PX)=1+x+5+5 4% PH)=l+x+5+5+5+%



Numerical Methods for Systems of First Order Equations

Write system

X' =F(t,x,y),x(ty) = xo
/

Yy =G(t,x,y),y(t) = yo
as X' = f(t, x) with x(tp) = xo
X F
= (5)=(¢)
Euler's Method (x,4+1 = x» + hf,) becomes
Xpt+1 = Xp + hf,

In component form

(Xn-i-l) _ <Xn> +h <F(tnaxm)/n)>
Yn+1 Yn G(thmYn)



Runge-Kutta for Systems

h
Xn+1 = Xn + 6 [knl = 2kn2 + 2kn3 + kn4]

where

kni =f (tny xn)

h h
kn2 =f <tn + Ea Xn + knl)

2
h h
kn3 =f <tn + Eaxn + 2kn2>

kna = f (tn + h,Xn + hkn3)



Example

x'=x+y+t, with x(0) =1
y' = 4x — 2y, with y(0) =0

Euler's Method yields approximate values at
t, = 0.2,0.40.6,0.8.1.0 with h = 0.1 of

1.26 1.7714 2.58991 3.82374 5.64246
0.76) ' \1.4824 )’ \ 2.3703 ) "\ 3.60413 /) * \ 5.38885

Runge-Kutta yields approximate values at
tn = 0.2,0.40.6,0.8.1.0 with h = 0.1 of

1.32489 1.9369 2.93459 4.48422 6.8444
0.75916/ " \1.57999 ) " \ 2.66201 ) ' \ 4.22784 ) ’ \ 6.56684
Exact Values are

1.32489 1.93692 2.93463 4.48430 6.84457
0.759546 ) * \ 1.58003 / * \ 2.66208 / ’ \ 4.22795 ) ’ \ 6.84457



x'=x+y+ty =4x—2y with x(0) =1,y(0) =0
Exact Solution is

2 t 2
X(t) :(921.‘_{_56—31'_§_§
8 2t 1
2t —3t
t) =e?t. — = _ -

2 3 4 5 6 1 2 3 4 5 6

Euler vs Exact Runge-Kutta vs Exact



Next Time

Power Series Solutions

of Differential Equations
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Do O ~NOOAWN KOS

—_
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1.0
2.0
2.50000

2.666666667
2.708333333
2.716666667
2.718055556
2.718253968
2.718278770
2.718281526
2.718281801
2.718281826
2.718281828



