Variation of Parameters Example
Example 1 of Section 6.6
X=-3x+4y +sint, y'=-2x + 3y + 1,
x(0) =0,y(0) =1

Find Solution of Homogeneous System via Eigenvalues and Eigenvectors

syms x s
A= [-3 4; -2 3]

A =

-3 4

-2 3
charpoly (A, x)

ans = x2—1
[V,D] = eig(A)
vV =

-0.8944 -0.7071

-0.4472 -0.7071
D =

-1 0

0 1

X = [ exp(t) 2xexp(-t) ; exp(t) exp(-t)]

X =
el 2e!
el e!
Compute Matrix Exponential of A

X0 = subs(X,t,0)

X0 =
()
1 1
Y = inv(X)
Y =

—e ! 2e™!
et —e!

Y0 = subs(Y,t,0)



YO =
G2

1 -1
eAt = XxYO

eAt =

(2 el—e Qe — 2e‘f>
el—e 2e —e!

Find Solution of Original Nonhomogeneous System

= subs(eAt, t, -s)

eAt_minus_s

eAt_minus_s =
(2 ef—e 2e5—2 e“‘)
es —e~s Des —gs
g = [ sin(t) ; tI
g =

gs = subs(g, t,s)

gs =

(sin(s))
s

Integrand = eAt_minus_s * gs

Integrand =
(2es—2¢%) —sin(s) (e =2 ef)>

S
( s (2e*—¢%) —sin(s) (e —e')
IntegrationResult = int(Integrand, s,0,t)

IntegrationResult

o,—2e (t+1)—=2¢ (r—1)—¢€ (cos(t) — sin(z)) +%

oy —2e " (1+1)—e (1-1)=-¢ (COS(I)Z— sin(t) 4

where

o, = e’ (cos(t% + sin(r))




xp = eAt * IntegrationResult

Xp =

((2 e’—-2e)o,— (2e " —¢) al>

(e"=2e") o, — (e'—¢') 0o,

where

op=2¢e (t—1)+2e" (t+1)— e’ (cos(t; +5in0)) 4 e (cos(r) —sin(r)) —

cy=¢ (t—1)+2e (t+1)— e’ (cos(z‘% + sin(7)) L (cos(t)z— sin(?)) _ |

xparticular = simplify(xp)
xparticular =

el _o-t_cos(t) 4y 43 sin(¢)
2 2 2

E—i—3t+sin(t)—l
2 2

xo = [0;1]
X0 =

0
1

Solution = eAt x xo + xparticular
Solution =

7€' _ge-1_cos(t) _ 4 43 sin(t)
2 2

E—%—3t+sin(1)—l

2

D] =



