Math 302: Abstract Algebra
Problem List

1. Show that ged(a,be) =1 if and only if ged(a,b) = 1 and ged(a, ) = 1.

Note that Problem 1 is an “if and only if” problem. To show that (statement A) if and
only if (statement B), you need to show that (statement A) implies (statement B) AND
that (statement B) implies (statement A).

2. If a and b are integers and n is a positive integer, prove that a mod n = b mod n if and
only if n divides a — b.

3. Let a and b be integers and d = ged(a, b). If a = da’ and b = db/, show that ged(a’, ') = 1.

4. Let n be a fixed positive integer greater than 1. If a mod n = o/ and b mod n = ¥/, prove
that (a 4+ b) mod n = (¢’ + V') mod n and (ab) mod n = (a’t’) mod n.

5. Let a and b be positive integers and let d = ged(a,b) and m = lem(a,b). If ¢ divides
both a and b, prove that t divides d. If s is a multiple of both a and b, prove that s is a
multiple of m.

6. Let n and a be positive integers and d = ged(a, n). Show that the equation ax mod n =1
has a solution if and only if d = 1. (To say that ax mod n = 1 has a solution means that
there is at least one integer s such that as mod n = 1. In other words, think of x as the
variable here.)

7. For every positive integer n, use induction to prove that a set with exactly n elements
has exactly 2" subsets (counting the empty set and the entire set).

8. Let Z be the set of integers. If a,b € Z, define a ~ b if ab > 0. Is ~ an equivalence
relation on Z? If so, prove that it is. If not, explain why not.

9. Let Z be the set of integers. If a,b € Z, define a ~ b if a + b is even. Prove that ~ is an
equivalence relation and determine the equivalence classes of Z.
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21.

Suppose that f: X — Y and g : Y — Z. Show that if f and g are both one-to-one, then
so is the composition ¢gf. Show that if f and g are both onto, then so is the composition

gf.

In D, explain geometrically why a reflection followed by a reflection must be a rotation.

If r1, ro, and rg represent rotations in D,, and f1, fo, and f3 represent reflections in D,
determine whether 7179 f173 f2 f3r3 is a rotation or a reflection.

Show that subtraction on the set of integers is not associative. (Thus, the integers under
subtraction is not a group.)

Show that the group GL(2,R) is non-abelian by producing a pair of matrices A and B
such that AB # BA.

Show that the set {5,15,25,35} is a group under multiplication modulo 40. What is the
identity of this group? Can you see any relationship between this group and U(8)? (Look
more deeply here than the obvious. Try looking at the group tables for both groups.)

Suppose that a and b belong to a group and a® = e and b” = e. Write a2b~° and
(a3b?)~2 without using negative exponents.

For any integer n > 2, show that there are at least two elements in U(n) that satisfy
2
¢ =1.

Prove that a group G is abelian if and only if (ab)~! = a=1b~! for all a and b in G.
If a1, a9, ..., a, belong to a group, what is the inverse of ajas - - - a,?
For any elements a and b from a group and any integer n, prove that (a='ba)” = a~'b"a.

Suppose the table below is a group table. Fill in the blank entries.
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a b ¢ d
o -
al-— b - — e
b|- ¢ d e -
c|l- d - a b
dl- - - - =
Prove that the set {1,2,...,n— 1} is a group under multiplication modulo n if and only

if n is a prime.

Let G be a finite group. Show that the number of elements = of G such that z3 = e is
odd. Show that the number of elements of x in G such that 22 # e is even.

For Zi2 and U(10), find the order of the group and the order of each element of the
group. What relation do you see between the orders of the elements of a group and the
order of the group?

Suppose that a is a group element and a® = e. What are the possibilities for |a|? Provide
reasons for your answer.

If H and K are subgroups of G, show that H N K is a subgroup of G. Give a short
explanation why the same proof shows that the intersection of any number of subgroups
of GG, finite or infinite, is again a subgroup of G.

Let G be a group, and let a € G. Prove that C(a) = C(a™!).
If @ and b are distinct group elements, prove that either a? # b% or a3 # bS.

Suppose that a group contains elements a and b such that |a| = 4, |b| = 2 and a3b = ba.
Find |ab|.

Suppose G is a group that has exactly eight elements of order 3. How many subgroups
of order 3 does G have?
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Let a belong to a group and |a| = m. If n is relatively prime to m, show that a can be
written as the nth power of some element of the group.

Find all generators of Zg, Zs, and Zqs.

List the elements of the subgroups (3) and (15) in Z13. Now, suppose that G is a group
and let a be a group element of order 18 in G. List the elements of the subgroups (a®)
and (a'?).

Let a be an element of a group and let |a| = 15. Compute the orders of the following

elements of G.
(a) a3, a6, a97 a12

(b) a°,al®.

(C) a27 a4’ a8, a14

If a cyclic group has infinite order, how many elements of finite order does it have? Please
justify your response.

List the cyclic subgroups of U(30).

In Zoy list all generators for the subgroup of order 8. Let G = (a) and let |a| = 24. List
all generators for the subgroup of order 8.

How many subgroups does Zoy have? List a generator for each of these subgroups.

List all the elements of order 8 in Zggoooog- How do you know your list is complete? Let
a be a group element such that |a| = 8000000. List all elements of order 8 in (a). How
do you know your list is complete?

Determine the subgroup lattice for Zis. (A subgroup lattice is a chart that includes
all subgroups, and uses lines to indicated inclusions. See Chapter 4 in Gallian for an
example.)
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Let m and n be elements of the group Z. Find a generator for the group (m) N (n).

Suppose that G is a cyclic group and that 6 divides |G|. How many elements of order 6
does G have? If 8 divides |G|, how many elements of order 8 does G have? If a is one
element of order 8, list the other elements of order 8.

Find the order of each of the following permutations.
(a) (1357)
(b) (12345)

(c) (amaz---ax)

Write the following permutations as a product of disjoint cycles.

(a) (1235)(413)
(b) (13256)(23)(46512)

What is the order of each of the following permutations?

Show that a function from a finite set S to itself is one-to-one if and only if it is onto. Is
this true when S is infinite?

How many elements of order 5 are there in S;? (Hint: consider the cycle structure of
such an element.)

Let G be a group of permutations on a set X. Let a € X and stab(a) = {a € G |a(a) =
a}. We call stab(a) the stabilizer of a in G because it consists of all elements of G that
leave a fixed. Prove that stab(a) is a subgroup of G.
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Suppose that 3 is a 10-cycle. For which integers i between 2 and 10 is 3° also a 10-cycle?
(Hint: Apply what you know about cyclic groups and consider the cycle structure of
permutations of order 10.)

In Ss, find elements o and /8 such that |a| = 2, |3] = 2, and |af| = 3. How does this
relate to our theorem about the order of a product of cycles?

Given that 8 and v are in Sy with 8y = (1432), v8 = (1243), and (1) = 4, determine
5 and 7.

Determine whether the following permutations are even or odd.

a. (12345)
b. (12)(134)(152)
c. (1243)(3521)

Prove for all n > 2 that the subset of even permutations in .S, is a subgroup of .S,.
Prove that (1234) is not the product of 3-cycles.

Let g = (1,3,5,7,9,8,6)(2,4,10). What is the smallest positive integer n for which
5n — 575?

Show that A5 has 24 elements of order 5, 20 elements of order 3, and 15 elements of order
2.

Show that for n > 3, the center of S, is trivial, i.e Z(S,,) = {e}. (This problem can be
hard to get started with. Scroll down for a hint if you would like one.)

Hint for Problem 57: Since n > 3, there are at least 3 terms in the set A that is permuted
by elements of S,,. Suppose that « is a nonidentity element in S,,, written in disjoint cycle
notation. Explain why o must contain a cycle of the form (ab...) for some a,b € A.
Now find another (very simple) element, based on distinct terms a, b, and ¢ in A that
does not commute with o. (Confirm that it does not commute.) Explain why this allows
you to conclude why Z(S,,) = {¢}.
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Find an isomorphism from the group of integers under addition to the group of even
integers under addition. Prove that your map is an isomorphism.

Show that U(8) is not isomorphic to U(10).

Prove that the notion of group isomorphism is transitive. That is, if G, H, and K are
groups and G = H and H = K, then G = K.

Let G be a group. Prove that the mapping a(g) = g~! for all g in G is an automorphism
if and only if G is abelian.

For inner automorphisms ¢4, ¢p, and @g;, prove that g, = @gn. (Note: @gepp, and
@gn are functions. To show that two functions f and g are equal, you must show that
f(z) = g(x) for all z in the domain of the functions.)

Let G = {a + bv/2|a,b rational} and H = { [a 26]

b

a,b rational}. Show that G and

H are isomorphic under addition.

Let G be a group and let g € G. If z € Z(G), show that the inner automorphism induced
by ¢ is the same as the inner automorphism induced by zg (that is, the mappings ¢, and
©.q are equal).

Suppose that g and h induce the same inner automorphism of a group G. Prove that

hlge Z(G).

If G is a group, prove that Aut(G) is a group. Do the details here: justify closure, show
that the identity map is an automorphism, and show inverses are automorphisms.

Let a belong to a group G and let |a| be finite. Let ¢, be the inner automorphism of G
induced by a. Show that the order of ¢, in Aut(G) divides the order of a in G (i.e. show
that |p,| divides |al).

Let H = {0,43,46,+9,...} < Z. Use properties of cosets to decide whether the follow-
ing cosets of H in Z are the same.
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e

a. 11+ H and 17+ H.
b. -1+ H and 5+ H.
c. 7T+ H and 23 + H.

Let |a| = 30. How many left cosets of (a*) in (a) are there? List them.

Let G be a group with |G| = pg, where p and ¢ are prime. Prove that every proper
subgroup of G is cyclic.

Suppose that G is a finite group with more than one element and G has no proper,
nontrivial subgroups. Prove that |G| is prime.

Let H and K be subgroups of a finite group G with H C K C G. Prove that [G : H] =
G: KK : H|.

Let G be a group of order pgr, where p, ¢, and r are distinct primes. If H and K are
subgroups of G with |H| = pq and |K| = ¢r, prove that |H N K| = ¢. (Hint: You need
to show that H N K is not trivial.)

Prove, by comparing orders of elements, that Zg & Zs is not isomorphic to Z4 & Zg4.

How many elements of order 4 does Z4 & Z4 have? (Do not do this by examining the
order of each element.) Explain why Z, @ Z4 has the same number of elements of order
4 as does Zsgpooo0o @ Zaooooo- Generalize to the case Zgy, © Zay,.

The dihedral group D,, of order 2n (n > 3) has a subgroup of n rotations and a subgroup
of order 2. Explain why D,, cannot be isomorphic to the external direct product of two
such groups.

Show that if G and H are two cyclic groups, any isomorphism v : G — H is completely
determined by the value of ¥)(g) when g is a generator of G. (In other words, show that if
you know 9(g), then you can determine 1(g’) for any other ¢’ € G.) With this in mind,
how many isomorphisms are there from Zio to Z4 ® Zs?



78. Suppose that ¢ is an isomorphism from Zs ®Zs to Z;5 and ¢(2,3) = 2. Find the element
in Zg @ Zs that maps to 1.

a b
79. LetH—{[O d]

not need to prove this). Is H a normal subgroup of GL(2,R)?

a,b,d € R, ad # 0}. Note that H is a subgroup of GL(2,R) (you do

80. Prove that if H has index 2 in G, then H is normal in G.

81. This problem will prove that the assumption that H is a normal subgroup of G is essential
to the proof that G/H is a group.

Let H = {(1),(12)(34)} in Aj.

(a) Show that H is not normal in Ay.
(b) Referring to the table below, show that although agH = arH and agH = a1 H, it

is not true that agagH = aryai1H. Explain why this proves that the left cosets of
H do not form a group under coset multiplication.

-

(In this table, the permutations of A 4 are designated as o, o
the table represents «,. For example, o, oy = o))

S and an entry k inside

o o o, o oy o @y & o, &) &)

(1) =« 1 2 3 4 5 6 7 8 9 10 11 12
(12)(34) = v, 2 1 4 3 3] 5 8 10 9 12 11
(13)(24) = o, 3 4 1 2 7 8 5 6 11 12 9 10
(14)(23) = a, 4 3 2 1 8 7 6 5 12 11 10 9
(123) = a, 5 8 6 7 9 12 10 11 1 4 2 3
(243) = 3] 7 5 8 10 11 9 12 2 3 1 4
(142) = 7 6 8 5 11 10 12 9 3 2 4 1
(134) = ay 8 5 7 3] 12 9 11 10 4 1 3 2
(132) = 9 11 12 10 1 3 4 2 5 7 8 6
(143) =, | 10 12 11 9 2 4 3 1 6 8 7 5
2M4)=a, 1 9 10 12 3 1 2 4 7 5 6 8
(124)=a,, 12 10 9 11 4 2 1 3 8 6 5 7

(From Gallian “Contemporary Abstract Algebra” Seventh ed., p.107.)
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Prove that a factor group of a cyclic group is cyclic.
What is the order of the element 14 + (8) in the factor group Zss/(8)?

Let G be a finite group and let H be a normal subgroup of G. Prove that the order of
the element gH in G/H must divide the order of g in G.

Let H be a normal subgroup of GG and let a belong to G. If the element aH has order 3
in the group G/H and |H| = 10, what are the possibilities for the order of a?

Let N be a normal subgroup of G and let H be a subgroup of G. If N is a subgroup of
H, prove that H/N is a normal subgroup of G/N if and only if H is a normal subgroup
of G.

Let N be a subgroup of a group G. We say that N is a characteristic subgroup of G if
©(N) = N for all automorphisms ¢ of G. If N is a characteristic subgroup of G, prove
that N is a normal subgroup of G.

Let R* denote the group of nonzero real numbers under multiplication. Let RT denote
the group of positive real numbers under multiplication. Show that R* is the internal
direct product of R* and the subgroup {+1, —1}.

In Z, let H = (5) and K = (7). Prove that Z = H + K. Is Z the internal direct product
of H and K7

If ¢ is a homomorphism from G to H and ¢ is a homomorphism from H to K, show that
o is a homomorphism from G to K. How are ker ¢ and ker o related? If ¢ and o are
onto and G is finite, describe [ker oy : ker ¢] in terms of |H| and |K]|.

Prove that (A® B)/(A® {e}) = B. (Note that since A @ {e} ~ A, this gives a concrete
way of understanding how external direct products and factor groups behave in a way
similar to multiplication and division of numbers.)

Suppose that k is a divisor of n. Prove that Z, /(k) ~ Zj. (Hint: Use the first isomor-
phism theorem. You will need to take care to confirm that your map is a homomorphism.)
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Suppose that ¢ is a homomorphism from Zsg to Zsg and ker ¢ = {0, 10,20}. If p(23) = 9,
determine all elements that map to 9.

Suppose that there is a homomorphism ¢ from Zi7 to a group G and that ¢ is not
one-to-one. Determine ¢.

How many homomorphisms are there from Zog onto Zg? How many homomorphisms are
there from Zgg to (but not necessarily onto) Zg?

If ¢ is a homomorphism from Zs3y onto a group of order 5, determine the kernel of ¢.

Prove that the mapping ¢ : Z&Z — Z given by (a,b) — a—b is a homomorphism. What
is the kernel of ¢? Describe the set p~1(3).

If K is a subgroup of G and N is a normal subgroup of G, prove that K/(K N N) is
isomorphic K N/N. (This is the Second Isomorphism Theorem.)

Give an example of a finite noncommutative ring. Give an example of an infinite non-
commutative ring that does not have a unity.

The ring {0, 2,4, 6,8} under addition and multiplication modulo 10 has a unity. What is
it?

Find an integer n (other than 6) that shows that the rings Z,, need not have the following

familiar properties of the ring of integers.

(a) a? =a implies a = 0 or a = 1.
(b) ab =0 implies a =0 or b= 0.
(¢) ab=ac and a # 0 imply b = c.

Is the n you found prime?

Show that if m and n are integers and a and b are elements from a ring, then (m-a)(n-b) =
(mn) - (ab). (Here, m - a means a + - - - + a, m times.)

11
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Show that a ring that is cyclic under addition is commutative.

Let a be a fixed element in a ring R. Let S = {z € R|axz = 0}. Show that S is a subring
of R.

Describe the elements of My(Z) that have multiplicative inverses.

Let R be a commutative ring with unity and let U(R) denote the set of units in R. Prove
that U(R) is a group under multiplication of R. (This group is called the group of units
of R.)

Show that a unit of a ring divides every element of the ring.

Suppose that ¢ and b belong to a commutative ring R with unity. If a is a unit of R and
b? = 0, show that a + b is a unit of R.

Suppose that there is an integer n > 1 such that 2" = z for all elements z of some ring
R. If m is a positive integer and a” = 0 for some a, show that a = 0.

Show that 2Z U 3Z is not a subring of Z.
Show that every nonzero element of Z, is a unit or a zero-divisor.
Describe all zero-divisors and units of Z ® Q & Z.

A ring element a is called an idempotent if a®> = a. Prove that the only idempotents in
an integral domain are 0 and 1.

Suppose that a and b belong to an integral domain. If a® = b° and a® = b3, show that
a=b.

Show that a finite commutative ring with no zero-divisors and at least two elements has
a unity.

12
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Give an example of an infinite integral domain that has characteristic 3.

Suppose that R is an integral domain in which 20-1 =0 and 12-1 = 0. (Recall that n-1
means 1+ 1+ ---+ 1 with n terms.) What is the characteristic of R?

Let F be a field with characteristic 2 and more than two elements. Show that (z +y)3 #
23 4+ 33 for some x and y in F.

Let F be a field of order 32. Show that the only subfields of F' are F' itself and {0, 1}.

Let S={a+bi|a,becZ,bis even}. Show that S is a subring of Z[i], but not an ideal of
Zli].

If an ideal I of a ring R contains a unit, show that I = R.
Prove that the only ideals of a field F' are {0} and F itself.

Let R be aring and let I be an ideal of R. Prove that the factor ring R/I is commutative
if and only if rs — sr € I for all r and s in R.

Is the map ¢ : Z1g — Zip given by ¢(x) = 2z a ring homomorphism? Please show that
it is or explain why it is not.

Let

Show that ¢ : C — S given by

is a ring isomorphism.

Determine all ring homomorphisms from Z to Z.
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127. Show that (Z® Z)/({a) @ (b)) is ring isomorphic to Z, & Z.

128. Let R and S be commutative rings with unity. If ¢ is an onto homomorphism from R to
S and the characteristic of R is nonzero, prove that the characteristic of S divides the
characteristic of R.
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